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Abstract
In this paper, we present applied of interval algebra operation in interpolation, when the support points
are intervals. We compute interpolation polynomial that coefficients are interval. This polynomial named
inters polar polynomial. We compute interpolation polynomial by Newton's divided difference formula.
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1. Introduction

Interval analysis play an important role in many fields, such as Fuzzy Theory, Statistics and Probability,
Approximation theory, Game Theory and Computer Science; for examples see[1-10]. In this paper, we
first present the real interval and their properties. Then we present Interval interpolation.

We consider the following definitions and theorems in [1-6].

1.1 Definition: A real interval, or just an interval [x], is a nonempty closed and Bounded subset of the
real numbers R

[x] := [, X] := { xER | xsx<x }, (1.1.1)

where x and X denote the lower and upper bounds of the interval [x], respectively. Then x< X, X and X
called Infimum and Suprimum.

The set of all intervals is denoted by IR:

IR:={[x, X]| %, XER, x<X}. (1.1.2)

1.2 Definition: An open interval is denoted by:

X, X[={xeER|x<x <X} (1.1.3)

1. 3 Definition: If X is bounded and nonempty subset of R:

0 X = [inf X, supX]. (1.1.4)
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¢ X'is hull of X, and hull coincidence involves X.

1.2. Interval algebra operator

1.2.1 Definition: If x and y are real intervals then specific equations for interval operations are :

]+l =[x+ y, x+ Y],

-l =[x-Y, x-y],

[x] - [yl =[min (xy' xy Xy’ Xy)' Max (xy xy Xy xy)
[X)/Iyl = [x] - [(1/y, 1/y] if O €ly],

1/lyl=[1/y, 1/y] if 0 €[y].

(1.2.1)
(1.2.2)
I’ (1.2.3)
(1.2.4)
(1.2.5)

And when 0 €[y], Hansen has defined a set of extended rules for interval division:

([E/j_/,m) ifx<0 and y=0
(—OO,E/?]U[E/X,OO) ifx<0 and y<0<}y
(—0,%/y] ifx<0 and  y=0

[X/[=1 (=) ifx<0<x (1.2.6)
(—o0,x/y] ifx=0 and =0
(—Oo.z/J_/]U[z/z,oo) if x=0 and y<0<Yy
\ [E/?:OO) if x=20 and y=0

The result of an interval operator is also an interval (except for the special case of division by an
Interval containing zero).

1.3. Property of interval algebra operator
We consider some property of real number algebra for interval.

If x, y and z are real interval the removable property is:

x+y=y+x (1.3.1)
Associative property is:

x+y)+z=x+(y+2) (1.3.2)
(xy)z = x(yz) (1.3.3)
Zero and unity in TR:

x+0=0+x=x (1.3.4)
x*1=1xx=x (1.3.5)
the sub-distributive law:

x(ytz)Sxy+txz (1.3.6)
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xty)zcSxz+tyz (1.3.7)
And:
X—yC (x+2) - +2) (1.3.8)
Xy (xz)/(yz) (1.3.9)

1.4. Interval functions

Another advantage offered by interval mathematics is the ability to compute guaranteed bounds on the
range functions defined over interval domains. Therefore, we can compute bounds on the output of a
function with uncertain arguments.

Given a real function f of real variables x = (x;,X,-*,X,)T, which belong to the intervals [x]
=([x1], [x5], -+, [x, DT, the ideal interval extension of f would be a function that provides the exact
range of f in the domain ([x,], [x2], - [x, DT [1].

1.5. Exact range

The exact range of f: D € R™ — R on [x] € D is denoted by:
Ax1) = 1{f (x) [x € [x]}. (1.5.1)
An interval function is an interval value that depends on one or several interval variables.

Consider f as a real function of the real variables x4, x5, ..., x,, and F as an interval function of the
interval variables [ x1], [x2], ..., [xn].

1.5.1 Definition: The interval function F is an interval extension of f if
F(x) = f(x), x € D. (1.5.2)

Therefore, if the arguments of F are degenerate intervals, then the result of computing F(x) must be a
degenerate interval equal to f(x). This definition assumes that the interval arithmetic is exact. In
practice, there are rounding errors, and the result of computing F is an interval that contains f(x)

f(x) € F([x]). (1.5.3)

To compute the range of the function f, it is not enough to have an interval extension F.
Moreover, F must be an inclusion function and must be inclusion monotonic.

1.5.2 Definition: An interval function is inclusion monotonic if [x;] S[y;](i=1, 2---, n)implies

F([X1]I [XZ]I Ty [Xn]) gF([Yl]I [yZ]l ) [Yn])(154)

1..1 Theorem: If F([x]) is an inclusion monotonic interval extension of a real function f(x), then
f([x]) SF([x]);
that is, the interval extension F([x4], [x2], - - -, [X,]) contains the range of values of
f(xq1, Xy, -+ - Xp)forall x;€[x;] (i=1,2,- -+, n).
Proof: (see [5]).
2. Interval interpolation

233



A. Salimi Shamloo, P. Hajagharezalou /J. Math. Computer Sci.

13 (2014), 231-237

If Xg,Xq, X, € IR, We will compute F([x]), that [x] is an interval between xg, X4, X, € IR .

We find
Pn([X]) = Ag + (x — x0)A; + (X — X) (X = X1)Az + -+
Aj € IR . The table of Newton's divided differences is:

+ (X — X)X —%xq) -+ (X — Xp_1)A, that

Xj F; 1 2 n

Xg Fy

X, Fy F[xg, X1] F[xo, X1, X5]

X2 F, F[x4,%5] F[xq, X1, - Xy ]
% Fn Fln-1%n] | FlXn 2:%n 1, %]

From first order divided differences we have:

Fo—F
Pl o) =~ = By = E() = (ko — Fl o]
= F([x]) = Fo + (x — Xo)F[x, Xo]. (2.1)

And from second order divided differences we have:

F[XOI Xl] - F[X' XO]

F[XI XOIX1] = X — X
1

= F[xo,x1] — F[x,%0] = (x1 — X)F[x, %0, X1]
F[x1,Xo] = F[X xq] + (x — x1)F[X, Xq, X1]. (2.2)

And in general we have:

F(x) = Fo + (x — x0)F[xo,X1] + (x — X¢) (X — X1)F[X¢, X1, Xp] + -
+(x = Xo) (X = X1) =+ (X — Xp-1)F[Xg, X3, -, Xp ] + (x = X0) (X — %1) - (X — Xp) F[X,Xq, -+, Xp41]. (2.3)

From (2.3) the interpolation polynomial is:

Pn([X]) = Fo + (x — X¢)F[xo, X1 ] + (x — o) (x — X1)F[X¢, X1, X5] + -

+(X - XO)(X - Xl) (X - Xn—l)F[XOlel »Xn]- (24)

And interpolation polynomial error is:

F(x) = pn([x]) = Ra([x]) = (x —x0)(x — X1) =+ (x — Xp) F[X0,Xq, ", Xp41]. (2.5)

Note: The maximum degree of divided differences Newton's interpolation polynomial is n.

3. Examples
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3.1 Example: Consider the function f(x) = x - x, with [x] = [-1, 2]. It is easily seen that
f([x]) = f([-1, 2])= [0, 4]. On the other hand F([x]) = F([-1, 2]) = [x] : [x] = [-1, 2] - [-1, 2]
= [_Zr 4]

Hence the range obtained by computing the interval extension F([x])is overestimating the exact range of
f into [x]. A real-valued function may be defined by several equivalent arithmetic expressions.
Mathematical equivalent expressions do not necessarily yield equivalent interval extensions.

The following example illustrate this point.

3.2 Example: Consider the function f(x) = x% — 2x + 1=x(x-2) + 1= (x — 1)2.
Three possible interval extension functions are:

Fy([x]) = [x]?- 2[x] + 1,

F, ([x]) = [x)([x] - 2) + 1,

Fs () = (Ix] — D2

If we let [x] =[1, 2], then

Fi([1,2])=11,2]2-2[1,2]+1=[-2,3],

F,([1,2])=11,2)([1, 2] -2) + 1 = [1, 1],

F3([1,2)) = ([1,2] - 1)*=[0, 1.

Three mathematical equivalent expressions yield different answers. The true range of f(x) over

X€[1, 2] is [0, 1].

3.3 Example: If real function is f(x) = x .x on xq = [1,2],%x, = [3,5],x, = [4,6] points interval
contents are:

Flxol = [1,2] » [1,2] = [1,4]

F[x;] = [3,5] * [3,5] = [9,16]

Flx,] = [4,6] * [4,6] = [16,36]

And divided difference table is:

X Fx) |1 2
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[1,2] | [L 4] [9.25] - [14] _ 5

[35]—[1,2] 7 24]
5

[3,5] | [9,25] [-27,9] - [3,24] 51 31

[46]-[12] L5 '8

[16,36] — [9,25]

[4, 6] [16, 36] a6l =35

=[-27,9]

Interpolation polynomial is:
p2([x]) = Fo + (x — X0)F[Xo, X1] + (x — X0) (x — x1)F[X0, X1, X7]
And:

51 31
p2(B) = [14]+ G~ [12D) [, 24 + - 2D - 35D [ 5

51 31 ) 207 477
=55l -5 ) [149—]

4. Conclusion

We present applied of interval algebra operation in interpolation, when the support points are
intervals. We compute interpolation polynomial with Newton’s divided differences. Numerical
results show that the method is working well.
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