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Abstract

With the aid of computer programming, we obtain a result on stochastic comparison of the lifetime of two parallel systems
with two exponential components in terms of likelihood ratio ordering. This result reveals a more comprehensive picture on
stochastic ordering between parallel systems and thus provides a relatively satisfied answer to an open problem raised in [N.
Balakrishnan, P. Zhao, Probab. Engrg. Inform. Sci., 27 (2013), 403—443].

Keywords: Parallel system, stochastic comparison, likelihood ratio order.

2010 MSC: 90B25, 60E15.
(©2019 All rights reserved.

1. Introduction

To enhance the reliability of a device, parallel systems are commonly used. Therefore, to compare the
lifetimes of parallel systems is fundamental in reliability theory, as well as in many other fields, such as,
statistical inference, operations research, and applied probability.

The lifetimes of parallel systems can be described by the largest statistics. The research on stochastic
comparison for the largest statistics has a long history. As so far, many interesting results have been
established. See, for instance, [2, 4-6, 10, 11]. One also may refer to the book [8, 9], and a nice survey
article of [1].

However, due to technical issue, the study in this field is far from comprehensive, even for the simplest
case where the parallel systems consist of two exponential components. The comparison of two parallel
systems with exponential components is basic and critical to the stochastic comparison of general k-out-
of-n systems. Also, it is related with some other problems, such as, redundancy allocation problems, see,
[7].

For i = 1,2, let X; be an exponential random variable with hazard rate A;, and Y; be an exponential
random variable with hazard rate u;. Let Xy, = max{Xy, Xy} and Y2, = max{Yy,Y2}. Denote X5, as
T(A1,A2) and Y as T(py, H2). In the sequel, we assume A; < A and py < po.
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To compare T(A1,Az) and T(py, p2), Dykstra et al. (1997) showed that if (A1, A2) i (U, w2), T(A, A2) >1r
T(w, u2), here < stands for majorization order. [11] revealed that when A; < p; < pp < Ay and A +
A2 < w1+ 2, T(A,A2) 21 T(pa, p2). [10] showed, when A; < iy < A2 < pp and Ap+p2 < iy + A,
T(AL,A2) Z1r Ty, p2).

Let u = (u, 12) — (A, A2). The above results can be combined as, when u = (1,—1) + b(0,1), with
0<b<g2

TALA2) 21 T, p2).

By extensive empirical check, [1] observed that to get the above results, the sufficient conditions are
somewhat stringent. They posted an open problem on whether there are sharper sufficient conditions for
the result (1).

With the aid of computer programming, we prove that b can be extended to 0 < b < 6. Such a result
provides a relatively satisfied answer to an open problem posed in [1].

2. Definitions and notations

Let X be a nonnegative continuous random variable with distribution function Fx(t), survival function
Sx(t) = 1—TFx(t), and density function fx(t). The hazard function and the reversed hazard function of
X are defined as Ax = fx/Sx and rx = fx/Fx, respectively. For two nonnegative continuous random
variables X and Y, we say X is larger than Y in the usual stochastic order (denoted by X >4 V), if
Sx(t) = Sy(t); X is larger than Y in hazard rate order (denoted by X >, Y), if Ax(t) < Ay(t); X is larger
than Y in reversed hazard rate order (denoted by X >,y Y), if rx(t) > ry(t); and X is larger than Y in
likelihood ratio order (denoted by X >, Y), if the ratio fx(t)/fy(t) is increasing in t. It is well-known that
the likelihood ratio order implies several other orders, such as, the usual stochastic order, the hazard rate
order, and the reversed hazard rate order.

Given two vectors a = (aj, ap,...,an) and b = (by, by, ..., by ) with increasing elements, the vector a
is said to majorize the vector b (denoted as a 2 b) if, Shiai=Y1" b,and ¥ ¥ a; < Y5 by, for
k=1,...,n—1. For two vectors a and b, if there is a positive constant k, such that, a = kb, we then say
these two vectors are equal, and simply denote by a = b.

3. Main result and proof
Theorem 3.1. Let u=(1,—1)+b(0,1), 0 < b < 6, then, when (u1, ) — (A, A2) =u,
T(A1,A2) 210 T, p2).
Proof. The density function of X = T(A1, A2) is
falt) = Are Mt Age M2t — (A + Ag)e MRt

and that of Y is
gu(t) = me ™Mt + e 2t — (uy + e~ (it

The condition fj(t)/gu(t) is increasing in t > 0 is equivalent to

fA(t)gu(t) —falt)g,(t) >0,

which is equivalent to
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We have,
fAt)  AMe MtpAZe Mt — (£ 4 Ap)2e (MRt AgeMt 4 AZeMt — (A) +Ay)?

falt) T A Mt et — (A + 7\2)6_(>‘1+>‘2)t T AeMt  heMt — (A1 +Ay)

Consider function
x%eXz —|—X%e"1 — (x1+%2)?

x1€X2 +x2e*1 — (x1 +x2) ’

O(xq,x2) = 0 < x1 < xo.

It is clear that, if ®(xq,x2) is increasing in the direction u, then, T(A1,A2) >1; T(py, p2). Therefore, we just
need to show @(x1,x3) is increasing in u. The result of [3] indicated ®(xj,x2) is increasing in (1, —1), so,
we only need to check the direction (1,5).

Let b(x) = (e* —1)/x, then,
xob(x1) +x1b(xp) — 2

b(x1) +b(x2)

D(x1,%2) =

For two numbers A and B, if their signs are the same, we denote them as A B, By some simple
calculus, we obtain

oD o0
5

®=" 452
Vi(15) ax1 + aX2

S

g [xzb'(xl) +b(x2) +5b(x1) +5x1b’(x2)] x [b(xl) +b(x0)

— [ab(x1) +x1b(x2) — 2] [b'(x1) +5b/(x)|
= (x2 —x1)b’(x1)b(x2) + 6b(x1)b(x2) + b*(x2)
+5b%(x1) = 5(x2 — x1)b(x1)b’ (x2) + 2[b’ (x1) + 5b (x2)]
> 6b(x1)b(x2) + b*(x2) — 5(x2 — x1)b(x1)b’ (x2).
Consider the function I(x,y) = 6b(x;)b(x2) + b%(y) — 5(y — x)b(x)b’(y) with 0 < x < y. We have
I(x,y) = 6b(x)b(y) +b*(y) —5(y —x)b(x)b’ (y)
E6b(x)y(e¥ —1) + (e¥ —1)2—5(y —x)b(x) [(y — 1)eY +1]
= e? +eY[6b(x)y —5b(x)(y —x)(y — 1) —2] + 1 —6b(x)y — 5b(x)(y — x).

Lety = x+t, then,

I(x,y) = ¥ 2 4 X t6b(x)(x +1) — 2 —5b(x)t(x +t —1)] +1—6b(x)(x + ) — 5b(x)t

B 2t 4 e o (x)t + o (X)t + xo(x)] + B1 (%)t + Bolx) 2 1(t),

where oz (x) = —5b(x)/e*, a;(x) = [11b(x) — 5xb(x)]/e*, g = [6xb(x) —2]/eX, P1(x) = —11b(x)/e**, and
Bo(x) = [1 —6xb(x)]/e?*. We have
I'(t) = 2e%t + e [ont? + (20 + o )t + (@1 + )] + B,
17(t) = 4e** + e'[opt? + (4o + 0 )t + (200 + 200 + oxg)]
B det + oot? + (4o + o)t + (200 + 20 + o)
> (o +2)t2 + (oo + 0 +4)t + (200 + 200 + g +4) 2 J(1).
By Lemma .1 (in Appendix), we know, J(0) = 20 + 21 + o9 +4 > 0, and J(1) = 70p + 31 + o9 +10 >

0. When oy +2 < 0, it is clear that J(t) > 0 for 0 < t < 1. When oy +2 > 0, we also have J(t) > 0 for
0 <t < 1. If not, then the equation J(t) = 0 has two solutions t1,t, in 0 <t < 1. So

_40(2 + o0+ 4

0<
2(0 +2)

<1,
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that is, 60x + o1 > 0. But, as we show in Lemma .1, it is impossible. Therefore, we obtain that, for
0<t<1,J(t) >0, and hence, I”(t) >0 for 0 < t < 1.
Replace t by t+ 1 in I”(t). We have

17(1+1) E 4!t + ap(1+ )2+ (dog + o) (1 + 1) + (200 + 201 + ag)
et b odt? + ot + o
tz t3 142 / !

21+t+5+g+0€2t +(X]t+060

B 4 (3+604)t2+6(1+ o)t +6(1+ o) 2 K(t),

where o) = xo/(4e), ] = (6a2 + 1)/ (4e), &) = (72 + 31 + xg)/(4e).

By Lemma .2 (in Appendix), 3+6a; > 0, 1+ «} > 0, and for x > 3, 1+ «f > 0. Thus, for x > 3,
K(t) > 0.

By Lemma .1, in x > 0, both of the functions I»(x) = 3+ 6a(x) and I;(x) = 6[1 + «{(x)] are increasing,
while the function Ip(x) = 6[1 + «;(x)] is decreasing. Hence, for 2.5 < x < 3,

K(t) = 8+ L(x) 2+ L (x)t+ Io(x) = 2+ L(2.5)t2 + [ (2.5)t + 15 (3) > 13+ 1.9t2 — 0.4t + 0.9 2 0, (t).

For 0 <x <251+« <0.Leta=—(1+c))/(1+ «f). Then, when 0 < t < a, K(t) > 0. By Lemma
2,0<x<25,a>07. Thus, for 0 <t<0.7 K(t) > 0.
Replace t by t + 0.7, we have

K(t+0.7) = (t+0.7)> + (34 60) (t + 0.7)% + 6(1 + o] ) (t + 0.7) + 6(1 + o))
> £+ (5.1 +604)t? + [14(3 +604) + 6(1 + of) + 1.47]t + 0.49(3 + 603) + 0.343.

By Lemma .2, for x > 1, 1.4(3 + 6aj) +6(1 + «{) + 1.47 > 0. Hence, for 1 < x < 2.5, K(t) > 0.
For 05 <x <1

K(t) = B+ L(x)t2 + L (x)t + Io(x) =t + L(0.5)t2 + 1 (0.5)t + o (1.0) > 3 + 0.822 — 3.4t + 1.75 2 0,(t).
For 0.25 < x <05
K(t) = £+ Lx)t2 + L ()t + Io(x) =t + [(0.25)82 + 1 (0.25)t + (0.5) > t3 + 0.55t2 — 3.9t + 2.5 2 05(t).
For 0.1 <x <0.25

K(t) = 8+ Lx) 2+ L (x)t + Io(x) = 2+ L(0.1)t2 + I (0.1)t + I5(0.25) > 13 + 0.37t2 — 4.3t +3 2 0,(t).
For 0 <x <0.1

Kt) =+ L)+ L)t +Ip(x) = €+ L0 )2 + L (01t +1o(0.1) > 2+ 0.24t2 — 4.5t + 3.47 2 05(t).

By Lemma .3 (in Appendix), fori=1,...,5, 6;(t) > 0. Thus, we show K(t) > 0, and hence, I"(t) > 0.
From Lemma .1, we know, I'(0) =2+ &1 + &g + 1 > 0, and I(0) = 1+ o + +Bo > 0. Therefore, we
arrive at the conclusion of I(t) > 0. The theorem is thus proved. O

4. Discussion

Comparing the lifetime of two parallel systems with exponential components is the basic and simplest
case in stochastic comparison of two general k-out-of-n systems. However, even for this simplest situa-
tion, the investigation is not so comprehensive. [1] gave some examples showing T(2.05,8) > T(4,11),
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T(2,4.5) > T(4,6), but T(2,4.5) %+ T(2.05,8). We have, u; = (4,11) — (2.05,8) = (1.95,3) = (1,1.54),
u = (4,6) —(2,45) = (1,0.75), and uz = (2.05,8) — (2,4.5) = (1,70). By Theorem 3.1, in uy, uy, the
likelihood ratio order exists. These examples coincide with Theorem 3.1.

While in direction uz = (1,70), their example shows that there is no likelihood ratio order in that
direction. It brings an interesting question, that is, which is the smallest number 8, such that, in the
direction (1, ), there is no likelihood ratio order?

From our computer simulations, we find & can be 12. Thus, we can conclude that, in the direction
u = (1,6), when —1 < & < 5, there is likelihood ratio order; while for 6 > 12, there is no likelihood ratio
order. For the cases when 5 < b < 12, the conclusion is not so clear. All these need further investigations.

For technical simplicity, in this paper, we just focus on the case of exponential components. We believe
that the idea and the method can be applied to other components, such as Weibull components.

Appendix A

Lemma .1. Let b(x) = (e* —1)/x, aa(x) = —5b(x)/e*, x1(x) = [11b(x) —5xb(x)]/e*, xp(x) = [6xb(x) —
2]/e*, B1(x) = —11b(x)/e?*, and Bo(x) = [1 — 6xb(x)]/e**. Then, for x > 0, we have

Proof. The proofs for these inequalities are quite similar. So, we just check a few. We have

I1(x) =200(x) + 201 (x) + xp(x) + 4
B _10b(x) +2[11b(x) — 5xb(x)] + 6xb(x) — 2 + 4e*
=12b(x) +2 >0,
I4(x) =24 o (x) + o (x) + B1(x)
B 262X 4+ 11e*b(x) + xe*b(x) — 2 — 11b(x)
B Dxe?* 4 11e*(e* —1) +xe*(e* —1) —2xe* —11(e* —1)
=2xeX(e¥ —1) +11(e¥ —1)> + xeX(eX —1) > 0.

O

Lemma .2. From the functions mentioned in Lemma .1, define o) (x) =2 (x)/(4e), ot (x) = [6cxa(x) + a1 (x)]/(4e),
oy (x) = [7axa(x) + 301 (x) + xo(x)]/(4e). Let

Ji(x) =3+ 60(x),

J2(x) =1+ g(x),

Ja(x) =1+ y(x),

Ja(x) = 1.418 + 605 (x)] + 6[1 + o (x)] + 1.47,
(x)

Then, J1(x) and J3(x) are increasing in x > 0, while the function J,(x) is decreasing. For x > 0, J1(x) > 0,
J2(x) = 0, and when x > 3, J3(x) > 0. Ja(x) increasing, and for x > 1, J4(x) > 0. For 0 < x < 2.5, J5(x) > 0.7.
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Proof. Because of similarity, we just check the statement about J5(x). Since J3(x) = 1+ «{(x) is increasing,
then, for 0 < x < 2.5, J3(x) < J3(2.5) < 0. Thus, 0 < x < 2.5,

Js(x) = —[1 + oy (x)1/[1 + &1 (x)] — 0.7
sgn  4de+ 7o + 31 + xg
= —0.7
de + 60 + o1

5 l4e + 700 + 30 + o] + 0.7[4e + 600 + 1]
=11.200(x) + 3.7 (x) + xp(x) + 6.8¢

B _11.2 % 5b(x) +3.7[11b(x) — 5xb(x)] + 6xb(x) — 2+ 6.8¢* "
—15.3b(x) — 12.5xb(x) + 18.4e* —2

B 5.9xe* — 15.3(e* — 1) + 10.5x
B 5.9¢* —15.3b(x) 4 10.5
J(x).

We have
= 5. 15 =
x) 59Zk! 53];(k+1)!+ 0.5

- [(k+1) x59—153] + 1.1
ng +1) x5.9—15.3] +

k
1.1 —1.75x + 0.4x% + 0.3x>
= J(x).

We have, J'(x) = 0.9x% 4 0.8x — 1.75. Clearly, J’(0) < 0 and J/(1) < 0. Thus, J’(x) < 0in 0 < x < 1. Thus,
J(x) > J(1) > 0. Now, replace x by x + 1, we have

> WV

J(x+1) = 0.3x%> 4+ 1.3x% — 0.45x + 0.05 > 1.3x> — 0.45x + 0.05 > 0.

Lemma .3. Let

01(t) = 2 +1.9t> — 0.4t + 0.9,
0, (t) = t> +0.82t> — 3.4t + 1.75,
3(t) = t2 4+ 0.55t> — 3.9t + 2.5,
(t) =
(t) =

D

04(t) = t3 4+ 0.37t> — 4.3t + 3,
05(t) = t3 + 0.24t> — 4.5t + 3.47.

Then, fort >0, 04(t) >0, fori=1,...,5.

Proof. We just show 65(t) > 0. Others can be proved in the same way. Clearly, for 0 < t < 3.47/4.5,
05(t) > 0. So, when 0 < t < 0.7, 65(t) > 0. Replace t by t 4 0.7, we have
B5(t+0.7) = (t+0.7)2 +0.24(t + 0.7)> —4.5(t + 0.7) + 3.47
— 3+ 2.34t> — 2.694t + 0.7806
> 2.34t% — 2.694t + 0.7806 > 0. O
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