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Abstract

Chaotic behavior in the real dynamics and singular values of a two-parameter family of generalized generating function of
Apostol-Genocchi numbers, f q(z) = ?\e%zﬂ, A, a € R\{0}, are investigated. The real fixed points of fj q(z) and their nature
are studied. It is seen that bifurcation and chaos occur in the real dynamics of fj 4(z). It is also found that the function f, 4(z)
has infinitely many singular values for a > 0 and a < 0. The critical values of fj 4(z) lie inside the open disk, the annulus and

exterior of the open disk at center origin for a >0 and a < 0.
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1. Introduction

For describing properties of Julia sets and Fatou sets with other studies in the real and complex dy-
namics, investigations on fixed points and singular values of functions are of great importance. The
dynamical properties of entire or meromorphic functions with infinitely many singular values are less
studied in comparison to that of functions with finitely many singular [6, 11, 13, 14, 22]. The singular val-
ues of the one-parameter family of generalized generating function of Bernoulli’s numbers are computed
in [20] and its reverse family are discovered in [19]. The singular values of transcendental meromorphic
functions are discussed by Zheng [25]. The theory of dynamics of transcendental functions is given in [2].
The exploration of dynamics of a real function has become an important topic, partially due to the fact
that it deduce the iterations of the function in the complex plane which is mainly influenced by its real
dynamics [6, 12, 16, 23]. The real dynamics of the cubic polynomials, generalized logistic maps and one-
parameter family of transcendental functions are given in [1, 10, 15, 21] respectively. The real fixed points
are described for one-parameter family of function 7 in [17] and for a two-parameter family A(7—)"
in [8]. The study of some recent chaotic systems can be seen in [3, 4, 24].

A point z* is said to be a critical point of f(z) if f/(z*) = 0. The value f(z*) corresponding to a critical
point z* is called a critical value of f(z). A point w € C (extended complex plane) is said to be an
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asymptotic value for f(z), if there exists a continuous curve v : [0, c0) — C satisfying lim_, y(t) = oo
and lim¢_,« f(y(t)) = w. A singular value of f is defined to be either a critical value or an asymptotic
value of f. A function f is called critically bounded or function of bounded type if the set of all singular
values of f is bounded, otherwise it is said to be function of unbounded type. A point x is called a fixed
point of function f(x) if f(x) = x. A fixed point x¢ is said to be an attracting, neutral (indifferent) or
repelling if [f'(x¢)| < 1, [f'(x¢)| = 1 or [f'(x¢)| > 1, respectively. The Lyapunov exponent of the function
f(x), for a given trajectory {xx : k =0,1,2,...} starting with an initial point xo, is defined as

K—
.1 y
L= k11_r>r01<> X ;) In [ (x¢)]. (1.1)

It is well known that the behavior of a dynamical system is chaotic if the Lyapunov exponent of the
function f(x) is a positive number [7].
Let
2z

ez +1
be two-parameter family of meromorphic transcendental functions. The function f) q € J is neither odd
nor even as well as not periodic. This family J is associated to the generalized Apostol-Genocchi numbers
and Apostol-Genocchi polynomial with parameters a > 0 and b > 0 which is found in [5] as

F= {f;\,a(z) A aeR\{0},ze C}

W ZG (@B

For A =1,a =1,b = et = z, the left hand side function in this relation becomes function of our family
7.

This paper is a generalization of work [9] of the family of functions A_2 “7 which is a generating
function of the Genocchi numbers. The paper [9] contains almost similar results and proofs from [18, 21].
Besides we provide simpler proof of the result on the number of fixed points. The following is the
organization of our paper: the real fixed points of f) o € J as well as their nature are given in Section 2.
In Section 3, the bifurcation and chaos in the real dynamics are shown graphically. It is explored that the
function fj o € F has infinitely many singular values in Section 4. Moreover, it is found that the critical
values of f) o(z) lie inside open disks and the annulus at center origin for a > 0 as well as a < 0.

2. Real fixed points of f) o € F and their nature

The existence and nature of the real fixed points of the function fj o € J are described in the present
section. The following theorem gives that the function fj 4 (x) has two real fixed points.

Theorem 2.1. Let f) o € J. Then, the function fj q(x) has one fixed point O for all A, one nonzero real fixed point
X for A > 3, and ) 4 (x) has no nonzero real fixed points for A < 3. For A > 1, if a > 0, then the fixed point x, of
fa,a(x) is positive and if a < 0, then x, is negative. For 3 < A < 1, if a > 0, then the fixed point x of fj q(x) is
negative and if a < 0, then x, is positive.

Proof. To find fixed points, we solve the equation fj 4 (x) = x. Then, this equation has two real solutions 0
for all A and x) = % In(2A—1) for A > % There is no real nonzero solutions for A < % Hence, the function
fa,a(x) has a fixed point 0 for all A and other real nonzero fixed point x, for A > % It is easily observed
that, for A > 1, the fixed point x, of f) q(x) is positive if a > 0 and negative if a < 0. For % < A <1, the
fixed point x, of fj q(x) is negative if a > 0 and x, is positive if a < 0. O

Remark 2.2. The proof of Theorem 2.1 is simpler and shorter than the proof of a similar result found in [9]

fora=1.

Lemma 2.3. Let ¢(x) = xfl, (x) + fo(x), where fq(x) = Then

ea’Url
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(i) for a >0,

<0, forx<O0,

2% =0, forx=0,
b(x) = ———=[2—ax)e®™ +2]¢ >0, for0<x<xf,
(eax +1)2 o forxext,

<0, forx>xj,

where x7 is the unique positive real root of the equation (2 — ax)e®* +2 =0;
(ii) fora <O,

>0, forx<x3,

Ix =0, forx=x;,
dx) = ————=[(2—ax)e™ +2] < <0, forx; <x<0,
(eax +1)2 =0, forx=0,

>0, forx>0,
where x5 is the unique negative real root of the equation (2 — ax)e“* +2 = 0.

Proof. The function ¢(x) is written as

2(e*™™ +1— axe®™) 2x 2x
e / e e 2— ax 2 .
d(x) =xf (x) +falx) =x (e T 12 + e i1~ (e 1 1 [(2— ax)e®™ + 2]
NotethatW <0forx<0andW > 0 for x > 0.
(i) For a > 0, let q(x) = (2— ax)e®* +2, then q’(x) = a(l — ax)e®* and q”(x) = —a’xe®*. It gives

q”(x) <0 for x € R" and q”(x) > 0 for x € R™. Therefore, the function q’(x) is decreasing on R*
and increasing on R™. Since q’(0) = a, q’(x) — 0 as x — —oo and ¢’(x) — —oo as x — 400, by
continuity of q’(x), it follows that there is a unique X; > 0 such that q’(x) > 0 for —oco < x < Xy,
q’(%1) = 0 and ¢’(x) < 0 for x > %;. Hence, q(x) increases in (—oo, %), attains its maximum at %;
and decreases thereafter. Since q(0) =4 and q(x) — —oo as x — 400, then there is a unique positive
x] > X such that q(x) > 0 for —oo < x < xj, q(x]) =0 and q(x) < 0 for x > xj. It follows that

<0, forx<0,

2% =0, forx=0,

WQ(X) >0, for0<x<xi,
=0, forx=xj,

<0, forx>xj.

$(x) =

It can be easily seen by Figure 1 (a).

1

0.5

0

-0.5

(a) For a = 2. (b) For a = —2.

Figure 1: Graphs of ¢(x) for a > 0 and a < 0.
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(ii) For a < 0, let 7(x) = (2 — ax)e®* +2, then 7/(x) = a(1 —ax)e®* and 1”/(x) = —a’xe®*. It gives
™ (x) > 0 for x € R* and 1”(x) < 0 for x € R™. Therefore, the function 1/(x) is increasing on R*
and decreasing on R™. Since 7(0) = a, 7/(x) — 400 as x — —oco and 1’'(x) — 0 as x — +oo, by
continuity of 1/(x), it follows that there is a unique X; > 0 such that 1'(x) > 0 for —co < x < X,
(%) = 0 and 1/(x) < 0 for x > %». Thus, r(x) increases in (—oo, X;), attains its maximum at X, and
decreases thereafter. Since r(0) = 4 and r(x) — —oo0 as x — —oo, then there is a unique negative
X5 < % such that r(x) < 0 for x < x5, r(x;) = 0 and r(x) > 0 for x > x;. It concludes that

>0, forx<xj,

% =0, forx=x3,

ﬁr(x) <0, forx; <x<0,

(e +1) =0, forx=0,
>0, forx>0.

$(x) =

It can be easily observed by Figure 1 (b).

Thus, it proves the lemma. 0
Let us define . , . .
r_ M Zigaxi g d M = 2 T(eaxiyq
Falxl] 2(6 +1) an oy 2(e +1).
Remark 2.4. 1t is easily seen that x5 = —x] and A** = A*.

In the following theorem, the nature of fixed points of fj 4(x) are shown.

Theorem 2.5. Let ) q € TJ.

(a) The fixed point O of the function fj o(x) is attracting for |\| < 1, rationally indifferent for |\| = 1 and repelling
for ]A| > 1.
(b) (i) For a > 0, the fixed point x, of the function fj q(x) is repelling for ¥ < A < 1, attracting for 1 < A < A*,
rationally indifferent for A = N*, and repelling for A > \*.
(ii) For a < 0, the fixed point x» of the function fx q (x) is repelling for 3 < A < 1, attracting for 1 < A < A**,
rationally indifferent for A = N**, and repelling for A > A**.

Proof.
(a) Since f} ,(0) = A, it is easy to see all cases.

(b) For A > 0 and x € R, it is easily seen that f) q(x) > 0 for x > 0 and fj ¢(x) < 0 for x < 0. Since

f’)\,a(x) — p\20=aeV 1 g x is a fixed point of f q(x), then

- (eaxgkl)2
1 2[(1—axp)e®™» +1] axa
/ _ T (pax -1 - """
fha(d) = 5 (e +1) e 1 T e 2.1)
(i) For a >0, the function 75 is increasing on R since ( e ) = %ae‘lX >0,x€R.

For 7 < A < A*, this case is divided into two parts since the fixed point x) of fj q(x) is negative for
1 <A < 1and positive for A > 1.
For % < A < 1, by Equation (2.1), f’)\’a(x) > 1 since x) < 0. Therefore, the fixed point x; of fj o(x) is
repelling fixed point for 1 <A < 1.
X

* . . o« . . + _ XA XA X1
For 1 < A < A*, since the function To(x) Is increasing on R and A = o007 50 oo < AR It

gives e¥ < e™1. Hence, x) < xj. By Lemma 2.3 (i), ¢(xp) > 0. Since f’)\,a(x;\) — Sba) 1, then

fa(XA)
1;’)\ a(}zq\) 74\—* 1= ;2 ((’;AA )) > 0. It follows that [}  (xa)| < 1. Thus, the fixed point x, of f) q(x) is attracting for
<AL .

al
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b (xa)
=0
fa(XA) ’
which implies that fg\*, o(xa) = —1. Therefore, the fixed point x] of fj o(x) is rationally indifferent for

A =A%

For A > A*, by similar arguments used above, it follows that x, > xj. Again, by Lemma 2.3 (i) and
by the fact xx > xj, we have d(xp) < 0. It gives that f} ,(xa) +1 = ]fi((:?k)) < 0 and hence [f} (xa)l > 1.
Therefore, x, is a repelling fixed point of fj q(x) for A > A*.

For A = A%, it is easy to see x) = x]. Now, by Lemma 2.3 (i), it follows that fs\/a(x)\) +1=

(ii) For a <0, the function 5 is decreasing on R since (55 ) = %ae‘lx <0,xeR.

For % < A < A**, this case is divided into two parts since the fixed point x) of fj (x) is positive for
1 <A <1 and negative for A > 1.

For % < A <1, Equation (2.1) gives fg\la(x) > 1 since x, > 0. It follows that the fixed point x; of fj q(x)
is repelling fixed point for 3 <A < 1.

*k : : X : : — _ XA XA XE
For 1 < A < A**, since the function Tox 18 decreasing on R™ and A = TETeY then o) < R

It gives e“** < €2, Hence, x\ < x5. By Lemma 2.3 (ii), ¢(xp) > 0. Since fg\,a(x;\) = i(&’;)) —1, then

f’)\,a(xx) +1= 15'2(();;)) > 0. It gives that Ifs\,a(x)\)l < 1. Therefore, the fixed point x, of fj q(x) is attracting

for 1 <A <A™,
For A = A, it is easy to get xp = x5. Consequently, it gives that, by Lemma 2.3 (ii), f) ,(xa) +1 =

f; ((’;7; )) = 0 and hence fg\ o(xa) = —1. Therefore, the fixed point x3 of f) o(x) is rationally indifferent for

A= A**,
For A > A**, by similar arguments as above, it shows that x) < x3. Again, by Lemma 2.3 (ii) and by

the fact xx < x5, we have ¢(xp) > 0. It gives that f}  (xa) +1 = f‘i((’%)) < 0 and hence f}  (xa) < —1.

Therefore, x, is a repelling fixed point of fj o(x) for A > A**. O

For A > A* and A > A**, there exist periodic points of period greater than or equal to 2. These cases
are graphically discussed in the next section.

3. Graphical simulation of bifurcation and chaos

In the present section, we compute and visualize dynamical behaviors of fj q(x) by numerical and
graphical simulation. It is seen from Theorem 2.5 that the nature of the fixed point of fj 4(x) changes
when parameter A passes certain parameter value. If the parameter A increases, then, for a > 0, the
behavior of dynamical system is shown by bifurcation diagrams in Figure 2 (a) for a = 2 and Figure 2
(b) for a = 3. It is interesting to observe that bifurcation diagrams of fj 4(x) display periodic doubling,
periodic windows, chaotic region, etc.

(a) For a = 2. (b) For a = 3.

Figure 2: Bifrucation diagrams for a > 0.
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For a < 0, the bifurcation diagrams are given in Figure 3 (a) for a = —2 and Figure 3 (b) for a = —3.

2 4 g 3 10 12 14 18
A

(a) For a = —2. (b) For a = —3.

Figure 3: Bifrucation diagrams for a < 0.

It is observed that, from Figures 2 and 3, the bifurcation diagrams fj 4(x) are symmetric about hori-
zontal axis for a > 0 and a < 0. In the real dynamics of fj q(x), the period doubling in the bifurcation
diagram leads route to chaos. To quantify the chaos, the Lyapunov exponent is calculated. A trajectory
with the positive Lyapunov exponent is chaotic provided that it is not asymptotic to an unstable periodic
solution.

Using Formula (1.1), the Lyapunov exponent of the function fj 4 (x) is

k—1

o1 2/(1 — axi)e*™t + 1|
= lim — In (A .
L kgrolok;) n[ (eaxi +1)2

For a > 0, the computed values of Lyapunov exponents are explored in Figures 4 (a) for a = 2 and 4 (b)
for a =3.

AT

i \(r

n

: YWW” it

Lyapunov Exponent (L)
o K
in LY
L L L .i
Lyapunov Exponent (L)
L] : ]
m ] = m o

]
1]

]
n

7‘ é! é 1‘EI 1I1 1I2 1I3 WIA 15 s 7I é é 1‘EI 1‘1 1I2 1I3 WIA 15
Parameter (A) Parameter (&)
(a) For a = 2. (b) For a = 3.

Figure 4: Lyapunov exponents for a > 0.

For a < 0, the computed values of Lyapunov exponents are shown in Figures 5 (a) for a = —2 and 5
(b) for a = —3.
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(a) For a = —2. (b) For a = —3.

Figure 5: Lyapunov exponents for a < 0.

From Figures 4 and 5, it is easily found that the Lyapunov exponents are positive for certain ranges of
parameter A which exhibits the chaotic behavior in the real dynamics of fj q(x).

For parameter value A from 9.5 to 13, the bifurcation diagrams in Figures 2 and 3 and the correspond-
ing Lyapunov exponents L in Figures 4 and 5 are represented that when Lyapunov exponents are positive,
then bifurcation diagrams show dark regions which gives chaotic behavior in the real dynamics fj, q(x).
Further, between this range, the Lyapunov exponents are negative, hence it explores that chaotic region
break up into non-chaotic temporary and then goes back to being chaotic.

4. Singular values of f),q € F
The following theorem gives that the function f) o € J has infinitely many singular values:

Theorem 4.1. Let f) o € F. Then, the function ) q(z) possesses infinitely many singular values.

Proof. Since f’}\,a(z) = 7\%, the critical points of fj q(z) are solutions of the equation (az —

1)e?* —1 = 0. Let w = az. Set w = u + iv. Separating the real and imaginary parts of (w—1)e" —1 =0,
we have
'V + eveotv—l _ 0, (4.1)
sinv
u=1-vcotv. (4.2)

It is observed from Figure 6 that the Equation (4.1) has infinitely many solutions since the number of
intersections increases when the size of interval expands on x-axis. The rigorous theoretical details can be
deduced from proof of [6, Proposition 1.3] for infinitely many solutions of Equation (4.1).

il ;w’sn \:)+ﬂc°l wa L
10 .
ol -
e i
ol |
A0 ]
A5+ : , s
20 5 10 15 20

Figure 6: Graph of - + eV cotv—1_

sinv
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Let {vk}k 00,k £0 be solutions of Equation (4.1). From Equation (4.2), ux = 1 —vycotvy for k =

+1,42,43,.... Then, z; = “ktwk are critical points of f) q(z). The critical values fj q(zk) = ?\eazz#kk+1 are
distinct for k nonzero integers. It follows that the function f) o € J has infinitely many critical values.
Since fj,q(z) — 0 as z — oo along positive real axis for a > 0 and along negative real axis for a < 0, it
shows that the finite asymptotic value of fj (z) is 0. The order of growth of fj 4(z) is finite and less than
1, s0 f,q(z) has at most one finite asymptotic value which is 0.
It is concluded that the function fj q € J has infinitely many singular values. O

Let H" ={z € € : Re(z) > 0} and H™ = {z € C : Re(z) < 0} be the right half plane and left half plane
respectively. The following theorem shows that the function )  (z) has no zeros in the right half plane
for a > 0 and the left half plane for a < 0.

Theorem 4.2. Let f) o € F. Then, the function )  (z) has no zeros in the right half plane H* for a > 0 except
one positive point on the real axis and the left half plane H™ for a < 0 except one negative point on the real axis.

Proof. Since fs\,a( z) = ?\% =0,thene ** =az—1. Fora > 0, letw = az. Then, e™™ =w—1.

Using the real and imaginary parts, we have

cosv —1isinv .
Qo =u—1+iv. (4.3)

When v = 0, then w = u > 0 and, by real part of Equation (4.3), e* = u—1. This equation has a
positive solution.

When v # 0, then, by imaginary part of Equation (4.3), 1~ = —e" < —1. This is not true for v > 0
since Ism"l < 1. Moreover, since SV is an even function, it is also false for v < 0.

Consequently, the function fj a( z) has no zeros in H* for a > 0 except one positive point on the real
axis.

Similarly, using analogous arguments as above and z = 7 for a < 0, the function f} ,(z) has no zeros
in H™ except one negative point on the real axis. O

Remark 4.3. f;\, o (z) has no zeros on imaginary axis since, from Equation (4.3), cosv —1isinv = 1 —1iv, which
gives v = 0.
The following theorems prove that the function f) o € F maps three different regions inside the open

disk, annulus and exterior of the open disk centered at origin.
Theorem 4.4. Let f) o € F with a > 0.

(i) IfD; ={z € C:Re(z) < 0and |z| < L}, then f5 4(D1) C {w € C:jw < 21,

(i) If Dy ={z € C:Re(z) < Oand L <|z| < 2), then fr o(D2) C {w e C: ‘“ <wl < 220,
(iii) If D3 ={z € C : Re(z) < 0 and |z| > 23, then fj o (D3) C {w e C:w| > %}.
Proof. Let h(z) = e%* for an arbitrary fixed z € H™. Suppose that the line segment y is defined by
v(t) =tz, t € [0,1]. Then, for a > 0,

1 1 1
J h(z)dz = J h(y(t))Y' (t)dt = ZJ etZdt = —(e** —1). (4.4)
% 0 0 a

Since m = miny¢(g1) [h(y(t))| = mingcoq) [(e®)**| > 0 for z € H™, by Equation (4.4),

le?% +1| = ‘aJ h(z)dz+2| > amlz|+2 > 2 > alzl.
v

Hence, | | < 2 for all |z| < 2 . Then

eC‘ZJrl

2 2
22N o an < 2, 4.5)
edz +1 a a

[fAa(z)l =1A
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|7\|

1) If0 < |z < %, then it is easily seen that [f) o(z)| = |7\eaz+1| < It shows that fj q(z) maps H™
inside the open disk centered at origin and having radius IM for |z| <1

(ii) Using Equation (4.5), we can see that f) ¢(z) maps H™ in the annulus w1th inner radius 2! mcludmg

2\?\|

boundary and outer radius without boundary for < <zl < H

(iii) Since M = maxq¢joq) h(v(t ))I = maxc(oq (e®)* <1 for z € H™, by Equation (4.4),

[e“* +1| = ‘aJ h(z)dz+2‘ < aM|z| + 2 < alz| + 2 < 2alz]
Y

SO |ea7~+1| > 1 for all [z| > =. Therefore, it follows that |f) o (z)| = I?\eaZHI > W for all |z| > =. This
shows that the function f;\ a( ) maps the left half plane H™ exterior of the open disk centered at
origin and having radius ! ‘ for |z| >

O

Theorem 4.5. Let f) o € F with a < 0.

(i) IfD1 ={z € C:Re(z) >0and |z| < ﬁ}, then fy,qo(D1) C{w e C:w| < I%I}.
(ii) If Do ={z € C:Re(z) > 0and \}T\ <zl < %}, then f),q(D2) C{w e C: I%I [lw| < ||M}
(iif) If D3 ={z € C:Re(z) > 0and |z| > %}, then f),q(D3) C{w e C:|w| > m}

laf’
The proof of this theorem is omitted since it is analogous to Theorem 4.4.
The following theorems give that the critical values of f) o € J lie in the open disk, the annulus and
exterior of the open disk according to mapping of three regions.

Theorem 4.6. Let f) o € F. Then, for a > 0, the critical values of f q(z) lie

(i) inside the open disk centered at origin and having radius 1Al ~ for |zl < L

(ii) in the annulus with inner radius ) zncludzng boundary and outer radzus ZW rig

lz| < 2 =

without boundary for

(iii) exterior of the open disk centered at origin and having radius % for |z| > %

Proof. By Theorem 4.2, the function f} _(z) has no zeros in the right half plane H". Hence, all the critical
points lie in the left half plane H™. By Theorem 4.4, f) o € J maps the left half plane H™ in the open disk,
the annulus and exterior of the open disk. This completes the proof of theorem. O

Theorem 4.7. Let f) o € F. Then, for a < 0, the critical values of f q(z) lie
(i) inside the open disk centered at origin and having radius IAI for |z| < ﬁ;

(ii) in the annulus with inner radius |7‘| including boundary and outer radius 2 | wzthout boundary for =
|Z| < W/

<

Tal

cee . . o . . . 2
(iii) exterior of the open disk centered at origin and having mdzus for 2l 2 157

The proof of this theorem can be obtained as similar to Theorem 4.6.

Remark 4.8. The result, all the critical values of functions lie in the left half plane [9, Theorem 2.4], seems
incorrect since the left half plane maps inside the open disks and the annulus about the origin with some
radius. But these open disks and the annulus must contain the part of the right half plane.
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5. Conclusion

In the present paper, we have been generalized the work from one-parameter family of functions
A eZZJZrl to a two-parameter family of functions A eazzzH, which arises from generalized generating function
of Apostol-Genocchi numbers. The real fixed points and singular values of this two-parameter family of
faalz) = )\e%il, A, a € R\{0} have been investigated. The real fixed points of f) q(z) as well as their
nature have described. In the real dynamics, the bifurcation and chaos have been occurred. It is seen that
the function fj q(z) has infinitely many singular values for both a > 0 and a < 0. The critical values of

fa,a(z) lie inside the open disk, the annulus and exterior of the open disk for both a > 0 and a < 0.
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