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Abstract

In this paper, we give a generalization of the Szasz-Beta type operators generated by Dunkl generalization of exponential
function and obtain convergence properties of these operators by using Korovkin’s theorem and weighted Korovkin-type theo-
rem. We also establish the order of convergence by using the modulus of smoothness and the weighted modulus of continuity.
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1. Introduction

Approximation theory is concerned with approximating functions of a given class using functions
from another, usually more elementary, class. The theory of approximation of function is now an ex-
tremely extensive branch of mathematical analysis and this theory has very important applications in
other branches. As it is known, linear positive operators play an important role in the study of approxi-
mation of functions. One of the best known of these operators is the Szdsz operator introduced by Szész
[13] and it is as below:

Sa(f;x) =e™ ™ Z f <n) (n]z) , x>0 nelN.
k=0 ’

This operator is a generalization of Bernstein polynomials to the infinite interval. Szasz operators and
their generalizations have been studied by many authors (see [1, 4-10, 12-15]). One of the generalizations
of the Szdsz operator including parameters a,, and b, was given by Ispir and Atakut [7] as follows:

an,b —QanXx - k (anx)k
SAvon(f;x) == Sn(f;an, b, x) =e 9 E fl—|———,x>20 nel, (1.1)
= bn k!
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where {a},{bn} are given increasing and unbounded sequences of positive numbers such that

1im1:o,a“=1+o<1). (1.2)

n—oo by b b

Note that the parameters a,, and b, have an important effect for a better approximation of the operator
Sanbn . An example of this situation will be illustrated in following Figure 1.
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Figure 1: The effects of the a,, and by, parameters on the approximation (an = n2, by =n?+1).

For v,x € [0,00) and f € C[0,00), in [12], Sucu introduced the following generalization of the Szész
operators (later, it was called as Dunkl analogue of Szasz operators) by using the generalization of the
exponential function e, given in [11]:

-

S* (fx) = 1 i <k+2v9k> (nx)¥

ey (nx) = n v (k)
where
XT
ey (x) = ;) L (1.3)

and for r € Ny and v > —%, the coefficients y, are given by:

_ 227rIT (r+v+%) 22+l (r+v+%)

2r , 2r+1) = , 1.4
where the function I' is well-known gamma function and also for p € IN,
0. — 0, if r=2p,
T 1, if r=2p+],
the recursion relation
Yv(r+1)=(2v0 1 +7+1) vy (1) (1.5)

holds. Also, it is easily seen that if we select v = 0, then the operator S}, turns into the operator S,,.
Very recently, in [1], Cekim et al. have given the Dunkl analogue of Szdsz-Beta type operators defined

L. (f;x) = (n—1) Z <n+r—2> (nx)” Jsr_l (14s) ™ " (s)ds+ ef (SL)X (1.6)
0
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where e, (x) and v+ are as given in (1.3) and (1.4), respectively. In this paper, inspired by the operators
(1.1) and (1.6), for v,x € [0,00) and f € C [0, c0) we define a modified Dunkl analogue of the Szasz-Beta
type operators as follows:

Ln (f;an, bn, x) =L} (f;x)
-1 & =2\ () [ s e (s £(0) (1.7)
—Z< ) Js (1+5) +f(>ds+ev .

ev (anx) r—1 Yv (1) bn (anx)
0

T=

Here the sequences {an} and {bn} have the properties given in (1.2). Note that the well-known beta
function is defined by

B(rn—1)= J sTH(14+s) T gs. (1.8)
0
For m € N, the beta integral (1.8) can be written as

Br+mn—-m-—1)= J sl (14 5) T g, (1.9)
0

2. Main Results

In this section, we will give some important results for the operator L},. For the proofs of the next
theorems the following simple results are needed.

Lemma 2.1. Let f(t) =t',1=0,1,2,3,4. For the operator L, defined by (1.7), the following statements hold:

Ly (Lx)=1, (2.1)
L% (%) — x| < <n1_2}‘)1“—1>x+nz_vz, (2.2)
_—— 2 1 G%L 5 2an (142v) 4vZ + 6v
[ (£5) =] < ((nZ) (n—3)b2 ) 2 (m—2)(n-3)  b2(n_2)(n—3) 23)
* (3. 3 1 ay 3
L (£5%) =%°| < 2 3 (4] {(b%L—(n—Z) (n—3) (n—4)>x s
2 2 3 2 .
+6(v+1)%:x2+ (12v +?£1;/+6) an . (12v +16)?v1 —1—20\/)}/
L (thx) —x <1m—=2)(n—3) (n—4) (n—5)
L% (t5%)
4
X {(;14:—(71—2) (n—3) (n—4) (n—5)>x4
(8v+12) aix3+ (24v2 + 64v + 36) a121x2 (2.5)

bi bh

N (32v3 + 11202 + 96V + 64) an N (16v* + 64> + 84v* + 84v) }

bt x bt
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Proof. Firstly, we consider f (t) = 1. Using (1.9) and definition of e,, we have

EYCIS L o (“H_Z) (anx)” Jsr—l A4s) ™ sy — 1

ev (anx) 1 r—1 Yv (1) ev (anx)
= 0
_ 1 2 (anx)" 1 B 1 — (anx)" _
ey (anx) & vy (1) Tevlany) ey (any) é W b

Now, consider f (t) = t. For each n > 2, by using (1.5), (1.9), and e (x), respectively, we obtain

C 1) e [ s mAr—2) s £(0)
Ln (t,X) B (V) (anx) g Yv (T) J ( n+r—1< r—1 >bnds+ €y (anx)

1+s)
anx f(0)
bneV (anx n—2 Z ey (anx)
0 0 T
B ! lanxX)” ( ovp,)— — 2v_y- lanx) g

bnev (ClnX) n—2 r—1 Yv (T) bnev (anx) n—2 r—1 Yv (T)

1 an 2v 2 (anx)"
T n-2 [(bTIX_nJrz) ey (anx) ; Yy (1) eT] '

Thus,

1 an > 2v 2 (anx)” ( 1 an > 2v
LY (%) —x< —— || —mx—(n—=2)x | — 0, < — —1)x+
e [(bn D) e 2 o | < (2, n-2)
for all n > 2, which shows that (2.2) holds. For n > 3 and f (t) = t using (1.9), we get

Ly (t5x) = 1) i <n+r_2> (anx)” J s (14s) L %ds + _flO

ev (anx) — r—1 Y (1) ) by ev (anx)
B 1 1 (anx) f(0)
"R I m S ey e = v YT T
Then by using
rr+1)=—(r—1)2v0;: + (r+2v0;) (r—1) +2r
and (1.5),
Ly (t2;x>
1 o (an
o T . {; anX)’ (r+2v8,) (r—1) — (r 1)2v9r+2r)}
- ! i G“X (1 +2vO, )(r—l)—Zvi(anX) (r—1) lanx)"
b2 (n—2) (n (anx) = = v (r) T v (T)
B 1 & (anx) vy ( T+1 anx)
- bA (n—2)(n—3) ey (anx) {TZO Yv (r+1) vy ( () Zr}.

Therefore, since 0, < 1, we obtain

1 2
L (tz;x> —xz‘ < m2 o3 {(S;‘xz —(n-2) (n—3)x2> +2vanx + 2vanx + 4v? +2v+2anx+4v}
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_ 1 a? > (4van +2an) 4v2 +6v
~ ot | (o ~ oD 0 e el B
B ;i 1) 24 4v2 +6v
“\mn—2m—3x ) T m-2)(n—3)
Similarly, it can be shown that the inequalities (2.4) and (2.5) hold. O
The moments for the operator L}, are stated in next lemma.
Lemma 2.2. The operators L}, satisfy the following inequalities:
_ 1 an 2v
Ay =15 (t—xx%) < <n—2bn 1) + Y
2 2a
A = L* t— 2. < aTL o n 1 2
2= ((=05) <WfQHn—Mb% m—2on " )X -
2an (142v)  4v \ 4v3 +6v '
b2 (n—2)(n—3) n-2 b2 (n—2)(n—3)’
Az =1} ((t x)4,x)
< al . 602
S\m—2)n—3)(n—4) (n—5b% ' (n—2)(n—3)b3
_ 4a3 ~ 4an 1)t 8v 24(v+1)a?
MmM—2)(n—=3)(n—4)b3, (n—2)by, n—2 b Mm-2)(n—3)(n—4)
N (8v+12) a3 N 12a, (1+42v) > 3
b (n—2)(n—3)(n—4)(n—5 b3 (n—2)(n—3) 27
(24v2 +64v + 36) a% L6 (4v* +6v)
bk (n—2)(n—3)(n—4) (n—5) ' b3 (n—2) (n—3)

b3 (n—2)(n—3)(n—4) b3 (n—2)(n—3) (n—4)

N (32v3 +112v2 + 96v + 64) an 16v* + 64v> + 84v? + 84v
bt (n—2)(n—3)(n—4)(n—-5) bt (n—2)(n—3)(n—4)(n—5)

4 (12v% +20v +6) an ) 2 (_ 4 (12v% + 6v2 +20v)

By using Lemma 2.1 and applying the well-known Korovkin theorem, we have the following useful
result.

Theorem 2.3. Let L}, be given by (1.7). Then for any f € C [0, 00) NE, we have
L7 (f;x) = f(x) asn — oo

on each compact subset K of [0, co). Here

E= {f € CI0, 00) : f satisfies the condition lim 11‘(x) < oo} .

x—o00 1+ x2

The next theorem gives approximation of the operator L}, in the weighted space. Firstly, the concepts
of weighted spaces are introduced. Let RT = [0,00) and p(x) = 1 +x2. The weighted spaces of the
functions and the norm of B,(R") are defined by,

Bp(R™) ={f: [f(x)] < mep(x)},



C. Atakut, S. Karateke, L Biiytiikyazici, J. Math. Computer Sci., 19 (2019), 9-18 14

Co(R") = {f € Bop(R"): f is continuous on R*},

c (1R+) {f € Cp(R"): lim M is finite},
x—00 P(X)
Hpr = i) ((X)) f € Bp(R™).
x€[0,00)

Note that a weighted Korovkin-type theorem is given by Gadjiev [2, 3]. The next theorem presents the
approximation of the operators L}, in the weighted space.

Theorem 2.4. For the operators L}, given in (1.7) and each function f € C} (R"), one has

hm LY (f;x) —f (x)][, = 0.

Proof. From (2.1), we can write limn_, ||L} (1;x) —1]| o =0. By (2.2) and the following calculation

sup |L;(t;x)_x|<< ! a“—1> sup x +27V sup x << 1 ‘1“_1> 2v
celopo)  1HxX2 T \n-2D elomo) L2 =2 2ot  T4+x2 n

we get
Tim [[L (%) = x|, = 0.
Finally, by (2.3) and the following calculation
* ($2.4) 2 2 2
L7 (t%%) x}< 1 G sup pe
1+x2 (m—2)(n—3)b% 1+x2

sup
x€1[0,00) x€[0,00)
2an (1+2v) X 4v? 4+ 6v 1
2 7T 13 sup 2
bn( )(TL 3)x€000 1+x bn( )(Tl 3)XEOOO)1+X
o ;ﬁ—l 2an (142y) +4v2 +6v
S \(n—-2)(n—3)b2 b2 (m—2)(n—-3)
we have

lim HL ( )—XZH =0.

n—oo P

Thus, we get limy o [|L} (f;x) —f (x)]| » = 0 for each f € Cj (R*) according to weighted Korovkin-type
theorem. O

The simplest method of estimating the degree of approximation by positive linear operators is with
the aid of the first and second order modulus of continuity given by:

w(f;0) = sup {[f(x)—f(y)l:x,y € [0,00)}

Ix—yl<d
and
wy(f;8) = sup {[f(x+h)—2f(x) + f(x —h)[:x € [0,00)},
0<h<s
respectively.

In the next theorems, we will give the degree of approximation using the operator L}, by considering
the first and second order modulus of continuity, in terms of the moments for L}, obtained in Lemma 2.2.
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Theorem 2.5. Let f € C [0, 00) N E. Then the operators given in (1.7) satisfy the following inequality
“—:1 (f;x) —f(x)| < 2w (f; 5n,x) ’

where C [0, 00) is the space of uniformly continuous functions on [0, 00), w is the first order modulus of continuity
of f, and

5 . — a? 2an 1) 2 2an (142v) 4v 4v3 +6v
X = ((n—Z)(n—3)b%_(n2)bn+>X (b%(n—z)(n—m_(n2)>X+b121(n—2)(n—3)‘

Furthermore, if f € Lipy, (o0, the following inequality

L3 (£;%) — £ (x)] < K (1o (x)) %72
holds, where Ty, (x) = Ay given by (2.6).

Proof. In view of (2.4), one gets

L5 (5%) = £ ) € L5 070 = 100150) < (14 {3 (x| w(69) < (14 §v/E ) @ (65)

using Cauchy-Schwarz inequality. If we select 6 = d,,x = /A, we obtain the desired result. Thus, the
proof of first part of the theorem is finished.
Now, let f € Lip,, («), then we have

L% (F5) — F ()] < L3 (I (1) = F (x)]5%) < KLy, ([t—=x]% ;%)
From Lemma 2.2 and using Holder’s inequality, one gets
L (F5%) = £ ()] < K (A2)/2.
Then choosing T, (x) = A, the proof of the theorem is now completed. O
Lemma 2.6. Let Cg [0, 00) be the space of continuous and bounded functions on [0, 00). For f € C% 0,00) =
{f € Cpl0,00): f,f € Cg [0,00)}, we have
L% (%) = F ()] < xn (%) [1Fll 2 10,00) -

where
Xn (X) = Ay + As.

Proof. For f € C%[0,00), using the Taylor’s formula of the function f, we write

2
f(t)="F(x)+(t—x) f (x) + (t;x) f' (0),0€ (x,1),

by linearity of L},, we get

/1

f (o)
2!

Ly <(t —x)z,‘x> =f (x) AL+ MAZ.

L (%) —F(x) = () L (t—x;%) + 21

Then using Lemma 2.2, one obtains

C%g [0,00)
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1 ‘1121 2an 1| %2
+2{[(n—2) (n—3)b% (n—2)by " }X

2an (1+2v) 4v 4v3 + 6v "
+ - X+ I
b2 (n—2)(n—3) n-2 b2 (n—2)(n—3) C2[0,00)
< (A1 + 22) (Il 20,009 -
Choosing xn (x) = A1 + A; finishes the proof. O

Theorem 2.7. The operators L}, satisfy the following inequality

L (F:x) — £ ()] < 2M {min (1, an(x)) 1l 0y + 2 <f; an(x)> } ,

where f € Cp [0,00), x € [0,00), M is a positive constant independent of n and xn (x) .

Proof. For any g € C% [0, 00), we use Lemma 2.6 and the triangle inequality to get the following inequality

Ly (f —g;x)| + L3 (g;%) — g (x)[+ I (x) — g (x|
2|t =9gllcyio,00) +Xn (¥) 191l 2 0,00)
(x)

X X
=2{ = glcyiomm + 25 lolcgiom }-

Ly (fx) = (x)] <
<

With the help of the Peetre’s K functional, and using the well-known relation between K, and w; one has

L, (f;%) — £ (x)| < 2M {min (1, X"z(x)> Fllcyo00) + w2 (f; an(X)) }

and the proof of the theorem is completed. O

In the last theorem, we will give rate of approximation of the operators L;; in the weighted space by
using the weighted modulus of continuity. The details about the weighted modulus of continuity are
included below. For f € C}, (R"), the weighted modulus of continuity is defined by

If (x +h) —f(x)
, (1 +h2) (1+x2)

Q(f;8) = sup

x€[0,00)
[h|<5

and has the following properties:
Iim Q (;8) =0,
5—0

and
It — x|

5

I (s) —f (x)] <2<1+ >(1+52) (1+x%) (1+(t—x)2>Q(f;6), (2.8)
where t,x € [0, 00). For further properties of the weighted modulus of continuity see [7].
Theorem 2.8. Let f € C7 (R™). Then the following inequality holds:

sup I lfX) = PO (1 + 31) Q (f;1> ,

o)  (1+x2)°

where M., is a constant independent of n.
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Proof. By Lemma 2.2 and (2.8), we get

IL?l(f;xJ—f(x)K(“_”Z(Q“X)TJ - (n+r—2>

ey (anx) — Yv (T) 5 (1 + S)nJrril r—1

s f(0)
f<bn> _”")’ st e lanx)

<2(1+8) (1+x2)Q(f;5)m

> (anx)roo sT1 n+r—2 bn—x‘ s 2
X; Yv (1) J(1+s)“”1< r—1 ) (1+ o ) <1+(bn_x> )ds
r= 0
_.I_

=2(1+8% (1+x2)Q(f;6)m

r—1

S n+r— d
(1+S)TL+T—1 S

S
bn

sT1 (n—l—r—Z
(1 + S)TL+1‘—1

2 (anx)" T sT1 <n—|—r— ) <s )
+TZO Y (1) J(1+S)n+r ! bn
1 & anx T n+r— S
A ) () )
= 0

We use the Cauchy-Schwarz inequality to get

1 1
ILn (%) = f(x)] <2 (14 8%) (1+x%) Q(f;0) (1 + VA + A+ 6\/A2A3) :
With the help of (2.6) and (2.7), we have

Ly (f%) —f (x|

<21 62 1 5 Qfs 1 a%L Zan 1 2
X ( + )( +X) (f; ){ +<(n—2)(n—3)b%_(n_2)bn+ )X
2an (1+2v) 4v
*(ba(n—zun—s)_n—2>"

+1 a? . 2an +1> 2+< 2an (14+2v)  4v )
5 <(n—2)(n—3)b% m-—2)bn ) T\ 2 m-2)n-3 n-2)"

+1 << a? _ 2aa +1> 2+< 2an (1+2v) 4v )x)A
5 m-—2)n-3)2 mn-2)bn ) "\ 2 mn-2)n-3) n-2 3

and finally, by choosing 6 =

f we complete the proof.
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