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Abstract
In this paper we study the approximation of common fixed points of a finite family of nonexpansive
mappings in uniformly smooth Banach spaces. Also we show that the convergence of the proposed
algorithm can be proved under some types of control conditions.
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1. Introduction

Let X be a real Banach space. A mapping T : X — X is said to be nonexpansive provided that
I Tx =Tyl <[ x=yll, x,yeX.
LetT,,i=12,...,N be afinite family of nonexpansive self-mappings on X , and let
N
Fix(T,)={x eX : T,x =x}.We shall assume that F := ﬂFix (T.)=<. Assume that for each

i=1
natural number n, there correspond N real numbers «, ,,«, ,,...,,  in the half-open interval

(0, 1]. Given N self-mappingsT,,T,,...,T,, asin [4] one can define, for each n the mappings
U,.U,,...,.U, inthe following way:
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U nl— an,lTl +(1_an,l)|
Un,2:an,ZTZUn,1+(1_an,2)|

Una=%naln Yoot (l_an,N Dl
W ::Un,N =an,NTNUn,N—l_i_(l_OKn,N)I (11)

n

Nonexpansivity of T, yields the nonexpansivity of W . Moreover, in [4], it is shown that

FixW,)=F.

In the case X equals a real Hilbert space H, Y. Yao in [8] introduced an iterative algorithm to
approximate the common fixed points of a finite family of nonexpansive self-mappings defined
on the real Hilbert space H. To write down Yao’s proposed scheme, we recall that f :H —H is
said to be a contraction if there exists a number 0 < & <1such that

I f)-F Wl <all x-yll, x,yeH.
Recall also that a bounded linear operator A on the Hilbert space H is said to be strongly
positive if there exists a positive number 7 such that

Ax,xy=7 x||?, x eH.
Assuming that | denotes the identity operator on H and {4, }is a sequence of real numbers, and
U, € H is arbitrarily chosen, Yao introduced
Upy = 7f (U,)+ A, +(A= A —AAW U,
Where y, [ are two positive real numbers such that g <1, f :H — H is a contraction with
coefficient O<a<1, A is a strongly positive bounded linear operator with coefficient » > 0such

that 0<y < ” and W, is the self-mapping of H generated by (1.1).
(04

Under the assumption that the sequence {;tn } satisfies the following two control conditions
C):limA =0,
C,): zj‘n = o0,

n=1

Yao proved that the iterative sequence {u,} converges strongly to the unique solution of the

variational inequality
(A-=yfuu-uH=0 ueF

Let X be a real Banach space. For t > 0, we define
1
pO =Zsup {x+ty| + x-ty]-2: x| =y} = 13-

A Banach space X issaid to be uniformly smooth if
im28 _o.

t—-0
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Geometrically, this means that the functionx + h(x) = || x|| is uniformly Ferechet-
differentiable on the unit sphere, that is,

I|m SUp ” X +tY|| —” X" _<h’(x)’y> =0.
S0 il =1 t

Let X be a real Banach space. Recall the (normalized) duality mapping J from X to X ~ the
dual space of X , is given by

J) = eX i x D=1 xl* = xW} (12
In this paper we assume that X is a uniformly smooth Banach space and C is a closed convex
subset of X . We further assume that f :C —C is a contraction with coefficient0 < a <1. By a
slight modification of the sequence introduced by Yao, and replacing the strongly positive
operator A by the identity operator | acting instead on a uniformly smooth Banach space X , we
shall see that the sequence

Una :ﬂ'nf (un)+bun +(1_ﬂ_ln)Nnun
Converges strongly to the unique solution of the variational inequality
(1 =fuu-uH>0 ueF. (1.3)

Here 0< £ <1,and W, ’s are the self-mappings of C generated by (1.1), moreover the sequence
{4, }satisfies the control conditions (C,),(C,).

2. PRELIMINARIES

This section collects some lemmas which will be used in the proofs for the main results in the
next section.

Lemma 2.1. [7] Let {x, }and {y } be bounded sequences in a Banach space X and let {, } be a
sequence in [0, 1] withO < liminf ¢, <limsupe, <1. Suppose X, ., =&, X, +(1—«,)y,, for all

n—oo

integers n >0and
|ImSUp(|| yn+l_yn” _” Xn+1_Xn" )SO'Then’ rlll—l;?o ” yn _Xn”:0'

n—oo

Lemma 2.2. [6] Let X be areal Banach space. Then forallx,y X
Ix+y I1* <Xl +20y, 3 (x +y))
Lemma 2.3. [1] Assume {an } to be a sequence of nonnegative real numbers such that

aTH—l S(:I'_yn)a‘n +5n7n’ vn=>0
where{y, }is a sequence in (0, 1) and {J, } is a sequence in R such that

W) 7, =

(ii) either limsups, <0or»|8,7, <.

n—oo n=0
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Then lima, =0.

n—oo

Proposition2.4. [3] If X is a uniformly smooth Banach space, then the normalized duality
mapping J defined by (1.2) is single-valued and uniformly continuous on each bounded subset
of X from the norm topology of X to the norm topology of X ™.

Lemma 2.5. [2] Let X be a uniformly smooth Banach space, C a closed convex subset of X ,
T :C —C anonexpansive mapping with Fix (T )= &, and f :C —C be a contraction. then

{x, } defined by
X, =tf (x,)+@-t)Tx, (2.1)
Convergence strongly to a point in Fix (T ).

3. Main results
We now state and prove the main result of this paper.

Theorem 3.1. Let C be a nonempty closed convex subset of a uniformly smooth Banach space
X, f beacontraction onC with coefficient 0<a<1, choose anyu, €C . Define {u,} by

un+l :ﬂ’nf (un)+p)un +(1_ﬁ_ﬂ“n)Nnun
Where g is a positive real number such that g <land W _ is the self-mapping of C generated by

(1.1), suppose the sequence {an]i }satisfy lim(e,; —a,_,;) =0and the sequence {4} satisfying

n-1,i
the control conditions (C,),(C,). Then the sequence {u, } converges strongly to the unique
solution of the variational inequality defined by (1.3).

Proof. First we observe that {un} is bounded. Indeed, pick any p € F to obtain

|l Ups =PIl <Al £ @)= (pX +Al u, —pll +@A=B=A MW u, —pll + Al £ (p)-pll
< (ha+1=2 0 u, =pll +A4,l £ (p)—pll
=[1-2,A-a)lll u, —pll +4,ll T (p)—pll 3.1

It follows from (1.3) by induction that

|’II f (p)—pll }

| u, —pll <max{|l u,—pl
l-a

Hence, {u,} is bounded, and so are {f (u,)}and W u,}.
Next, we claim that lim| u ,—u,|[=0.

Define

un+l = (l_ﬂ)z n +ﬂJn
We shall use M to denote the possible different constants appearing in the following reasoning.
Observe that from the definition of z ,, we obtain
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7 —7 =un+2_ﬂun+l_un+l_ﬂun
n+1 n 1_ﬂ 1_ﬂ
n+1f (un+l)+(l ﬁ ﬂ‘nl)Nnﬂunﬁ-l ﬂ’f(u )+(1 ﬂ Z)Nnun
1- ﬂ 1-p

= Ina f n+1) ——f (u,)+W 4 /

_ n+1W u
1 ﬂ ﬂ n+1 n+l n~n 1_ﬁ n-n 1 ﬁ n+1- n+l

D, A
:1_2[1: (un+l)_Wn+1un+l]+Wn+l n+l+mwnun ~f (un)]_ u, _WnJrl

It follows that
A
” Zn+1_zn” _” un+1_un" Sﬁ(” f (un+1]| +||Wn+1un+1” )

n)l +||W " )+”Wn+l n+ n+1 "
IWM WU [ =Jna =

<1 n*'1B(II F Ul HW Ul )

n]l +|| W ” )+” Wn+1 Wnun” (32)

From (1.1), since T\, and U are nonexpansive,

|Wn+1 Wnun”_”um—l _un”

:‘an+1,NT Uyl T Q= U, = (T WU U, — Q=

S| an — nNH|u ||+‘ Ay (MU gty =T UnN—

<2M [ o, oy [+ 71HU n+1N -Un _UnN =\

Again, from (1.1),
HU n+L,N —1un -U n,N —1un

an+1N—1TN—1Un+1N—2u +(1-a
anT UnN2 (l anN 1)U

dtan = %nal Ul +‘ A peantn = oyl n Y o Uy
S| N1~ AN | " un” TN —1” U n+1N —2Un -uU n,N —Zun"
H g Al ”TN—lu nN-2Un

<2M | Fnan-1 PN | "'” U n+1,N Uy -U n,N —Zun” (3.4)

Therefore, we have
| U nsan U —Uny Sull <2M Fnana ~%na |+2M | Xyan-—2 "N |

N -1
<2M Zlan+l,i - n| |+” Un+11 Unlu ”
i=2

n+11T U +(1_an+l,1)_an,lT1un —(1—06 :

n+li

299

n,




F. Golkar, A. Dianatifar, A.M. Aminpour, M. Sadeghi / J. Math. Computer Sci. 12 (2014), 295-303

n+li an,i

N -1
< |an+l,l_an,1| " un” +|| an+1,1T1un _an,lTlun” +2M Zl (04
i=2

N -1
<2M Z| i — &
i=1

Substituting (3.5) into (3.3), we have
N -1
” Wn+lun _Wnun" <2M |an+l,N _an,N |+2an+1,N M Z| an+1,i _an,i |

i=1

(3.5)

i |

N -1
<2M |an+1,N — QN |+2M Z| Ui — &

i=1

n,i |

N
=2M Z| Qi Gy | (36)
i=1
Using (3.6) in (3.2), we get
A
” Zn+1_zn” _” un+1_un” Sn—-'—l(” f (un+1” +”Wn+1un+1” )
1-p
ﬂ N
1 ”ﬁ(ll Ful AWl )+2M > ki —a,
- i=1

Which implies that
limsup(|| z,,,~2z,Jl 4l u,.,-ull)<0

n—o

We can obtain liml| z, —u, || =0easily by lemma (2.1). Consequently

fimj u,., ~ull = lim@-A)| z, -u,J|=0
We can write the sequence {u,, } as follow
Uny =4, (U,)-4,Wou, +y,
Where y, =W u. +pU,-W u,)
Observing thatu,,,-y,=A (f (u,)-W,u, ), we can easily get
lim| y, -u, JI=0

” un _yn” S ” l'In _un+1|| +|| un+l_yn”
Thatis, lim|| y, —u || =0. On the other hand, we have

W, —ull<llu, =yl 4y, -Wull<lu, =yl +4l u, W ull
Which implies (1- )| W, u, —u || < | u, —y.|l butwe have S e (0,1)so we obtain
lim| W u, -u | =0 (3.7)

Next, we claim that
limsup <f (p)-p,JU,,,—p)<0 (3.8)

n—oo

Let u, be the unique fixed point of the contraction mapping given by
u—tfu)+@-t)wu
Then, u, solves the fixed point equation u, =t f (u,)+@-t) W u, te(0,1). Thus

300



F. Golkar, A. Dianatifar, A.M. Aminpour, M. Sadeghi / J. Math. Computer Sci. 12 (2014), 295-303

u, —u, =t (f @,)-u,)+@Q-t) W.u, —u,).

We apply Lemma 2.2 to get
Iu —ull*< @AW u, —ull* +2<F U,)-u,, I U, ~u,)
S(” Wnut _Wnun” "'" Wnun _un” )2 +2t <f (ut)_ut J (ut _un)>+2t<ut —Un,..] (ut _un)>
< @=t)2(Il u, —u | 2 +a, @)+ 21l u, —u )l 2 + 26¢F @) -y, U, ~u,)) (3.9)
Where

a, ()= @[, —u, |+ Wu, —u,DWu, —u,| (3.10)
Noting (3.7) !man t)=0

The last inequality (3.9) implies
t ,  (1-1)°
<ut —f (ut)"] (ut _un)> SE" Uy _un” +Tan (t)
It follows that

limsup (u, —f (u,),J U, —un)>£t—M 2 (3.11)

n—>o0 2

Where M >0 is a constant such that M > || u, —u || forall t €(0,)and n >1. Letting t - 0in

(3.11) and noting (3.10) yields
limsup <, —f (u,),J U, —u,))<0.

n—o0o

Moreover, we have that
(p=f(p)I(p-u,)=Cp-f(p)I(p-u,)-Iu,-u,)
+<p—f (p)_ut +f (Ut),J (ut _un)>+<ut —f (ut)l‘] (ut _un)>
=(p-f (p).J(p-u,)-IU,—-u,)
+ <p_ut"] (ut _un)>+<f (ut)_f (p),J (ut _un)>
+ <ut —f (ut)"] (ut —Un)>
Then, we obtain
limsup (p—f (p),J(p-u,))<limsup{p—f (p),d(p-u,)-J U, —u,)

n—oo n—o0

Al p—ull timsug| u, —u [l 4l f ) —f (p)I limsup]| u, —u|

n—oo n—oo

+limsup u, —f U,),J U, —u,))

n—oo

<limsup(p —f (p),J (p-u,)-J (U, —u,))

n—o0

+ (1+CZX| p_ut" "mSUFﬂ U, —Un”

n—oo

+ limsup{u, —f (u,),J U, —u,))

By Lemma 2.5, u, = p € F ast -0, which is the unique solution of the variational inequality
(2.3). Noting proposition 2.4, we obtain
limsuplimsup(p —f (p),J (p-u,)-JI (U, -u,))=0

t—0 n—w

Therefore we have

301



F. Golkar, A. Dianatifar, A.M. Aminpour, M. Sadeghi / J. Math. Computer Sci. 12 (2014), 295-303

limsup(p —f (p).J (p—u,)) =limsuplimsup(p —f (p),J (p -u,))

n—ow t—0 n—o
<limsuplimsup{u, —f (u,),J (u, —u,)) <0.
t—0 n—o

Finally we show that limu, =p.

n—oo

From Lemma 2.2, we have
Iu =Pl =1l 4,(F U,)-p)+pU, —p)+@-L-24)W u, —pll*
<(Al u, = pll +@=B=2) u, —pll)* +24,<F U,) =P, Ups = P)
=@0=2) u, —pll * +24,<F (u,)=f (p),I U, —P))+22,(f (P)—P.I U,.s—P))
<@ u, =pll * +A4a 1 u, —pll * 4l u,,, = pll 1 +24,F (P)-p, I WU, —P))
Which implies that

1-1 )2+ A | 24
” un+l_p”2£( 1n)/'l nal un_p"2+ . <f (p)_p"](un+1_p)>
-4 1-Aa
21 (1-a) )
D P A S _
[ I fa 1, —opll
22 (1-a), 1 A )
: F(p)=p.J Uy —p)+=—22 u, -
e [ (P)-p.JU,, p)>+2(1_a)l Uy =PIl ]
21 (1-a) 1 A )
Wh = L ,5 = f — ’J — 4|” _
ere 7/n 1—ﬂ/n0{ n 1_a< (p) p (un+1 p)>+2(1—0{)| Un p”

It is easily seen that >y, =0 and limsupgs, <O.

n=1 n—o

Finally we apply Lemma 2.3 to (3.12) to conclude that limu,, = p. This complete the proof.

n—oo
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