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Abstract

In this paper, the oscillation criteria of a class of third order neutral distributed delay differential equations with damping
are investigated. This work is the continuation of the study by Saker [S. H. Saker, Math. Slovaca, 56 (2006), 433-450] and the
extension of the work by Zhang [Q. X. Zhang, L. Gao, Y. H. Yu, Appl. Math. Lett., 25 (2012), 1514-1519] on oscillation properties
of nonlinear third order delay differential equation. By choosing the appropriate functions and using a generalized Riccati
transformation, some new oscillation criteria are presented to insure that every solution of this equation oscillates or converges

to zero. The presented results correct and improve the earlier ones in existing literature. Finally, several illustrative examples are
included.
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1. Introduction

In this article, we consider third order neutral distributed delay differential equations with damping
of the form

b "N
T1(t) (Tz(t) <X(t) +J p(t, wx(o(t, u))du> )

b N
+m(t) <Yz(t) (X(t) +J p(t, wx(o(t, u))du> ) +J q(t, Qf(x(t(t, )))dC = 0.

/

(1.1)

a Cc
Throughout the whole paper, we assume that the following hypotheses hold:
(Cl) Tl(t) € C([tO/ OO)/ (OIOO))I TZ(t) € C([tO/OO)/ (O/OO))/ m(t) € C([tO/ OO), (O/ OO)),

> 1 B 0 1 B t m(s) B |
LO (1) dt = eo, LO rl(t)exp( LO 1(s) ds)dt = oo;
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b
(C2) plt, 1) € C(lto, 00) x [a,b],(0,00)), 0<p(t) = J pt,wdp<p<l
(C3) oft, 1) € C([to, 00) % [a,b], (0,00)) and T(t, ¢) € C([tg, 00) % [c, d], (0, 00)) are not the decreasing func-

tions with respect to u and ¢, respectively, and satisfy o(t, n) < t,7(t,¢) <t, tlim iflf | o(t,u) =0
—oo uela,b

and lim inf ]T(t,C) = 00;

t—o0 Celc,d
(Ca) q(t, Q) € Clito, 00) x [c, I, (0,00));
(Cs) 1) € C(0,00), 0,00)), "> >0, v0
Define the function by
b
20t) =x(6)+ | pltwx(olt w)d (1.2)

By a solution of (1.1) this means a function x(t) € C([T,00)) which has the property x(t),r2(t)z’(t),
T (t) (12 ()2’ (1))’ € CTy, 00) and satisfies (1.1) on [Ty, 00). Our attention is restricted to those solutions
x(t) of (1.1) which satisfy sup{|x(t)|: t; <t < oo} > 0 for all t; > tg. A solution of (1.1) is called oscillatory
if it has arbitrarily large zeros on [Ty, co) and otherwise it is called nonoscillatory.

Motivated by [4, 8, 10, 18, 21, 24], the study focuses on the oscillation behavior of neutral distributed
delay differential equations with damping. The oscillation of functional differential equations have re-
ceived a great deal of interest in recent years. But we notice that most of the investigations are concerned
with oscillation of first or second order differential equations, while relatively less attention has been paid
to oscillation of third order differential equations, see [1-3, 5-7, 9, 11-16, 18, 20, 22, 24], especially the dis-
tributed delay equations with damping. On the basis of the studies [18] and [24], by using a generalized
Riccati transformation and choosing appropriate functions, the aim of this paper is to establish some new
sufficient conditions which insure that any solution of this equation oscillates or converges to zero. In
fact, by choosing appropriate functions, we shall present several easily verifiable oscillation criteria. The
methods and arguments used in the present paper are different from those used in [4, 8, 10, 21], and the
results correct, extend and improve a number of existing results, especially the results in [18] and [24].

The paper is organized as follows. We first need to state and prove some lemmas in Section 2, which
will be used in the proof of our main results. We will establish some new criteria of oscillatory behavior for
(1.1) by a generalized Riccati transformation technique in Section 3, and then present some applications
for our results in Section 4.

2. Some preliminary lemmas

Lemma 2.1. Let x(t) be a positive solution of (1.1). Then z(t) has only one of the following two properties:
@M z(t) >0, 2/(t) >0, (ra2(t)2/(t))" > 0;
) z(t) >0, z'(t) <0, (ra2(t)2/(t))" >0,

where t > t1 for sufficiently large t;.

Proof. Let x(t) be a positive solution of (1.1) on [tg, c0). Then we have z(t) > x(t) > 0 from (Cy) for t > t;.
Based on (1.2), it follows from (C3) and (C4) that

/

(m(® (2(02'®) ) +m(t) (rz(t)z’(t))’zj a(t, Qf(x((t, 0)))dC

d
< —ocJ q(t, Ox(x(t, ) @D
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Then we have

"I <o.

% [exp(J m(s)ds)rl(t) (r2(t)z’ (1))

t T1(s)

Y m(s)

Thus, ex J
Pl )
(C1) we know that

ds)ri(t) (rz(t)z’ (t)) "isa decreasing function and eventually of one sign, and then from

(ra(0)2'(1)) <0 or (ra(t)2'(t)) >0,
for t > t, > t;. We assert that (rp(t)z/(t))’ > 0. Suppose (r2(t)z’(t))’ < 0, then there exists a constant
M > 0 such that

/

el T asm() (/1) <M.

Integrate the above inequality on [ty, t] to get

/ / Y S m(n)
ra(8)2 (1) < Ta(t2)2' (£2) — M( exp(— dn)ds — —oo (t — oo),
t, T1(8) t T1(n)
by the condition (C;). Thus, there are an integer t3 > t; and C > 0 such that m(t)z/(t) < —C for t > ts.

Integrating on [t3, t] to get
t

ds — —oo (t — 00),

2(t) < 2(ts) — CJ

t; 72 (s)
from the condition (Cy), and then z(t) < 0 which contradicts z(t) > 0. Thus we have (m(t)z/(t))" > 0.
Therefore, z(t) has only one of the two properties (I) and (II). This completes the proof. O

Lemma 2.2. Let x(t) be a positive solution of (1.1), and z(t) has the property (I). Then

r1(t) (ra(t)2’ (1)) R(T(t))

#E = T )

7

t

where T(t) = 1(t,¢), R(t) :J )
toT1

Proof. Let x(t) be a positive solution of (1.1). Since z(t) has the property (I), we know

ds, t > to.

(v (nw2')") <o,
from (2.1). Then we have

12 (t)2'(t) = 12(t0)z/ (to) + | (r2(5)Z/(s)) ds

Thus

Hence, we obtain

which completes the proof. O
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Lemma 2.3. Let x(t) be a positive solution of (1.1), and z(t) has the property (II). If
o 1 o 1 oo rd
q(s, ¢)d¢dsdudv = oo, (2.2)

to TZ(V) v T‘1(11) u Jc

then lim x(t) = 0.

t—o0

Proof. Let x(t) be a positive solution of (1.1). According to the property (II), we have z(t) > 0, z/(t) < 0,
then lim z(t) =1> 0. We assert that 1 = 0. Suppose that 1 > 0, then we get 1+ ¢ > z(t) > 1 for ¢ > 0 and

t—o0

11—
t > t1 > to. By choosing ¢ < ( - P)

b
X(t) = 2(1) —J plt, wx(olt, 1) du

a

b
> 2(0) —2(oft,) | bt wan
> 1—p(t)z(o(t, a))
>1—p(l+e¢)
> kz(t),
where k = l(l—l]j_)s—pa > 0. Then from (Cs), we get

d

, from (C;) and property (II) we have

(10 ((02/(1)") "+ mit) (ra(vz'(0)" <~ | alt, Oxix(t, )

C

d

< —koz(T(t, d)) J q(t, Q) dc

C

=—( (t)Z(Tl (t))/

d
where q1(t) = kocJ q(t, 0)d¢, T1(t) = t(t, d). Thus

t
<exp(J ™) doyr (1) (mm’m)') <—exp(J m(s

t T1(s)

Integrating the above inequality from t to co, we obtain

t (o] o
1(0) (rl)z'(0) > expl—| Tas)|"exp(| PEas)an(@z(rilo))do

t T1(s) t t T1(s)

t
From z(ty(t)) > land dexp(J m(s) ds) > 0, we have
dt t T1(s)

1 el

T(t) )¢

!/

V

(ra(D)2'(1)) qu(s)ds.

Integrate the above inequality on [t, c0) to get

(o.¢] 1 o]

—1o(t)2/(t) > 1J

s)dsdu
t Tl(u)uuql( )

Further integrating on [t;, c0) leads to

Joo 1 ro 1 ijdq(S/C)dCdsdudv<Z(m,

gy T2(v) )y T1(u)

which contradicts (2.2), and then we have | = 0. According to z(t) > x(

u Jc

k
t)

ol

> 0, we obtain tlim X

— 00

(t)=0.

O
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3. Main results

In this section, we obtain new oscillatory criteria for (1.1) by using the generalized Riccati transforma-
tion. Let

D={(t,s):tg<s<t<oo}, Dg={(t,s):tg<s<t< ok
A function H € C!(D, R) is said to belong to X class (H € X) if it satisfies
(i) H(t,t) =0, t >ty, H(t,s) >0, (t,s) € Dy;

OH(t,s)
0s

(ii) <0,(t,s) € D, and there exists h(t,s) € C(Dy, R) such that

OH(t,s)

3 —h(t,s)yv/H(t,s).

Then we present the following main results of this article.

Theorem 3.1. Assume that (2.2) holds. If there exists p(t) € C!([to, 00), (0, 00)) such that

liin sup E <C(s) — f/i((ss))) ds = oo, (3.1)
where
T (HR(T(1) o) m) o
Alt) = oy B =Prs TS Clt = all—ple(ta(t) (32)

d
and q(t) = J q(t, ¢)dq, then every solution x(t) of (1.1) either oscillates or converges to zero.
C
Proof. Let x(t) be a nonoscillatory solution of (1.1). Without loss of generality, we may assert x(t) > 0
on [t,00), and then x(o(t, 1)) > 0, (t,u) € [ty,00) x [a,b], x(T(t,C)) > 0, (t,C) € [ty,00) x [, d] for
sufficiently large t;. By Lemma 2.1, we know that z(t) has the property (I) or the property (II).
When z(t) has property (I), it follows from (C;) and (C3), we have

> (1—p(t))z(t)
> (1—p)z(t)
Then
(m(t) (ra(t)2'(t)) )'+m(t) (2()z'(1)) < —(1—p) Jd q(t, Q)z(t(t, ¢))d¢
< —(1—p)z(t(t))q(t)
Let
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Then from Lemma 2.2, we obtain

oy L) (ma(D)2/ (1) (1) (2(0z'(©)")" 2/ (x(0) T (W) (1) (ra( V)2 (1))’
w'(t) = p’(t) 2(x0) p(t) 2(t(1)) —elt) 22(t(t))

o't m(t) (ra(t)z' (1) | (1 —p)z(t(t))q(t)
S WP T T )

o t)T’(t)R(T(t)) (1) (r2(t)z/ (1)) )2

P ra((1) 22 (t(t))
< —C(t) + B(t)w(t) — A(t)w?(t)
B2(t)

Integrate the above inequality from t; to t, then we have

t 2
Ll <C(S) - EA((ZD ds < w(ta),

from w(t) > 0, which contradicts (3.1), and then the solution x(t) of (1.1) is oscillatory.
When z(t) has property (II), from (2.2) we know tlim x(t) = 0 by Lemma 2.3. The proof is complete.
—00

O
BZ
Remark 3.2. The proof of Theorem 3.1 is based on Bu — Au? < 1A for A >0,ueR.
Theorem 3.3. Assume that (2.2) holds. If there exist H € X and p(t) € C!([to, 00), (0, 00)) such that
t h2(t, s)
lim su J (Ht,sCs— 1 )ds:oo, 3.3
TP ) Jy \ S T ) 33)
where
hl(tls) :h(tls) —B(S) V H(tls)l (34)

and A(t), B(t), C(t) are defined in (3.2), then every solution x(t) of (1.1) either oscillates or converges to zero.

Proof. Let x(t) be a nonoscillatory solution of (1.1). Without loss of generality, we may assert x(t) > 0,t >
t1 > to, x(o(t,n)) >0, (t,u) € [t;,00) x [a,b], x(T(t,0)) >0, (t,0) € [t1,00) x [c,d]. By Lemma 2.1, we
know that z(t) has property (I) or property (II).

When z(t) has the property (I), we proceed as in the proof of Theorem 3.1 and have

w/(t) < —C(t) + B(t)w(t) — A(t)w?(t).

Multiplying the above inequality by H(t, s) and integrating the inequality from t; to t, we obtain

Jt H(t,s)C(s)ds < w(t;)H(t, t;) r (hl(t,s) H(t, s)w(s) + H(t,s)A(s)w2(5)> ds

t t
2
< H(t, s)A(s)w(s) + hl(t's)> ds (3.5)

t

=wunHuxn—j

t

2+/A(s)

th2(t,
+J 1( S)ds,

t, 4A(s)
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where hj(t, s) is defined as (3.4). Then

1 [ hi(t, s)
H(t,tl)L] <H(t,s)C(s) T A(S) ) ds <w(ty),

which contradicts (3.3). Thus the solution x(t) of (1.1) is oscillatory.
When z(t) has property (II), from (2.2) we know tlim x(t) = 0 by Lemma 2.3. The proof is complete.
—00

O

Theorem 3.4. Assume that (2.2) holds. If there exist H € X, p(t) € C!([to, 00), (0,00)) and ¢ € C([to, >0),R)
such that

0 < inf [liminf H(t,s)} < 00,

s>T | t—oo H(t,T) (3.6)

ds < o0,

1 Jt h2(t,s)

lim sup 1 Als)

t—o0 (t T) T

| Ao wat= o,

to

and

1 hi(t,s)
@(T) < 11£njgp HeT) J (H(t,s)C(s) — 41A(s) ) ds, (3.7)

fort > T > to, where
¢+ (t) = max{p(t), 0}, (3.8)

A(t),B(t), C(t) and hy(t,s) are defined in (3.2) and (3.4), respectively, then every solution x(t) of (1.1) either
oscillates or converges to zero.

Proof. Let x(t) be a nonoscillatory solution of (1.1). Proceeding as in the proof of Theorem 3.3, when z(t)
has property (I), from (3.5) we have

1 hi(t,s)
h{cn:olip HLT) J (H(t,s)C(s) — 41A(s) > ds

2
<w(T) —liminf (: 7 Jt ( H(t, s)A(s)w(s) + hl(t,s)> ds

t—oo H 2+/A(s)
It follows from (3.7) that
o(T) <w(T),
and then

hl (t/ 5)

2
5 A(s)> ds <w(T)—@(T) < oco.

1 t
liminf ———— "L T) JT ( H(t,s)A(s)w(s) +

t—o0

Thus we know

.. 1 t
hmmfm L (H(t,s) )+ +/H(t, s)hi(t, s)w ) ds < oo.

t—o0
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Here we assert ~
J A(s)w?(s)ds < oo.
t
o0

Suppose J A(s)w?(s)ds = co. From (3.6), we have

t

. .. H(ts)
inf [h&‘éﬂ‘fH(t,TJ -

H(t, t .
for u > 0, then Hit _I%) > u for t >ty > t1. There exists M > 0 such that

Thus for t > t,

1 t 2 2
HwﬂL;mMAmW( J JAWWMMMS
M, aH(t )
uT)uLz as 8
Ml H(t/tZ)
w H(t,T)
> M.

Hence, we have

. 1 t 2
htrgg?lfm JT H(t,s)A(s)w"(s)ds = oo.

The reminder of the proof is similar to that of similar theorems in [17, 19, 23] and hence is omitted. Then
we get that the solution x(t) of (1.1) is oscillatory.
When z(t) has property (II), from (2.2) we find tlim x(t) = 0 by Lemma 2.3. The proof is complete. [
—00
4. Examples

In this section, we will give several examples to illustrate our main results.

Example 4.1. We consider the equation
1
1 (1,2 —2t H /
<ﬁ+n26““J;<2+3 e i)
T (N (t)+JO I 22 ) e+ Bya \ (4.1)
t\(tr12 \273 )Xo

0
+J e B +sinx(t+ O))x(t+0)dl=0, t>1.
—1

p(t, p
(t+1)2
u

d = 0/ tO = 1/ O'(t/H) = t+§ < t,li € [_1/0]/ m(t) =

Based on (4.1), we find that r{(t) =1, m(t) =
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et f(v) = (3+sinv)v, & = 2. It is clear that the conditions (C;)- (C5) are satisfied. By choosing
H(t,s) = (t—s)?, p(t) =1, from Theorem 3.3 we have h(t,s) =2, q() (1—eYet, R(t) =t—1, 7(t) =

_ o1
t—1, A(t) =t>(t—2), B(t) = —%, C(t) = 2(1:;%)6", hi(t,s) = 1+ ¥ and

1 hi(t,s)
h{cisolip H(t to) J (H(t,s)C(s) T IAGs) > ds = oo.

Hence by Theorem 3.3, every solution x(t) of (1.1) is oscillatory or x(t) — 0 as t — oo.

Example 4.2. Consider the equation

) N ) Nz
<et (x(t)—l—J By (;tu)du>> +% <et (x(t)—i—J A (;tu)du>>

1 (4.2)
+J tix(t—Q)dC =0, t>1.
0

v 1
3Py @ ,b=2,¢=0,d=1, t

Q=t-0C<tCel01], qt,0 =t f(v) =v, x = 1.
isfied. Choose H(t,s) = (t —s)?, p(t) = et, @(t) =t, then
Rt)=t—1, t(t)=t, At)=t—1, B(t) = 1—%, C(t) =

Here from (4.2), we note that r1(t) =1, 2(t) = e~ %, p(t,n) =

1 1

1, oft,p) = St < <tupell2, m(t) = T

Consequently the conditions (C;)—(Cs) are sa
(t) =

T(t,
ati
t
from Theorem 3.4 we have h(t,s) =2, q(t 5

1
Etet, hi(t,s) =1+ g —t+s,and

1 [t hi(t,s)
imsup | (H(t,s)ct(s) - ) ds > T = o(T).

Clearly, it is easy to check that the other conditions of Theorem 3.4 are also satisfied. Thus, we can
conclude from Theorem 3.4 that every solution x(t) of (1.1) is oscillatory or x(t) — 0 as t — oo.

Acknowledgment

This work was supported by the National Natural Science Foundation of China (No. 11501496), the
Natural Science Basic Research Plan in Shaanxi Province of China (No. 2014JQ2-1003), and the Doctor
Start-up Research Fund of Yulin University (No. 13GK04).

References

[1] R.P. Agarwal, M. Bohner, T. X. Li, C. H. Zhang, Hille and Nehari type criteria for third-order delay dynamic equations,
J. Difference Equ. Appl., 19 (2013), 1563-1579. 1

[2] R. P. Agarwal, M. Bohner, T. X. Li, C. H. Zhang, Oscillation of third-order nonlinear delay differential equations,
Taiwanese J. Math., 17 (2013), 545-558.

[3] M. E Aktas, A. Tiryaki, A. Zafer, Oscillation criteria for third order nonlinear functional differential equations, Appl.
Math. Lett., 23 (2010), 756-762. 1

[4] M. Bohner, S. R. Grace, 1. Sager, E. Tung, Oscillation of third-order nonlinear damped delay differential equations, Appl.
Math. Comput., 278 (2016), 21-32. 1

[5] L. Erbe, T. S. Hassan, A. Peterson, Oscillation of third order nonlinear functional dynamic equations on time scales,
Differ. Equ. Dyn. Syst., 18 (2010), 199-227. 1

[6] L.Erbe, T. S. Hassan, A. Peterson, Oscillation of third-order functional dynamic equations with mixed arguments on time
scales, . Appl. Math. Comput., 34 (2010), 353-371.

[7] L. Erbe, A. Peterson, S. H. Saker, Hille and Nehari type criteria for third order dynamic equations, J. Math. Anal. Appl.,
329 (2007), 112-131. 1


https://doi.org/10.1080/10236198.2013.766729
https://doi.org/10.1080/10236198.2013.766729
https://projecteuclid.org/euclid.twjm/1499705953
https://projecteuclid.org/euclid.twjm/1499705953
https://doi.org/10.1016/j.aml.2010.03.003
https://doi.org/10.1016/j.aml.2010.03.003
https://doi.org/10.1016/j.amc.2015.12.036
https://doi.org/10.1016/j.amc.2015.12.036
https://doi.org/10.1007/s12591-010-0005-y
https://doi.org/10.1007/s12591-010-0005-y
https://doi.org/10.1007/s12190-009-0326-6
https://doi.org/10.1007/s12190-009-0326-6
https://doi.org/10.1016/j.jmaa.2006.06.033
https://doi.org/10.1016/j.jmaa.2006.06.033

M. H. Wei, M. L. Zhang, X. L. Liu, Y. H. Yu, J. Math. Computer Sci., 19 (2019), 19-28 28

(8]

9]
(10]
(11]
(12]
(13]
(14]

(15]
(16]

(17]

(18]
(19]

[20]
(21]
[22]
(23]

[24]

S. R. Grace, Oscillation criteria for third-order nonlinear delay differential equations with damping, Opuscula Math., 35
(2015), 485-497. 1

S. R. Grace, J. R. Graef, M. A. El-Beltagy, On the oscillation of third order neutral delay dynamic equations on time scales,
Comput. Math. Appl., 63 (2012), 775-782. 1

S. R. Grace, J. R. Graef, E. Tung, On the oscillation of certain third order nonlinear dynamic equations with a nonlinear
damping term, Math. Slovaca, 67 (2017), 501-508. 1

Z. L. Han, T. X. Li, S. R. Sun, E J. Cao, Oscillation criteria for third order nonlinear delay dynamic equations on time
scales, Ann. Polon. Math., 99 (2010), 143-156. 1

T. S. Hassan, Oscillation of third order nonlinear delay dynamic equations on time scales, Math. Comput. Modelling, 49
(2009), 1573-1586.

T. X. Li, Z. L. Han, S. R. Sun, Y. Zhao, Oscillation results for third order nonlinear delay dynamic equations on time
scales, Bull. Malays. Math. Sci. Soc. (2), 34 (2011), 639-648.

T. X. Li, Y. V. Rogovchenko, On asymptotic behavior of solutions to higher-order sublinear Emden-Fowler delay differential
equations, Appl. Math. Lett., 67 (2017), 53-59.

S. Padhi, S. Pati, Theory of third-order differential equations, Springer, New Delhi, (2014).

Y.-C. Qiu, A. Zada, H. Y. Qin, T. X. Li, Oscillation criteria for nonlinear third-order neutral dynamic equations with
damping on time scales, J. Funct. Spaces, 2017 (2017), 8 pages. 1

Y. V. Rogovchenko, Oscillation theorems for second-order equations with damping, Nonlinear Anal., 41 (2000), 1005-
1028. 3

S. H. Saker, Oscillation criteria of third-order nonlinear delay differential equations, Math. Slovaca, 56 (2006), 433-450. 1
S. H. Saker, P. Y. H. Pang, R. P. Agarwal, Oscillation theorems for second order functional differential equations with
damping, Dynam. Systems Appl., 12 (2003), 307-321. 3

Y. B. Sun, Z. Han, Y. Sun, Y. Pan, Oscillation theorems for certain third order nonlinear delay dynamic equations on time
scales, Electron. J. Qual. Theory Differ. Equ., 75 (2011), 1-14. 1

A. Tiryaki, M. F. Aktas, Oscillation criteria of a certain class of third order nonlinear delay differential equations with
damping, ]. Math. Anal. Appl., 325 (2007), 54-68. 1

A. Tiryaki, S. (Yaman) Pasinliogu, Oscillatory behaviour of a class of nonlinear differential equations of third order, Acta
Math. Sci. Ser. B Engl. Ed., 21 (2001), 182-188. 1

A. Tiryaki, A. Zafer, Oscillation criteria for second-order nonlinear differential equations with damping, Turkish J. Math.,
24 (2000), 185-196. 3

Q. X. Zhang, L. Gao, Y. H. Yu, Oscillation criteria for third-order neutral differential equations with continuously dis-
tributed delay, Appl. Math. Lett., 25 (2012), 1514-1519. 1


http://www.opuscula.agh.edu.pl/vol35/4/art/opuscula_math_3528.pdf
http://www.opuscula.agh.edu.pl/vol35/4/art/opuscula_math_3528.pdf
https://doi.org/10.1016/j.camwa.2011.11.042
https://doi.org/10.1016/j.camwa.2011.11.042
https://doi.org/10.1515/ms-2016-0284
https://doi.org/10.1515/ms-2016-0284
https://doi.org/10.4064/ap99-2-3
https://doi.org/10.4064/ap99-2-3
https://doi.org/10.1016/j.mcm.2008.12.011
https://doi.org/10.1016/j.mcm.2008.12.011
http://emis.ams.org/journals/BMMSS/pdf/acceptedpapers/2009-03-036_R2.pdf
http://emis.ams.org/journals/BMMSS/pdf/acceptedpapers/2009-03-036_R2.pdf
https://doi.org/10.1016/j.aml.2016.11.007
https://doi.org/10.1016/j.aml.2016.11.007
https://doi.org/10.1007/978-81-322-1614-8
https://doi.org/10.1155/2017/8059578
https://doi.org/10.1155/2017/8059578
https://doi.org/10.1016/S0362-546X(98)00324-1
https://doi.org/10.1016/S0362-546X(98)00324-1
https://dml.cz/bitstream/handle/10338.dmlcz/131013/MathSlov_56-2006-4_8.pdf
https://mathscinet.ams.org/mathscinet-getitem?mr=2020469
https://mathscinet.ams.org/mathscinet-getitem?mr=2020469
http://emis.ams.org/journals/EJQTDE/p730.pdf
http://emis.ams.org/journals/EJQTDE/p730.pdf
https://doi.org/10.1016/j.jmaa.2006.01.001
https://doi.org/10.1016/j.jmaa.2006.01.001
https://doi.org/10.1016/S0252-9602(17)30396-X
https://doi.org/10.1016/S0252-9602(17)30396-X
http://journals.tubitak.gov.tr/math/issues/mat-00-24-2/mat-24-2-6-9902-7.pdf
http://journals.tubitak.gov.tr/math/issues/mat-00-24-2/mat-24-2-6-9902-7.pdf
https://doi.org/10.1016/j.aml.2012.01.007
https://doi.org/10.1016/j.aml.2012.01.007

	Introduction
	Some preliminary lemmas
	Main results
	Examples

