
Available online at www.isr-publications.com/jmcs
J. Math. Computer Sci., 20 (2020), 108–121

Research Article

Online: ISSN 2008-949X

Journal Homepage: www.isr-publications.com/jmcs

Approximate controllability of semilinear strongly damped
wave equation with impulses, delays, and nonlocal condi-
tions
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Abstract

In this paper, we prove that the interior approximate controllability of the linear strongly damped wave equation is not
destroyed if we add impulses, nonlocal conditions, and a nonlinear perturbation with delay in the state. Specifically, we prove
the interior approximate controllability of the semilinear strongly damped wave equation with impulses, delays, and nonlocal
conditions. This is done by applying Roth’s Fixed Point Theorem and the compactness of the semigroup generated by the linear
uncontrolled system. Finally, we present some open problems and a possible general framework to study the controllability of
impulsive semilinear second-order diffusion process in Hilbert spaces with delays and nonlocal conditions.
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1. Introduction

In this paper, we study the interior approximate controllability of the following strongly damped
semilinear wave equations with delays

w ′′ + η(−∆)1/2w ′ + γ(−∆)w = 1ωu(t, x) + f(t,w,w ′,w(t− r1), . . . ,w(t− rm),
w ′(t− r1) . . . ,w ′(t− rm),u(t, x)) in Ωτ,

(1.1)

in the space Z1/2 = D((−∆)1/2)× L2(Ω) where w ′ = ∂w
∂t , w ′′ = ∂2w

∂t2 , Ω ⊂ RN, N > 1 is a bounded
domain, γ and η are positive numbers. Along with Dirichlet boundary condition, nonlocal conditions,
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and impulses 
w(t, x) = 0, on Ω∂,
w(s, x) + h1(w(τ1 + s, x), . . . ,w(τq + s, x)) = φ1(s, x),
w ′(s, x) + h2(w

′(τ1 + s, x), . . . ,w ′(τq + s, x)) = φ2(s, x), in Ω−r,
w ′(t+k , x) = w ′(t−k , x) + Ik(tk,w(tk, x),w ′(tk, x),u(tk, x)), k = 1, . . . ,p.

Here ∆ denotes de Laplacian operator, Ω is a bounded domain in RN (N > 1), ∂Ω denotes the boundary
of Ω, Ωτ = (0, τ] ×Ω, Ω∂ = (0, τ) × ∂Ω, Ω−r = [−r, 0] ×Ω, ω is an open nonempty subset of Ω,
1ω denotes the characteristic function of the set ω, the distributed control u belongs to L2([0, τ];L2(Ω)),
φi : [−r, 0]×Ω −→ R, i = 1, 2, are continuous functions, 0 < r1 < · · · < rm < r are the delays, and
0 < τ1 < · · · < τq < τ.

From now on, we shall assume the following hypotheses.

H1) The functions Ik : [0, τ]×R×R×R −→ R, k = 1, . . . ,p, f : [0, τ]×R×R×Rm×Rm×R −→ R, and
hi : Rq −→ R, i = 1, 2 are smooth enough, such that the above problem admits solutions according
with [15].

H2) The following estimates hold:

|f(t, ξ, ϑ, ξ1, . . . , ξm, ϑ1, . . . ϑm,u)| 6 a0(|ξ|
α0 + |ϑ|α0) +

m∑
l=1

al(|ξl|
ρl + |ϑl|

ρl) (1.2)

+ b0|u|
β0 + c0, u, ξ, ϑ, ξl, ϑl ∈ R,

|Ik(t, ξ, ϑ,u)| 6 ak(|ξ|αk + |ϑ|αk) + bk|u|
βk + ck, k = 1, . . . ,p, u, ξ, ϑ ∈ R, (1.3)

|hi(ξ1, . . . , ξq)| 6
q∑
j=1

eik|ξ
i
j |
ζij + ei0, i = 1, 2, (ξ1, . . . , ξq) ∈ Rq, (1.4)

|hi(ξ1, . . . , ξq) − hi(ϑ1, . . . ϑq)| 6 K max
16j6q

|ξj − ϑj|, i = 1, 2, ξj, ϑj ∈ R, (1.5)

1
2
6 αk,βk < 1, k = 0, 1, . . . ,p,

1
2
6 ρl < 1, l = 1, . . . ,m,

1
2
6 ζj < 1, j = 1, . . . ,q,

and
w(tk, x) = w(t+k , x) = lim

t→t+k
w(t, x), w(t−k , x) = lim

t→t−k
w(t, x).

To set this problem, we shall choose the following natural Banach space:

PCt1..tP([−r, τ];Z
1/2) = {z : J = [0, τ]→ Z1/2 : z ∈ C(J ′;Z1/2), ∃z(t+k , ·), z(t−k , ·) and z(tk, ·) = z(t+k , ·)},

J ′ = [−r, τ]\{t1, t2, . . . , tp} endowed with the norm ‖z‖0 = supt∈[−r,τ] ‖z(t, ·)‖Z1/2 , where z = (w, v)> =

(w,wt)> and

‖z‖Z1/2 =

(∫
Ω

(
∥∥∥(−∆)1/2w

∥∥∥2
+ ‖v‖2)dx

)1/2

, for all z ∈ Z1/2.

Remark 1.1. It is clear that PCt1..tP([−r, τ];Z
1/2) is a closed subspace of the Banach space of all piecewise

continuous functions PC([−r, τ];Z1/2) with the supreme norm, which implies that PCt1..tP([−r, τ];Z
1/2) is

a Banach space with the same norm.

We note that the interior controllability of the following strongly damped wave equation without
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impulses, delays, and nonlocal conditions
w ′′ + η(−∆)1/2w ′ + γ(−∆)w = 1wu(t, x), in (0, τ]×Ω,
w = 0, on (0, τ)× ∂Ω,
w(0, x) = w0(x) w ′(0, x) = w1(x), in Ω,

(1.6)

has been proved in [13], where some ideas are taken to study this present problem. Finally, the ap-
proximate controllability of the system (1.1) follows from the approximate controllability of (1.6), the
compactness of the semigroup generated by the uncontrolled linear equations, the conditions (1.2)-(1.5)
satisfied by f, h1, h2, Ik, and applying the following theorem.

Theorem 1.2 (Rothe’s Fixed Theorem, [1, 10, 26]). Let E be a Banach space. Let B ⊂ E be a closed convex
subset such that the zero of E is contained in the interior of B. Let Φ : B→ E be a continuous mapping with Φ(B)
relatively compact in E and Φ(∂B) ⊂ B. Then there is a point x∗ ∈ B such that Φ(x∗) = x∗.

Recently, there are many papers on evolution equations with impulses and delay or with impulses
and nonlocal conditions or with local conditions and delays, where not only the controllability is studied,
but also other aspects are studied, such as the existence of mild solutions, synchronization, stability, etc..
To mention, we have the following references: [3–5, 8, 9, 12, 18, 20, 21, 24, 25].

2. Abstract formulation of the problem.

In this section, we choose a Hilbert space where system (1.1) can be written as an abstract differential
equation; to this end, we shall use the following notations.

Let X = U = L2(Ω) = L2(Ω, R) and consider the linear unbounded operator A : D(A) ⊂ X −→ X

defined by
Aϕ = −∆ϕ, where D(A) = H2(Ω, R)∩H1

0(Ω, R).

The fractional powered spaces Xα (see details in [13]) are given by

Xα = D(Aα) =

{
x ∈ X :

∞∑
n=1

λ2α
n ‖Enx‖

2 <∞} ,

endowed with the norm

‖x‖α = ‖Aαx‖ =

( ∞∑
n=1

λ2α
n ‖Enx‖

2

)1/2

,

where {Ej} is a family of complete orthogonal projections in X; and for the Hilbert sapce Zα = Xα×X the
corresponding norm is ∥∥∥∥( w

v

)∥∥∥∥
Zα

=

√
‖w‖2

α + ‖v‖2.

Proposition 2.1. Given j > 1, the operator Pj : Zα −→ Zα defined by

Pj =

[
Ej 0
0 Ej

]
(2.1)

is a continuous (bounded) orthogonal projection in the Hilbert space Zα.

Hence, the equation (1.1) can be written as an abstract second order ordinary differential equation in
X as

w ′′ + ηA1/2w ′ + γAw = Bωu+ fe(t,w(t),w ′(t),wt(−r1), . . . ,wt(−rm),
w ′t(−r1), . . . ,w ′t(−rm),u(t)), t ∈ (0, τ], t 6= tk,

w(s) + g1(wτ1 , . . . ,wτq)(s) = φ1(s), w(s) + g2(wτ1 , . . . ,wτq)(s) = φ2(s), s ∈ [−r, 0],
w ′(t+k ) = w

′(tk) + I
e
k(tk,w(tk),w ′(tk),u(tk)), k = 1, . . . ,p,

(2.2)
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where

Iek : [0, τ]×Z1/2 ×U −→ X,
(t,w, v,u)(·) 7−→ Ik(t,w(·), v(·),u(·)),

fe : [0, τ]×Z1/2 ×Cm([−r, 0];Z1/2)×Cm([−r, 0];Z1/2)×U −→ X

(t,w, v,ϕ1, . . . ,ϕm,ψ1, . . . ,ψm,u)(·) 7−→ f(t,w(·), v(·),ϕ1(−r1, ·), . . .ϕ(−rm, ·, ),
ψ1(−r1, ·), . . . ,ψm(−rm, ·),u(·)),

Bω : U −→ U,
u(·) 7−→ 1ωu(·),

gi : C
q([−r, 0];X) −→ C([−r, 0];X),

gi(ϕ1, . . . ,ϕq)(s, ·) 7−→ hi(ϕ1(s, ·), . . . ,ϕq(s, ·)), i = 1, 2.

A change of variable v = w ′ transforms the second order equation (2.2) into the following first order
system of ordinary differential equations with impulses, delays, and nonlocal conditions in the space Z1/2.

z ′ = Az+Bω +F(t, z(t), zt(−r1), . . . , zt(−rm),u), t 6= tk,
z(s) + g(zτ1 , . . . , zτq)(s) = φ(s), s ∈ [−r, 0],
z(t+k ) = z(t

−
k ) + Ik(tk, z(tk),u(tk)), k = 1, . . . ,q,

(2.3)

where u ∈ C([0, τ],U), z = (w, v)>, φ = (φ1,φ2)
> ∈ C([−r, 0],X), zt defined as a function from [−r, 0] to

Z1/2 by zt(s) = z(t+ s),−r 6 s 6 0,

A =

[
0 IX

−γA −ηA1/2

]
is an unbounded linear operator with domain D(A) = D(A)×D(A1/2), IX represents the identity in X,

Bω : U −→ Z1/2,

u 7−→ (0,Bωu)>,

Ik : [0, τ]×Z1/2 ×U −→ Z1/2,

(t, z,u) 7−→ (0, Iek(t,w, v,u))>,

F : [0, τ]×Z1/2 ×Cm([−r, 0],Z1/2)×U −→ Z1/2,

(t, z,φ1, . . . ,φm,u) 7−→
(

0
fe(t,w, v,φ1

1(−r1), . . . ,φm1 (−rm),φ1
2(−r1), . . . ,φm2 (−rm),u)

)
,

and

g : Cq([−r, 0];X) −→ C([−r, 0];X)×C([−r, 0];X),

g(φ1, . . . ,φq)(s, ·) 7−→
(
g1(φ

1
1(s, ·), . . . ,φq1 (s, ·)

g2(φ
1
2(s, ·), . . . ,φq2 (s, ·)

)
.

Definition 2.2 (Approximate controllability). The system (2.3) is said to be approximately controllable on
[0, τ] if for every φ = (φ1,φ2) ∈ C([−r, 0];Z1/2), z1 ∈ Z1/2 and ε > 0, there exists u ∈ C([0, τ];L2(Ω)) such
that the solution z(t) of (1.1) corresponding to u verifies:

z(0) + (h(zτ1 , . . . , zτq))(0) = φ(0) and
∥∥z(τ) − z1∥∥

Z1/2 < ε.

The hypotheses (1.2), (1.3), (1.4), and (1.5), together with the continuous inclusion X1/2 ⊂ X, yield the
following.
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Proposition 2.3. The functions F, Ik, and g satisfy:

‖F(t, z,φ1, . . . ,φm,u)‖Z1/2 6 a0‖z‖α0
Z1/2 +

m∑
l=1

al‖φl(−rl)‖ρl + b0‖u‖β0
U + c0,

‖Ik(t, z,u)‖Z1/2 6 ak‖z‖αkZ1/2 + bk‖u‖
βk
U + ck, k = 1, . . . ,p,

‖g(φ1, . . . ,φq)‖C 6
q∑
i=1

ei‖φi‖ζiC + e0, φi ∈ C,

|g(zτ1 , . . . , zτq) − g(wτ1 , . . . ,wτq)| 6 K‖z−w‖PCt1...tP ([−r,τ];Z1/2), z,w ∈ PCt1...tP .

(2.4)

It is well known that the operator A generates a strongly continuous semigroup {T(t)}t>0 in the space
Z1/2, which is also analytic. Furthermore, Lemma 2.1 in [14] yields the following.

Proposition 2.4. The semigroup {T(t)}t>0 generated by the operator A is compact and has the following represen-
tation

T(t)z =

∞∑
j=1

eAjtP,z, z ∈ Z1/2, t > 0, (2.5)

where {Pj}j>0 is a complete family of orthogonal projections in the Hilbert space Z1/2 given by (2.1) and

Aj = RjPj, Rj =

[
0 1

−γλj −ηλ
1/2
j

]
, j > 1.

Moreover, eAjt = eRjtPj, the eigenvalues of Rj are

λ = −λ
1/2
j

(
η±

√
η2 − 4γ
2

)
, j = 1, 2, . . . , and A∗j = RjPj, R∗j =

[
0 −1
γλj −ηλ

1/2
j

]
,

and
‖T(t)‖ 6M(η,γ)e−βt, t > 0,

where

β = λ
1
2
1 min

{
Re

(
η±

√
η2 − 4γ
2

)}
.

3. Controllability of the unperturbed linear equation

In this section, we shall present some characterization of the interior approximate controllability of
the linear strongly damped equation without impulses, delays, and nonlocal conditions. To this end, we
note that, for all z0 ∈ Z1/2 and u ∈ L2([0, τ];U) the initial value problem{

z′ = Az+Bωu(t), z ∈ Z,
z(0) = z0, (3.1)

where the control function u belongs to L2([0, τ];U), admits only one mild solution given by

z(t) = T(t)z0 +

∫t
0
T(t− s)Bωu(s)ds, t ∈ [0, τ].
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Definition 3.1. For system (3.1) we define the following linear operators. The controllability operator (for
τ > 0) G : L2([0, τ];U) −→ Z1/2 is given by

Gu =

∫τ
0
T(τ− s)Bωu(s)ds,

whose adjoint operator G∗ : Z1/2 −→ L2([0, τ];Z) is given by

(G∗z)(s) = B∗ωT
∗(τ− s)z, ∀s ∈ [0, τ], ∀z ∈ Z1/2.

Therefore, the Grammian operator W : Z1/2 → Z1/2 is given by

Wz = GG∗z =

∫τ
0
T(τ− s)BωB∗ωT

∗(τ− s)ds.

The following lemma holds in general for a linear bounded operator G : W → Z between Hilbert
spaces W and Z.

Lemma 3.2 ([2, 6, 7, 17]). The equation (3.1) is approximately controllable on [0, τ] if, and only if, one of the
following statements holds:

a) Rang(G) = Z1/2;
b) Ker(G∗) = {0};
c) 〈GG∗z, z〉 > 0, z 6= 0 in Z1/2;
d) limα→0+ α(αI+ GG∗)−1z = 0;
e) B∗ωT

∗(t)z = 0, ∀t ∈ [0, τ], ⇒ z = 0.

Remark 3.3. Lemma 3.2 implies that for all z ∈ Z1/2, we have that Guα = z−α(αI+ GG∗)−1z, where

uα = G∗(αI+ GG∗)−1z, α ∈ (0, 1].

So, limα→0 Guα = z and the error Eαz of this approximation is given by

Eαz = α(αI+ GG∗)−1z, α ∈ (0, 1].

Also, Lemma 3.2 implies that the family of linear operators Γα : Z→ L2(0, τ;U), defined for 0 < α 6 1 by

Γαz = B∗ωT
∗(·)(αI+ GG∗)−1z = G∗(αI+ GG∗)−1z,

satisfies
lim
α→0

GΓα = I,

in the strong topology.

Proposition 3.4 ([17]). If Rang(G) = Z1/2, then

sup
α>0
‖α(αI+ GG∗)−1‖ 6 1.

Remark 3.5. The proof of the following Theorem follows from the foregoing characterization of dense
range linear operators and the classical unique continuation for elliptic equations (see [23]), and it is
similar to the one given in Theorem 4.1 in [16].

Theorem 3.6. Under the conditions mentioned above, system (3.1) is approximately controllable on [0, τ]. Moreover,
a sequence of controls steering the system (3.1) from initial state z0 to an ε neighborhood of the final state z1 at time
τ > 0 is given by

uα(t) = B∗ωT
∗(τ− t)(αI+ GG∗)−1(z1 − T(τ)z0),

and the error of this approximation Eα is given by

Eα = α(αI+ GG∗)−1(z1 − T(τ)z0).
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4. The system with impulses, delays, and nonlocal conditions

In this section, we shall prove the main result of this paper, the interior approximate controllability of
the semilinear strongly damped wave equation with impulses, delays, and nonlocal conditions given by
(1.1), which is equivalent to prove the approximate controllability of the system (2.3). To this end, for all
φ ∈ C and u ∈ C([0, τ];U) the initial value problem, according with the recent work from [15, 19, 27],

z ′ = Az+Bωu+F(t, z(t), zt(−r1), zt(−r2), . . . , zt(−rm),u), t ∈ (0, τ],
z(s) + (g(zτ1 , zτ2 , . . . , zτq))(s) = φ(s), s ∈ [−r, 0],
z(t+k ) = z(t

−
k ) + Ik(tk, z(tk),u(tk)), k = 1, 2, 3, . . . ,p,

admits only one mild solution z ∈ PCt1···tP([−r, τ];Z
1/2) given by

z(t) =T(t)φ(0) − T(t)[(g(zt1 , . . . , ztq))(0)] +
∫t

0
T(t− s)Bωu(s)ds

+

∫t
0
T(t− s)F(s, z(s), zs(−r1), zs(−r2), . . . , zs(−rm),u(s))ds

+
∑

0<tk<t

T(t− tk)Ik(tk, z(tk),u(tk)), t ∈ [0, τ],

z(t) + (g(zτ1 , . . . , zτq))(t) = φ(t), t ∈ [−r, 0],

according to [4, 11, 15].
Now, we are ready to present and prove the main result of this paper, which is the interior approximate

controllability of the semilinear strongly damped wave equation with impulses, delays, and nonlocal
conditions (1.1). Note that, we shall define the following operator

Sα : PCt1···tP([−r, τ];Z
1/2)×C([0, τ];U)→ PCt1···tP([−r, τ];Z

1/2)×C([0, τ];U)

by the following formula:
(y, v) = (Sα1 (z,u), S

α
2 (z,u)) = Sα(z,u),

where

y(t) =Sα1 (z,u)(t) = T(t)φ(0) − T(t)[(g(zt1 , . . . , ztq))(0)]

+

∫t
0
T(t− s)Bω(ΓαL(z,u))(s)ds

+

∫t
0
T(t− s)F(s, z(s), z(s− r1), z(s− r2), . . . , z(s− rm),u(s))ds

+
∑

0<tk<t

T(t− tk)Ik(tk, z(tk),u(tk)), t ∈ [0, τ],

y(t) + (g(zt1 , . . . , ztq))(t) = φ(t), t ∈ [−r, 0],

(4.1)

and

v(t) = Sα2 (z,u)(t) = (ΓαL(z,u))(t) = B∗ωT
∗(τ− t)(αI+W)−1L(z,u), t ∈ [0, τ], (4.2)

with L : PCPCt1···tP([−r, τ];Z
1/2)×C([0, τ];U)→ Z1/2 given by

L(z,u) =z1 − T(τ)φ(0) + T(τ)[(g(zτ1 , . . . , zτq))(0)]

−

∫τ
0
T(τ− s)F(s, z(s), z(s− r1), . . . , z(s− rm),u(s))ds

−
∑

0<tk<τ

T(τ− tk)Ik(tk, z(tk),u(tk)).

(4.3)
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Theorem 4.1. Under conditions (1.2)-(1.5), the nonlinear system (1.1) is approximately controllable on [0, τ].
Moreover, a sequence of controls steering the system (1.1) from initial state φ to an ε-neighborhood of the final state
z1 at time τ > 0 is given by

uα(t) = B∗ωT
∗(τ− t)(αI+W)−1L(zα,uα), t ∈ [0, τ],

and the error of this approximation Eαz is given by

Eαz =α(αI+W)−1L(zα,uα),

zα(t) =T(t)φ(0) − T(t)[(g(zτ1 , . . . , zτq))(0)] +
∫t

0
T(t− s)Bωuα(s)ds

+

∫t
0
T(t− s)F(s, zα(s), zα(s− r1), . . . , zα(s− rm),uα(s))ds

+
∑

0<tk<t

T(t− tk)Ik(tk, zα(tk),uα(tk)), t ∈ [0, τ],

zα(t) + (g(zt1 , . . . , ztq))(t) = φ(t), t ∈ [−r, 0].

Proof. We shall prove this Theorem by claims. Before proving the Theorem, we note that ‖Bω‖ = 1 and
‖T(t)‖ 6M(η,γ)e−βt, t > 0.

Claim 1. The operator Sα is continuous. In fact, it is enough to prove that the operators:

Sα1 : PCt1···tP([−r, τ];Z
1/2)×C([0, τ];U)→ PCt1···tP([−r, τ];Z

1/2)

and
Sα2 : PCt1···tP([−r, τ];Z

1/2)×C([0, τ];U)→ C([0, τ];U),

defined above are continuous. The continuity of Sα1 follows from the continuity of the nonlinear functions
g,F(t,φ,u), Ik(t, z,u) and the following estimate

‖Sα1 (z,u)(t) − Sα1 (w, v)(t)‖

6 K̃‖z−w‖PCt1···tP ([−r,τ];Z1/2) +

∫t
0
M(η,γ)e−β(t−s)‖(αI+W)−1‖‖L(z,u) −L(w, v)‖ds

+

∫t
0
M(η,γ)e−β(t−s)‖F(s, z(s), z(s− r1), . . . , z(s− rm),u(s))

−F(s,w(s),w(s− r1), . . . ,w(s− rm), v(s))‖ds

+
∑

0<tk<t

M(η,γ)e−β(t−tk)‖Ik(tk, z(tk),u(tk)) − Ik(tk,w(tk), v(tk))‖.

On the other hand,

‖L(z,u) −L(w, v)‖
6 K̃‖z−w‖PCt1···tP ([−r,τ];Z1/2) + τM(η,γ) sup

s∈[0,τ]
‖F(s, z(s), . . . ,u(s)) −F(s,w(s), . . . , v(s))‖

+
∑

0<tk<τ

M(η,γ)e−β(τ−tk)‖Ik(tk, z(tk),u(tk)) − Ik(tk,w(tk), v(tk))‖.

Therefore

‖Sα2 (z,u) − Sα2 (w, v)‖ 6K̃‖z−w‖PCt1···tP ([−r,τ];Z1/2)

+ L1 sup
s∈[0,τ]

‖F(s, z(s), . . . ,u(s)) −F(s,w(s), . . . , v(s))‖
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+ L2
∑

0<tk<τ

‖Ik(tk, z(tk),u(tk)) − Ik(tk,w(tk), v(tk))‖,

where L1 = τM(η,γ)(τM(η,γ)‖(αI+W)−1‖+ 1) and L2 = (1 + τM(η,γ)‖(αI+W)−1‖). The continuity of
the operator Sα2 follows from the continuity of the operators L and Γα define above.

Claim 2. The operator Sα is compact. In fact, let D be a bounded subset of PCt1···tP(J;Z
1/2)×C(J;U). It

follows that ∀(z,u) ∈ D, we have

‖F(·, z,u)‖ 6 L3, ‖(αI+W)−1L(z,u)‖ 6 L4, ‖L(z,u)‖ 6 L5, ‖Ik(·, z,u)‖ 6 lk, k = 1, 2, . . . ,p.

Therefore, Sα(D) is uniformly bounded.
Now, consider the following estimate

‖|Sα(z,u)(σ2) − Sα(z,u)(σ1)‖| = ‖Sα1 (z,u)(σ2) − Sα1 (z,u)(σ1)‖+ ‖Sα2 (z,u)(σ2) − Sα2 (z,u)(σ1)‖.

Without lose of generality, we assume that 0 < σ1 < σ2. On the other hand, we have that:

‖Sα1 (z,u)(σ2) − Sα1 (z,u)(σ1)‖ 6‖T(σ2) − T(σ1)‖
{
‖φ‖+ ‖[(g(zτ1 , . . . , zτq))(0)]‖

}
+

∫σ1

0
‖T(σ2 − s) − T(σ1 − s)‖‖L(z,u)(s)‖ds

+

∫σ2

σ1

‖T(σ2 − s)‖‖L(z,u)(s)‖ds

+

∫σ1

0
‖T(σ2 − s) − T(σ1 − s)‖‖F(s, z(s), z(s− r1), . . . , z(s− rm)u(s))‖ds

+

∫σ2

σ1

‖T(σ2 − s)‖‖F(s, z(s), z(s− r1), . . . , z(s− rm)u(s))‖ds

+
∑

0<tk<σ1

‖T(σ2 − tk) − T(σ1 − tk)‖‖Ik(tk, z(tk),u(tk))‖

+
∑

σ1<tk<σ2

‖T(σ2 − tk)Ik(tk, z(tk),u(tk))‖,

and
‖Sα2 (z,u)(σ2) − Sα2 (z,u)(σ1)‖ 6 ‖T∗(τ− σ2) − T

∗(τ− σ1)‖‖(αI+W)−1L(z,u)‖.

On the other hand, since T(t) is a compact operator for t > 0, then from [22] we know that the function
0 < t→ T(t) is uniformly continuous. So,

lim
|σ2−σ1|→0

‖T(σ2) − T(σ1)‖ = 0.

Consequently, if we take a sequence {ϕj : j = 1, 2, . . . } on Sα(D), this sequence is uniformly bounded and
equicontinuous on the interval [−r, t1] and, by Arzela theorem, there is a sub-sequence {ϕ1

j : j = 1, 2, . . . }
of {ϕj : j = 1, 2, . . . }, which is uniformly convergent on [−r, t1].

Consider the sequence {ϕ1
j : j = 1, 2, . . . } on the interval (t1, t2]. On this interval the sequence {ϕ1

j : j =

1, 2, . . . } is uniformly bounded and equicontinuous, and for the same reason, it has a sub-sequence {ϕ2
j}

uniformly convergent on [−r, t2].
Continuing this process for the intervals (t2, t3], (t3, t4], . . . , (tp, τ], we see that the sequence {ϕ

p+1
j :

j = 1, 2, . . . } converges uniformly on the interval [−r, τ]. This means that Sα(D) is compact, which implies
the operator Sα is compact.
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Claim 3.
lim

‖|(z,u)‖|→∞
‖|Sα(z,u)‖|
‖|(z,u)‖|

= 0,

where ‖|(z,u)‖| = ‖z‖+ ‖u‖ is the norm in the space PCt1···tP([−r, τ];Z
1/2)×C(0, τ;Z1/2). In fact, consider

the following estimates:

‖L(z,u)‖ 6M1 +M2{a0‖z‖α0 +

m∑
l=1

al|z|
ρl +

q∑
i=1

ei|z|
ζi + b0‖u‖β0 + c0}

+M3
∑

0<tk<τ

{ak‖z‖αk + bk‖u‖βk + ck},

where

M1 =‖z1‖+ (M(η,γ)e−βτ‖φ(0)‖, M2 =
1
−β

(M(η,γ)e−βτ − 1), and M3 =M(η,γ)e−βτ,

‖Sα2 (z,u)‖ 6M3M1‖(αI+W)−1‖+M3M2‖(αI+W)−1‖{a0‖z‖α0 +

m∑
l=1

al|z|
ρl +

q∑
i=1

ei|z|
ζi + b0‖u‖β0 + c0}

+M3M2‖(αI+W)−1‖
∑

0<tk<τ

{ak‖z‖αk + bk‖u‖βk + ck},

and

‖Sα1 (z,u)‖ 6M3{‖z0‖+M1M2‖(αI+W)−1‖}

+M2{1 +M2M3‖(αI+W)−1‖}{a0‖z‖α0 +

m∑
l=1

al|z|
ρl +

q∑
i=1

ei|z|
ζi + b0‖u‖β0 + c0}

+M3{1 +M2M3‖(αI+W)−1‖}
∑

0<tk<τ

{ak‖z‖αk + bk‖u‖βk + ck}.

Therefore,

‖|Sα(z,u)‖| =‖Sα1 (z,u)‖+ ‖Sα2 (z,u)‖

6M4 + {M3M2‖(αI+W)−1‖{1 + 2M2}{a0‖z‖α0 +

m∑
l=1

al|z|
ρl +

q∑
i=1

ei|z|
ζi + b0‖u‖β0 + c0}

+ {M3M2‖(αI+W)−1‖{1 +M3}+M3}
∑

0<tk<τ

{ak‖z‖αk + bk‖u‖βk + ck},

where M4 is given by:
M4 =M3{‖z0‖+ (M2 + 1)M1‖(αI+W)−1‖}.

Hence,

‖|Sα(z,u)‖|
‖|(z,u)‖|

6
M4

‖z‖+ ‖u‖
+ {M3M2‖(αI+W)−1‖{1 +M2}}

× {a0‖z‖α0−1 +

m∑
l=1

al|z|
ρl−1 +

q∑
i=1

ei|z|
ηi−1 + b0‖u‖β0−1 +

c0

‖z‖+ ‖u‖
}

+ {M3M2‖(αI+W)−1‖{1 +M3}+M3}×
∑

0<tk<τ

{ak‖z‖αk−1 + bk‖u‖βk−1 +
ck

‖z‖+ ‖u‖
}.

Then

lim
‖|(z,u)‖|→∞

‖|Sα(z,u)‖|
‖|(z,u)‖|

= 0. (4.4)
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Claim 4. The operator Sα has a fixed point. In fact, for a fixed 0 < ρ < 1, there exists R > 0 big enough
such that

‖|Sα(z,u)‖| 6 ρ‖|(z,u)‖|, ‖|(z,u)‖| = R.

Hence, if we denote by B(0,R) the ball of center zero and radius R > 0, we get that Sα(∂B(0,R)) ⊂ B(0,R).
Since Sα is compact and maps the sphere ∂B(0,R) into the interior of the ball B(0,R), we can apply Rothe’s
fixed point Theorem 1.2 to ensure the existence of a point (zα,uα) ∈ B(0,R) ⊂ PCt1···tP([0, τ];Z1/2)×
C([0, τ];U) such that

(zα,uα) = Sα(zα,uα). (4.5)

Claim 5. The sequence {(zα,uα)}α∈(0,1] is bounded. In fact, for the purpose of contradiction, let us assume
that {(zα,uα)}α∈(0,1] is unbounded. Then, there exits a sub-sequence {(zαn ,uαn)}α∈(0,1] ⊂ {(zα,uα)}α∈(0,1]
such that

lim
n→∞ ‖|(zαn ,uαn)‖| =∞.

On the other hand, from (4.4) we know for all α ∈ (0, 1] that

lim
n→∞ ‖|S

α(zαn ,uαn)‖|
‖|(zαn ,uαn)‖|

= 0.

Particularly, we have the following situation:

‖|Sα1(zα1 ,uα1)‖|
‖|(zα1 ,uα1)‖|

‖|Sα1(zα2 ,uα2)‖|
‖|(zα2 ,uα2)‖|

‖|Sα1(zα3 ,uα3)‖|
‖|(zα3 ,uα3)‖|

. . . . . . ‖|Sα1(zαn ,uαn)‖|
‖|(zαn ,uαn)‖|

→ 0,

‖|Sα2(zα1 ,uα1)‖|
‖|(zα1 ,uα1)‖|

‖|Sα2(zα2 ,uα2)‖|
‖|(zα2 ,uα2)‖|

‖|Sα2(zα3 ,uα3)‖|
‖|(zα3 ,uα3)‖|

. . . . . . ‖|Sα2(zαn ,uαn)‖|
‖|(zαn ,uαn)‖|

→ 0,
...

...
...

...
...

...
...

...
...

...
‖|Sαk(zα1 ,uα1)‖|
‖|(zα1 ,uα1)‖|

‖|Sαk(zα2 ,uα2)‖|
‖|(zα2 ,uα2)‖|

‖|Sαk(zα3 ,uα3)‖|
‖|(zα3 ,uα3)‖|

. . . . . . ‖|Sαk(zαn ,uαn)‖|
‖|(zαn ,uαn)‖|

→ 0.

Now, applying Cantor’s diagonalization process, we obtain that

lim
n→∞ ‖|S

αn(zαn ,uαn)‖|
‖|(zαn ,uαn)‖|

= 0,

and from (4.5) we have that
‖|Sαn(zαn ,uαn)‖|
‖|(zαn ,uαn)‖|

= 1,

which is evidently a contradiction. Then, the claim is true and there exists l > 0 such that

‖|(zα,uα)‖| 6 l, (0 < α 6 1).

Therefore, without loss of generality, we can assume that the sequence L(zα,uα) converges to y ∈ Z1/2.
So, if

uα = ΓαL(z
α,uα) = G∗(αI+ GG∗)−1L(zα,uα),

Then,

Guα = GΓαL(z
α,uα) = GG∗(αI+ GG∗)−1L(zα,uα) = (αI+ GG∗ −αI)(αI+ GG∗)−1L(zα,uα)

= L(zα,uα) −α(αI+ GG∗)−1L(zα,uα).

Hence,
Guα −L(zα,uα) = −α(αI+ GG∗)−1L(zα,uα).
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To conclude the proof of this Theorem, it is enough to prove that

lim
α→0

{−α(αI+ GG∗)−1}L(zα,uα) = 0.

From Lemma 3.2 (d), we get that

lim
α→0

{α(αI+ GG∗)−1L(zα,uα)} = lim
α→0

α(αI+GG∗)−1y+ lim
α→0

α(αI+ GG∗)−1(L(zα,uα) − y)

= lim
α→0

−α(αI+ GG∗)−1(L(zα,uα) − y).

On the other hand, from Proposition 3.4, we get that

‖α(αI+ GG∗)−1(L(zα,uα) − y)‖ 6 ‖L(zα,uα) − y)‖.

Therefore, since L(zα,uα) converges to y, we get that

lim
α→0

{−α(αI+ GG∗)−1(L(zα,uα) − y)} = 0.

Consequently,
lim
α→0

{−α(αI+ GG∗)−1L(zα,uα)} = 0.

Then,
lim
α→0

{Guα −L(zα,uα)} = 0.

Therefore,

lim
α→0

{T(τ)φ(0) + T(τ)[(g(zτ1 , . . . , zτq))(0)] +
∫τ

0
T(τ− s)Bωuα(s)ds

+

∫τ
0
T(τ− s)F(s, zα(s), zα(s− r1), . . . , zα(s− rm),uα(s))ds

+
∑

0<tk<τ

T(τ− tk)Ik(z
α(tk),uα(tk))} = z1,

and the proof of the theorem is completed.

As a consequence of the foregoing theorem, we can prove the following characterization.

Theorem 4.2. The system (1.1) with impulses, delays, and nonlocal conditions is approximately controllable if for
all states φ and a final state z1 and α ∈ (0, 1] the operator Sα given by (4.1)-(4.3) has a fixed point and the sequence
{L(zα,uα)}α∈(0,1] converges, i.e.,

(zα,uα) = Sα(zα,uα), lim
α→0

L(zα,uα) = y ∈ Z1/2.

5. Final remark

Our methodology is simple and can be applied to those second order diffusive processes with im-
pulses, delays, and nonlocal conditions like some control system governed by partial differential equa-
tions. For example, the Benjamin-Bona-Mohany Equation with impulses, delays, and nonlocal conditions,
the beam equations with impulses, delays, and nonlocal conditions, etc..

Moreover, some of these particular problems can be formulated in a more general setting. Indeed, we
can consider the following semilinear evolution equation in a general Hilbert space Z1/2

z ′ = Az+Bω +F(t, zt,u(t)), t 6= tk,
z(s) + (g(zτ1 , . . . , zτq))(s) = φ(s), s ∈ [−r, 0],
z(t+k ) = z(t

−
k ) + Ik(tk, z(tk),u(tk)), k = 1, . . . ,q,

(5.1)
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where u ∈ C([0, τ],U), z = (w, v)>, φ = (φ1,φ2)
> ∈ C([−r, 0],X), zt defined as a function from [−r, 0] to

Z1/2 by zt(s) = z(t+ s),−r 6 s 6 0,

A =

[
0 IX

−γA −ηA1/2

]
is an unbounded linear operator with domain D(A) = D(A)×D(A1/2), IX represents the identity in X,
and A : D(A) ⊂ X→ Z is an unbounded linear operator in X with the following spectral decomposition:

Ax =

∞∑
j=1

λj

γj∑
k=1

< z,φj,k > φj,k,

with the eigenvalues 0 < λ1 < λ2 < · · · < · · · λn → ∞ of A having finite multiplicity γj equal to the
dimension of corresponding eigenspaces, and {φj,k} is a complete orthogonal set of eigenfunctions of A.
The operator −A generates a strongly continuous compact semigroup {TA(t)}t>0 given by

TA(t)x =

∞∑
j=1

e−λjt
γj∑
k=1

< x,φj,k > φj,k.

We shall denote by C the space of continuous functions:

C = {φ : [−r, 0]→ Z1/2 : φ is continuous},

endowed with the norm
‖φ‖ = sup

−r6s60
‖φ(s)‖Z1/2 .

The control u ∈ C([0, τ];U), with U = Z, B : X→ X is a linear and bounded operator (linear and continu-
ous) and the functions Iek : [0, τ]×Z×U→ Z, F : [0, τ]×C×U→ Z satisfy the following inequalities:

‖F(t,φ,u)‖Z 6 a0‖φ(−r)‖α0
Z + ‖u‖β0

U + c0,

‖Ik(t, z,u)‖Z1/2 6 ak‖z‖αkZ1/2 + bk‖u‖
βk
U + ck, k = 1, . . . ,p,

‖g(φ1, . . . ,φq)‖C 6
q∑
i=1

ei‖φi‖ζiC + e0, φi ∈ C,

|g(zτ1 , . . . , zτq) − g(wτ1 , . . . ,wτq)| 6 K‖z−w‖PCt1···tP ([−r,τ];Z1/2), z,w ∈ PCt1···tP .

In this case the characteristic function set is a particular operator B, and the following theorem is a
generalization of Theorem 4.1.

Theorem 5.1. If vectors B∗φj,k are linearly independent in Z1/2, then the system (5.1) is approximately controllable
on [0, τ].

6. Conclusion

In this work we prove the interior approximate controllability of the strongly damped equation with
impulses, delays, and nonlocal conditions by applying Rothe’s fixed point Theorem. After that, we present
some open problems and a possible general framework to study the controllability of semilinear second
order diffusion process in Hilbert spaces with impulses, delays, and nonlocal conditions. The novelty in
this paper is that the literature of control systems with impulses, delays, and nonlocal conditions is very
small, there are a very few numbers of papers on systems with impulses, delays, and nonlocal conditions
simultaneously. That is to say, control systems governed by partial differential equations with impulses,
delays and nonlocal conditions have not been studied much.
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