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Abstract
In this paper, we consider a system of boundary value problems for fractional differential equation

given by

t
Dg+u(t) = Au(t) + f(t,u(®) + f q(t — s)g(s,u(s))ds, tel = [0,T],qe(0,T), t # ty
0
Au(ty) = L(u(ty)), Av'(t) = Ji(u(ty)), k=12, ..,m,
u(0) = upeX, u'(0) =u;eX,

where °Dg, is Caputo’s fractional derivative of order o, A:D(A) c X — X is a sectorial operator of type
(M, 6,a,p)on a Banach space X, 0 =ty <t; <t, < <ty <ty =TIk R-> R, Ax(ty) =
x(t) — x(t), x(ti) = limp_,o-x(t + h), x(t;) = lim;_g+x(ty + h), I, JxeCX,X) (k = 1,2,...,m) are
bounded function, the functions f,g:1 x X — Xare given operators satisfying some assumptions and

q:1 — X is a integrable function on I. Several existence results of mild solutions are obtained.
Keywords: Caputo's fractional derivative, Sectorial operator, Mild solution, Analytic solution operators.

1. Introduction
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Fractional calculus is a field of mathematical analysis which deals with the investigation and
applications of integrals and derivatives of arbitrary order, the fractional calculus may be considered an

old and yet novel topic.

Recently, fractional differential equations have found numerous applications in various fields of

physics and engineering [7, 14].

Impulsive fractional differential equations have attracted a considerable interest both in mathematics
and applications since Agarwal and Benchohra published the first paper on this topic [1] in 2008; see for
example [2, 3, 4, 10, 16].

Our purpose in this paper is to show the existence of at least one mild solution for the following
fractional system

(c Dg+u(t) = Au(®) + f(tu(®) + ftq(t —$)g(s,u(s))ds, tel = [0, T],qe(0, T), t # ty
0

1D { Au(t) = L(u(6)),  Au'(t) = Jk(u)), k=12,..,m,

u(0) = ugeX, u'(0) = uyeX,

where € Dg, is Caputo's fractional derivative of order o, A: D(A) € X — X is a sectorial operator of type
(M,0,a,) on a Banach space X, 0 =ty <t; <t, <<ty <tms1 =T, I Ji: R = R, Ax(ty) =
x(t) — x(t), x(ti) = limy_o-x(tx + h), x(tf) = limy_ o+ x(tx + h), I, JxeCX,X) (k = 1,2, ..., m)

are bounded function, the functions f,g:1 x X — X are given a satisfies some assumptions and q: 1 - Xis

a integrable function on I.

The rest of the article is organized as follows: In Section 2, we shall recall certain results from the
theory of the continuous fractional calculus. In Section 3, we shall provide some conditions under which
the problem (1.1) has at least one mild solution. In Section 4, by suitable conditions, we will prove that

the problem (1.1) into two ways has at least one mild solution.
2. Preliminaries

In this section, we recall some definition and propositions of fractional differential equation and

sectorial operators.

Let X is a Banach space with the norm |.|. Denote C(I,X) be the Banach space of continuous functions

from | into X with the norm ||x|| = sup|x(t)], xeC(I, X), and L(X) represents the Banach space of all

258



Sh. Eivani / J. Math. Computer Sci. 13 (2014), 257-280

bounded linear operators from X into X and the corresponding norm is denoted by ||QllLx) =

sup{|Q(x)|: |x] = 1}, QeL(X). We also introduce the set of functions

PC(LX) = {x:] » X: xeC((ty, ty41),X), k=0,1,..,m and there exit x(t;) and x(t}), k=

1,...,m with x(t;) = x(tp)},
endowed with the norm ||x||pc = supeer|[x(t)|]. It is easy to see (PC(I,X),||.||) Banach space.

Lemma 2.1. ([11, 15]) The Riemann-Liouville fractional integral operator of order a > 0, of function
f € L1(R") is defined by

1

- Jy(t = $)* M f(s)ds,

o+f(0) =
where I'(.) is the Euler gamma function.

Lemma 2.2. ([11, 15]) The Riemann-Liouville fractional derivative of order a > 0 of a continuous

function f: (0,00) — R is defined as

o 1 d " ¢ n—-o—
0+ (1) = VO (a) J;) (t— )" H(s)ds,

where n = [a] + 1.
Lemma 2.3. ([8]) Let a > 0. Then the differential equation
Dg,u=0
has a unique solution u(t) = c;t* 1 + c,t* 2 + o+ c,t* ™, ;€C,i=1,..,n,theren—1 < a < n.
Lemma 2.4. ([8]) Let a > 0. Then the following equality holds for u € L1(0,1), D§,u € L1(0,1);
1§, D& u(t) = u(t) + ct* T+ cpt* 2 4 oo 4 40,
¢geCi=1,..,n there n—1<a<n.

Definition 2.5. For the function f € Cg_; and m € N*, the fractional derivative of order a > 0 of f in

the Caputo sence is given by

1 t
Dg(f(t) = mf (t— S)m_a_l f(m)(S)dS , m-—1<a<m
a
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The Laplace transform of the Caputo derivative of order a > 0 is given as

m-—1
L(DEu(®)) () =x& (Lu)(A) — z A=1(Diu)(0), m—1<a < m.
j=0

Now, we introduce some notations about sectorial operators, analytic solution operators.

An operator A is said to be sectorial, if thereare w € R, 0 € E ,n] and M > 0 such that the following

two conditions are satisfied:
( (1) p(A) c Z —(AEC: 2% |arg( — w)| < 6},
0,w

M
i @ IR Allgy < oA € Zem.

Consider the following Cauchy problem for the Caputo fractional derivative evolution equation of order

a(m—1<a<m,m>0 isan integer):
(2.2) Su(t) = Au(t), u(0) =x , u®0)=0, k=12,..,m—-1,

where A is a sectorial operator. The solution operators S, (t) of (2.2) is defined by (see [3])

1
Se(t) = — f eht pa-1 R(A%, A)dA,
2mi y

where v is a suitable path lying on }g .

An operator A is said to belong to ¢*(X; M, w) or ¢*(M, w), if problem (2.2) has a solution operator
S, (1) satisfying ||S(t)]| < Me®t,t > 0. Denote o*(w): = U{e*(M,w):M > 1}and o* == U {g%*(w ) =
0}.

Definition 2.6. ([3]) A solution operator S, (t) of (2.2) is called analytic, if S, (t) admits an analytic

extension to a sector Y, = {1 € C\ {0}:|arg4| < 6,} for some 6, € (Og] An analytic solution

operator is said to be of analyticity type (6, ,w,), if for each 6 < 8, and w > w,, there is an M =
M(8,w) such that ||S,(D)]] < Me®t,t € Yg:={t€ C\ {0}:|argt < 6]}. Denote A*(B,, w,) == {A€E

0% : A generates analytic solution operators S, (t) of type (09, wg)}-
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Lemma 2.7. ([3,12]) Let a € (0,2). A linear closed densely defined operator A belongs to

A*(0y, wg) iff A* € p(A) for each A€ 290+g, and for any w > wy,0 < 6y, there is a constant
2

C = C(6, w) such that

C
a—1 o < .
[[A"*R(A%, A)|| < |7\—00|’f0r}\ € Eﬂ(w)
e —

Definition 2.8. Let A:D € X - X be a closed linear operator. A is said to be sectorial operator of type

,0,0, ), ifthereexist0 < 6 < -, > 0 and u € R such that the a —resolvent of A exist outside the
M, 0 f th toe:MOd R such that th Ivent of A exist outside th

sector
W+ Sg={u+21%: L €C,|arg(—1")| < 6}
and
10T =87 < 5= A€ w+ So.

3. Definition of mild solutions

Firstly, we consider the following fractional Cauchy problem

{Dg‘u(t) =Au(t) +f(t), tel=[0,T], 1<a<?2

(3:3) u0)=ug€X, u(@)=u €X

where f is an abstract function defined on [0, «0) and with values in X, A is a sectorial operator.

Theorem 3.1. ([16]) Let A be a sectorial operator of type (M, 6, o, p). If f satisfies a uniform Holder
condition with exponent B € (0,1], then the unique solution of the Cauchy problem (3.3) is given by

t
u(t) = Sq(Huy + Ky (Huy + f T, (t —s) f(s)ds

0

where

1 At ~om
Se(t) = —j e A1 R(A%, A)dA,
2T

C

1
Kq(t) = 5 f eM A2 R(A%, A)dA,

C
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1
Te(t) = — f eMR(A%, A)dA,
2mi J.

with ¢ being a suitable path such that A* & p + Sg for A € c.

Remark 3.2. If A is a sectorial operator of type (M, 6, a, ), then it is not difficult to see that T,(t),
Ko (t) and S, (t) are well definitions. (see [9])

Theorem 3.3. ([13]) Let A be a sectorial operator of type (M, 6, o, w). If f satisfies a uniform Holder
condition with exponent 8 € (0,1], then the unique solution of the Cauchy problem
t
€ DY, u(t) = Au(t) + £(t u(®) + f at—s) g(s,u(s))ds,  tel=[0,T]
0
u(0)=ug€X, u(0)=u; €X,
is given by
(3.4) u(t) = Se(MHuy + Ky (Huy + f(;c To(t — s)[f(s,u(s)) + fOS q(s — Dg(t u(r))dr|ds,

where

1 At o
Se(t) = —_je tA%~1 R(A%, A)d),
2T

C

1
Ka(t) = 2_1'[1_[ e}‘t )\0(—2 RO\a, A)d)\,

C

1 A
T () = —f e’ R(A%, A)d),
2T

C

with ¢ being a suitable path such that A* & u + Sg for A € c.

Theorem 3.4. If A be a sectorial operator of type (M, 8, a, ) and f satisfies a uniform Holder condition

with exponent B € (0,1], then any solution of the Cauchy problem (1.1) is a fixed point of the operator

given below
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T'u(t) = |

t
[ Se®uo + Ke(Ouy + f To(t — 9)[f(s, u(s)
0

+ fsq(s —Dg(t u(r))dr]ds, te[0,t,],
0
Sat— ) (u(eD) + 1 (D)) + Kot — ) (0 (1) +J1 (u (D))
+ ftTa(t - 9)[f(s,u(s)) + fsq(s —1)g(t, u(r))dr]ds, t € (ty,t,],
ty 0

Sult—t) (uCtm) + Im(u(ti))) + Kat = t) (065 + Jm (u(ti) )

In fact

+ ft Te(t—s) [f(s,u(s)) + fsq(s —1)g(t, u(t))dr]ds, t € (ty, T].
tm 0

, from (3.4) it is easy to see that Theorem 3.4 holds, so the proof is omitted.

From Theorem 3.4, we can define the mild solution of system (1.1) as follows:

Definition 3.5. A function u: 1 - X is called a mild solution of system (1.1), if u € PC(I,X) and

satisfies the following equation

u(t) =<

SO0 + KOs + | Tl - IG5 u(s)

+ fosq(s —Dg(T, u()drlds, telo,tl,
St —t2) (D) + L (u(tD))) + Ka(t — ) (W (D) + 11 (u(tD))
+ J;tTa(t - 9)[f(s,uls)) + fosq(s —1g(t,u(r))dr]ds, te (ty,t3],

Sa(t = tm) () + I (u(tR)) ) + Kaet = ) (U (5) + I (u(t)))
t s
+.[ T (t—s) [f(s,u(s)) + f q(s — 1g(t, u(t))dr]ds, t € (ty, T].
tm 0

4. Existence results

In this section, we present two different existence results and uniqueness of mild solutions to the

system (1.1).

To study the existence of mild solutions of (1.1), we need the following know result due to

Krasnoselskii.
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Theorem 4.1. ([17] Krasnoselskii Theorem). Let B be a closed convex and nonempty subset of a

Banach space X. Let I; and I, be two operators such that
(i) I x4 + ILx, € B whenever x4,x, € B;
(ii) I is a contraction mapping;
(iii) I3, is compact and continuous.
Then there exists x € B such that x = I x + [x.
Let
(4.5) M; := SUP o ISe (O lLcx), My := supgcier I Te (O, "M := Supo<ier 1K (O lLx),
where S, (t), T, (t) and K,(t) are as in Theorem 3.1. So we have
1Se®llo < Ms , 1ITe@llLey < t* My,  [IKe@llLoo < t*2My.
Now, we consider the following assumptions:
(A;) fg:1xX — X are continuous and there exists function py,v; € L1(I,R*) such that

Ift,x) = el < @lx-yll, telLxyeX
lgt,x) =gt VIl < vi®llx—yll, teLxyeX

(A;) Foreach k =1,...,m, there exist py, A > 0 such that

k) = LI < pkllx =yl X,y €X,
G =Tkl <>k llx=yll, xy€EX

(A3) © = max;<iem{(1 + p)Mg +x; (t — t;)* My},
In what follows, we use the notation q = maxepg foth(t —s)|ds.
Theorem 4.2. Assume that (A;) — (A3). Then (1.1) has at least one mild solution on .

Proof. Choose

r>max1 < i< m{ MA@+ ILQEDI + Tu'EOI + 1))
+Tl ke ll=arty + AT Vel r+) )},
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where M = Mg = (t—s)* My = (t—t,)* 2Mg, (i=1,..,m) and consider B,={x €X : ||x|| <
r}. Define I': B, — B, by

( Sa(®uy + K (Duy + ftTa(t - s)[f(s,u(s))
0
+ fsq(s —1)g(t, u(r))drlds, te[0,t,],
0
Sa(t—t2) (u(t) + L (uD)) + Kt — ) (0 () + 11 (u(D)))

Fu@® = + f To(t — S)[f(s,u(s)) + f q(s — Dg(t u(o)drlds, te(tytz]
t 0

Se(t = ta) (U(ti) + I (u(t)) ) + Kot = t) (0 (t) + i (u(t)))
+ ft To(t — )[f(s,u(s)) + fsq(s — 1)g(t,u(t))dt]ds, t € (tm, T)-

m 0

Set
( Sa(®uy + Ky (Duy, t€ [0,t4],
Fox(® = S.a(t —ty) (u(t;) + Il(u(t;))) + Ko (t—ty) (u'(t;) + ]1(u(t;))) : t € (ty,tz],
L Sult—t) (u(tm) + Im(u(ti)) + Kot = tr) (0 tm) +Jm(utz))), € (tm,T]
and

t s
( j T (t—s) [f(s,u(s)) + f q(s — r)g(r,u(r))d‘r]ds, t € [0,t,],
0 0

t S
Iox(t) = ft To(t = 9)[f(s,u(s)) + fo as - Dg(vu@)ddds,  te (b,

ft T (t—s) [f(s,u(s)) + fsq(s — T)g(r,u(r))d‘r]ds, t € (ty,, T].

tm 0

We show that T'; ana I, fulfill the conditions of Theorem 4.1.

Let us observe that if x,y € B;, then T';x + I',y € B,. Indeed, in view of (4;) — (43) and ||fosq(s -

g(t, u(‘r))dr” < fosllq(s —1)|ldt fOS”g(T,u(‘t))”dt(see[S]), we have forany x,y € B.and t € [0, t;]

1T ® + T2 )OI < 1| S«@llTuoll + K (OHlug ]l + I Te(t = S|
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X

IILtf(S,u(S))dSIHqII Lt(Lsg(T,U(T))dT)dSII]
which according to (A;) — (A3) gives

I(C1)(® + T O < MZ + M Tl llperty + GMT2[vellp= g r#),
where Z = ([[up]l + llugl) and M = Mg = (t — s)* My = t*2My.
If t € (tq,t,), then

1T @® + T2 O < 1S O IluEDI + |1 (uEeD)||]
+IKo (t = t)IJlw' ED|| + T2 (aED)|]

HITa(t = )< [ 2 (s, u(s)ds |

+q ”ftt:(f; g(T,u(r))d‘r)ds”]
which according to (A;) — (A3) gives
1T + O < MZ 4+ M Tllpllpeqry + IMT2 Vel e rt,s

where  Z = (lutD)Il + ;) + Iw'ED + @)D and M= Mg = (t—s)* My =
(t— t;)* 2 M.

Similary, fort € (t;,tj+1), (i = 2,...,m — 1) we have

I(T1x)(®) + Cy)OI < MZ+MT| + qMT?||Vell = rt

h’lr ||LOO(I,R+)
and

IT0® + TNON SMZAMTil] e + VT Vllegrey EE )

where  Z = (lut)Il + IG@EDN + I EOI+ @)D  and M= Mg = (t—s)* My =
(t—t,)* %Mk, (i = 2,...,m). Thus, for all t € [0, T], we have

ITx)(®) + Ty) Ol < fi‘fi’r;m Z+ MT||Mr||L°°(1,R+) + qMTZHVr”Lw(I,R"')} ST
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Hence, we deduce that [|(T'yx)(t) + (Ty)(D)]| <.
Let t € [0,t;] and x,y € B,.. By (4.5), (A;) and (A,), we have
I(Tx) () — Cy)ON =0 < [x—yll.
If t € (ty,t,], then
(T () — Ty O < [1Se(t — t)Ix(E) — yEDl
F1Se (t = )T (1)) — L (y(ED)) ]
1K, (¢ = t) 2 x(t1)) = Ja (D)
< [ISe(t = tDIlIx =yl + [[Se(t — t)llp lIx =yl
1Ko (t = t)IAIx =yl
< Mllx = yll + p, MqlIx — yl|

+2 (E— t)* Mp|lx — y|
< {(1 + p,)Ms + A, (t — t)* M }lIx — yll.

Similary, for t € (t;, tj+1], (i = 2,...,m — 1) we have
I(C1)®) = TOI < {(1+p)Mg + 25t — )" M }llx — yll
and
1T = )OI < {(1+p)Ms + An(t— t)* *Mr}llx = yll,  t€ (tm, T].
Thus, for all t € [0, T], we have
I ® — Cy)ON < max {1+ p)M; + 4t — )" Mr}llx - yll = Ollx - yl.
Hence, by Assumption (A3), I'; is a contraction mapping.
Next, we show that T, is continuous.

Let (x,) be a sequence in B, such that x,, = x in B.. Then by (A;)

f(s, Xn(S)) - f(s, X(s)), g(s, Xn(S)) - g(s,x(s)) as n — oo,

Because the functions f, g are continuous on I x X. Then for every t € [0, t;], we have
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t
1Coxa) (© — (T O < f Tt — |5, xa(s)) — £(s,x()]|
0
+WIHanﬁD—gﬁxﬁDWﬂNS
4]

1
< ET"MT[”f(s, xn(s)) — f(s,x(s)) ||
+qT||g(t. xa (D) — g x(D)|[]
(4.6) < éT“lVIT(l +qTe (> 0,e - 0(n - o).

Moreover, for every t € (t;, tj 1], (i=2,..,m—1)
(4.7) 102%0) () = (T Ol < = T*My(1 +qT)e,  (€>0,€ > 0(n — o)
and for any t € (ty,, T]
(4.8) I(C2x0) (© = (T Ol < 2 T*Mip(1+qT)e, (€ >0, > 0(n - ).
By the (4.6)-(4.8), we have

lim |(Ix,) = (T0)]] = 0

To prove the compactness of T',, we shall use the Ascoli-Arzela Theorem. We prove that T, maps

bounded sets into bounded sets in B, and I, (B;) is equicontinuous.

It suffices to prove that for any r > 0 there exists § > 0 such that ||T',x|| < 6 for each x € B,.. Denote For

any k>0 positive functions p,, vi € L*([0, T],R™) such that
supjukllfEC W < p (O,  supjy<kllgt Wl < v (O.
Then, forany x € B, t€ [0,t;], we have
ty s
I(T2x) @l Sf 1T (t = )| [Ilf(S.X(S))II + qf IIg(I,X(r))IIdt] ds
0 0
1.
< &T Mr [”Hr|le(LR+) + qT||Vr||L°°(1,R+)] < oo

Similary, we have

1 .
T, < aTaMT[”Hr”L"O([,R‘*) +qTlvell=arn) te 6l (= 1,...,m).
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We obtain
1 ~
”(FZX)(t)” < ;TQMT[”Mr”Lw([,R’f) + qT||Vr||L°°(1,R+)] =9, te€|[o,T]

Next, we show that I',(Br) is equicontinuous. Set

= max f t, X Vv = max t ).
3 OstST.XEBr” 0l OstsT,xeBr”g( Al

Now, let us prove that I',(B,) is equicontinuous. The functions I',(x), x € B, are equicontinuous at t=0.

For s;,s, € [0, T], we have

0@ - @) < I 161 9) [f(s.u(s)) v A r)g(r,u@)“] “
+ fs jl T,(s; —s) [f(s,u(s)) + fo s - T)g(T,U(T))dT] ds
_ fo (s, —5) [f(s,U(S)) + fo (s - Dg(v. U(T))dT] ds||
< fo I Gs1 = 8) = Tu(sz = IG5, us)|

+q fo lg(x, u(®)||de]ds + f ITaCss — NI, u(s)

+a [ lg(su() adlds
0

<l +1,

where

L = j WTulss — ) = Tu(s2 = 9l [Ilf(s,u(s))ll +q f ||g(r.u(r))lldr] ds,
0 0

I, = j 1”T(x(51 =s)|l [llf(s,u(s))ll + qf ”g(T.u(T))”dr] ds.
s 0

2

Actually, 14, I, tend to 0 independently x € B, when s, — s,. Indeed, let x € B, we have

I, = J ZHT(x(S1 —s) = Ty(sz = s)l [||f(S,u(s))|| + qf ||g(T,u(T))|Idr] ds
0 0

< j 2||T0((sl —s) —T,(sy, — s)ll[”f(s,u(s))” +qT ||g(s,u(s))||]ds
0

Mp(s¢ + s — (s1 —52)%
< (lnllr ey + aTIVIILs ey "
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Therefore the continuity of the function t — || T,(t)|| for t € (0, T], allow us to conclude

limg,_,s = 0.

I, = f 1||T0L(51 —s)|| [Hf(s,u(S))Il + qfo ||g(r,u(t))||dr] ds

S2

Sq S
< [ ImGi -9 [nf(s,u(s))u +ar [ ||g<s,u<s))||] ds
S5 0
M1 (s —s%)
< (||M||L1(I,R+) + qT||V||L1(1,R+)) —2
consequently limg_,s = 0.

We show that (I',x)(t): x € B, relatively compact in X, forall t € 1.

We have proved that (I',x)(t):x € B, is bounded and we have proved that (I',x)(t):x € B, is

equicontinuous.

In short, we have proved that I',(B,) is relatively compact, for t € I, (I';x)(t): x € B, is a family of

equicontinuous functions. Hence by the Arzela-Ascoli Theorem, ", is compact.

ThusT =T'; + I, fulfils the assumptions of Theorem 4.1, and we conclude that (1.1) has at least one

mild solution on |. ]

To obtain the uniqueness of mild solution for (1.1), we replace (A3) by the following assumption:
— ' _ w2 1 <
(A3) © = maxygim {Ms(p; + 1) + T*7*Mic; + =Ty (IIMall ey + qTlV: laqrn ) < 1

t
where q = maxe[o ) f,1q(t — s)|ds.

Theorem 4.3. Assume that (A;), (A,) and (As3) hold. Then (1.1) has a unique mild solution x € PC(I, X).

Proof. Define T: PC(I,X) — PC(I,X) by
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(5. + KO, + fo T (t— (s u(s)

+ fosq(s —Dg(t, u(v))dr]ds, te [0,t],
St —t) (WD) + 11 (D)) ) + Ka(t = t) (W) + )1 (u(tD)))
+ fttTa(t - 9)[f(s,u(s)) + fosq(s —1g(t, u(r))dr]ds, t € (tq,t,],

1

T'u(t) = |

St = tm) (U(ti) + Iy (0t ) + Kea (€ = t) (0 (t5) + I (u(t)))
t S
+f Te (t— s)[f(s,u(s)) + f q(s — 1)g(t,u))dr]ds, t € (tm, T].
tm 0

Note that T'is well defined on PC(I,X). Now, take t € [0,t,] and x,y € PC(I, X). By (4.5), (A;) and (A,),

we have

1T ® = YO < By f €= )1, () lIx(s) =yl
+q [ v1 (@) lIx(x) — y(@|ldr]ds

ot -
< MT fo(t_ S)a 1[“1(5) ”X_YHPC
+q T [[villLigrey IX = yllpclds

1 ~
< &T“MT (”ulHLl(I,R*) + qT||V1||L1(1,R+)) lIx — yllpc-
For t € (tq,t,], we have
1T ® — TY) O < Ms(lIx(ty) — y@DI + p, lIx(t7) — yEDI)
+T My, [Ix(t7) = y (Dl

t
iy f t =9 u, ®IIx(s) ~ ()l
0

S
+a [ @I - y(r)udr] ds
0
< Ms(p, + 1)lIx — yllpc + T* *MgA lIx — ylIpc
1
=T ([l s ey + ATVl rey ) 1% = Sl
_ _ 1
oa—2 —To
< [Mg(p, +1) + T 2Mihy + = TNy (||u1||L1(LR+)
+qTlvll 2 r+)]lIx = yllpc.

Similary, we have

271



Sh. Eivani / J. Math. Computer Sci. 13 (2014), 257-280

ITx)(®) — TyY)® < [Ms(p, + 1) + T*2M A-+1Ta1\71 (|| I
y = Mgt p; KA Ty T\l 2 rh

+qT||V1||L1([,R+))]||X —yllpe, t € (tj, tisal
and
_ . 1
I0® = YOI < [Ms(py, +1) + T MyAy + = TNy (||u1||L1(LR+)
TVl qre)]lIx = yllpe  t€ (tm, TI.

Thus, for all t € [0, T], we have

— . 1
I0® = ANOI < max { M(om + 1) + TN + =T (Il 1)

+qT Vil e} X = yllee = © lIx—yllpc -

Hence, by Assumption (A3), T is a contraction mapping. So, it has a unique fixed point uy € PC(I,X)

which gives the unique mild solution of (1.1). [
Next, we prove our second existence result. To do this, we need the following Lemma.

Lemma 4.4. ([6] Leray Schauder Alternative). Let D be a closed convex subset of a Banach space
(Z, 1. 1l,) and assume that 0 € D. If F:D — D is a completely continuous map, then the set {x e D: x =

X F(x), 0 <x< 1} is unbounded or the map F has a fixed point in D.
We also, consider the following assumptions:

(A4) The functions f,g:1x X — X are completely continuous, and there exist continuous functions

m, m:1 - [0,00) and a continuous non-decreasing function W: [0, ) — (0, ) such that

IfCt 0l < m@® W(Ix[),  tel
gt 0l <m'®) W(IxID),  tel

and

* ds
o W(s)

< oo

(As) The function Iy, Jx: R = R, k=1, ..., m, are completely continuous and uniformly bounded.

(Ag) The operator families {Sy(t)}ts0, {Ko(D}iso and {T,(t)},., compact, where

t=0
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T, (t) = t17OT, (©).
In what follows, we use the notation Ny = sup{||Ix(x)]| : x € X}, N’y = sup{||Jx®)| : x € X}, k=
t
1,..,mand q = maxepr J,lq(t —s)ds.

Theorem 4.5. Assume that conditions (A,)-(A,) are satisfied. If A € A*(0,, wy) and assume moreover,

(@) M < 1
T(X

M ' ’ * ds
(b) mMTfo (m(s) + qTm'(s))ds <fc oL

where

Ms|1%o ||+ MgNj+ T2 My || % ||+ T2 My N/
C:maxlsiSm{ sllXo sNi - 1\7[}( 0 K 1}.
—Ms
Then system (1.1) has at least one mild solution defined on I.

Proof. Define operator I': PC(I,X) — PC(I,X) as in Theorem 4.2 by

[ 5.0 + KOs+ | Tyt = (5 u)

+f “a(s - Dg(ru()drlds, telo,ul
St = t2) (WD) + 1 (D)) ) + Ka(t — t) (W' (1) + )1 (u (D))
+ ft Tt — (s u(s) + fo s -Dg(tu@)dtds, e (tut]

1

Tu(t) = A«

St = tm) (U(ti) + I (u(t)) ) + Ko (t = tm) (0 (t3) + I (u(t)) )
t s

+f To(t— s)[f(s,u(s)) + f q(s — 1g(t, u(t))dr]ds, t € (ty, T].
t 0

m

Note that I" is well defined on PC(I,X). Our proof will be divided up into five steps.
Step 1. T'is continuous.

Let (x,) be a sequence in PC(I,X) such that x, — xin PC(I,X). Noting that the function f, g are

continuous on Ix X, we have

f(s, xn(s)) - f(s, X(s)), g(s, xn(s)) - g(s, x(s)) as n — oo,
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that is for all € > 0, there exists N, when n>N, we have

||f(s, Xn(S)) — f(s,x(s))“ <€ ||g(s, xn(s)) — g(s, X(s))” <e

Now, for every t € [0, t;], when n>N, we have

t
I(Txn)(® — (CO®| < f ITaCt = Il [[[f(5 % (5)) (5, x())]|
0
+l f le(t, %0 () — g x(0))|| dellds]
4]

1
< aT“MT[”f(s, xn(s)) — f(s,x(s))”
+qT||g(t, xn (1)) — g(T,x(D)|[]
(4.9 < %T“IVIT(l +qT)e.

Moreover, for any t € (t;, tj41], i = 2,..,m — 1, we have

%) ® = PO < Fglhen () = XD+ MiGea () = L)
+T*2Mg [Ji(xn () = Ji(x ()]

1
(4 -10) + aT“MT(l +qT)e,

and

”(Fxn)(t) - (FX)(t)” < l\F\/{[s[”Xn(tr_n) - X(ta)” + ”Im(Xn(ta)) - Im(X(tr_n))”]
+T M [Jm (X0 (tm)) — T (x(t3)]

1
(4—11) + ET“MT(l +qT)e, t € (ty, T).
By the continuity of I, Jix(k = 1, ..., m), as well (4.9) — (4.11), we have
lim ||Tx, — Ix||pc = 0.
n—oo

Step 2. T maps bounded sets into bounded sets in PC(I,X).
It suffices to prove that for any r>0 there exists & > 0 such that [|[I'x||pc < 6 for each

B, = {x € PC(I,X) : |Ix|lpc < r}. Define on B, the operator I; and I, by:
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(Sa(t)uo + Ka(t)uli te [Ovtl]:

) Salt— ) (uD) + L (uED)) + Kot — 1) (0 (D) + 12 (u(tD)), te (tyta],
Lx® =1 |

5ut= to) (uCtm) + I (ut) ) + Kaet = ) (' (5) +Im(u(t5))), € (b, T]

and

t s
ff T, (t— s)[f(s,u(s)) + f q(s — r)g(r,u(r))dt]ds, te [0,t4],
0 0

Lx(t) = ftl Te (t = $)[f(s, u(s)) + fo q(s — Dg(r, u(r))dr]ds, te (ty,t,],

ft Te(t—s) [f(s,u(s)) + fsq(s — r)g(r,u(r))d‘r]ds, t € (ty,, Tl
\Jt 0

m

and for any k>0 positive functions py, v, € L*([0, T],R") such that
supjukllft W < pe(®),  supjy <kl flt, Wl < v (D),
Supy<ksmxeB, kI < P, SuPi<kemxen, kOl < A

Then, forany x € B, t € [0, t4]

t s
I M Sf I Te(t = s)I [Ilf(s,X(S))II + qf IIq(T.X(T))IIdT] ds
0 0

1
< &TQMT[”ur”Lw(LR"') + qT||Vr||L°°(I,R+)] <

and
IO < ISl Tuoll + 1Ko Ol uql
< Mgr + T 2Myr < oo,
Then
~ o~ 1 ~
(4.12) 1T < Mgr + T*?Myr + ;T“MT[IIurIILwa,Rﬂ + qTlvellLo g ry].

Similary, forany t € (t;, tj4,],i=1,...,m

IO < Ms(r+ p) + T ?Mg(r +2)
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1
(4—-13) + aTaMT[”ur”Lw(LR"') + qT||Vr||L°°(1,R+)]-
From (4.12) and (4.13), we obtain

T @ < Mg(r + p) + T 2Mg (r + A)
1
+aT Mr[lleellpoqrty + aTlIVellLoqrey] =86, te [0, T].

Step 3. T'(B,) is equicontinuous, where (B,), I; and T, are defined in step 2. Define
p=max|[ft,x), v=maxlgtx)l

For this purpose, for all s;,s, € [0,t;], withs; <, by [|S (D] < M;e" and ||[K, (|| < M,e"(1 +
t%=2) and Theorem 3.4, we have
I(Mx)(s2) — (M) (sl < [(Tx)(s2) — (M) SO+ [[(T2x)(s2) — (x) (sl
< [1Se(52) = S (sDupll + 1K (s2) — Ko (s uy |l
S2
+ [ MTas1 =9 = Tutsz = D[IG0@)]
0
S
+q f le(x, u(o)d||1ds
Sy
+ [ 11 = DM )|
Sy .
+qf ||g(r,u(T))dT||]ds
0
< My [lugll|eWs? — e"S1| + My ||uy |||eWs2s§~2 — eWst1s§—2
+(llw o rty + qTIVIIiLo @ r*)

% [MT(S% +s3 —(s1— Sz)a)]
o

Mr(s§ — sf)
+(”P-”L°°(I,R+) + qT||V||L°°(I,R+)) [ o '

Similary Vsy,s, € (t;, tiz1], with s; <s,, i =1,...,m, we have
I(Tx)(s2) — M) (sl < My (r + p)e™™h|eWsz — eWsi|

+M,(r + Ve Wh|eWs2s§ 2 — eWS15972|

+(lIlloqrey + aTlVIeorrt)
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9 [MT(S% + 55 — (51 —52)%)
a

+(||H||L°°(1 gty T QT[] e, R+)) [

]
My (52 S1 )]

Thus, from the above inequalities, we have limg _, [|(Tx)(sz) — (Fx)(s1)|| = 0. So I'(B,) is

equicontinuous.
Step 4. T maps B, into a compact set in X.

To this end, we decompose T' =T; + I, where I'; and I; are defined in step 2. We now prove that
{(TLx)(t) : x € B} is compact in X.

In step 2, we have proved that {(T,x)(t) : x € B} is bounded and in step 3, we have proved that
{(ILx)(t) : x € B} is a family of equicontinuous functions. Hence by the Arzela-Ascoli Theorem, T, is

compact.

Next, we show that {(T;x)(t) : x € B,.} is compact in X. For all t € [0,t;], since (I'1x)(t) = S, (Huy +
K (tuy, by (Ag), it follows that {(I;x)(t) : t € [0,t4], x € B} is a compact subset of X. On the other
hand, for t € (t;,tj4+1],1 = 1 and x € B, there exists ¥ > 0 such that

(Sa(t—t) (u() + 1 (u(t)))
+Kq(t— 1) (0 () + 1 (u(t))), tE (t tisn), w0 € By
{I'13i(®) € € Saltis — ) () + L(u()))
R (tir — 1) (0 (D) + i (uED)), t=tiyp,uu’ € By
Cu(t)) + (u)) +u' (@) + Ji(u®))), t=t,uu’ €B;

where B; is an open ball of radius . From (Ag) and (A), it follows that {T’;x};(t) is relatively compact
in X, for all te€ [t;,tj;41], i = 1. Moreover, by the compactness of I; and J;,(i=1,..,m) and the
continuity of the evolution operators S, (t) and K, (t), for all t € [0, T], we conclude that operator T} is

also compact. Therefore,sois I' =T; + T},.
Step 5. We show that the set
E={x€ePC(X): x=xT(x) for some 0 <A< 1}

is bounded in PC(1,X).
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Let x, € E. Then x, (t) = (I'x,)(t) for some 0 < A < 1. Thus

Al | + T Figluy |

i | (- 9 m(s) Wea ()

+q fo Sm’(r) W(xx(r))dr]ds], t € [0,t,],
APy (lall + Ny) +T 2R (lxal + N'y)

t
iy f (t — )% [m(s) W(x,(s))
NOIES b

+qfsm’(T) W(XA(T))dt]ds] , t € [ty ta],
0

MM (lIxall + Np) +T Mg (llxall + N' )

t
+Mp | (t—s)* " [m(s) W(xa(s)
tm

+ qfosm’(r) W(X;\(r))dr]ds] , t € [t,, T].

By the Young inequality [[3], page 6], for t € (t;,tj+1), i =1, ..., m, we get that

X (1 < Ms(llxall + Np) + T Mg (lIxall + N'5)

o

T® _ t
+—Mr (m(s) W(lIxa ()1 + qTm' () W(lIxx (D)) ds,
&

and for t € [0,t,], we have

X (O < Mlixall + T2 MlIxa l

T« _ t
+FMTI (m(s) W(lIxx () + qTm’ (v) W([Ix, (D)) ds.
0

Then, for all t € [0, T], we have

o

t
RESTAY )(XMTJ. (m(s) W(lIxa()ID + qTm’ (1) W(llxa (D)) ds,
S 0

Ixa (Ol < Br(®) = c +

where

C = max
1<ism

Mg |luoll + MgN; + T Mg luol| + T* 2 MgN;
1— M, '

Computing B';.(t) for t € [0, T], we arrive at
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o

T -
BA(D) < mMT(m(U W(llx @D + qTm’ (©) W(lIxa (D ID).

Thus,

B RO e ,
W O = Wil O = (1= Fiy)a "0+ aTm @)

Since W(s) is positive and non-decreasing. Integrating both sides of the above inequality over [0, T], we

have

P® ds T T , © ds
—[c W(s) = (1- Ms)a_[() (m(s) + qTm’(s))ds < fc ey

where we have used the facts 8, (0) = c, B, (t) is positive and non-decreasing. Hence, by the above
inequality, we conclude that the set of functions {f, : X€ (0,1)} is bounded. This implies that E =
{x € PC(I,X) : x =A'x, 0 <A < 1} is bounded in X. Since we have already proven that I' is continuous

and compact, by Lemma 4.4, T has a fixed point which is a mild solution of (1.1). [
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