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Abstract

In this paper, we propose a parametric kind of poly-Bernoulli polynomials by defining the two specific generating functions.
We also investigate some analytical properties (for example, summation formulae, differential formulae and relations with other
well-known polynomials and numbers) for our introduced polynomials in a systematic way. Furthermore, we derive two
interesting connections of our parametric poly-Bernoulli polynomials with the familiar Voigt functions.
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1. Introduction

Throughout in this paper, let N, Z, R and R™ be the sets of natural numbers, integers, real numbers
and positive real numbers, respectively, and let

No:={0,1,2,3,...} =N U{0}.

The Appell polynomials A, (1) are described as follows:

flt)e =) Anu)—, (1.1)
n=0
where f is a formal power series in t. These polynomials have found notable applications in several
branches of mathematics, physics and engineering. In particular, the most important and useful polyno-
mials of this Appell family (so-called Bernoulli polynomials) are obtained by taking f(t) = ﬁ in (1.1).
Hence the Bernoulli polynomials are defined by (see [24]; see also [28])

t
et—le

=Y Bawty (1 <2n). (12)
n=0
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For u =0, (1.2) reduces to

(e ¢]

tTl
_ E Bn—, (1.3)
n.
n=0

where B,, are the familiar Bernoulli numbers, which are directly connected with several combinatorial
numbers such as Cauchy numbers, harmonic numbers and Stirling numbers of the second kind.

Due to notable applications of Bernoulli polynomials, Apostol [1] defined a new generalized Bernoulli
polynomials B, (u; ) so-called Apostol-Bernoulli polynomials by introducing a complex parameter 3 in
the generating function of classical Bernoulli polynomials as follows:

Ge =i = X BulwB)y, (BEC, It <|logBl). (14)
n=0

For 3 =1, (1.4) easily reduces to (1.2). Moreover, we have

Bn(ﬁ) =B (0; B)/

where B, (3) denotes the corresponding Apostol-Bernoulli numbers (see [1], see also [26]).
The higher order Bernoulli polynomials and numbers are given, respectively, by (see [21], [22])

(et—1) ZIB (1.5)

and

(et—1) Z]B ', (It] < 275 1P :=1). (1.6)

If we set p =1 in (1.5) and (1.6) then we get the classical Bernoulli polynomials and numbers defined by
(1.2) and (1.3), respectively.
Motivated by the useful extensions of classical Bernoulli polynomials, Luo and Srivastava in [20]

introduced and investigated the following Apostol-Bernoulli polynomials B (u; B) of order p:

(ﬁet—1> ZB !, (B eC, [tl<|logBl; 1P :=1).

A further generalization of Bernoulli polynomials so-called poly-Bernoulli polynomials are defined by
Bayad and Hamahata [3] as follows:

Lix(1—e™t) 2, Lt
kl_ﬁeut = Z IB; )(U)H, (1.7)

where Liy denotes the polylogarithmic functions defined by
— z"
Lix(z Z —~ (ke

For more details about the above type polynomials and numbers, we refer to [2, 6-23] and the refer-
ences cited therein.

Recently, by using the exponential as well as trigonometric functions, Kim and Ryoo [17] proposed the
two parametric kinds of Bernoulli polynomials as follows:

o0 o0
to) ut Yy B9 v and U sttt = S BE ()
pr— et cosvt = Z n (u,v)a an ] e sinvt = Z n (U/V)H-

n=0 n=0
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Moreover, they also introduced and investigated the two parametric kinds of Euler polynomials in [17].
Afterwards, Srivastava et al. [29] presented the following two parametric kinds of Apostol-Bernoulli
polynomials:

t ut o (c) tn
Bet —1 e“tcosvt = Z Bn (u,v;ﬁ)ﬁ (1.8)
n=0 ’
and
t ut o o (s) tn
Bet —1 e’ sinvt = Z By, (u,v;B)ﬁ. (1.9)
n=0 :

More recently, Srivastava and Kizilates [27] considered a further generalization of above parametric
Apostol-Bernoulli polynomials as follows:

<Bet—1> et cosvt = Z ByP (u,v; B)ﬁ (1.10)
n=0 ’
and
([56‘—1) e'tsinvt = Z BP (u,v; B)ﬁ‘ (1.11)
n=0 ’

It is clear that the case p =1 in (1.10) and (1.11), yields the known parametric kinds of Apostol-Bernoulli
polynomials defined by (1.8) and (1.9), respectively.

The main object of this paper is to present the two parametric kinds of poly-Bernoulli polynomials by
means of the two specific generating functions. Some fundamental properties, such as summation for-
mulae, differential formulae and relations with other polynomials and numbers for our introduced poly-
nomials are also investigated. Furthermore, we derive the connections of our parametric poly-Bernoulli
polynomials with the familiar Voigt functions K(u,v) and L(u,v). The Voigt functions K(u,v) and L(u,v)
are defined by the following Laplace type integral transforms (see [25]):

1 (o0}

K(u,v) = \/ﬁj e Vi-t/4 cos(ut)dt, (ueR,veR™) (1.12)
0

and

1 o0
L(u,v) = J eVt /4gin(ut)dt, (ueR,veRT).
0

2. Parametric kinds of poly-Bernoulli polynomials

In this section, we present two parametric kinds of poly-Bernoulli polynomials by defining the two
specific generating functions.
By virtue of (1.7), we consider

ee]

" Lig(l—e™) (i Lie(l—e !
Z B (u+iv)— = lk(i_e)e(uﬂv)t = L_e)eut[cosvt+isinvt], (w,v € R) (2.1)
n! 1—et I—et
n=0
and
0 th Lig(l—et
Z IBELk) (u—iv)— = 1]‘(7_(1)6ut [cosvt —isinvt]. (2.2)
— n! 1-e

From (2.1) and (2.2), we have

[o¢]

. B (k) . (%) .
Lig(1—e t)eutCOSVt:Z Brn'(u+1iv) + By ' (u—1iv) | t"

1—et 2 n!

n=0
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and
Lie(l—e™) g e i B (u+iv) +.]B$Lk) (u—iv)|
1—et = 2i n!

Hence, we define here the two parametric kinds (cosine and sine) of poly-Bernoulli polynomials, as follow.

Definition 2.1. Two parametric kinds of poly-Bernoulli polynomials or the cosine-poly-Bernoulli polyno-
mials IBEIC’k) (u,v) and sine-poly-Bernoulli polynomials ]BEIS ) (u,v) for nonnegative integer n are defined,
respectively, by

o o
t" Lig(l—et
Z Bgf’k)(u,v)— = Meut cosvt, (u,veR,|t<2n) (2.3)
n! 1—et
n=0
and
o0 .
t" Lig(l—et
Z ]Bgf’k)(u,v)— = Me“t sinvt, (u,veR, |t <2n).
= n! l1—et

It is noticed that

B (u,0) = B (w), By (1,00 =0, By (0,v) = By (v),
B (0,v) = BEM (v), By (0,0) = BY"Y, B1/(0,0) = 0.

Moreover, we consider

et cosvt = Z Cn(u,v)ﬁ, and e“t'sinvt = Z Sn(u,v)a. (2.4)

n=0 n=0

The Taylor-Maclaurin expansions of e** cosvt and e“!'sinvt for real u and v are given, respectively,
by

w (L1 n th
et cosvt = Z <2m) (—1)myn2my2m = (2.5)
n=0 \ m=0 )
and
t o _ —2m—1.2m+1 | L
e*tsinvt = Z <2m+1)(—1)mun mThyem "L (2.6)
n=0 \ m=0
where [ . | denotes the greatest integer.
Hence, from (2.4)-(2.6), we have
(3] o (2] N
Cn(u,v) = mZO <2m) (=)™ and - Sy (u,v) = P <2m+ 1> (—1)myn2meh2metd

3. Properties of B4 (u,v) and B\ (u,v)

In this section, we derive some fundamental properties (like summation formulae, differential for-
mulae and relations with other standard polynomials and numbers) of our two parametric kinds poly-
Bernoulli polynomials.
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Theorem 3.1. For n € Ny, each of the following identities holds true:

n
By (wv) =Y <?> Br!, Crlw,v)
r=0
and N
IB%S’k) (u,v) = Z (TTL) IB;k_)T Sr(u,v).
=0

Proof. Taking

1—et

)3 B (wv) - = >3 BCwy)

n=0 n=0r=0

Lig(1—e™Y > K th > t7
—  — JeYlcosvt = E ]B$L )E E Cr(u,v)?!,
n=0 r=0

T 0

nirl >

n=0r=0

= k
Y B, Cr(u,v)

(

tTL

n—r7)ir!’

(3.1)

(3.2)

which on equating the like powers of t gives our needed identity (3.1). Similarly, we can prove our second

identity (3.2).

Theorem 3.2. For n € INg and w € R, we have

and

Proof. From (2.3), we get

~ .
t" Lig(l—e™t

> By (utw,v) = %e(wwﬁmsw
n=0 w —¢

n

)w*lBifr

k)

n

(u/ V) 7'/
n.

O

(3.3)

(3.4)

which on equating the coefficients of 1, yields our claimed result (3.3). Similarly, we can derive our

second result (3.4).

Corollary 3.3. On setting w = u in Theorem 3.2, we have

n
By (2uv) =Y

T
r=0

Corollary 3.4. On setting w =1 in Theorem 3.2, we have

n
]Bgf’k) (u+1,v) = Z
r=0

T

<n>uT]B,(f’kr)(u,v) and ]Bff’k)(2u,v):z

(n>]B£f’kr)(u,V) and By (w+1,v) =)
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Theorem 3.5. For n € Ny and w € R, we have

[%} PTA] m 2m+17R (s/k)
(c.k) n m,, 2mm(ck) (_1) nlw IBn—Zm—l(u'v)
B 7 - —1 B , —
(v 4+w) _ (2m>( )M w am (W, V) i 2m— 1) (3)
m=0 m=0 2/m
and
[%] PLTA] m 2m+1jR(ck)
(s,k) n m,, 2mp(s,k) (_1) nlw ]Bn—Zm—l(u’v)
B u,v+w) = —1)"™w""B w,v)+
M = 5 <Zm)( B+ 3 e
Proof. We have
o0 tn
Y B wvw)
n!
n=0
Lix(1—et
= 1k1(_ ei )eut cos (v+w)t
Lig(l—et
= Wl(eet)eLLt [cos vt coswt — sin vt sin wt]
~ Lik(l—e™) = (—1)™wt)®™ Li(l—e™ Y . 2 (=1)™(wt)2mH
= 71—(34 e cosvth_0 ml — e e smvtmz_0 2] (%)m
0 tn S (_1)m(wt)2m S (s.k) m o (_1)m(wt)2m+1
=Y BiYuv) = Y =Y By
4 4 2 §
n=0 ! m=0 Zm! n=0 ! m=0 2=mm! (Z)m
_ i i (—1)m(W)2mIBELC k)(u,v)tn+2m B i i (_1)mW2m+1:[B1(18,k)(u,v)thrszrl
n=0m=0 2min! n=0m=0 22m min! (% m
n n-1
5 & C)mwPmBE vt i[ = e B e
e’ 2m! (n—2m)! = = ommin-2m-1)(3),,

Finally, by comparing the coefficients of t™, we get our assertion (3.5). In a similar way, we can derive our
second assertion (3.5). O

Corollary 3.6. If we replace w by —w in Theorem 3.5, then we have

[%} PTA] m 2m+11R (8,Kk)
(c/k) n m., 2mm(c/k) (_1) nlw ]anmel (u’v)
B V—W) = -1 B ,
n = wh= ) <2m>( PIWEB () ) B)
m=0 m=0 2/m
and
(3] (2] ’ (c,k)
—1)Mn!w2mtiple u,v
B (v —w) = < b >(—1)mw2mIB£f’k2)m(u,v) — =) “*22'“731( )
m=0 2m m=0 m!(n_zm_ 1)!2 m (i)m
Theorem 3.7. Let n € IN. Then we have
0
B (u,v) = nBLN (u,v), (3.5)
ou n
0
B (w,v) = BN (u ), (3.6)

ov
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d
B () = nB Y (w,v), (3.7)
and
%JBEE*) (u,v) = nB'“*) (u,v). (3.8)

Proof. From (2.3), we have

tTl L 1—et
ZIB (c/k) — u(l(e_et)e“tcosvt.

On partially differentiating with respect to u, we get

[e¢] . o0
9 b th Lig(l—e ™) K ]
Z 5B {e u,v) :tikl_eft et cosvt = ZIB;C’ (u,v) T

n=0

which, upon comparing the coefficients of t™ on both sides, yields the desired result (3.5). Similarly, we
can derive (3.6)-(3.8).

O
The rasing factorial, denoted by (u)Y, is defined by
(WY =u(u+1)-- (u+y—1).
We also note that the negative binomial expansion is given by
- - k+m-—1 Ck—
By = 3 (T gy,
m=0
Theorem 3.8. For n,m € Ny, each of the following identities holds true:
oo n n
B v = 3 Y ()0 msat B () 59)
m=0 1=0
and
By (uv) =Y Y (l)(u)(m)Sz(L m)BLN) (—m, v), (3.10)
m=0 1=0

where Sy (1, m) denotes the Stirling numbers of second kind and is defined by (see [4])

S st (e
1=0

U m!

Proof. From (2.3), we have

. Lik(1— e*t)
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s t )M (1 — et
= Z (u) (™) (e ' ) 1k1( _et )e*mt cos vt
= m! —e
00 00 it & 5 i
=3 (WM™ sam)y Y B my)
m=0 1=0 " n=0 ’
=y > <1> ()™ S (1, MBI (—m,v)
n=0 m=0 1=0 )
which gives our needed result (3.9). Similarly, we can prove our second relation (3.10). O]
Theorem 3.9. For n € IN, we have
K Kk = n! K 1
B e 1v) =B ) = 3 e B (v B (3.11)
= m! !
and
K () b n! (s,%) (1)
s ! _
BE™ (w+1,v) = BE™M (u,v) = T B m (VB (3.12)
= m! !
where BY, ") are the generalized Bernoulli numbers given in (1.6).
Proof. Taking
Lig(1—e™) t L Lik(I—e™) 4 t -
ﬁe COSVt(e —1) —tﬁe cosvt et —1
v mlek e pent™
n=0 m=0
0 tn o tmn o o . tn+m+1
D Bty -y B v =3 3 B B
n=0 ’ n=0 n=0m=0 o
o0 n
_ tn+1
=Y Y BBy —
== (m—m)m

By comparing the coefficients of t™ on both sides, we get our claimed result (3.11). In a similar way, we
can derive our second result (3.12). O

Theorem 3.10. For n, m € Ny, each of the following relations holds true:

mn
B (w+1,v) + B (v =2 Y <:1> B (u,vEL Y (3.13)
m=0
and
= /n K) (—1)
BE M w4+ 1,v) + B (u,v) =2 > (m> B\ (w,v)Ef, ", (3.14)
m=0

where B\ are the generalized Euler numbers defined by (see [6])

A [e'e]
) = LEV
et+1 ™ ml’
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Proof. Taking

Lig(1—e™Y) . Lig(l—eY) ., 2 \!
ﬁeu cosvt(e” +1) zzﬁe“ cosvt | g
o0 n o0 m
_ (ck) t (-t
=2 E By (u,v)—' E E oy
n=0 m=0
n o o mn

> B Lv)—+ > ]Bﬁf’k)(u,v)ﬁ =2y Y BN wvELY ———

n=0 n=0 ’ n=0m=0

which, on equating the like powers of t on both sides, yields the desired result (3.13). In a similar way,
the assertion (3.14) can be derived. O]

Theorem 3.11. Let n € IN. Then we have

n—1

(c,k) (c,k) _ n! (c,k) (—1)
By (w+1,v) + Bn (w,v) =2 ZO =T =i Bt m (W V)G
m=
and
(s,k) (s,k) = n! (s,k) (—1)
s, s, _ : S, -
By (u+1,v) + By (u,v) =2 ZO =T B tem (W V)G
m=

where G\y ") are the generalized Genocchi numbers defined by (see [6])

2t A > o t™
<et—|—1> - Z Gm ml’

m=0

Proof. Proof of this theorem is similar to that of Theorems 3.9 and 3.10. 0

Theorem 3.12. For n, m € Ny, each of the following relations holds true:

BEMwv) = Y (D Bi o () [(1 4+ V)P (10,v) = v P (w41, V) (3.15)
m=0
and n
B wv) = Y (D B )1 +V)Fm (1, v) = Frn (w4 1,)], (3.16)
m=0

where IF (u,v) are the classical two-variable Fubini polynomials defined by (see [4])

i tm eut
Frn(wv)— =——.
= m! 1-—v(et—1)
Proof. From (2.3), we have
s th Lig(l—e™t
Z BY (u,v)— = L =e™) _e )eut cosvt
n! 1—et
n=0
Lig(1—e™Y eut ¢
t 1-— —1
[ ot oSV [1—v(et—1)][ v(e )]
Lig(1—et ut Lir(1 —e—t (u-+1)t
=(1+v) bl )COSVt bl )cosvt ¢
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oo o0 m o0 o0 m
=(14+v) T;)BCk mZO]Fm(u,v):n!—vZIBgf’k t'mZ_ mu+1,v) ;[n!

(o0} n o0 tn
—4 Y3 (B E v > (o) Bt 10,

n=0m=0 n=0m=0 ’

which, on equating the coefficients of L; on both sides, gives our first claimed result (3.15). Similarly, we

can derive our second result (3.16). O
Theorem 3.13. For n, m € Ny, each of the following relations holds true:
n+m n (c/k)
(c,k) n!m! n+m k) n'm' an r ]( )Emr(u)
Br (u,v) = ot ) - ( Bl (V)Em, TZO]ZOT,(TL_T_) Grmy G
and
n+m n (s,k)
(s,k) n!m! n+m K) n'm' B, (V) Em,r(u)
BRM ) = g X () B st z 3 e O

where Em » (1) denotes the truncated Euler polynomials defined by (see [18])

> tr 2t™/m!
> Eprlw); = e
r=0 et+1— Y t/j!
j=0
Proof. We have
(e
et+1— t)/)')
iB(Ck)( )t“ Lic(1—e) ue ot 2t™/m! =0
n 4 t — m
! 1—e m—1 2tm/m!
n=0 (et+1— > tJ/)'>
j=0
_m! (k) g v
= Y BEY Y m,r(u)—,(zj—,ﬂ)
n=0 r=0 j=m
m (e.k) tn—m O jtm
=Y Y B WEm W (Y 1)
2 == r(n—r) = (j4+m)
m — « (ck) tn—m
T2 Z ZB“_T (V)]Emr(u)r!(n—r)'
n=0r=0
— B E
"2 n%;o;o i B O = 0

By comparing the coefficients of t™ on both sides in the above expression, we easily get our claimed result
(3.17). Similarly, we can derive our second result (3.18). O

Theorem 3.14. For n,m € INg, we have

Jk
]BEIC )) T(V)]Bm r(u)

n n
(c, k)
B (w,v) = n!m! Z ZO i Gl (3.19)
0j
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and (o)
B (v)B r (1)
(Slk) I | n—j—r m,r 2
Bn =n!m! er'(n—]—r)'(j—l—m)!’ (3.20)
r=0j=0
where By r (W) denotes the truncated Bernoulli polynomials defined by (see [5])
> tr t™/m!
Z IBm,T' (u)ﬁ = m—1 :
=0 (et X vyt
Proof. From (2.3), we have
(et - mf tj/]')
ad (c,k) tn . Lik(l—e t) ut t™/m! j=0
Z By (u,v)F =] ot ¢ cosvt — o
n=0 (et -2 tj/]')
j=0
m o= ek, " — " = U
:timZIBn (V)HZer(u) '(Z]ﬁ>
n=0 r=0 j=m
m 2 (e.k) tn X f+m
T gm Z ZB“_T (V)er(u)r'(n—r)' Z (G +m)!
n=0r=0 j=0
c,k
- Z()Z()ZB“’T(V)BmT(u)T'(n—J — 1)1+ m)!
n=0r=0j=0

which, upon comparing the coefficients of t™, yields our needed result (3.19). Similarly, we can establish

our second results (3.20).

4. Connections with Voigt functions

O

In this section, we establish the following connections of our introduced polynomials with the well

known Voigt functions K(u,v) and L(u,v).

Theorem 4.1. For n € Ng and u,v € R, each of the following connections holds true:

oo 1 (Ck) oo n—1
Z +)IBn —u,Vv) —ﬁZZ(n 1> 1" (v, 1t 1)

n=1r=0

and

= 2B (<, v)
Z n!
n=0

Proof. By virtue of (2.3), we have

oo n—1 T
:\/EZ (n:l) (:i) (v,u+1).

o0

" Lig(1—et
Z B (—u,v)— = lk(i,)e_ut cosvt
n=0 n L=e™

—Lix(l—e H(1—eH e cosvt

n=1

1
1—et“1 Cwt e 1 3 n—1
cosvt = — -1)" e Tte "t cosvit.
DI > e rer(,
n= =

(4.1)

(4.2)
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Multiplying by e~*/4 on both sides of last expression and integrating with respect to t from 0 to oo
(after interchanging the order of integration and summations which is permissible due to the uniform

convergence), and by using (1.12), we get

B(Crk)( oo n—1

y Bl [T ferai=vry Y (“;1> " K

n=0 0 n=1r=0

Finally, by applying the definition of gamma function on the left hand side of last expression, we easily
get our first connection (4.1). Similarly, we can establish our second connection (4.2). O

5. Conclusions

In the present article, we have proposed two parametric kinds of poly-Bernoulli polynomials by means
of two special generating functions. We have also derived some interesting identities for these polynomials
by using the series manipulation technique. Furthermore, we have established two connections of our
proposed parametric polynomials with the familiar Voigt functions K(u,v) and L(u,v).
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