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Abstract

In this note we present a Kantorovich variant of the operators proposed by [X. Y. Chen, J. Q. Tan, Z. Liu, J. Xie, ]J. Math.
Anal. Appl., 450 (2017), 244-261] based on non-negative parameters. Here, we prove an approximation theorem with the
help of Bohman-Korovkin’s principle and study the estimate of the rate of approximation by using the modulus of smoothness
and Lipschitz type function for these operators. Also, we establish Voronovskaja type theorem and Korovkin type A-statistical
approximation theorem of these operators.

Keywords: Global approximation, rate of convergence, modulus of continuity, A-statistical convergence, Kantorovich operators.
2010 MSC: 41A25, 26A15.

(©2019 All rights reserved.

1. Introduction

For f € C(I), with I = [0, 1], the classical Bernstein polynomials are defined as follows:
= k
B (f;x) = kZOpn,k(x)f <n) , x€],

where p, (X)) = x¥(1 —x)™ ¥ is the Bernstein basis.

n
k
Chen et al. [10] introduced a generalization of the Bernstein operators based on any fixed real « as
follows:

TT(L‘X)(f;x) = Z pﬁfﬁz(x)f <k> , X€l, (1.1)
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where piffll(x) = [(“;2) (1—o)x+ (E:%) (1—o)(1—x)+ (T)ax(1 —x)} x* 11 —x)""*1and n > 2. They
proved the rate of convergence, Voronovskaja type asymptotic formula and shape preserving proper-
ties for these operators. In the special case @ = 1 these operators reduce to the well-known Bernstein
operators.

Razi [27] introduced a Bernstein-Kantorovich operator involving Pdlya-Eggenberger distribution. He
obtained the degree of approximation and the rate of convergence for these operators. Ozarslan and
Duman [26] considered a sequence of modified Bernstein-Kantorovich operators based on nonnegative
parameter and studied the rate of convergence and global approximation of these operators. Abel and
Heilmann [1] studied the complete asymptotic expansion of the Bernstein-Durrmeyer operators. Gonska
and Paltanea [20] introduced genuine Bernstein-Durrmeyer operators involving one parameter family
of linear positive operators and studied the simultaneous approximation for these operators. Cardenas-
Morales and Gupta [9] considered the two-parameter family of Bernstein-Durrmeyer type operators in-
volving Polya distribution and obtained the approximation properties of these operators. Gupta et al. [21]
proposed the Durrmeyer variant of the Baskakov operators based on inverse Polya-Eggenberger distribu-
tion and present the direct results. For Kantorovich-type generalizations of linear positive operators, we
refer to some articles such as [2-4, 7, 8, 11, 12, 19, 22], etc..

Inspired by their work, for f € C(I), a > 0, and p > 0, we present the following Kantorovich type
modification of the operators (1.1) as:

n 1
K+atP
KL (%) = Y pitl(x) JO f <+ a ) dt, xel, (1.2)

n—+a

where p&ﬁl(x) is as given in (1.1). For the special case a = 0, these operators reduce to the operators (1.1).
In this article, we prove the basic approximation theorem for the operators (1.2) by using Bohman-
Korovkin’s theorem. We also obtain estimates of the rate of convergence involving modulus of continuity
and Lipschitz function. Also, we discuss A-statistical convergence for these operators using Korovkin
type statistical convergence theorem.
Letei(x) =x%,1=0,1,2,....

Lemma 1.1. For the operators X3¢ (f;x), we have

(1) j<jnp(eO/ ) - 1;
(ii) g<oca LX) = Xy (

a .
n+a)(l+p)’

(n+a)
x2(n?2—n+2a—2) x(n(p+2a+1)—2(1+p)(x—1)) 2 .
(ifi) K”P €2;x) = (n+a)? + (n+a)?(1+p) + (n—!—a)%(l—l—Zp)’
x3(n—2)(n2—nm+6a—6) 3x2(a(n27n+2cx72)+(1+p)(n2+n72noc+6cx76))
(IV) Knp(e?)/ )_ mra)3 + m+aP(i+tp)
x(3a?n(1+p)+3a(n—2a+2)(1+2p)+(n—6x+6) (1+3p+2p?)) o3 )
(n+a)3(1+p)(1+2p) (m+a)3(1+3p)’
4(n—2)(n—3 —1)+12(x—1
(v) K (eg;x) = X2l nn )zl )

2x3(n—2)(2a(m?—n+60—6)+3(n?+n—2(n—6)a—12) (1+p))
(n+a)*(1+p)
xz(éaz(n27n+2cx72) (1+p)+12a(n?4+n—2no+60—6) (14+2p)+ (N (7n—36x+29)+86(x—1) ) (1+p) (1+2p))
(n+a)*(1+p)(14+2p)
x(4a®n(2p2+3p+1)+6a%(n—2a+2) (3p2+4p+1)+4a(n—60+6) (6p2+5p+1)+(n—14x+14) (6p>+11p?+6p+1) )
(n+a)*(1+p)(1+2p)(13p)

+

_l’_

+ ‘174
(n+a)*(1+4p) "

Let eX(t) = (t—x)5,i=1,2.
Lemma 1.2. For the operators X35 (f;x), we get

—ax a '
Mm+a) (Mm+a)(l+p)

(i) Kpler(t)ix) =
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(a2 +20—1n—-2) x((1+p)(n—20+2)—2a> a2
(i) Kea(e3 (1)%) = n-2) X : )« .
(m+a) (n+a)?(1+p) (n+a)?(1+2p)
Proof. Using Lemma 1.1, the proof of this lemma readily follows. Hence, the details are missing. O

Remark 1.3. Let Oy (V¢ := K30 ((t —x)™;x), m = 1,2,4 be the central moments of X3'5 , we get

lim n @%L%(x) = —ax+ ———, lim n @%3%(x) =x(1—x), lim n? ©%%%(x) = 3x2(1 —x)
n—r00 (14 p) n—oco n—00

Lemma 1.4. For f € C(I), we have
130 ()| < (I
Proof. Applying the definition (1.2) and Lemma 1.1, we get

n

1
H:Koca f X H < Zpiﬁi(x) JO f

k=0

k+atP
< +aa >dt‘dt [F]]K35 (eo;x) = [I]l.

Theorem 1.5. Let f € C(I). Then lim K70 (f;x) = f(x), uniformly in 1.
n—oo 4

Proof. Since K775 (1;x) = 1, XK g(tx) — x, Kﬁ:g(tz;x) — x? as n — oo, uniformly in I. By Bohman-
Korovkin’s theorem it follows that X5 (f;x) converges to f(x) uniformly on L. O
2. Local approximation

We begin by recalling the first and second order modulus of smoothness of f € C(I) are defined,
respectively, by

w(f,8) = sup sup [f(x+h)—~f(x)],
0<h<5 x,x+hel

and

2(f,V3) = sup sup [f(x +2h) —2f(x + h) + f(x)].
0<h<\/gx,x+2h61

Let us consider the following K-functional
Ka(f,8) = inf{|[f — gll +8llg"l| : g € W2} (5 > 0),

where W? = {g : g’ € C(I)} and ||.|| is the uniform norm on C(I). In [13], there exists a positive constant
C > 0 such that

Ka(f,8) < Cawa(f, V). 2.1)

Theorem 2.1. For the operators Ko, there exists a positive constant C > 0 such that

| Kvp (f;x) — f(x) < Cw (f, uﬁ:g(ﬂ) +w(f,(n+a)),

x((14+p)(n+2—2x)—4a?)
(n+a)?(1+p)

where &S (x) = XZ(ZG(Z:iz)—ZnJJ 4 @2re(tip)) ,feC(l),andx €L

- (nra)2(1+p)? (1+zp

Proof. Let

aa(e. ) — Joa e, B nx a
Tap (%) =Ko (fx) + f(x) — f <(n+ o + R p)> . (2.2)



A. Kajla, P. Agarwal, S. Araci, J. Math. Computer Sci., 19 (2019), 86-96 89
Then, in view of Lemma 1.1, we have
T (LX) =K o(Lx) =1
and
nx a
Tt (t;x) = Ko (t; — =X.
Rt =550 (G  rare) =
Let g € W? and t € 1. By Taylor’s formula we find
t
9(6) = 90x) + (£ )g'0x) + | (1= g [weu
X
Operating the operator T2 on both sides of the above equation, we get
t
T8(9%) = o0 + 735 ([ (t-wlg" i)
X
t
=g(x) +XXp (J (t—wg"(u)dy; X>
X
nral T tnra) (o) nx a ,,
— + — du.
I (o mramrg o e
Therefore,
t
| T (g5%) —g(x) | < K%ﬁS( J It —ullg” (w)du ;X>
n J(TITM'FM‘(HM nx n a | ,,( Jid
—u u)|du
. mt+a)  m+a)d+p) |7
2
< KOO ((t — 2,, nx a o "
s+ (G5 rarree ) 91 e
B {x2(2a2+20c—n—2) x((14p)(n+2—2«) — 4a?)
N (m+a)? (m+a)?(1+p)
(Mm+a)?2(1+p)2(1+2p)
= xS )lg”ll-
Using Lemma 1.4, we get
| T ;) | K (£;%)] + [F(x)] + ‘f( LA e ) ‘ < 3|fll, ¥f e C(I). 2.4)
e e (m+a) (m+a)(d+p)/| "

Now, for g € W2 and f € C(I), using (2.3) and (2.4), we get

| Krp (fix) —f(x) | <

oA (fuy) nx - N
Tp (i) f(x)+f<(n+a)+(n+a)(1+p)> ™

< T (F= g X))+ T35 (g:x) — g(x)I + g (x) — f(x)

+|f

( nx N a >—f( )
m+a)  m+a)dtp) X
< AYIf —gll + &8 (gl + w (f, n+a) ).
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Taking the infimum on the right hand side over all g € W2, we have
| Kpes (F,x) — f(x) |< 4K, (f, uﬁ;ﬁ(x)) +w (f, (n+ a)—1>,
and using the relation (2.1), we get
%)~ 103) 1< Moz (1,800 )+ 1 n+.0)7),

hence the theorem is proved .

Let us consider the Lipschitz-type space with two parameters [25]. For 31 > 0, 32 > 0, we define

It —x["
—telxe(0,1];,
(t+ B1x? + B2x)2

Lip\B#2) () .= {f eC(): [f(t) —f(x)| <M
where 0 <1 < 1.

Theorem 2.2. Let f € Lipy; (B1,B2) (n). Then for all x € (0, 1], we have
/2
@cx,Z,a(X) n
x,a < M n,p
}TK (f;x) — f(x)| (lez+ [52X> ,

where ©% %% (x) = KL% ((t—x)?%x).

2 4 —
Proof. Let we prove the theorem for the case 0 <n < 1, applying Holder’s inequality withp = +,q =

1
k tP
508 (%) — F(x)] < pn“k(x)J f( +a )-m it
=0 0 n+a
n f1 k+ P 2 %
< ) d " at
kZ_Opn,k(x)(O Ha) )

n 1 % 2 n -
plelto | [r (5~ dt} (Zvi‘i‘é(x)>
()l )

- () (et —x)*
<M nra dt
2Pl Jo (atl 4 3 ix2 4+ Byox)

k=0 n+a
n
n 1 o 2 2
<M me(x)J <k+at —x) dt
(B1x® +B2x)?2 1o 0o\ m+a
— Lnxﬁ;g((t—x)z;x)% — Lﬂ(@g%a(x))%
(B1x? + P2x)?2 (B1x2 + P2x)2

Theorem 2.3. Let f € C(I). Then,

| K58 (%) — f(x)| < 2w <f; @g;f;a(x)> ‘
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Proof. Using the following well-known property of modulus of continuity,

(t—x)?
If(t) = f(x)I < w(f,8)  —55— +1), foranys>0,
we get
1
| Kig (£:%) = F(x) | < KRG IF(H) = FO)lx) < (1 + 5K ((t—x)z;x)> w(f,5).
Applying Lemma 1.2, it follows that lim K8 ((t—x)?);x) = 0, hence choosing § = 1/OFF%(x), we
n—,oo
obtain the result. O

Theorem 2.4. For any f € CY(1) and x € [0,1], we have

x,a(g. . —ax a / «,2,a / «,2,a
28 (£;x) — F(x)| < (n+a)+(n+a)(1+p)"f ()] +21/0%2° (x)w (f,m). (2.5)

Proof. Let f € C1(I). For any t € [0,1],x € [0, 1], we have

t

f(t) —f(x) = f'(x)(t —x) +J (f'(w) — f'(x)) du.
Using SK;'{;S(- ;x) on both sides of the above equation, we have

t
KL (F(8) — F(x); G, x) = (KL (L — %) + KL (J (f'(w) — F/(x)) du; x> |

X

Using the well-known property of modulus of continuity [f(t) — f(x)] < w(f,3) (% + 1) ,6 >0, we
obtain

[ -y el < wir,s) (U554 ),

it follows that

1
%) — 0] < 001 IS~ mixl o, 8) { GXEB (e 0] + K8 e xb) .

From Cauchy-Schwarz inequality, we have

S (6%) — 1] < XS~ + () { 5= xx) 41| X x25),

Now, taking & = 1/©%%(x), we obtain (2.5). O

3. Global approximation

For f € C(I), the first and second order Ditzian-Totik moduli of smoothness are defined by

wy (f,8) = sup sup If(x +P(x)h) — f(x)]
0<|h|<é x,x+hp(x)EL

and

Wa,¢(f,V8) = sup sup  [f(x+hd(x)) —2f(x) + f(x —hd(x))l,
0<|h|<VE xxEhd(x)€el
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respectively and the corresponding K-functional is
Kap(f, 8) = inf{lIf — gl + 8llbg"ll - g € W()}, >0,

where W2(¢p) = {g € C(I) : ¢’ € AC[0,1],$?g” € C(I)} and g’ € AC[0,1] means that g’ is absolutely
continuous on I. It is well known (see [14]) Ky ¢ (f,8) ~ wo ¢ (f, v/8) which means that there exists an
absolute constant C > 0 such that

C_le,q, (f, \/g) < K2,¢ (f, 5) < Cw2,¢ (f, \/g), (31)
where ¢ is an admissible step-weight function on I.

Theorem 3.1. Let f € C(I) and x € (0,1). Then, there is an absolute constant C > 0 such that

1K S (F;%) — £(x)| < Cawg,g (fW) +wy,, (f(n+a)7 1),
where Py o (x) = a(x(1+p) +1) and $2(x) = x(1 —x).

Proof. Operating the operators T’g defined in (2.2) to Taylor’s expansion in a similar manner with the
proof of Theorem 2.1, we get
)

t
Tre (95%) —g(x)| < K9 < J [t—ullg”(wldu|;
X

nx a

J (nTa) + (n+a§l(1+p)

+ + —u||g”(uw)|du
X Mm4+a) (m+a)(l1+p) “ |
Yt —u
< 2 1 Kewa <J Z du ;X)
g ocs (|| s
g | [T e e "My
x 2 (u)

Letu = px+ (1—B)t, B € [0,1]. Since $p*(x) is concave on I, it follows that d?(u) > pdp3(x) + (1 — B)P3(t)
and hence

t—ul _ Blx—tl _ Blx —t _ =t
$2(w)  P2u) BRI+ (1—RIP2(t)  $2(x)
Thus,
xa 1929l | oa . nx a 21 19%9"] wa
1T (9:%) — g(x) < o2 (x] [Kn,p((t—X) 'X)+<(n+a) + CEETS —X> ] < oZ0x) Moo (%)
Now,

[Kqp (F5x) = £ < [Tg (F — g )+ T35 (g5 x) — g(x) | + [f(x) — g (%)

+|f

< nx + a )—f(x)
(n+a) M+a)(l+p)

_ 19%9"]|  «a ‘ <
<A4ff —gll+ o20x) Hnp () + | (

nx N a )—f()
n+a) (m+a)(l+p) hel

Taking infimum on the right hand side of the above inequality over all g € W?(¢), we get

o,a g Hnp (X) nx a
et =01 < e (5 5085 ) + |1 (555 + i) 09




A. Kajla, P. Agarwal, S. Araci, J. Math. Computer Sci., 19 (2019), 86-96 93

Also,

B Ka((t—x)x))
_‘f<x+ll)p,a(x) Do) > f(x)

1
< Wppa <flll)p,a(x) ‘Kﬁ:g((t—X),X)‘) < Wipa (f’ (n+ a)_l) :

nx a
‘f ((n+a) * (n+a)(1+p)> ~flx)

Thus,

Hap (x)
" 4¢%(x)
Now, applying (3.1), we obtain the required result. O

K (15%) — F(X)] < 4Ka (f ) + g, (6 a) ).

4. Voronovskaja type theorem
In this section we establish Voronvoskaja type result for the X0 operators.

Theorem 4.1. Let f € C(I). If f” exists at a point x € 1, then we have

lim n [K{5(fx) —f(x)] = <—ax—|—

n—oo

> f'(x) + 1X(l —x)f"(x).

a
(1+p) 2

Proof. Applying Taylor’s expansion, we can write

f(t) = f(x) + ' (x)(t—x) + 1f”(x)(t—x)z +e(t,x)(t—x)?,

2
where %im e(t,x) = 0. By using the linearity of the operator X'g, we get
—X

Koo (£:x) — f(x) = K35 (£ —x); %) (x) + %K%jg((t —x)% ) (%) + K56 (et x) (t — %)% x).

Applying the Cauchy-Schwarz inequality, we obtain

NS (et %) (t—x)%x) < /K8 (€2(t, %))y /2K (£ —x) ). (A1)
In view of Theorem 1.5, we get
lim K%4(e*(t,x); %) = €%(x,x) = 0. (4.2)
n—oo 4

Combining (4.1)-(4.2) and Remark 1.3, we have

lim nﬂ(ﬁig(s(t,x)(t—x)z;x) =0.

n—o00
Hence
lim n [Kq5(f;x) —f(x)] = <ax+ a > /(%) + lx(l —x)f"(x).
n—o0 ’ (1+p) 2
Thus the theorem follows immediately by using Remark 1.3. O

5. A-statistical approximation of Korovkin type

Let A = (ank) be a non-negative infinite summability matrix. For a given sequence x := (x)n, the
A-transform of x denoted by Ax : (Ax)y is defined as

(Ax)n = ) anixk
k=1

provided the series converges for each n. A is called to be regular if lim(Ax), = L whenever lim(x),, = L.
n n
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Then x = (x)n is said to be A-statistically convergent to L, i.e., sta —lim(x), = L if for every e >
n

0, lim Z ankx = 0. If we replace A by C; then A is a Cesaro matrix of order one and A-statistical
" kixx—L|>e
convergence is reduced to the statistical convergence. Similarly, if A = I, the identity matrix then A-
statistical convergence is called ordinary convergence. Many researchers have examined the statistical
convergence properties for several sequences and classes of positive linear operators (cf. [5, 6, 15-17, 23,
24]).
Gadjiev and Orhan [18] proved the following Bohman-Korovkin type approximation theorem for sta-
tistical convergence:

Theorem 5.1 ([18]). If the sequence of positive linear operators P, : Clc,d] — Clc, d] satisfy the conditions
st —lim ||Pr(ei) — eil|clc,a) = 0 with ei(t) = t',1=0,1,2, then for any function f € Clc, d], we have
n

st —Him [P (1) — £l cre,a1 = 0.

It is to be observe that this result works well for a A-statistical convergence also.

Theorem 5.2. Let (any) be a non-negative regular summability matrix. For any f € C(I), we have
sta —hT{n | Kag () —f [|c(1)=0.

Proof. Let us consider e;(x) = x',1 = 0,1,2. It is sufficient to show that sty — hm Ko (eis-) —eillcy =0,
fori=0,1,2. It is clear that

stA—hm 1Ko (eo;-) — eollc(r) = 0.
From Lemma 1.1, we have
st hmHJC (e1;-) —eq]| ) L e — — e
A np (€1 tiem = (n+a) MM+a)(l+p) (n+a) Mm+a)(1+p)

For € > 0, let us define the following sets:

E={neN; Kupler-)—er [[= e},

€
27 7
2}
a €
| eN:—mMm—— > —
2 {“ m+a)d+p) 2}

Then, we obtain E C E; which implies that Z ank < Z ank + Z anx and hence
keE keE, keE,

—a

Eliz{neN:‘M

stA—hm HfKnp 61, elHC(U =0.
In the similar manner it can be shown

sta —lim|| K375 (e2; ) — eallc(n)

x*M?—n+2x—2) x(n(p+2a+1)—2(1+p)(x—1)) a? ’
(n+a)? (n+a)2(1+p) (m+a)2(1+2p)
a2—|—n+2an—20¢+2‘ ’(n(p+2a—|—1)—2(1+p)(o¢—1)) N a?
= (n+ a)? (m+a)2(1+p) m+a)2(1+2p)
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For € > 0, let us define the following sets:

Fi={neN:| K¥S(exs)—er||> €},

aZ+n+2an—2a+2 €
F = : > =9,
! {nEJN (m+a)? ’ 3}
(n(p+2a+1)—2(1+p)(o¢—1))‘ e}
Fr = € NN: Z =0y
? {“ ‘ (n+ )21 +p) 3
a? €
F3 = : > - 0.
3 {“GN (n+ a2(1+20) 3}

Then, we obtain F C F; UF, which implies that Z ank < Z ank + Z ank + Z ank and hence

keF ke keF, keFs

sta —lim||Xq5 (e2; ) — e2llc(r) = 0.

This completes the proof of the theorem. O

6. Conclusion

Motivated by Chen et al. [10], we gave a Kantorovich variant of the operators based on non-negative
parameters. From here, we proved an approximation theorem with the help of Bohman-Korovkin’s prin-
ciple and studied the estimate of the rate of approximation by making use of the modulus of smoothness
and Lipschitz type function for these operators. Finally we established Voronovskaja type theorem and
Korovkin type A-statistical approximation theorem of these operators.
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