Available online at www.isr-publications.com/jmcs
J. Math. Computer Sci., 20 (2020), 264282

Research Article

Online: ISSN 2008-949X

Journal of Mathematics and Computer Science

Atics a
ot and G,
0,

2,

s

&

yourna/ or
S
U108 3?2

B]BLICATIONS
Journal Homepage: www.isr-publications.com/jmcs

Stability of a general discrete-time HIV dynamics model W Checkforupdates
with three categories of infected CD4" T-cells and multiple
time delays

A. M. Elaiw®*, M. A. Alshaikh?P

4Department of Mathematics, Faculty of Science, King Abdulaziz University, P. O. Box 80203, Jeddah 21589, Saudi Arabia.
bpepartment of Mathematics, Faculty of Science, Taif University, P O. Box 888, Taif 21974, Saudi Arabia.

Abstract

In this paper, we construct delayed HIV dynamics models with impairment of B-cell functions. Two forms of the incidence
rate have been considered, bilinear and general. Three types of infected cells and five-time delays have been incorporated into
the models. The well-posedness of the models is justified. The models admit two equilibria which are determined by the basic
reproduction number Ry. The global stability of each equilibrium is proven by utilizing the Lyapunov function and LaSalle’s
invariance principle. The theoretical results are illustrated by numerical simulations.
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1. Introduction

During the last decades, biologists and mathematicians have interested in constructing mathematical
models which describe the dynamics of human immunodeficiency virus (HIV) in the human body (see,
eg., [2,3,8,10, 14, 17, 24, 25, 31, 39]). The basic HIV dynamics model which has been proposed by
Nowak and Bangham [24] contains three compartments, the HIV (p), uninfected CD4" T cells (s) and
infected CD4™ T cells (z). Highly active anti-retroviral therapy (HAART) can suppress HIV replication to
a low level but cannot eradicate the virus. An important reason is that HIV provirus can reside in latently
infected CD4™" T cells [32]. Latently infected CD4" T cells live long, but can be activated to produce virus
by relevant antigens. It has been reported in [2] that there are three classes of infected CD4™ T cells, (i)
short lived productively infected cells which live short and produce large numbers of HIV, (ii) long lived
productively infected cells which live long and produce small numbers of HIV particles, and (iii) latently
infected cells which contain the viruses but not producing it until they activated.
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Callaway and Perelson [2] have extended the basic model by taking into consideration three classes
of infected cells: (i) latently infected cells (w), (ii) short-lived infected (z), and (iii) long-lived chronically
infected cells (u):

$(t) = B —8s(t) — (k1 + ka2 + ka)s(t)p(t), (1.1)
Ww(t) = kis(t)p(t) — (a+m)w(t), (1.2)
z(t) = kas(t)p(t) + mw(t) — dz(t), (1.3)
u(t) = kas(t)p(t) — au(t), (1.4)
p(t) = Nodz(t) + Nyau(t) —cp(t), (1.5)

where ki + ky + k3 represents the HIV-susceptible infection rate constant. The parameters «, d, a, c
denote the death rate constants of the compartments w, z, u, and p, respectively; N, and N,, are the
average number of HIV particles produced in the lifetime of the compartments z and u, respectively; m
is the activation rate constant of w.

A major shortcoming of model (1.1)-(1.5) is the assumption that cells produce viruses immediately
after they are infected. It is commonly observed that in many biological processes, time delay is inevitable.
For HIV-1 infection, it roughly takes about 1 day for a newly infected cell to become productive and then
to be able to produce new HIV particles [5]. Therefore, mathematicians have frequently used different
types of delay to make the HIV dynamics models more realistic [28].

Model (1.1)-(1.5) has been described by system of nonlinear ODEs, but the exact analytical solution
of the model is unknown. Therefore, a discretization can be used to obtain discrete-time model which
is an approximation of the exact one. Further, the use of digital computers in performing simulations
necessitated the investigation of discrete-time systems. Furthermore, it is important to note that scientists
often collect the data and analyze the results at discrete times. One of the very important task is to
choose a discretization scheme which preserves the properties of the corresponding continuous time
model. In 1994 Mickens [22] has introduced nonstandard finite difference (NSFD) scheme for solving
differential equations. It has been proven that NSFD can preserve the main properties of several types of
continuous time models. The main advantage of NSFD approach is that the essential qualitative features
of the mathematical model such as equilibria, positivity, boundedness and global behaviors of solutions
are preserved independently of the chosen step-size [19]. NSFD has been used to investigate the global
stability of equilibria of the corresponding continuous time models in virology [6, 7, 15, 19, 20, 27, 31, 34—
38, 40].

In this paper, our target is to study a general discrete time HIV infection model with three categories of
infected cells, w, z and u and discrete time delays. The model is obtained by discretizing system (1.1)-(1.5)
using NSFD. It is considering that the incidence rate and production/removal rate of the HIV particles
and cells are given by general functions. We investigate the global stability of the equilibria of the model
using Lyapunov method.

2. The model

In this section, we propose a general nonlinear HIV model as:

$(t)=m(s(t)) — (ki +ka+k3) (s (t),p(t)), (2.1)
W(t) =kie M (s(t—11),p(t—T1)) — (@ +m)g1 (w(t)), (2.2)
2(t) =kpe 2 f (s (t—12),p (t—T2)) + mg1 (W (1)) — dg2 (z (1)), (2.3)
u(t) =kse MOf (s (t—13),p (t—13)) —ags (u(t), (2.4)
p(t) =Nze M™dgs (z(t —T4)) + Nue ™™ ags (u(t—15)) —cga (p (1)) (2.5)

We assume that the infected cells contact the susceptible cells at times t — 11, t — T2 and t — 13, respectively,
become latently infected and actively infected at time t, where 11, T, and 73 are positive constants. The
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immature pathogens produced from short-lived and long-lived infected cells at time t — 14 and t — 75,
respectively, are assumed to be matured at time t. Moreover, e "%, j =1,...,5 is the probability of the
cells and pathogens survival during the delay periods, where pny, po, u3, pg and, ps are positive constants.
Functions 7, f and g;,1 =1,...,4 are general functions and are assumed to satisfy the following conditions
[9, 17]:

(A1) (i) there exists s’ > 0 such that 7t (s®) =0, 7(s) > 0 for s € [0,5);
(ii) 7' (s) < 0 for all s > 0;
(iii) there are b >0 and b > 0 such that 7t(s) < b —bs for all s > 0;
(A2) () f(s,p) >0and f(0,p) =f(s,0) =0forall s >0,p >0;
(i) 2Fe2) g, afsp >0, afso ) > 0foralls>0,p>0;

(i) & (afé]soo ) > 0 for all s > 0,

(A3) () gj(p) >0forp>0,9;(0)=0,j=1,...,4
(ii) gj(p) >0for p>0,j=1,2,3 and gj(p) >0 for p > 0;
(iii) there are v; >0,j=1,...,4 such that g;j(p) > v;p for p > 0;

(A4) ap<( ) 0foralls>0p>0

94(p)
Discretizing system (2.1)-(2.5) using NSFD method [22] we obtain

Sn+1—Sn

" = 7 sni1) — Kf (snit,Pa), (2.6)
w = k1€ (Sn_my+ 1, Promy) — (@ 4+m)g1 (Wnp1), (2.7)
y =koe M f (sn_my+1, Pn—m,) + Mg1 (Wny1) —dga (zn11), (2.8)
% =kze "M f (sn_ms+1, Pn—ms) — ag3 (Un1), (2.9)
w =Nze "% dgs (zn—m,+1) + Nue "™ ags (Un—m; 1) = cga (Pns1), (2.10)

where n € N ={0,1,2,...}, h > 0 is the time step size and (sn, Wn,zZn, Un, pn) are the approximations
of the solution (s(tn), W(tn),z(tn), u(tn), p(tn)) of system (2.1)-(2.5) at the discrete time points t,, = nh.
Assume that there exist integers m; € N, i =1,...,5 with 1y = hm;.

The initial conditions of system (2.6)-(2.10) are

Se=UPL >0, we=12>0, 2z =02 >0, uc =} >0, pc =2 >0, forallk =—m,—m+1,...,0, (2.11)

where M = max{my, mp, m3, mg, ms} and P§ >0,i=1,...,5.
The basic reproduction number for model (2.6)-(2.10) is defined as

0 [wl-lee_elTl_e4T4 +(C+v) (w2M16—92T2—94T4 4 w3M26—93T3—95T5)]

Ey(C+v)

Ry =

2.1. Preliminaries
Let us consider the region
I ={(s,w,z,u,p): 0<s,w,z,u<N;,0<p< Ny},

Nodga(N31)+Nyags(Nyg)
CVy

where Ny = &, N, = and & = min {b, avy, dvy, avs }.
&

Lemma 2.1. Any solution (Sn, Wn, Zn, Un, Pn) of model (2.6)-(2.10) with initial conditions (2.11) is positive and
ultimately bounded.
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Proof. When n = 0 we prove that (s;, wq, 21,11, p1) exists and is positive. From Eq. (2.6) we have
s1 —so + h[—m(s1) +kf(s1,po)] = 0.

Let @1(s) be defined as:
©1(s) =s—so+h[—m(s) +kf(s,pg)] =0.

According to A1-A2 we have @ is a strictly increasing function in s and

©1(0) =—sop—hm(0) <0, lim @1(s) = oo.

S—00

Hence, there exists a unique s; > 0 such that ¢;(s1) = 0. From Egs. (2.7) we have
wi —wo+h [(a+m)gr (w1) —kie M Tf(s_m 41, P—m,)] = 0.
Let @2(w) be defined as:
@2(w) =w—wo+h [(a+m)gi(w) —kie M f(s_1q, 11, p-m,)] =0.
Based on A2-A3 we have @, is a strictly increasing function in w, and

©2(0) = —wo —hlge ™M™ f(s 1, 41, P-my) <0, Lim @a(w) = oco.

WwW—00

Hence, there exists a unique wy € (0, 00) such that ¢2(w;) = 0. From Egs. (2.8) we have
z1 —zo+ h [dg2 (z1) —mgr (w1) — koe M2 (s 1,41, P—m,)] =0.
Let @3(z) be defined as:
@3(z) =z—z9+h [dgs (z) —mgy (W1) — koe "2 (s, 41, P—m,)] =0.
Based on A2-A3 we have @3 is a strictly increasing function in z. Moreover,

©3(0) = —zo —hmgy (W1) —hkoe M2 f(s_,41,P—m,) <0, lim @3(z) = .

Z—00

Hence, there exists a unique z; € (0, 00) such that ¢@3(z;) = 0.
Similarly, one can easily show from Egs. (2.9)-(2.10) that u; € (0,00) and p; € (0, o0).

Therefore, by using the induction, we obtain s, >0, wn >0, zn >0, u, >0 and p, >0 foralln > 0.

Now we investigate the boundedness of solution. From Eq. (2.6) we have

Sn+1—Sn

— < 7sni) <b—Dbsni.

Hence
hb Sn

< — —.
Sl S e T T ng

L N\ o)
SmS\Txne) 7% 1+hb/) |’

which implies that li_r)n supsn < b /b < Nj. Define
n o0

By Lemma 2.2 in [29] we have

Qn=eMTsy_m, +e M5 o +e MBsy 1+ Wi +2zn +Un.
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Then

Ong1—OQn=eM" (sn_m11—Sn-my) +€ " (Sn_myt1— Sn—m,)
+e M (s matl —Sn—my) F Wni1 —Wn +2Zng1 —Zn +Unpp —Un
=h{e ™M™ [ (sn_my+1) = Kf (Sn—my+1, Prn—my) |
+e M2 (snmy 1) — Kf (Sn—my 1, Pn—m,)]
+e M (sn_my+1) — Kf (Sn—myt1, Pr—ms)]
+ ke HTf (Sn—m1+1r pn7m1) —(a+m)g1 (Wny1)
+koe M2 (S, t 1, Premy) + Mg (Wni1) — dga (znt1)

+ kae  HeT3f (STL—TTL3+1I pn—m3) —ags (un—l—l)} .
Since ki < k,1=1,2,3 then
OQn1—0Qn<h {eiulﬁﬂ (Sn—m1+1) +e 2 (Sn—mp+1) + e Mhn (Sn—m3+1)
—og1 (Wn11) —dg2 (zny1) — ags (un 1)}
According to A1-A3 we have
Qn+l - Qn <h {e—H1T1 (b - Bsnfmﬁrl) + e t2m (b - 65n7m2+1)
+ e M (b—bSn_myt1) — XVIWn 41 — AU2Zn 1 — QUZUR 41}

—T —UoT —U3T
< hb—h&{e H ]Sn—ml—l—l +e 12 2ST1—1112—|—1 +e t? 38T1.—TT13+1

+Wn+] + Zn+1 + u‘Tl.—!—]} = hb — hE,Qn+1.

Hence
Q hb

<— .
S T T T e

Q

By Lemma 2.2 in [29] we have

1 " b 1 "
O, <l— Q — 1= — .
" (1+ha> ”a{ (1+ha> ]
Consequently, lim sup Qn < Ny, and then lim supwy, < Ny, lim supz, < Njand lim supu, < Nj.
n—oo n—00 n—00 n—oo
Thus, for any p; > 0 and p2 > 0, there exist integer numbers v, and v,,, respectively, such that z,, <
Nj + pg for n > v, and u, < Ny + pp for n > v,,,. From Eq. (2.10), we have

w =N.e M™dgs (zn—m,+1) + Nue " ags (Un—ms+1) — €ga (Pnt1)
<Nzdg2 (N +p1) +Nyags (N + p2) — cU4Pnt1-
Hence
N h(Nzdgo (Ng + p1) +Nyags (N + p2))
Pl S 0 hecvy 1+ hcvy '

By induction we get

pn<< 1 ) 0+de92(N1+pl)+Nua93( 1+ p2) [1_< ) ]

1+ hcuy CUy 1+ hcvy

N dga(Ni+p1)+Nyuags(Ni+p2

o, ) The arbitrariness of P1

for n > max{v,, + my,v,, + ms}, then lim suppn <
n—oo

N>dga(Ny)+Nyags(Ng

s ) = N,. Therefore, the solution (sn, Wi, zZn, Un, Pn)

and p yields that lim suppn <
n—oo
converges to 7 as n — oo. O
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Lemma 2.2. For model (2.6)-(2.10) let (A1)-(A3) hold true, then there exists a threshold parameter Ry > 0 such
that

(i) if Ro < 1, then there exists only an HIV-free equilibrium QU;
(ii) if Ro > 1, then there exist two equilibria, Q¥ and a persistent HIV equilibrium Q*.

Proof. Let Q(s,w, z,u,p) be any equilibrium of model (2.6)-(2.10) satisfying

mt(s) —kf(s,p) =0, (2.12)

kie M (s,p) — (x+m) g1 (W) =0, (2.13)

koe M2 f(s,p) + mgr (W) —dg2 (z) =0, (2.14)
ke M f(s,p) —ags (u) =0, (2.15)

N.e ™™ dgs (z) + Nye M™ags (u) —cga (p) = 0. (2.16)

From Egs. (2.12)-(2.16) we have

e gl kie~MT 7 (s) R (mkie ™M™ + (¢ +m) kze_“m)ﬂ(s)
9 \K(atm) P ET S dk (e +m) ' (2.17)
_q1 [ kge Tt 1 (Y '
u =g, —ak i(s) |, p=g, (Eﬂ(s)> .
where
_ Nzefu4T4 (mkleful'rl + (a+ m) kzefl~12ﬁ(2) + (oc_f_ m) Nuk‘sequTS*uSTS
- c(oc+m) '
Let us define
w=39(s), z=VP(s), u=u(s), p=_L(s). (2.18)

Obviously, 9 (s), P (s), u(s), £(s) > 0fors € [0,5°) and 9 (s°) = (s°) = p (s?) = £(s°) = 0. From Egs.
(2.12), (2.17), and (2.18) we obtain
Yf (s, €(s)) —ga(l(s)) =0. (2.19)

Eq. (2.19) admits a solution s = sO which yields the HIV-free equilibrium QO(SO, 0,0,0,0). Let

W(s)=vf(s t(s))—ga(t(s)) =0.
From Assumptions (A2) and (A3), ¥ (0) = —g4 (¢(0)) < 0 and ¥ (s°) = 0. Moreover,

0 0
of (gS,O) Ly (so) of (s%,0)

Y (%) =y o

] — g, (0) ¢ (s%).
. af(s%0)
We note from Assumption (A2) that —5;— = 0. Then,

W (%) = ¢ (%) g} (0) ( v _9(s%0) _1> .

g, (0) op

oy YT () (v 9f(s%0)
Y (s?) = (92(0) o —1].
af(s%0)

Therefore, from Assumption (A1), we have 7’ (so) < 0. Therefore, if %T > 1, then ¥/ (so) < 0and

there exists s* € (0, so) such that ¥ (s*) = 0. Assumptions (A1)-(A3) imply that

w'=3(s") >0, z"=9(s*) >0, W =u(s*)>0 p"=~L(s").
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0
It means that, a persistent-HIV equilibrium Q* (s*, w*, z*, u*, p*) exists when gj:EO) afgsp,o) > 1. Hence, we
can define the basic reproduction number of system (2.6)-(2.10) as:
of(s%,0
o= L)
g;(0) op
This shows that if Ry > 1, then there exists a persistent-HIV equilibrium Q* (s*, w*, z*,u*,p*). O
2.2. Global stability
We define the function G(x) > 0 as G(x) = x —Inx — 1. Hence,
Inx <x—1. (2.20)

Theorem 2.3. Suppose that Assumptions (A1)-(A4) hold and Ry < 1, then QU of system (2.6)-(2.10) is globally
asymptotically stable.

Proof. Consider a Lyapunov functional

1 0 Sn . f(solp)
Lhn=—[sn—s — lim dT +MWn +M2zZn +M3Un +MgPn + h1acgs (pn)

h 0 p—0t+ f(T,p)
n—1 n—1 n—1
+nike M Z f (8541, Pj) +m2koe 12T Z f (sj41,pj) +nakse 1™ Z f (sj41,pj)
j=n—my j=n—my j=n—mg
n—1 n—1
+m2d Z 92 (zj41) +n3a Z 93 (Uj41) -
j=n—my j=n—ms

Hence, L, > 0 for all s, Wn, zn, Un, pn > 0 and L, = 0 if and only if s, = O, wp=0,2z,=0,u, =0
and pn =0. Letni, 1 =1,2,3,4, be chosen such as:
kimie M +kompe T + kanze T =k, (x+m)ng =mny,

2.21
M2 = Nze MMy, N3 = Nye " 5ny,. ( )

The solution of system (2.21) is given by

mN, e MTak N,e HaTak Nye M0k k
M=———""—""5__ N=———, N3=—————", N = —.
(x+m)vyc Yc yc yc

Compute the difference AL, =L, 41 — Ly, as:

1 0 Sn+l . f(solp)
ALy = — spny1—5S — lim dT+MWn1 +M22Zn41 +FN3Un+1 +NaPrt1 + hnacgy (Pns1)

h 0 p—0t f(T/p)
n n
ke M ST f(spy) ke R Y £ (s50p)
j=n—m;+1 j=n—my+1
n n n
+m3kae T Z f (sj+1,pj) +M2d Z 92 (zj41) +msa Z 93 (W 41)
j=n—ms+1 j=n—my+1 j=n—ms+1
,P)
[ J dT+MWn +M22Zn +M3Un +N4Pn + hnscgs (pn)
s0 'P_>0Jr )
n—1 n—1 n—1

—111k1€ﬂLlTl Z (sj+1,P5) —Makae ™2™y f(sj11,pj) —mskse T Y f(s511,p5)

=n— j=n—m, j=n—mg
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n—1
—md ) g2 (z11) —ma Z 95 (Wj+1)
j=m—my j=n—ms
1 st f(s, p)
=5 [Sn+r—sn— ]Dlgl(r)l+ FTp) dt+n1 (Wni1—wn) + M2 (Zns1 —2n) +13 (Un 11— Un)
Sn ’
14 (Prg1 —Pn) +hnac (94 (Prt1) — 9 (pn))]
n n—1
+mkie T D> f(sjhpy) — f(sj+1,7;)
j=n—my+1 j=n—my
n —1
+n2k267H2T2 Z f ]—0—1er Z f )+1/p)
j=mn—my+1 j=mn—my
n —1
+n3k3€_uﬂ3 Z f ]+11p] Z f )+1/P)
j=n—ms+1 j=m—msy
n n—1 n n—1
+md| Y g(za)— Y @) |+mal ) g(wi)— D g3 (i)
j=n—my+1 j=m—my j=m—ms+1 j=m—ms
Using Lemma 3.1 in [16], we get
f(s%,p) r““ f(s%,p) f(s%,p)
—_— - < 1 dr< 1 - .
P Tsmer,p) TS IR ) 4TS R sy TS
Hence
AL 1 1— lim fls ,p) (s —Sn) +M Wna1 —Wn) +M2 (Zne1 — zn)
n h 0+ (Sn+1z ) n+1 n 1 n+1 n 2 4n+1 n
M3 (Unt1—Un) + M4 (Pt —Pn) +hngc (s (Prs1) — ga (Pn))]

+mikie M (f (sny1,pn)
+nokoe 22 (f
+nzkge T (f

(
(
(
)

Sn+1,Pn)
Sn+1, pn)

—f (SnfmlJrlr pn—ml))
—f (Snfszrl/ Pnfmz))
—f (5n7m3+1/ pnfmg))

+1M2d (92 (znt1) — 92 (Zn—my+1)) + 130 (g3 (nt1) —

From Egs. (2.6)-(2.10), we have

AL, < (1 — lim

f(s%,p)
p—0* f(Sny1,P)

+mM kle ul’tlf Sn m;+1,Pn— ml)

+M2 (kze uﬂzf (Sn— my+1,Pn— mz) +mg; (WTI+1)
( ags (un+1))

+n3 (kse™ H3T3f (Sn— msz+1,Pn— m3)

+14 (Nze ™™ dgs (zn—m,+1) + Nue ™™ ags (Un_my41) —
+mikie M (f (spg1, pn)

+ T]zkzef H2T2
+nzkze M

= (1— llm _—
p—0* f(Sny1,P)

(f

f(s°, p)

)

(Sn+1,Pn)
(f (snt1,Pn)
)

T i
(Sna) + P—%l+ f(Snt1,P

) (7t (sn41) = kf(sni1,Pn))

(x+m) g1 (Wnq1))

dgz (zn+1))

—f (Sn—my+1,Pnm;))
—f(Sn—my+1, Pn—m,))
—f (Sn—m3+1zpn—mg))
+12d (92 (zn41) — 92 (Zn—m,u+1)) +M3a (g3 (Uni1) —

f(s°, p)

cgs (pn+1)) +14c (94 (Prs1) —

g3 (un—m5+l )) .

g4 (pn))

g3 (un7m5+1))

)kf(3n+1/pn) —14cgs (Pn).



A. M. Elaiw, M. A. Alshaikh, ]J. Math. Computer Sci., 20 (2020), 264-282 272

Using 7t (s?) = 0, we obtain

af(so,O)/aP ) af(sO,O)/ap Kf(sSn+1,Pn) —Nacgs (pn)

0
ALy < (7t (sni1) —7(s”)) <1  3f(sny1,0)/0p 0f(sny1,0)/0p
B . df(s%,0)/dp 0f(s%,0)/0p  Yf(Sn41,Pn)
— (n(an) —TF(S )) (1_af‘(sn+1,0)/ap> T hac (af(an,O)/ap g4 (pn)

- 1) 94 (pn).
From Assumption (A4) we have

f(sni1,Pn) < lim f(sni1,P) _ 0f(sn41,0)/0p

ga(pn)  p=0t  gu(p) g, (0)

Then, we get

0 0f(s°,0)/0p of(s%,0)/0p
ALn < (m(sni1) =7 (s°)) <1—W> e (V%m)_1> 94 (pn)

_ 0 0f(s?,0)/0p v 0f(s%,0)
_(TE(STL—O—l)*T[(S )) <1af(sn+1,0)/ap) ‘F1’]4C<9£1 (0) ap 1) g4 (pn)

B 0 of(s°,0)/0p
= (W(Sn+1) —7[(5 )) (1_6f(sn+1,0)/ap) +14c (Ro—1) g4 (pn).

From Assumptions (A1) and (A2) we have

. of(s°,0)/dp
(rismin) =) (1= 55 ) <O

Hence, if Ry < 1, we have AL,, < 0 for all n > 0. Obviously, AL,, = 0 if and only if sn, = sY and

(Ro—1)pn = 0. We discuss two cases:

o If R) < 1, then lim p,, =0, then we get from Egs. (2.7)-(2.9); lim w,, =0, lim z, =0and lim u, =0.
n—oo n—oo n—oo n—o00

o If Ry = 1, then by using li_r>n sn = s and from Eq. (2.6), we obtain f (s9,pn) = 0. Because s” > 0, we have
n o0
f(s%,pn) > f(0,pn) = 0 (use Assumptions (Al) and (A2)). Thus, li_r)n pn = 0. Therefore, QO is globally
n o0
asymptotically stable. O

Remark 2.4. Assumptions (A2)-(A4) imply that

f(s,p) _ f(szp*)> (s, p*
<g4(p) g2 (p*) (f(s,p) —f(s,p*)) <0,

fls,p)  94(p) > ( f(sm*))
— 1— <0
<f(s,P*) 94 (p*) f(s, p)
Theorem 2.5. Suppose that Assumptions (Al)-(A4) hold and Ry > 1, then Q* of system (2.6)-(2.10) is globally
asymptotically stable.

which yields

Proof. Consider

1 . Snof S*, * X Wn w*
un(snrwnrln/un/pn) = ﬁ |:Sn_£ _J;* f((’t,]}))*)) dr+m <Wn—W _Jw* g;l((T))dT>

I G =t R O O
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Pn *
+ —p - dt ) + hngc G
T4 (Pn p L* 91(7) n4cgs(p”) 930
-1
Fikie M (5%, pY) Z (Hl'p)))
j=n—my P )
—1
+1Mokoe H2T2f (s*, p*) G (f )+1,p))>
it *p*)
n—1
f . ,Di
+nakze MBS (s, p*) G (81,7
f(s*,p*)
J=n—ms
! 9 (241) e 95 (uj+1)
+mM2dga (2 Z G ) +n3ags (u¥) G )
j=n—my j=n—ms 9
Clearly, Uy (Sn, Wn, Zn, Un, pn) > 0 for all sy, Wn, zn, Un, pn > 0 and U, (s*, w*, z*,u*,p*) = 0. Comput-

ing AUy = Un 4 — Uy as:

1 Sn+1 f( P ) J’Wn+1 91( *)
* d _ *

AU, = —
n h s* ( Ip )
Zn+1 * Un+1 *
+ z —z" — dt | + u —u— T
”2< i J 92(7) A w o gs(D)
anrl *
. ga(p*) <94 (Pn+1)>
+ —p* — dt | + hnac G
un <Pn+1 p L* 9:(T) ) N4cga(p™) ")
. P
+1nikie MTf (s, p*) Z ( ]H' ] >
j=n—mi+1
+n2k2e—p2”t2f(s*,p*) Z ( J+11p] >
j=n—my+1
—MU3T * ok = ]+1’p] = 92 (ZjJrl)
+nszkze T (s, p¥) Z +12dga (2 Z G “n )
j=n—msz+1 j=n—my+1 92
+nsags (u*) i G (£ (11)
S g3 (u*)

_% [Sn — s*)— L* (( ';) )) dt+m < —w" —an 91(1/:) dT)
J )

2 ("‘“_"‘*_Lj E;Zz((i)) dT) s (” i 3((T )

Jp“ 94(P*)dT> + nacga(p®)G (94 ))]
ga(p*)

+ —p* —
(e —
! n—1
f(siiq, f(sar
_nlkle_ul’flf(s*,p*) G M nzkze uszf(S*’p*) G M
j fs*,p7) . f(s*,p*)
)J=n—my j—m—m,
n—1 ne1
f(s;41,Ps .
—nskge T (5%, p") o) RGN A B o (o)
. f(s*,p*) Nty g2 (z%)



A. M. Elaiw, M. A. Alshaikh, ]J. Math. Computer Sci., 20 (2020), 264-282 274

n—
g3 u]+1)
—13a p
sags (u nZ ( o o) )
1 Sn+1 f( P ) JWnH 91( *)
AU, = — —Sn — d d
n=4 |:5n+1 Sn Ln f(t,p*) T+M1 | Wne1 —Wn — . (T) T

_ r““ g2(z")
g2(T)

)

Un+1
dT) +13 (unﬂ J 93 G dT

+M2 (Zn+1 —Zn

Zn

Pn+1 *
+14 pn+1_pn_J 9P 41 ) 4 hnyega(p (G (94 (Pn+1 > G( >>
W 94lT) ga(p
- n f(S ) —1 f(S )
SHEE(sT, pT j+1Pj ]+1/p]
e | 5 o) 2o (5
_J:n—m1+l j=n—my ]
- B ]
+1okae M2T2f (s*,p*) i G <f(si+1'pi)> O C (f(5j+1,Pj))
[j=n—my+1 fs*,p*) j—n—m, f(s*,p*) |
- B ]
+T]3k.3eiu3T3f(s*,p*) i G (f(S]+1,p])> . S G (f(S]+1,pJ)>
j=n—ms+1 f(S P ) j=n—ms f(S /P ) |
- 92 (zj+1) st 92 (zj11)
+1M2dga (2") > G ) C '
j=n—my+1 92 (z*) = g2 (z*)
4 )=n—my

n

2

j=m—ms+1

+mnzags (1) {

From Lemma 3.1 in [16], we have

f(s*,p*) JS““ f(s*,p*) f(s*,p*)
1———rF 2 —sn) < — dr<(1—-—55 21 —sn),
( f(Sn,P*)> (Sn+1—5n) < Snt1—Sn . (T, p*) T (S, P™) (Sn+1—5n)
91(0*)> Prtt gi(p*) gi(p*)
1— (Pnt1—Pn) < Png1—0p —J dr< (11— ————) (Pnt1—Pn),
( gilpn) ) T PN End on  GilT) gilpniy) ) T
i=1,...,4. Then
1 ( P*) > < g1(w*) >
AU, <= [1— (s + 1———— ) (w —w
u*
+le< — ) Zn+1—2Zn) +73 <1—93()) (Un+1 —un)
92 Zn+1 g3(Un+1)
94 (Pnt1) G4 (pn) g4(pn)
+ — )+ hnacgs(p™) <
n4< 94 pn+1 ) Prt —Pn) + nacga(p ga(p* ) ga(p 91 (Pnt1)
+T]1kle_u]T]f(3* p*) f(5n+1/pn) N f(sn mi+1,Pn— m1 Sn mi+1,Pn— ml)
o st f(s*,p*) f(Sn+1,Pn)
+n2k267u272f(s* p*) -f(sn+1/pn) _f(sn m2+1/pn mz In <f Sn—my+1,Pn—m, ):|
L f(s,pY) f(s*,p*) f(Sn+1,Pn)
_ -f(anrl/pn) f(sn ms3+1, Pn—m f Sn ms3+1, Pn—m
+13kze TS (s¥,p*) — i :) +In 3 5)
st P (s, p) f(s*,p*) f(Snt1,Pn)
o 192 (zng1) 92 (Znmys1) 92 (Zn—my+1)
+n2dgo (2%) — +In| Z——m2 "1
2692 g (z°) g (z*) 92 (Zn 11)
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g3 (un—H) g3 (un7m5+l) ( g3 (un7m5+l) >]

— +In{—F>—]|.
g3 (u*) g3 (u*) g3 (Un+1)

From Egs. (2.6)-(2.10), we have

+nsags (u*) [

AU, < < s(lp))) (T ($ms1) — KE(Sms1, Pr))
n+ /
<1 91 W 1)) (kleiulﬁf(sn—m1+1/pn—m1) —(x+m) gy (Wn+1))
n+
+12 <1 0z 1 > (koe M (s —my+1, Pn—m,) + Mg1 Wn41) — dg2 (zn+1))
n+
+M3 (1 93 Una1) > (k3e_u3T3f(Snfm3+lrpn7m3) —ags (U«nJrl))
n+
+14 (1 ” p " ) (Nze ™™dgs (zn—my+1) + Nue ™™ ags (Un—m,+1) — €ga (Pri1))
n+
. (pn)
+14c (94 (Pnt1) — g4 (pn) + ga(p™) In (9“)“
g4 (Pn+1)
— f (STL+1/ pn) f (Sn7m1+1/ pnfml) f (SnfmlJrlr pnfml)
+mkie MTf (¥, p* - +In
i (%97 | f(s%p7) f(s*,p*) f(Sni1,Pn)
— [ f (Sn+1/pn) f (Sn—m +1,Pn—m ) f (Sn—m +1,Pn—m )
+nokoe H2T2f S*, * . 2 2 +ln 2 2
252 (%) f(s*,p*) f(s*,p*) f(snt1,Pn)
— _f(5n+1/pn) f(snfm +1,Pn—m ) (f(snm +1,Pn—m )):|
+ k e H3T3f S*, * o 3 3 +11'1 3 3
5% (%97 | f(s*,p*) f(s*,p*) f(Snt1,Pn)
g2 (z*) g2 (z*) 92 (zn+1)
+T]3(193 (LL*) [93 (un+1) . g3 (un—m5+1) In (93 (un—m5+1)):|
gs (u*) g3 (u*) g3 (Un41) ’
f(s*,p*) ) f(s*,p*)
AU, < [1———- | (nt(s —m(s*))+m(s*) (11— —" L
" < Hsma, pr) ) ) = (7)) f(Smr1,p")
kf(s*, p* _ w* "
f(s(lpw))f(snﬂmn) —1ikie HlTlgmf (Sn—my+1,Prn—m;) +11 (e +m) g1 (w”)
n+1, n
. ga2(z") g2(z") »
— k H2T2 f _ , _ _ d
n2koe 92 Znnt) (Sn—my+1, Pn—m,) ﬂzmgz(zn+1)91 (Wny1) +12dga(z")
_ u* " _ (p*)
_T]3k3e H3T3g§(i(t_._)l)f(5nm3+lzpn—m3) +ﬂ3€193(u )—Tl4sz€ u4T4%92 (anm4+1)
n
_ - . . (pn)
—n4aNye uts_94PT)_ 93 (Un—ms+1) +M4€9a(p”) —Macgs (pn) +nacgalp )1n< (s
ga(pn1) g4 (pn+1)
_ f (Snfm +1,Pn—m ) — f(Sn—my+1, Pn—m,)
+1m1ke M (s*, p*) In ! ) +1okoe *22f (%, p*) In 2 2
i ( P ) ( f(anrl/pn) n2i ( P f(sn+1/pn)

f(Sn+1,Pn) 92 (zn+1)

g3 (un—m5+1) )
g3 (Uny1) /)~

f (Snmas1 Pr B
+“3k3e_“3T3f(S*,P*)ln< o m3)> +12dg> (z*) In <M>

+mzags (u)In (
Using the conditions of Q*
m(s") = kf(s%,p”),
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kie MU (s*,p*) = (e +m)gr(w*),
koe M2T2f(s¥,p*) + mgy (W*) = dga(z"),
kze M f(s*,p*) = ags(u®),
Nze M™dg, (%) + Nye " ™ags (u*) =cgs (p*),
we get
kf(s®, p*) =n2dga(z") +nzags(u™) =mnscga(p™),
(Mmkie ™M™ 4mokpe™*2™2) £(s%, p*) =m2dga(z"),
and
f(s*,p*) ) f(s*,p*)
AU, < [1——""——) (m(s )—7(s*)) +kf(s*,p*) (1 — —T——
" < f(5n+1zp*) e P f(sn+1lp*)
f(Sn+1,Pn) _ f (Sn—mﬁ—lzpnfml) g1(w*)
+ kf(s*,p*) ————— —m ke M (s*, p")
P Mtoner,py M P £(s*, p*)g1 (Wi 1)
_ _ f (Sn—my+1, Pn—m,) 92(z%)
+mkie MT(s*, p*) —mokoe M2T2f(s*, p* 2 2
n1K1 (s*,p") —m2kz (s*,p") f(s*, %) ga(2n11)

. nlkleiulﬂclf(s*,p*) QZ(Z )91 (WTL+1)

+ (ikie ™M™ +mpkoe H22) f(s*, p*)

92(zn41)g1(w*)
_ f(snfm +1,Pn—m ) 93(11*) —
—nzkse MTf(s, p*) ’ : +n3kse HBf(s*, p*)
1353 P f(s*, p*)gs(un1) % P
. (nlkleful'tl _'_nszefp.sz) f(S*,p*) 94(p )92 (Zn—mi—H)
9a(pn+1)92(z*)
_ 9a(p*)gs (Un—ms+1) ga (pn)
_ kae “3T3f(s*, *) 5 —i—kf(s*, *) —kf(s*, *)7
ks P ga(pn+1)g3(u*) P P g4(p*)

. g4 (pn) ) e e f (Sn—my+1, Pnm,)
+ kf(s*, 1n< +mkie M (5%, In
(%) g4 (pn+1) e (s%p7) ( f(Sn+1,Pn)

f(sn_ — f(sn_ , P
Fokae M2 f (5%, p¥) 11‘1( (Sn—my+1,Pn m2)> +nskze M (s*,p*) In ( (Sn—ms+1,Pn m3)>
f(sn+1,Pn) f(sn+1,Pn)
92 (an4+1)>

+ (ke ™M™ - 1pkoeM2T2) f(s*,p*) In
(Mike n2ka ) f(s*,p") < 92 (Znet)

—H3Taf(g* p* 93(un—m5+1))
Fmlae TSP ”“( 95 (1 1)
- (1— ff(s")) (e (sns1) =70 (5")

(Sn+1/ p*)

7 f(s*,p*) T (Sn—mi+t,Pnom) 91 (W) ga2(z*)g1 (Wnt1)
+nikie M (¥, p*) |5 — - ! -
e P f(sns1,P") f(s*, p*)g1(Wn11) 92(zn+1)91(W*)

_94(P*)92 (Zn—m4+1) 94 (pn) f(sni1,p™) 4In 94 (pn) f (Sn—m1+1/ pnfml) g2 (Zn—m4+1)
g4(Pn+1)92(z*) g4 (p*) f(sn+1,Pn) 94 (Pn+1) f (sn+1,Pn) 92(Zn+1)

4 - f(S*Ip*) - f (Snfmfrl/pnfmz) QZ(Z*) o g4(p*)92 (Zn_m4+1)

f(Snt1,P*) f(s*,p*)g92(zn+1) 94(Pn+1)92(z*)

+m2koe M2T2f (s, p*)

J4 (pn) f(sn+1,p") 94 (pn) f (sn—m2+1/ pnfmz) g2 (Zn—m4+1)
— +1In
ga (p*) f(sn+1,Pn) 94 (Pn+1) f(sn+1,Pn)g2(zn41)
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f(s*,p*)  flsn—ms+1,Pn—my)gs(u’)  9a(p*)gs (Un—mst1)
f(sny1,P*) f(s*,p*)ga(un+1) ga(pn+1)g3(u*)
g4 (pn) f(sm41,P*) (94 (pn) f(Sn—ms+1, Pn—m;)93 (un_m5+1)>]

— +1n

g4 (p*) f(snt1,Pn) 94 (Pnt1) f(Snt1,Pn)g3(Unt1)
94 (pn) f(anrl/p*) f(anrl/pn) . 94 (pn):|
ga (p*) f(sns1,Pn)  flsSny1,P*)  galp*)

AUy < (1— M) (7 (sn41) =7 (s%)) —mikie M (s, p*) [G <f(‘°’p))

+nzkse FTf(s¥, p*) [ —

+ kf(s*,p*) [—1 +

f(5n+1rp*) f(sn+1/p*)
f(Sn—my 11, Pnomy )91(W*)> (92(2*)91 (Wn+1)> 94(p*)g2 (zn—m,+1)
e < st p g ) T \aanrgws) ) © ( 9a(pre1)92(z")

G <94 (pn)f(snﬂ,p*))]
ga (p*) f(sn+1,Pn)
Tk f(s*,p") f(Sn—my+1, Pn—m,)g2(z")
T meloe BRI P )Hf( )>+G< >

Sn+1,P* f(s*, p*)g2(zn+1)

e (94(1?*)92 (Zn—m4+1)> e (94 (pn)f(5n+1/p*)>]

94(Pn+1)92(2") 94 (p*) f(sn+1,Pn)
—skse H (s, p*) [G (M) e (”Snmmfpnms)%(u*))

Snt+1,P* f(s*, p*)gs(un1)
94(p*)g3 (un—m5+1)> (94 (pn) f(8n+1,P*)>]
6 ( 94(pn+1)g3(u*) e ga (p*) f(sn+1,Pn)

+Kf(s%,p*) [_1 + g4 (pn) f(sni1,P*) | f(Sns1,Pn) 04 (pn):| '

9a (p*) f(sn+1,Pn)  flsni1, ) galp®)
Assumptions (A1), (A2), and (A4) imply that
f(s*,p*) > *
1————— | (mt(sps1) —m(s¥)) <O.
(1= P L) (s = mels")

Based on the Remark 2.4, we have

14+ g4 (pn) flsn+1,P*) | f(Snt1,Pn) 94 (pn) _ (1 f(Sny1, P )) (f(5n+1/pn) 94 (pn))
ga (p*) f(sn+1,Pn) f(sny1,P*) ga(p*) f(snt1,Pn) f(sny1,P*) g4 (p*)
Thus, U, is monotone decreasing sequence. Because U,, > 0, there is a limit lim U, > 0. Therefore,
T}%Aun = 0, which implies that T}gxgosn =g* nli_r)r;own =w*, Tlli_lgozn =z* nh_r)r;oun =u* and TLlnr;opn =
P*. O

Remark 2.6. We outline some different forms of the general functions presented in model (2.6)-(2.10) and
satisfy Assumptions (A1)-(A4).

e Intrinsic growth rate function n(s): Linear form 7(s) = 3 — ds [24], Logistic growth form m(s) =

[4], where the parameter 1 > 0 is the maximum proliferation rate of susceptible

cells. The parameter smax > 0 is the maximum level of susceptible cells concentration in the body. If
the concentration arrives at smay, it should decreases. Moreover, it can be assumed that r < 6

e Incidence rate function f(s, p): Bilinear incidence ksp [24], Saturated incidence ﬁp— [30], Beddington-

DeAngeliS incidence Trpres- [18], Crowley-Martin incidence 554 [33] and Hill-type in-

cidence Cm — sm [1], where k, 11, @, ¢, and m are positive constants.

e Function gi(p): Linear gi(p) = vjp [12, 24], Quadratic gi(p) = vip + Uip? where v; and U; are
positive constants.
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3. Numerical simulations

We perform our simulation by choosing the following functions

n(s)=p—5s, fls,p) = rsfs, gi(p)=p,j=1,...4 3.1)

where v > 0. System (2.6)-(2.10) becomes
I s kP (32)
g B 3
w = Nze ™MMdzy 1+ Nye ™% auy 11— cpnyte (3.6)

For this system, the basic reproduction number is given by

B
Ry = )
0 5+

We show that the functions given by (3.1) will satisfy assumptions (A1)-(A4). We have n(0) = 3 > O,
T (so) =0and 7' (s) = =5 < 0. It follows that, w(s) > 0 for all s € [O, sO) . Moreover, (A1) (iii) is satisfied
with b = B and b = 6. Thus, (A1) is satisfied. We also have

sp

f(s,p) = N >0, and f(0,p) = f(s,0) =0foralls >0,p >0,
of
(sp) _ ™ 5 >0forall s >0, and p >0,
0s (r+s)
of(s,p) -8 >(0forall s >0, and p >0,
op T+s
of(s, 0) =3 >0, forall s >0,
op T+S
d [of(s,0
< (s )>: T 5 >0, forall s > 0.
ds \  0p (r+s)

Therefore, Assumption (A2) is satisfied. Moreover, We have g; (p) = p > 0 for all p > 0 and g; (0) = 0,
j=1,...,4. We also have, g]f (p) =1>0,j=1,...,4 for all p > 0. Then Assumption (A3) is satisfied,
where v; =1, j =1,...,4. Finally, we have

0 f(s,P)>
— =0, forall s >0, and p > 0.
ap(gum ’

Therefore, Assumption (A4) hold true and hence Theorems 2.3 and 2.5 are applicable.

We use the following data: « =04, $ =10,6=0.01,d=02,a=01,¢c =6, m=02,1=50, h =0.1
ki =002 (i =1,23) and iy = 05 (i=1,...,5). The other parameters will be chosen below. Let us
consider the initial values

1VL: YL =600, Y2 =7, P2 =15, PpE =50, 3 = 70;
2V2: Pl =400, $2 =4, P2 =10, Yi = 30, P} = 50;
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Figure 1: The simulation of trajectories of system (3.2)-(3.6) for Case (1).

3V3: YL =200, V2 =2, 3 =5,9% =10, P2 =30, k = —m,—m+1,...,0.

Case(1): Effect of N, N,, of stability of equilibria
We choose 11 =05, 1, =1, 13 =1.5, 14 = 2, 75 = 3, and N, N, are varied as:

(i) N2 =60, Ny, = 50. This yields Ry = 0.7742 < 1. Figure 1 shows that, the concentration of susceptible
cells increases and tends to the value s° = 1000. In addition, the concentrations of infected cells and
free HIV particles decrease and tend to zero for the initial values IV1-IV3. This shows that QU is
globally asymptotically stable and Theorem 2.3 is valid.

(if) N, =100, N, = 50. With these values we obtain Ry = 1.1788 > 1. Figure 1 shows that for the initial
values IV1-1V3, the solutions of the system tend to the equilibrium Q* = (209.8434,34.1801, 114.0590,



A. M. Elaiw, M. A. Alshaikh, ]J. Math. Computer Sci., 20 (2020), 264-282 280

124.4370,163.0208). Therefore, Q* exists and it is globally asymptotically stable. This validates the
result of Theorem 2.5.
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Figure 2: The simulation of trajectories of system (3.2)-(3.6) for Case (2).

Case(2): Effect of time delay on the pathogen dynamics

We fix the values N, = 100, N, = 50 and simulate the system with initial IV1 and different values
of T = 11 = T» = 13. In Figure 2 we show the effect of the delay parameter T on the the stability of the
equilibria. We observe that the concentration of the susceptible cells is increased, while the concentrations
of infected cells and free pathogens are decreased as T is increased. Let us write Ry as:

B [Nzefun (mkie M7+ (+m)kpe H27) + (o +m) Nuk3ef(u3+us)T]
c(a+m)(rd+p) '

Rol(T) =
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Clearly, Ry is a decreasing function of t. Let T be such that Ry(t.) = 1. Using the values of the parameters
we get T, = 1.7613. From Figure 2 and Table 1 we can see that

(i) if 0 < T < 7, then Q* exists and it is globally asymptotically stable;
(i) if T > 1, then QU is globally asymptotically stable.

Table 1: The values of Rg for system (3.2)-(3.6) with different values of .

T Equilibria | Ry

0 Q* 5.8201
0.5 Q* 3.5301

1 Q* 2.1411
1.3 Q* 1.5862
1.5 Q* 1.2986
1.7 Q* 1.0632

1.7613 QO 1

2 QY 0.7877

2.5 QY 0.4777

4. Conclusion

In this paper, we have proposed and analyzed a general discrete-time HIV infection model with time
delays. We have considered three types of infected cells, latently infected cells, short-lived infected cells
and long lived infected cells. The production and clearance rates of the cells and pathogens as well as the
infection rate are given by general nonlinear functions which satisfy a set of conditions. The discrete-time
model is obtained by discretizing the continuous-time one by using nonstandard finite difference scheme.
We have determined the basic reproduction number Ry. We have proven the positivity and boundedness
of the solutions of the models. Using Lyapunov method, we have established the global stability of
the two equilibria of the model. We have proven that if Ry < 1, then the HIV-free equilibrium Q° is
globally asymptotically stable and if Ry > 1, then the persistent HIV equilibrium Q* exists and is globally
asymptotically stable. We have presented an example and performed some numerical simulations to
support our theoretical results. Moreover, we have demonstrated that the time delay plays a similar role
as the treatment in clearing the HIV particles.
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