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Abstract

In this paper, the existence of positive solutions to a nonlinear eigenvalue problem is obtained by Leray-Schauder fixed
point theorem.
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1. Introduction

In this paper, we consider the nonlinear eigenvalue two-point boundary value problem

{ u®(t) = Ah(t)f(u(t)), te (0,1),

w(0) = w'(1) = w"(0) = w(1) = 0, a1
where A > 0 is a positive parameter.
We will make the following assumptions:
(i) f:[0,1) — R is continuous and f(0) > 0;
(ii) h(t) € C[0,1] and there exist two constants T,k : T € [0,1], k € (1,00) such that h(t) # 0 and
1 1
J Gt s)h* (s)ds > K[J G(t,s)h~(s)ds] (12)
0 0

for t € [0,1], where a™ is the positive part of a and a™ is the negative part of a.

Next, we state the main result.

Theorem 1.1. Let (i) and (ii) hold. Then there exists a positive number N* such that BVP (1.1) has at least one
positive solution for A:0 < A < A*.
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2. Preliminaries lemmas
To prove Theorem 1.1, we need several preliminary results.

Lemma 2.1. Fory € C[0, 1], the problem
2.1)

has a unique solution

where

G(t,s) =~ (6s—3s2—t3)t, 0<t<s<1.

1{ (6t—3t2—s?)s, 0<s<t<1,
6

Lemma 2.2. Ify € C[0,1], y > 0, then the unique solution u of the (2.1) satisfies
u>0,tel0,1].
Moreover, if y; (t)>y2(t) for t € [0,1], then the corresponding solutions wy(t) and uy(t) satisfy
ug(t) > up(t), fort € [0,1].

Lemma 2.3. Let (i) and (ii) hold, then for every 0 < & < 1, there exists a positive number Ay such that, for
0 < A < Ay, the problem

u®(t) = Aht(t)f(u(t)), te(0,1),
u(0) =u(1) =0=u"(0) =u""(1)

has a positive solution u, with [uylo — 0as A — 0, and
wr, = ASF0)p(t), t € [0,1], 2.2)

where

1

p(t) :J G(t,s)h™(s)ds.
0

Proof. By Lemma 2.2, we know that p(t) >0 for t € [0,1]. From Lemma 2.1, (2.2) is equivalent to the

integral equation
1

u(t) = ?\J G(t,s)h'(s)fu(s)ds := Au(t), (2.3)
0
where u € C[0,1]. Then A : C[0,1] — CI0, 1] is completely continuous and fixed points of A are solutions
of (2.2). We apply the Leray-Schauder fixed point theorem to prove A has a fixed point.
Let € > 0 be such that
f(t) > 6f(0), for 0 < «.

Suppose that
I3
A< ————— =)y,
2lplofi(e)
where
f1(t) = max f(s).
se€(0,t]
Since ]
lim ﬂ = 400,

t—0+ t



Y.-H. Zhou, J. Math. Computer Sci., 21 (2020), 18-22 20

it follows that there exists T € (0, ), such that

f1(Ta) 1

= . 2.4
A 2Alplo @4
We note that (2.4) implies
™ —0as A — 0.
Now, we consider the equations
u=0Au, 8 (0,1),
letu e C(0,1) and 06 € (0,1) be such that u=0Au. We claim that [uly # T). In fact
1
u(t) = GAJ G(t,s)h" (s)fu(s)ds,
0
set .
w(t) = 6A | Glt, I (s)11fulods < OM (hlp (v,
0
then by Lemma 2.2 and the fact that f(u)<f;(Julp), we know that
u(t) < w(t), for t € [0,1].
Moreover, we have
lulo < Alplof1(fulo)
o f 1
1) 25)

o~ Alplo”

which implies that [u]g # TA. Thus by Leray-Schauder fixed point theorem, A has a fixed point u,, with
lun,lo < Ta < e
Therefore, combining (2.3), (2.5), and using Lemma 2.2, we have that

un, (t) > ASFO)p(t), t € [0, 1]. O

3. Proof of the main result
Proof of Theorem 1.1. Let

1
MUzLGwﬂhBM&

then q(t)>0. By (ii), there exist positive numbers c € (0,1), d € (0,1) such that

q)If(y)l < dp(t)f(0) 3.1)
fory € [0,c] and t € [0,1]. Fix & € (d, 1), and let A, > 0 be such that

hua,lo +ASF(0)lplo < ¢ (3.2)

for A < Ay, where u,, is given by Lemma 2.3, and

10—y < FO)° 5 3

for x € [—c,c], y € [—c, c] with [x —y| < A5f(0)[plo.
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Let A < Ay, we look for a solution u;, of the form u, + v,. Here v, solves
u® (t) = ARF () (fup, +v) — f(up,)) — AR (t)f(up, +v), t€(0,1),
u(0) =u/'(1) =0=u"(0) =u"(1) =0.
For each w € C[0,1], let v=T(w) be the solution of

ud(t) = ART (1) (f(un, + w) —f(ur,)) —Ah~ (t)f(uy, + w), te (0,1),
u(0) =u/'(1) =0=u"(0) =u"(1) =0,

then T : C[O,1] — CI0, 1] is completely continuous. Let v € C[0,1] and 0 € C[0,1] be such that v=0Tv.
Then we have

{ u®(t) = OART (1) f(uA1 +v) —f(uy,)) — OAR™ (t)f(ua, +V), t€(0,1),
u(0) =u/(1) =0=1u"(0) =u"(1) =0.

We claim that [v|p # ASf(0)lpol. Suppose to the contrary that [v|g # 6f(0)[pol. Then by (3.2) and (3.3), we
obtain
[ur, +vlo < luplol + vlo < ¢

and 54
[f(ua, +v) —f(ua,)lo < F(O)(——). (3.4)
Using (3.1), (3.4), Lemmas 2.1, and 2.2, we have
vl <A D00 +Aarop () = ACE S0l 5)
In particular,
Mo < AC - )F(0)po < ASF(O)Ipl

is a contradiction, and the claim is proved. Thus by Leray-Schauder fixed point theorem, T has a fixed
point vy with
valo < A8f(0)Iplo.

Using (2.2) and (3.5), we obtain

ux = Up, — val = A8F(0)p(t) — A(——)f(0)p(t)

and d+d o—d

ASF(0)p(t) = A(——)Ff(0)p(t) = Al——)f(0)p(t)
Therefore,

6—d
ur = A——)f(0)p(t) > 0,

i.e., u, is a positive solution of (1.1). The proof is completed. O
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