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Abstract

In this paper, the variational iteration method (VIM) has been applied to find the fuzzy solutions of the fuzzy Burgers
equations with variable coefficients and fuzzy parameters. We follow the same strategy as in Buckley and Feuring which is:
(1) first check to see if the Buckly-Feuring method produces a solution, and (2) if the Buckly-Feuring method does not give a
solution, then see if the Seikkala procedure generates a solution. Several examples are given to show the new theorem of the
Buckley-Feuring solution and the Seikkala solution.

Keywords: Fuzzy Burgers equations, variational iteration method, fuzzy number.

2020 MSC: 35R13, 46540, 03E72.
(©2020 All rights reserved.

1. Introduction

Zadeh is credited with introducing the concept of fuzzy sets in 1965 as a mathematical means of
describing vagueness in linguistics. The idea may be considered as a generalization of classical set theory,
in the decade since Zadeh’s pioneering paper on fuzzy sets [22]. Assume Burgers models have imprecise
parameters, since fuzzy sets theory is a powerful tool for modeling imprecise and processing vague in
mathematical models, hence the our idea is solving Burgers equation with fuzzy parameters via the same
strategy as Buckley and Feuring [4] using Variational Iteration Method (VIM) [13-15]. We begin this
section with definition the notation we will use in the paper and then specify the fuzzy Burgers equation
we wish to solve. In the next section we present the Buckly-Feuring solution and the Seikkala solution
[18]. Also, in this section we give a sufficient condition for BF-solution to exist. The last section contains
two examlpes where in the first example both solutions can exist in disjoint subregion of the domain as
shown in Figs 1 and 2. In the last example the BF-solution does not exist but the S-solution can exist within
some subregion of the domain as shown in Figs. 3, 4, and 5. In comparison with the paper [5, 17], we
investigate nonlinear partial differential equations with fuzzy parameters, fuzzy initial value and fuzzy
forcing functions, we propose a new theorem for finding the exact fuzzy solutions, witch extended to the
Buckley-Feuring for the proposed models.

*Corresponding author
Email address: atimad.harir@gmail.com (Atimad Harir)

doi: 10.22436/jmcs.021.02.05
Received: 2019-05-16 Revised: 2019-09-07  Accepted: 2019-09-16


http://dx.doi.org/10.22436/jmcs.021.02.05
http://crossmark.crossref.org/dialog/?doi=10.22436/jmcs.021.02.05&domain=pdf

A. Harir, S. Melliani , L. S. Chadli, J. Math. Computer Sci., 21 (2020), 136-149 137

2. Preliminaries

We place a bar over a capital letter to denote a fuzzy number of R™. So, A, K, g P etc. all represent
fuzzy numbers of R™ for some n. We write p;(t), a number in [0, 1], for the membership function of A
evaluated at t € R™. An «-cut of A is always a closed and bounded interval written as A[«], is defined
as {t | px(t) = of for 0 < a < 1. We separately specify A[0] as the closure of the union of all the A[o] for
O0<a<l.

Definition 2.1 ([6]). Let Ry = {K | A:R — [0,1], satisfies (1)-(4) }:

(1) YA € Ry, A is normal;

(2) VA € Ry, A is a fuzzy convex set;

(3) VA € Ry, A is upper semi-continuous on R;
(4) Al0] is a compact set.

Then Ry is called fuzzy number space and VA € Ry, A is called a fuzzy number.

Definition 2.2 ([6, 16]). We represent an arbitrary fuzzy number by an ordered pair of functions Al«] =
[A1(x), Az(e)], o € [0, 1], which satisfy the following requirements:

. A1(«) is an increasing function over [0, 1];
. Az(«) is a decreasing function on [0, 1];

1(a) and A;(e) are bounded left continuous on (0, 1], and right continuous at o« = 0;
) <

. Aq(
A (o) < Ax(), for 0 < o < 1.

1
2
3
4
Definition 2.3. For a fuzzy set A = (a1, az, a3), (a1 < az < a3), A is called triangular fuzzy number with
peak ap, left width a; — a; > 0 and right width az — ap > 0, if its membership function has the following

form:

a —t
1_( 2 )1 1<t<a2/
(12—(.15
~ = t_a
R R Uil )
as —az
0, otherwise.

Definition 2.4. For arbitrary fuzzy numbers Ala] = {al(oc), az(cx)} and Blx] = [bl(cx),bz(oc)} we have
algebraic operations as follows:

L (A+B)led = lai(ed) + bi(a), az(e) + ba()];
2. (A—=B)[a] = [a1 () = ba(a), az(ex) — by (x]};

3. KAl — [kai(«), kaz(«)] k>0,
[kaz(a), kar(x)] k<0
4. (AB)lod = {minz, maxz} with z = { a1 ().ba (@), a1(e)-ba(e), az(e).by (@), az(e)-ba(e) f;
5. If 0 & [b1(a), ba(cx)] %[oc]:[(%)(oc),(b—;)(oc)] where
(al)(“):mm{al(a) ai(o) az(er) apf )} (az)(a):max{al o) aife) ap(a) az(oc}
by b1(a)” ba(a)” br(a)” ba() b, b1(a)” bae)” by(ax)” b (e

We adopt the general definition of a fuzzy number given in [7-9].

3. Fuzzy Burgers equations
Consider the one-dimensional Burgers equation has the form [1]
Ue(t,x) +P(t,x, &, U(t, x))Ux t,x) + Q(x, v)Uxx (t, x) = F(t,x, k), (3.1)

or
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U (t,x) + P(t,x, &, U(t, x)) Uy (t,x) = Q(x, v)Uxx (t,x) + F(t,x, k), (3.2)

subject to certain initial and boundary conditions.

These initial and boundary conditions, in state one-dimensional, can come in a variety of forms such
as U(0,x) =c; or U(0,x) =gi(x,c2) or U(My,x) = ga(x,c3,c4), .... In this work the method is applied
for the Burgers equation (3.1). For Eq. (3.2), the same discussion can be made. In following lines, the
components of (3.1) are enumerated:

e [; =[0,M4] and I, = [Mj, M3] are two intervals, which My, (n; =2,3) is negative or positive and
Mq > 0;

e F(t,x, k), U(t,x), P(t,x,¢, U(t,x)) and Q(x,Vv) will be continuous functions for (t,x) € H?:l L;;

e Q(x,v) has a finite number of roots each x € I;

o k = (kl,...,kn), c = (cl,...,cm), £ = (81,...,85), and v = (vl,...,ve) are vectors of constants
with k; € J;, ¢; € Ly and ¢, € H; and vy € Dy.

Assume that Eq. (3.1) has a solution
U(t,x) = G(t,x,k,c,¢g,v) (3.3)

for G and
Gt(t/ X, k/ C/ E/V) + P(£/ G(tIXI k/ C/ 51V))Gx(t/ X, k/ C/ £/V) + Q(X/ V)GXX(t/ X, k/ C/ EIV)

2 n m s e
are continuous with (t,x) € HIj,ke ] :H]j, cel= HLi’ ecH= HHT andveD :HDI'
j=1 j=1 i=1 r=1 1=1

Suppose the constants k;, ci ,&r and vy are imprecise in their values. We will model this uncertainty
by substituting triangular fuzzy numbers for the k;, ¢i , &r and vy. If we fuzzify (3.1), then we obtain the
fuzzy Burgers equation. Using the extension principle, we compute F,P,and Q from F, P, and Q, where
F(t,x,K) has K = (kq,...,kn) and P(g,U) has € = (g1,...,€s) and Q(V) aV = (Vy,...,V.) for kj, e+ and B3y
triangular fuzzy numbers nJj0<j<n),H (0<r<s)and Dy (0 <1 <e).

2

The function U is changed to U where U : H I; = Ry. That is, U(t, x) is a fuzzy function. The fuzzy
j=1
Burgers equation is

ﬁt (t/ X) + ﬁ(zl ﬂ(tr X) )ﬂx (tl X) + Q(V)UXX (t/ X) = ?(t/ X, K)I (34)
subject to certain initial and boundary conditions. The initial and boundary conditions can be of the form
U(0,x) = Cy or U(0,x) = gy(x, C2) or U(My,x) = Gp(x, C3,Cy).

The gj is the fuzzification g; via extension principle. Then, we wish to solve the problem given in (3.4).
Finally, we fuzzify G in (3.3).

Let Z(t,x) = G(t,x,K,C,& B) where Z is computed using the extension principal and is a fuzzy
solution. In Section 5, we will discuss the concept solution with the same strategy as Buckley-Feuring for
fuzzy Burgers equation.

Let
n —
=K«

j=1 r=1 i=1

m\
:1
_T\
&
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)
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s
9
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4. The variational iteration method

To illustrate the basic concepts of VIM, consider the following general nonlinear partial differential
equation:
LU(t, x) + RU(t, x) +NU(t,x) = F(t,x, k),
u(t,0) = g(t),

where L = a%' R is a linear operator which has partial derivatives with respect to x, N is a nonlinear
operator, also F(t,x, k) is the source non-homogeneous term. According to the VIM [20, 21], we can
construct the following iteration formula:

t

Unr(t,x) = Un(t, x) +J MLUp + RUy + NUy, — F(s, x, k)}ds, (4.1)
0

where A is general Lagrange multiplier [14], which can be identified optimally via the variational theory
[15, 20], RU,, and NU,, are considered as restricted variation, i.e. 5RU,, = 0, 5NU,, = 0. First, it is required
to determine the Lagrange multipliers A that will be identified optimally via integration by parts. The
approximations U, 41,n > 0, calculate variation with respect to u,, the following stationary conditions
are obtained:

A(s)=0, 14A(s)ls—t =0.

So, the Lagrange multiplier is A = —1. Submitting the results into (4.1) leads to the following iteration
formula

t
Un1(t,x) = Un(t, x) —J {LUyn + RU» + NUy — F(s,x, k)}ds. 4.2)

0
The second term on the right is called the correction term (4.2) can be solved iteratively using Up(t,x) =

g(x) as an initial approximation. Also the VIM used for system of linear and nonlinear partial differential
equation in [20] can be handled to obtain Seikkala solution.

5. Buckley-Feuring solution (BFS) and Seikkala solution (SS)

Buckley-Feuring first presented the BFS in [3, 4]. They define for all t, x and « € [0,1],

Z(t,x)[o] = [zﬂt,x, o),z (t, %, oc)}, ?(t,x,E) o] = [Fl(t,x, o), Fa(t, x, oc)},

and to check (3.4) we must compute ﬁ(t, X, E, Z) and Q(x, V).
Let W = K[a] x Clad x €[] x V[a. By definition

21(t,x, &) = min {G(t, xk ¢ e,v) 1 (k¢ ev) e w}, (5.1)
2(t, %, &) = max {G(t, k¢ ev) (ke ev)e w}, (5.2)
Fi(t,x, @) = min {F(t,x,k) : k € Klod}, (5.3)
Fa(t, x, &) = max {F(t, x k) : ke K[cx]}, (5.4)

V(t,x) € H?:l I; and « € [0,1]. The a-cuts of Q(x,¥) can be found as follows: Vot € [0, 1]

Q(X/V) [O(] = |:Q1 (X/ OC), QZ(X/ (X) 7 Ql (X/ O() = min{Q(x,v)I Ve V[OC]}/ QZ(X/ OC) = maX{Q(X/ V)' Ve V[O(]}, (55)
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Vx € I and « € [0,1]. Now for Z(t,x) to be a solution to the fuzzy initial value problem we need that
%Z(t,x) 9 7(t,x) and a 2Z(t x) exist but also (3.4) must hold. To check (3.4) we must first compute

/7 dx
P(t,x,€ Z). a-cuts of P(t x,€,Z) can be found as follows:

P(t,x, € Z)o] = [Pl(t, x, &), Pa(t, x, oc)]

with

Pi(t,x, o) =min {P(t,x,¢,2z) € € €led, z € Z(t,x)[] },

_ = (5.6)
P> (t,x, &) = max {P(t,x, g,z)l e €€la], z€ Z(t,x)[oc]} ,

Y(t,x) € H?:l I; and « € [0, 1].
Assume that P(t,x,¢,z) >0, Q(x,v) > 0 and the zi(t,x, ) i =1,2, has continuous partial derivatives
SO

(zi)e + Pilt, x, &) (zi)x + Qilx, &) (zi)xx

is continuous for all t,x € H?:l I; and all & € [0,1]. Define
F(t,x, «) = [(Zl)t + P1(t, x, o) (z1)x + Q1(x, &) (21)xxs (22)t + Pa(t, %, ) (z2)x + Q2(x, &) (z2)xx

for all (t,x) € 1_[]?:1 I; and all «. If for each fixed (t,x) € H?:l I;, T(t,x, o) defines the «-cut of a fuzzy
number, then will be said that Z(t,x) is differentiable and is written as

Zi o] +P(t,x, € Z) [ Zx[od + Q(x, V) [ Zxx [ = T(t, %, o)

for all (t,x) € ]_[]221 I; and all o
Sufficient conditions for I'(t, x, «) to define a-cut of a fuzzy number are [7]:

(i)

z1)t
2
t,x) € [lf L

( (t,x, o) + P1(t,x, o) (z1)x (£, x, &) + Q1(x, o) (z1)xx (t, X, &) is an increasing function of « for each
(

(i) (z20)¢(t,x, oc) + Pa(t, x, &) (z2)x (t, %, &) + Q2(x, &) (z2)xx (t, X, &) is a decreasing function of « for each
(
f

t,x) € szl I;; and
(iii) for (t,x) € ]_[]?:1 L;,

(z1), (t,x, 1)+ Pi(t,x, 1) (z1) (£, %, 1) + Q1(x, 1) (21) . (£, x, 1)
< (Zz)t(t,X,l) + Pz(t,X,l)(Zz)X(t,X,l) + Qz(X,l)(Zz)XX(t,X,l).

Now we can assume that the z;(t, x, ®) have continuous partial derivatives, so
(zi)t + Pi(t,x, o (zi)x + Qilx, o) (zi)xx

is continuous on 1_[]?:1 I; x[0,1] for i =1,2. Hence, if conditions (i)-(iii) above hold, Z(t,x) is differen-
tiable.
Z(t,x) will be a BFS of the fuzzy Burgers equation if,

(@) Z(t,x) is differentiable;
(b) (3.4) holds for U(t,x) = Z(t,x);
(c) Z(t,x) satisfies the initial and boundary conditions.
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Since there is no specified particular initial and boundary conditions, then only is checked if (3.4) holds.
We will only say that Z(t,x) is a BFS (without the initial and boundary conditions) if Z(t, x) is differ-
entiable and

(Z)t + ﬁ(t/ X, €, z) (Z)X + Q(XI V) (Z)XX = ?(tr X, k)

or the following equations must hold

(Zl)t + Pl (t/ X, O() (Zl)x + Ql (X/ 0() (Zl)xx = Fl (t/ X, CX), (57)
(z2)t + P2(t, x, &) (z2)x + Q2(x, o) (z2)xx = Fa(t, %, &), (5.8)

for all (t,x) € H?:l [; and all « € [0,1]. If Z(t,x) is a BFS and it satisfies the initial and boundary

conditions we will say that Z(t,x) is a BFS satisfying the initial and boundary conditions. If Z(t,x) is not
a BFS, then we will consider the SS. At the end of this section we will present a sufficient condition for
the existence of the BFS, but now let us define the SS [18]. Let

U(t, x)led = [Ul (t,x, o), uz(t, x, oc)] :
Consider the system of Burgers equations

(ur)e + P1(t,x, o) (ur)x + Q1(x, &) (ug)xx = F1(t, x, ), (5.9)
(uZ)t + PZ(t/ X, O() (u'Z)X + Q2 (XI (X) (uZ)XX = FZ(tI X, (X)/ (510)

for all (t,x) € H?:l [; and « € [0,1]. We append to Egs. (5.9) and (5.10) any initial and boundary
conditions. For example, if they were U(0,x) = C, then we add

w (0,%,00) = c1(a), u2(0,%, &) = ca(x),

where Clx] = [cl(oc),cz(oc)] Let ui(t,x, o) i = 1,2 solve Egs. (5.9) and (5.10) plus initial and boundary
conditions. If
u(t,x, o), ua(t, x, oc)]

defines the a-cut of a fuzzy number for all (t,x) € szzl I;, then U(t,x) is the SS. Clearly if the BFS
satisfying the boundary conditions is Z(t,x), then Z(t,x) is also the SS, see [5, 17, Theorem 5.2]. As we
shall see the SS can exist when the BFS fails to exist.

Now we will present a sufficient condition for the BFS to exist such as Buckley and Feuring. Since
there are such a variety of possible initial and boundary conditions, so we will omit them from the
following theorem. One must separately check out the initial and boundary conditions. So, we will omit
the constants ci, 1 < i< m, from the problem. Therefore, (3.3) becomes U(t,x) = G(t,x,k, ¢,v), so

Z(t,x) =G (t,x,KE7).

Theorem 5.1. Assume Z(t,x) is differentiable.

@ ¢ oP oP 0G
P(t,X,Ei,Z)>O, aiz,>0 and 67516751 >0, t,XGI]XIZ for 121,2,...,111, (511)
and if
9Q 3G
Q(X,Vl) > 0 and ai\/lai\/l > 0, X € szorl— 1,2,...,6, (512)
and if
0G oF
——— >0 j=1,2,...,n, 5.13
ok, ok, T " (613)

then BFS = Z(t,x).
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(b) If relations (5.11) does not hold for some i or relation (5.12) does not hold for some 1, or relation (5.13) does
not hold for some j, then Z(t,x) is not a BFS.

Proof.
(a) For simplicity assume kj=k e =¢,vp=vand 3¢ <0, I <0, 3% >0, 3¢ >, a% < 0 and
52 < 0. The proof for >0, gk >0, g]: <0, %E <0, %(3 > 0 and aG > 0 is similar and omitted. Since

ak <0, %f > 0 and aG < 0, then from (5.1) and (5.2) we have
z1(t,x, &) = G (t,x, ko), e1(e), vo(ax)),  z2(t,x, &) = G (t, %, ki (), e2(ex), vi(ex)),
from (5.3), (5.4), and % < 0 we have
Fi(t,x, &) =F(t,x, ko(x)), Fa(t,x, &) = F(t,x,ki()),
since (5.6), g‘z > 0 and aP > 0 we have
P1(t,x, ) = P (x, e1(ex), z1(t, %, ), Pa(t,x, ) = P (x, e2(x), z2(t, %, &),
from (5.5) and % < 0 we have
Qilx, ) =Q (x,va(x)),  Qalx, &) = Q(x,v1(x)),

for all @ € [0,1], where

Klod = [k (o), ka(@)], Eled = [e1(et), 2(@)], and lod = [vi (0], v2(e0)]-
Now G(t,x,k, €,v) solves (3.2), which means

Gt + P(t/X/ g, G)GX + Q(XIV)GXX - F(t/ X, k)

2
for all (t,x) € HI)-, ke],ec Hand v € D.
j=1
Suppose Z(t,x) is differentiable and P(t,x, ¢,z) > 0 and Q(x,v) > 0, so

atll (tl X, (X) + Pl (t/X O(') ale( ) + Ql( ) xxZ1 (tl X, (X) — Fl (tl X, (X),
025 (t, x, o) + Pao(t, x, ) 0xza(t, X, &) + Q2 (X, ®)Oxx22(t, %, &) = Fa(t, x, ),

2
for all (t,x) € H I; and o € [0, 1].
j=1
Hence, (5.7) and (5.8) hold and Z(t,x) is a BFS.
(b) Now consider the situation where (5.11) or (5. 12) or (5. 13) does not hold.
Let us only look at one case where % <0 (assume >0, 2 ak >0, 9 ae >0, g': >0, g‘; > 0 and aG >0,
P(x,¢,z) > 0and Q(x,v) > 0). Then we have

Zl(t X, 0() (t,X,kl(OC),Sl(OC),'\/1(0()),

z(t,x, &) = G (t,x, k(o) e2(a), va (),

Fi(t,x, ) =F(t,x, k1(e)), Folt,x, o) =F(t,x ka(ex)),
P1(

t,x, ) =P(t,x,e1(x),z1(t,x, ), Palt,x,a0) =P(t,x,e2(xx),zo(t,%x, ),
Qilx, ) = Q (x,va(e)), Qa(x, &) =Q (x,v1()),
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then we have

atll (t/ X, (X) + Pl (t/ X, (X) ale (t/ X, (X) + Ql(X/ (X) axle (t/ X, (X) = Fl (t/ X, (X)/
0122(t,x, o) + P2 (t, %, &) 0x22(t, X, o) + Qa(x, &) Oxxz2(t, X, &) = Fa(t, %, ),

which is not true, because

Gt(t,x,kl(oc),el(oc),vl(oc))+P(txel( ), G (%, K (o0) (o), v (o)) ) G (1 Ka (o), e (00), Vi (@)

—l—Q(x,vz(oc))GXX(t,x,kl( &), e1(at) ) F(t,% ki (o )
Ge (tx Kale), e2(od), vale)) + Pt x 1 (o), (t X,k (o0), £2(00), v2(o0) ) ) Goex (%, Ka o), €2 (@), V(o))
+Q(x,vl(oc))Gxx<t,x,k1(o¢),e1( ) F(t X koo )
O
Lemma 5.2. Assume Z(t,x) is differentiable.
@7 oP P 3G
P(t,x,eq,2z) >0, 2 >0, and asl asl >0, txelixIp fori=1,2,...,m, (5.14)
and if
25 aa]f >0, forj=1,2,. (5.15)

then BFS = Z(t,x).
(b) If relations (5.14) does not hold for some 1, or relation (5.15) does not hold for some j, then Z(t,x) is not a

BFS.
6. Examples
We consider the following examples from [1, 2, 19] and we added fuzzy parameters.

Example 6.1. We first consider the one-dimensional Burgers equation with variable coefficients as

Ue(t,x) + eU(t, x) Uy (t,x) = vUyx (t,x) + k (6.1)

u(o,x) = % (1 — tanh {Z—X} ),

where e =vx € [0,1],t >0,k €]0,]], ¢ €]0,1] and c € [0, L[ are constants.
To solve Eq (6.1) by means of the VIM, substitute in Eq. (4.2) by

with the initial conditions

Run = _e(un)xx: Nun = Sun(un)XI

and f(t, x, k) = k and obtain the following variational iteration formula:
t
Uny1(t,x) = Un(t,x) J {(Un(s,x))s +eUn(s,x)(Un(s,x))x — e(Un(s,x))xx — kl}ds. (6.2)
0

Using (6.2), the approximate solutions U, (t,x) are obtained iteratively by substituting:

Up(t,x) = U(0,x) = %(1 — tanh [cﬂ )



A. Harir, S. Melliani , L. S. Chadli, J. Math. Computer Sci., 21 (2020), 136-149 144

Uy (t,x) = Uo(tx)+£125ech2[4]t+kt
Uy (t,x) = Uq(t,x)+¢ f;;tanh[ ﬂsechz{ 4}tz+skﬁsech2[ 4}’( +¢€ 1536tanh[ }sechﬂ 4]t3,

and so on. The approximate solution takes the form U(t,x) ~ Uy (t,x), where n is the final step, which
gives the exact solution of Eq. (6.1) takes the form

u(t,x) = ;(1 —tanh [Z (x— (%) (ct—i—ktz))}) + kt.

Now we fuzzify F(t,x, k), Q(x, ¢), and P(t,x, ¢, G),

G(t,x,k,c,e) = §<1—tanh[z (x— (;)(ctJrktz))D + kt.

Clearly
?(t, X,K) = K, Q( ) =c
so that
Filtx o) =ki(o), Faltx o) =kale), Qilx,a) = er(a), Qalx, o) = ealer).
Also B B )
Gt K, Ce) = §<1 tanh{i (x— () (amﬁ))]) iR,
therefore

zi(t,x, &) = % <1 —tanh {2 (x — (%) (cit+ kit2)>] > +kit,

fori=1,2and C > 0, i.e., (C = (c1, ¢, ¢3) also with ¢; > 0), Klod = [kq(«), k2 ()], Cl] = [e1(x), ca(ex)],
and €[] = [eq(ax), e2(ax)].

Z(t,x) is differentiable because (z;(t,x, &) + €i(x)zi(t, %, &) (zi(t, %, o))x — €i () (zi(t, %, &) )xx for i =
1,2 are x-cuts of K, i.e., x-cuts of a fuzzy number. Due to

oP
P(t,x,¢,2) >0, — >0,
0z
G  ¢? /C € 20\ .2
% - 166 sech (4( E(ct+kt )))t +t>0, ﬂ>0’
oP G c? 2/C € 2 2
a—z>0, E—ESGCh (Z(X—E(Ct“—kt )))(Ct+kt>>0

That is, (Z) +€Z(Z)x = €(Z)xx + K, a fuzzy number. So Theorem 5.1 implies the result that Z(t,x) is a
BFS, see Fig. 1, 2, and Table 1. We easily see that

zi(0,%, &) = % (1 — tanh [CIZD

fori=1,2,so Z(t,x) also satisfies the initial condition. The BFS that satisfies the initial condition may be
written as

Z(t,x) = g(l —tanh [Z (x— (;)(Ct—i—Ktz))]) +Kt

forallt >0, x € [0,1].
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Table 1: Comparison of the solution w(t,x) with w(t,x, «) and uy(t,x, «) for « =0, € =1,c =4 and k = 2.
u(t/ X) U (t/ X, (X) uZ(t/ X, O(,)
t\x 0.0099 | 0.0198 | 0.0297 | 0.0099 | 0.0198 | 0.0297 | 0.0099 | 0.0198 | 0.0297
0 2.1196 | 2.2404 | 2.3623 | 1.5198 | 1.5396 | 1.5594 | 2.8709 | 3.2391 | 3.5948
0.0198 | 2.0998 | 2.207 | 2.3427 | 1.5087 | 1.5285 | 1.5483 | 2.8404 | 3.2100 | 3.5679
0.0396 | 2.080 2201 | 2.3232 | 1.4975 | 1.5173 | 1.5371 | 2.8098 | 3.1512 | 3.5407
s u1(t,x,alpha),u2(t,x,alpha) and u(t.x) for alpha=0
I:Iuﬂt,,x,mpha)
I L2t x alpha)
10,
N
° ]
-
1
0o 02 elements inx
Figure 1: The surfaces shows the fuzzy solution for o« = 0 for (6.1), whent =4,k =2and € = 1.
ul(t,x,alpha),u2(t,x,alpha) and u(t,x) for alpha in [0,1] )
[ Jul(t.x,alpha)
I L2t x alpha)
10"
= 8
26
° L
elements in t 1 08
05 0.4 elements in x
0 0
Figure 2: The surfaces shows the fuzzy solution for « € [0,1] for (6.1), whenc =4,k =2and € = 1.
Example 6.2. We consider a model partial differential equation described by
U (t,x) —eU(t, x)Ux(t,x) =2k (6.3)

with the initial conditions

X
U(O/X) = 275’

where x € [0,1], t > 0, k €]0,2], ¢ € [-2,0[ are constants.
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Similarly we can establish an iteration formula in the form

t

Un1(8,3) = Unft%) = | {(Un(5,50)s = elin(s, %) (Un(s,x))x ~ 2k ds. (64

0

We begin with an initial arbitrary approximation:

Up(t,x) =U(0,x) = 7

and using the iteration formula (6.4), we obtain the following successive approximations

Up(t,x) = = + 4+ 2k,

2¢  4de
X X k k X k k
Us(t,x) = — + —t + 2kt Pt t2 P+ — 3 St —13,
2t x) =+t +8 Tt Tt gt Tttty
X X k k 11k 4
Us(t,X) = = 4 ot + 2kt + 42 4 42 g3 —gh
tx) = o+t R g ST I 56
7k K k
S i L LS R [ e

l6¢ 48¢ 192¢ 1152¢ 161285 240 192 2016

This procedure can, in principle, be continued as far as desired, and the approximation will converge to
its exact solution

U(t,x) = (kt? — 4kt — %)/(t—Z).

Since P(t,x,¢,G) > 0, for t €]0,2[Ul4,00[, & >0, & =(t2—4t)/(t—2) >0, ¥ >0, 3L <0, 9=
x/e?(t—2) < 0 for t €]0,2[. Thatis, (Z); —eZ(Z)x = 2K, a fuzzy number.
So Lemma 5.2 implies the result that Z(t,x) is a BFS see Figs. 3, 5, and Table 2. We easily see that

X
2¢ei (o)

zi(0,x, o) =

for i =1,2, so Z(t,x) also satisfies the initial condition. The BFS that satisfies the initial condition may be
written as

Z(t,x) = (Kt? — 4Kt — %)/(t—Z)

for all t €]0,2[, x € [0, 1].
a—‘: <0, % >0 fort €]4,00[ or P(t,x,¢,G) <0, for t €]2,4], then there is no BFS Lemma 5.2, see Fig.
4 and Table 3. We proceed to look for a SS. We must solve for t €]4, oo,

(ul(t/ X, (X))t - 82(06)11.1 (t, X, O() (LLl (tr X, “))x = 2k1(0€),
(uZ(t/ X, Cx))t - El(OC)U.Z(t, X, OC) (u'Z(t/ X, (X))X = ZkZ(CX)/

subject to u;i(0,x, &) = ci(x)x/2¢i(«) fori =1,2 and

Klod = [k1(oc),kz(oc)} and ¢lo] = [51(“)/52(“)]

By VIM, the solution is

u (t,x, o) = (kl(oc)tz — 4Kk ()t — > /(t—2), w(tx o) = <k2(oc)t2 — 4Ky (o)t —

X
e2( o)

Now we show [ul (t,x, o), us(t, x, oc)] defines «-cut of a fuzzy number.
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Thus we only need to check if %—‘:‘1 > 0 and aa—%f < 0. Since uy(t,x, «) are continuous and u;(t,x,1) =
uz(t,x,1), there is a region % contained in ]4, co[x[0,1] for which the SS exists and in |4, co[x[0,1] — R
there may be no SS.

Since K and € are triangular fuzzy numbers, hence, we pick simple fuzzy parameter so that ki(oc) =
ai(oc) =Aand ké(oc) = eé(oc) = —A. Then, for the SS we need

au1

oo

?\(tz — 4t —X/(52)2>/(t —2)>0,

Therefore inequalities hold if

0<x

<

oup
dox

t2 —4t—x/(e1)> >0
for t €]4, co[, x € [0,1]. The inequality (6.5) holds if

1, t>2+1/4+ﬁ for all « € [0,1].
1

So under the above assumptions we may choose

%:{(t,x)logxgl, t>2+ 4+L forallocE[O,l]},
(e1)2

and the SS exists on R in form Eqs (6.6) see Fig. 4.

Y (t2 — 4t —x/(51)2>/(t —2)<o.

Ut,x) = (K —4Ke—2) /(t-2)
£
forall t €]4, c0[, x € [0, 1].
Table 2: Comparison of the solution w(t,x) with 1y (t,%, ) and uy(t,x, &) for « =0t € [0,2[, € = —1.
u(t,x) U (t/ X, (X) uZ(t/ X, (X)

t\x | 0.0495 | 0.1980 | 0.3465 | 0.0495 | 0.1980 | 0.3465 | 0.0495 | 0.1980 | 0.3465

0 0.2005 | 0.8356 | 1.5314 | 0.1003 | 0.4178 | 0.7657 | 0.3008 | 1.2534 | 2.2971

0.0099 | 0.1980 | 0.8329 | 1.5284 | 0.0986 | 0.4160 | 0.7637 | 0.2957 | 1.2479 | 2.2911

0.0198 | 0.1955 | 0.8301 | 1.5254 | 0.0969 | 0.4141 | 0.7617 | 0.2906 | 1.2424 | 2.2851

elements in u(t,x)

(A)u1(t,x,alpha),u2(t,x,alpha) and uit,x) for alpha =0

I )
it xalpha)| ...
| M 2(tx alpha) |

Figure 3: The surfaces shows the fuzzy solution for o = 0 for (6.3), when k =2 and € = —1.

(6.5)

(6.6)
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Table 3: Comparison of the solution w(t,x) with u(t,x, ) and uy(t,x, &) for « =0t €]2,5], € = —1.
u(t,x) w (t,x, &) u(t,x, )

t\x | 0.0495 | 0.1980 | 0.3465 | 0.0495 | 0.1980 | 0.3465 | 0.0495 | 0.1980 | 0.3465
2.0297 | -264.04 | -100.59 | -61.70 | -134.08 | -50.21 | -30.79 | -402.24 | -150.63 | -92.46
2.0792 | -265.94 | -99.59 | -61.12 | -132.41 | -49.58 | -30.43 | -397.24 | -148.76 | -91.30
2.1287 | -263.44 | -98.65 | -60.55 | -130.74 | -48.96 | -30.05 | -392.24 | -146.88 | -90.15

Figure 4: The surfaces

Figure 5: The surfaces shows the fuzzy solution for « € [0, 1] for (6.3), when k=2and € =—1.

7. Conclusion

elements in u(t,x,alpha)

(B) u1(t,x,alpha),u2(t,x,alpha) and u(t.x) for alpha=0

1000 <.

05
elements in x

elementsint

shows the fuzzy solution for o« = 0, t € [0,5] \ {2} for (6.3), when k =2 and € = —1.

elements in u(t,x)

(C) ul(t,x,alpha),u2(t,x,alpha) and u(t,x) for alpha in [0,1]

T g

I 1) Lo
X.alpha) |-

[ [

=y
f=]
(=]

fed
(=]

xalpha)|

elements int

The proposed strategy in this paper may be useful the coefficients, initial values and forcing terms
are fuzzy, for solving burgers equation. This strategy consists of two types of solutions: Buckley-Feuring
solution and Seikkala solution, using the VIM. And has been successfully applied to new theorem. we
proved in the first if BFsolution exists because if it does it is the same as the S-solution as shown in
Fig. 1 (for « = 0), Fig. 2 (V& € [0,1]). However, if the BF-solution fails to exist as shown in Fig. 3
(for x =0, t €]2,5], x € [0,1]) we check if the S-solution exists as shown in Fig. 4 (for o = 0) and Fig. 5
(Vax € [0,1], and t € [0,2[, x € [0,1]). When the S-solution fails to exist we offer no solution to the fuzzy
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burger’s equation.

For further research we propose the study for fuzzy Burgers equations, by the using the conformable
differentiability concept [11, 12]. In addition, we propose to extend the results of the present paper and
to combine them with the results in [10] for Hybrid fuzzy differential equations.
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