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Abstract

In this paper, we characterize the PDE’s of conformal vector fields on Finsler space with special (e, 3)-metrics. Further, we
prove that conformally transformed vector field related by F and also corresponding conformal factors ¢ and ¢.
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1. Introduction

The first to treat the conformal theory of Finsler metrics generally was M. S. Knebelman. He defined
two metric functions F and F as conformal if the length of an arbitrary vector in the one is proportional to
the length in the other, that is if gi; = ¢ gi;. The length of vector € means here the fact that ¢gy; , as well
as gij , must be Finsler metric tensor, he showed that ¢ falls into a point function and also proved that if
(M, F) be an n-dimensional Finsler manifold and ¢ a transformation on M, then ¢ is called the conformal
transformation, if it preserves the angles. Let X be a vector field on M and ¢ be the local one-parameter
group of local transformations on M generated by X. Then X is called a conformal vector field on M if
each ¢ is a local conformal transformation of M.

Conformal vector fields play an important role in Finsler geometry. Some problems on («, 3)-metrics
can be solved by constructing a conformal vector field on a Riemannian metric with certain curvature
features. For two conformally related Finsler metrics on a manifold, their conformal vector field coincide
[6].

In [4], Shen and Xia study the conformal vector fields on Randers spaces under certain curvature
conditions. In [1], Huang and Mo shows that a conformal vector field of a Randers space of isotropic S-
curvature must be homothetic. In [2], Kang characterizes the conformal vector fields of an («, 3)-metrics
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by some PDE’s in a special case ¢! # 0. Recently, Natesh et al. studied the conformal vector fields on
Finsler space with special («, 3)-metrics [3].

As above reviews, this work characterize the PDE’s of conformal vector fields on Finsler space with
special (o, B)-metric. Then we proved the conformally transformed vector fields of Finsler metric F related
by F and also with conformal factor related to each other (see Proposition 3.3, 4.2).

2. Preliminaries of conformal vector fields

Let F be a Finsler metric on a manifold M and V be a vector field on M. Let ¢ be the flow generated
by V. ¢ : TM — TM by ¢ = (¢t (x), bt * (y)). V is said to be conformal if

$iF =e?7F, 2.1)
where o, is a function M for every t. Differentiating (2.1) by t at t = 0. We obtain
Xy(F) = —2cF,

where we define )
0 0V 0 B d

ot Yooy’ CT dth =0

In (2.2), the function c is called the conformal factor.

X\; :Vl

Ot. (22)

Remark 2.1. A vector field V is conformal satisfying (2.1) if and only if (2.2) holds for some scalar function
c. In this case, c and oy are related by

t
d
o = Jo c(ds)ds, c= = Ocrt. (2.3)

Remark 2.2. By (2.3) we easily see that ¢7F = e 2°F for a scalar function c if and only if ¢ is constant
along every integral curve of V.

Lemma 2.3 ([5]). Let B = bi(x)y" be a 1-form and V be a vector field on a Riemanian manifold (M, &) with

x = +/aijytyl. Then we have

Xy (02) = 2Vpp, Xy(B) = (VI 228

oxt

Jyt = (Vb + b Vi)Yt (24)

where Vi = a;V) and b* = aVbj, and the covariant derivative is taken with respect to the Levi-Civita connection

of o

3. Conformal vector fields on special («, 3)-metric, F = « + %2

In this, section, we study the conformally transformed vector field on Finsler space with special («, 3)-
metric, F = o + %2 For this, first we prove the following lemma.

Lemma 3.1. A vector field V on a Finsler space with special (x, 3) metric F = & + %2 is conformal with conformal
factor c if and only if it satisfies

oV;
Xy (F?) = —4 (cF2 +F ay;y) ,
o V.
VO|O = -2 <CF2 =+ Fl ay;}ﬁ) ’

where
Fl = 20cksg — msorogbt.
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Proof. By Remark 2.1, it is sufficient to show that X, (F?) = 2Vq o + Flg

coefficients G' as

:{Lyi. Let us consider the spray

G' =Gy +Py'+Q},
where
P= ofle(—2ocQso +T00),

Q' = aQsy + W (—2aQs0 + 100) b,
dd —s(pd +d xd)

0= s
26 (16— 56+ (02— ")
_ 9
R
1 ¢)//

By calculation we get,

B 4s3
 (24252)(1 —3s2+2b2)’
1+5s?
Q=1
1
b= 1 —s242b2’
b_ 453 —2(ot+s%)s — 0+ 19(1 — s2)
(1 —s2)(242s2) (1—3s2+42b2) !

;o 1+s2\ ; 2080 — T00 i
Q_“<1—52>S° {1—32+2b2 b

Let
) ) 1
Gl=gMGm = {IP ey Y = [Pl },
oGk
GE - ﬁ,
Yy
k aZGk
7 aytoyl”

Then the spray coefficients of class of Finsler metric F = ot + %2 is

x
G* = G* — (Lsg + Mrgo) yi + ocks(i] — Rsoroob?,

where
s3(2cx — 2s?)
" 20+ 20s4) (1 — 352 + 2b2)’
4s2(1 —s?)
~ 2a(1 + s%)(1— 352 + 2b2)’
147

K=—,
1—s2
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2x
R= 1—s242b°
From [6] by computation shows that
. oVt ovt . . d
Xy (F2) = VH(P) 2553y = VP +25 gy - ay Viyl, (3.1)
% . VAT
55 Y Yy = Voo +2(acksy — Msgrgob') ayky‘ +2ViGK, (3.2)
oyt - 1 ob;
4V, G* =2V, K _vi(— S iyl 4B (1 —203p2) iyt b .
6t =2Vt v {4 B Sy 4Bl 208 Sy 63)
Sunstitute (3.2) and (3.3) in (3.1) then we have
X (F?) = 2Vg)0 + 2(aksg — M biavii 3.4
F(F7) = 2Vppo + 2(axksg — Msoroo )ayky . (3.4)
Therefore, it desired the claim. O
special («, B)-metric, then it is conformal with conformal factor c if and only if it satisfies X, (F?) = —4cF?

or Vog = —2cF2.

Proposmon 3.3. Let (M, F = (oc—l— )) be conformally transformation of special («, 3) metric F(= o+ B ) related

with F = e2F for a scalar function o. Then V is a conformal vector field of (M, F) if and only if V is a conformal
vector field of (M, F). Further, their conformal factor ¢ and & are related by, ¢ = ¢ — %V(O‘).

Proof. Assume that V is conformal vector field of F with the conformal factor c. Then by Remark 3.2 we
have

Xy (F?) = —4cF?.
Then by conformally related with F=e?F, we have

Xv(F) = Xy (e®)F? + X, (F?),

Xy (F2) = (V(o) — 4c) F2. (3.5)

Again by Remark 3.2 implies that V is also a conformal vector field of F and the conformal factor &.
Therefore, from (3.5) we get

E=c— EV( o). O
Theorem 3.4. Let F = o+ %2 be Finsler metric and V = V(x) a?a
field of F with the conformal factor c if and only if it satisfies Vij + Vj;i = —4cayy and Viby; + bV, = —2cby,
where c is a scalar function.

Proof. Since we says that V is a conformal vector field of F if and only if X, (F?) = —4cF2. From [3] b
computation shows that

Xo(F?) = (1 —sH)Xy (o) +4as(1 4 s2) Xy (B).
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Now, plugging (3.1), we see that
Xy (F?) = —4cF?,

is written as

2s
1—s2

_ 4sc o2
C1-s277

Voo + o ( ) (Vibji +b'Vi5) v/ (3.6)

where “;” represents the covariant derivative with respect to «.
In order to simplify (3.6). We choose a special coordinate system (s,y“) at a fixed point on a manifold
as usually used. Fix an arbitrary point x € M and take an orthogonal basis e; at x such that

It follows that 3 = sa such that

Then if we change coordinate (y) to (s,y) we get

b . bs
X = ———=&, = —0.
1/bZ_SZ B 1/bZ_SZ

Let,

V0;0 = Va;byayb/ v1;0 = vl;ayaz

Vo1 = Va;1y%, boi = baiy®.

Note, that under the coordinate (s,y®), we have b; = b, by = 0, but generally by, # 0.
Under these coordinate, Equation (3.6) is equivalent to

_ . 2 _ _
0=b (bVl;() + Vlbo;i) ﬁ + (Vl;O + V0;1> S, (3.7)
) 2g2 _
0=" |[b(2bc+ Viby; + bvm)ﬁ +2b%c + V82| o + (b2 — s2)Voy. (3.8)
For (3.7), we will prove - - - -
bVl;o + Vlbo;i =0, Vl;o + VO;l =0. (3.9)
If bV, + Vibg,i # 0 at a point, then we prove Q = £ ESSZ = ks, for some constant k. Solving Q = ks with

¢(0) =1, we get d(s) = v1+ ks and hence F is Riemannian. So we must have the first equation in (3.9).
Again by (3.8), we have the second equation in (3.9). For (3.8) we will prove

Voo = —2ca?, V'by; +bVy; = —2be, Vi = —2cF. (3.10)
Putting s = 0 in (3.8) we have
V0;0 = —2ca’.
By this, (3.8) is reduced to
13—:2 + (Vip +2¢) s =0.
Similarly, repeating this procedure of (3.7) we obtain second and third values of (3.10). Therefore, it
follows from (3.9) and (3.10) then we get the claim. O]

b (2bc+ Viby; +bVyp))
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4. Conformal vector fields on special («, 3)-metric, F= o+ 3 + %2

In this, section, we study the conformally transformed vector field on Finsler space with special (&, 3)-
metric. Now we prove the following lemma.

Lemma 4.1. A vector field V on a Finsler space with special («, 3) metric is conformal with conformal factor c, if
and only if it satisfies X, (F*) = —4cF? or Vg9 = —2cF%

Proof. By Remark 2.1, it is suffycies to show X, (F?) = 2V;. Let

1
4

0Gk . 092Gk
dyt’ Y aylay

G'=¢"™MGm = - {[FPlay Y= [Fla}, GE=

. 2
In the view of section third the spray coefficients G' is on the Finsler metric F = ot + 3 + %, we get,

x
Gk = Gk + AlAzyi + A358 — {A4So + Too}bi,
where

To0(1 —s%) —2a(1 4+ 2s)sg

A =
L 2 25— 4b2 — 45762 — 4sb? + 253 + 654
a2 43
Azzl 3s- —4s ’
(1 —s?)
o1+ 2s)
A
A, — 20(1 + 2s) S
YT 1= s)(1—3s2—2b2) "
We know that
. ovht .. ) avi..ayi..
2\ _\/i(e2y . YVl i e2y . TN S B R VA 2D
LAVAT ) .oVt .
™ y'y = Voo +2(Aszsg — Agsoroob’) aykyl +2Vi GK, (4.2)

. . ois .« - 4
4Vka:2V‘aylyk— al‘]yly] <1+ [3 )

k i 203
abaiX az igz 2(xe>(>¢ 2p° &3
+ i (6[5—4[5 +2x + a) + ™ (2 _oc2> .
Substitute (4.2) and (4.3) in (4.1) then we have
Xy (F?) = 2Vojo + 2(Azs5 — A4soroob') 2;/,:91
Therefore, it is desired. O

Proposition 4.2. Let (M, F = (&+ 3 + %)) be conformally transformation of special («, 3) metric F = o+ 3 + %2

related with F = e2F for a scalar function. Then V is a conformal vector field of (M, F) if and only if V is a conformal
vector field of (M, F). Further, their conformal factor ¢ and ¢ are related by, ¢ = ¢ — V(o).
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Proof. Assume that V is conformal vector field of F with the conformal factor c. Then by Remark 3.2 we
have

Xy (F?) = —4cF2.
Then by conformally related with F=e?F, we have

Xy (F?) = X, (e%)F2 + %X, (F),

Xy (F?) = (V(o) —4c) F2. (4.4)

Again, by Remark 3.2 implies that V is also a conformal vector field of F and the conformal factor ¢.
Therefore, from (4.4) we get

V(o). O

Theorem 4.3. Let F = o+ 3 + %2 be Finsler metric and V = V*(x) aii be a vector field. Then V is a conformal
vector field of F with the conformal factor c, if and only if it satisfies

Vi;j + Vj;i = —4caij,

and
V]bi;)' + b]V]';i = —2cby,

where c is a scalar function.

Proof. Since we say that V is a conformal vector field of F if and only if X, (F?) = —4cF2.
From [3] by computation shows that

Xv(F?) = (1= sM)Xy (o) +das(1+ %)Xy (B).
Now, plugging Equation (2.4), we see that
Xy (F?) = —4cF?,

is written as

i . : 4sc
> (VB +0Viy) Y = 17— oZ, (4.5)

Vo.
O’(H_(X<1—s2

",

where “;” represents the covariant derivative with respect to «.
In order to simplify (4.5), we choose a special coordinate system (s,y®) at a fixed point on a manifold
as usually used. Fix an arbitrary point x € M and take an orthogonal basis e; at x such that

It follows that 3 = s such that
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Then if we change coordinate (y') to (s,y%) we get

__ b _bs
OC—WOC, [3—70(

Let,

Voo = Vary®y®, Vie = Vi.ay?,

vO;l = va;lyaz BO,'i = ba;iya-

Note that under the coordinate (s,y®), we have b; = b, by = 0, but generally bo.i # 0. Under these
coordinate, (4.5) is equivalent to

_ . 2 _ _
0=Db (bVl;O + Vlbo;i) ﬁ + (Vl;o + VQ;1) S, (4.6)
) 2g2 _
0=b |b(2bc+ V'by; + bvm)ﬁ +2b%c + V182 | o + (b? — s%)Voy. 4.7)
For (4.6), we will prove - o B B
bVio+ Vb =0, Vio+ Voa =0. (4.8)

If bV, + Vibg,i # 0 at a point, then we prove Q = ; ESSZ = ks for some constant k. Solving Q = ks with

$(0) = 1. We get ¢(s) = v/1+ ks and hence F is Riemannian. So we must have the first equation in (4.8).
Again by (4.7), we have the second equation in (4.8).
For (4.7) we will prove

Voo = —2c&?,  V'by; +bVy; = —2be, Vi = —2cF. (4.9)
Putting s = 0 in (4.7) we have
V0;0 = —2c&?.

By this, (4.7) is reduced to

b (2bc + Viby i +bVyp))

2s
1—82 + (Vul +2C) s =0.

Similarly, repeating this procedure of (4.7) we obtain the second and third values of (4.9). Therefore, it
follows from (4.8) and (4.9) then we get the cliam. O

Remark 4.4. Let F = cxd)(%) be an («, p)-metric with ¢(0) = 1. For this, holds for all class of («, 3)-metrics.

References

[1] L. B. Huang, X. H. Mo, On conformal fields of a Randers metric with isotropic S-curvature, Illinois J. Math., 57 (2013),
685-696. 1

[2] L. Kang, On conformal vector fields of («, 3)- spaces, preprint. 1

[3] N. Natesh, S. K. Narasimhamurthy, Roopa M.K., Conformal vector fields on Finsler space with special («, 3)-metric, J.
Adv. Math. Comput. Sci., 31 (2019), 1-8. 1, 3, 4

[4] Z. M. Shen, Q. L. Xia, On conformal vector fields on Randers manifolds, Sci. China Math., 55 (2012), 1869-1882. 1

[5] G.]. Yang, On a class of Finsler metrics of scalar flag curvature, arXiv, 2013 (2013), 22 pages. 2.3

[6] G.]. Yang, Conformal vector fields on projectively flat («, 3) Finsler space, arXiv, 2014 (2014), 12 pages. 1, 3


http://projecteuclid.org/euclid.ijm/1415023506
http://projecteuclid.org/euclid.ijm/1415023506
https://scholar.google.com/scholar?as_q=&as_epq=On+conformal+vector+fields+of+alpha+beta+spaces&as_oq=&as_eq=&as_occt=title&as_sauthors=&as_publication=&as_ylo=&as_yhi=&hl=en&as_sdt=0%2C5
https://doi.org/10.9734/jamcs/2019/v31i430117
https://doi.org/10.9734/jamcs/2019/v31i430117
https://doi.org/10.1007/s11425-012-4414-y
https://arxiv.org/abs/1302.3458
https://arxiv.org/abs/1404.3360

	Introduction
	Preliminaries of conformal vector fields
	Conformal vector fields on special 
	Conformal vector fields on special 

