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Abstract

In this article, we build up the ideas of the fuzzy strongly prime, prime and semiprime m-bi ideals in a semigroup.
We additionally investigate the conditions that when the fuzzy m-bi ideals are irreducible and strongly irreducible. We have
demonstrated that a semigroup is m-regular and m-intraregular if and only if its very fuzzy m-bi ideal is a semiprime, likewise
a subset of a semigroup is its m-bi ideal if and only if the characteristic function on this subset is a fuzzy m-bi ideal.
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1. Introduction and essential concepts

A non-void set M together with a given associative binary operation - is known as a semigroup.
Semigroups are basically a generalization of groups originated in the early twentieth century. These, due
to their simplest structures amongst all the algebraic structures, have been in use in all the branches of the
science, technologies and mathematics since their discovery. The books cited as [2, 3] study completely the
semigroups and their applications in all fields. Any function u: M — [0, 1] is known as fuzzy subset of M
[14]. The study of fuzzy sub-structures like subsemigroups and fuzzy sets is unique, among the branches
of mathematics, in the sense that it is capable to handle the numerical as well as linguistic knowledge
[9]. It models the complex systems of decision making, managerial tasks and huge networks. It can
handle uncertainties, non-linear and distributive processes [11]. For complete study of the fuzzification
of semigroups and their uses and applications, the books mentioned in References [8, 9, 15] are worthy to
be referred here.

Kausar et al. [13], discussed the non-associative ordered semigroups by their fuzzy bi-ideals. Kausar
[4], established the ordered AG-groupoids by the properties of fuzzy ideals with thresholds («, ]. Salahud-
din et al. [5], studied the anti fuzzy interior ideals on ordered AG-groupoids. Munir et al. [6], explored the
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intuitionistic fuzzy bi-ideals in ordered AG-groupoids and also characterized the ordered AG-groupoids
in terms of intuitionistic fuzzy bi-ideals.
In order to develop the theory of these fuzzy m-bi ideals, we first define the essential concepts which
will be used later. Throughout our course of work, the letter M is understood to be a semigroup.
Consider the fuzzy subsets A and p of a semigroup M, the proposition A < p implies that A(x) < p(x),
vV x € M [8]. The conjunction (disjunction) of p and v is defined by pV v(x) = max[u(x), v(x)[(L Av(x) =
min[p(x), v(x)]). Their composition, denoted by po v, is defined by

fo g(z,) = { z=xy, x,yeM

sup  {min[f(x), g(y)l}, if zis representable as z=xy,
0, otherwise,

forallze M. uVv, u/Avand pov are fuzzy sets of M. The characteristic function of A C M defined by

() = 1, ifteA,
XA =0, ifteA,

is a fuzzy subset of M.

The o has precedence over V and /\. p is called a fuzzy subsemigroup of M if wopn < p. The fuzzy
subsemigroup p is called a fuzzy left respectively fuzzy right ideal of M if xpm o < p, respectively
< Xmop pisa fuzzy ideal of M if xp oppoxm < p. pis a fuzzy bi-ideal of M if poxpmop < p. p
is known as a fuzzy quasi-ideal of M if poxm Nxm o < p [1]. A fuzzy subset p of a semigroup M is
called fuzzy m-bi ideal (see [10]) if poxmm o u < p, where

oo [ iremn,
XM= 00, ift g Mm,

and m is a positive integer called the bipotency of the fuzzy m-bi ideal of M. A fuzzy subset u of a
semigroup M is called fuzzy m-quasi ideal if poxpmm Axmm o u < 1, mis a positive integer. Every subset
of M™ is called the m-subset of M. Every subsemigroup of M™ is called m-subsemigroup of M.

Definition 1.1. Let a € M and t € (0, 1}, then the fuzzy subset of M, defined by

t, ifx=a VxeMm,
ag(x) = .
0, otherwise,
is called a fuzzy m-point of M.

Definition 1.2. Let A C M and t € (0, 1], then the fuzzy subset of M, defined by

Aulx) = t, ifxeA, VxeMm,
v 0, otherwise,

is called a fuzzy m-subset of M.

The fuzzy m-subset A of M is the union of the fuzzy m-points a of M.
In the accompanying sections, we characterize the prime fuzzy m-bi and their related classes. We in-
vestigate their significant properties, and portray the m-regular and m-intraregular semigroups by their
properties.
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2. Prime fuzzy m-Bi ideals

In [12], Shabir et al. presented the concepts of the prime fuzzy bi ideals along with other associated
fuzzy bi ideals in the simgroups, we present these ideas for the case of m-bi ideals and demonstrate their
important properties in this section.

Definition 2.1. A fuzzy m-bi ideal, p, of M is termed as its prime(strongly prime) fuzzy m-bi ideal if for
any fuzzy m-bi ideals A, v of M, the proposition “Aov < u(AovAvoA < u)” implies “A < por v < p”.

Definition 2.2. A fuzzy m-bi best u of M is known as its semiprime fuzzy m-bi ideal if for any fuzzy
m-bi ideal A of M, Ao A < pimplies A < .

Strongly prime fuzzy m-bi ideal = Prime fuzzy m-bi ideal = Semiprime fuzzy m-bi ideal; however,
the converses do not follow. This is discussed in Example 3.7.

Example 2.3. The characteristic functions xpm and xmm, m- a positive, are prime fuzzy m-bi ideal of M.
Additionally, these two are also semiprime and strongly prime fuzzy m-bi ideals.

Definition 2.4. Fuzzy m-bi ideal n of M is said to be an irreducible (strongly irreducible) fuzzy m-bi ideal
if for any two fuzzy m-bi ideals A and v of M, the proposition A A v = u(A A v < p) implies either A = p
orv=pA<porv< ).

Definition 2.5. If the fuzzy m-bi ideal A satisfies the condition “Ao A = A”, then A is known as idempotent.

Strongly irreducible m-bi ideal = irreducible m-bi ideal, but not the converse. See the following
example.

Theorem 2.6. The characteristic function X1 on a non-empty subset I of M is a prime fuzzy m-bi ideal iff 1 is prime
m-bi ideal of M.

Proof. Let I be prime m-bi ideal of M. We want to show that x7 is a prime fuzzy m-bi ideal of M. For it,
let p and A be fuzzy m-bi ideals of M with the property that poA < x1. If u £ 1, then 3 a fuzzy m-point
x¢ < p(t > 0) such that x¢ £ x1. For any y, < A(r # 0), since

B(xt) o B(yr) < poA <xi, (2.1)
we have, for all z € M™,

tAr >0, if z€B(x)-Bly),
0, otherwise.

B(x¢) o B(yr)(z) = {
We get from (2.1) and (2.1) above, B(x) - B(y) C I. I being prime gives B(x) C I or B(y) C L. Since x¢ ¢ X1,
we have A =V «xyr < x1. To prove the converse, let AB C I for m-bi ideals A, B in M. As xa, XB are
fuzzy m-bi ideals of M and xa o xg = XaB < X1 [12]. From hypothesis, we have xao < X1 or xg < X1I.
Thus A C I or B C I making I a fuzzy prime m-bi ideal of M. O

Theorem 2.7. A nonempty subset 1 of M is strongly prime m-bi ideal iff the characteristic function X1 is strongly
prime fuzzy m-bi ideal.

Proof. Let I is strongly prime m-bi ideal of M. Then x; is fuzzy m-bi ideal of M. To show that xr is
strongly prime, we take poAAAopn < xp for fuzzy m-bi ideals p and A. If p £ Cy, 3 a fuzzy m-point
xt < p(t > 0) such that x¢ £ x1. Now for any y, < A(r # 0), we have

B(xt) o B(yr) AB(yr) o B(xt) < poAAAopu < X1 (2.2)
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Next, Vz €¢ M™, we have

tAr, ifze€ B(x)B(y)NB(y)B(x),

] (2.3)
0, otherwise.

(B(xt) o B(yr) AB(yr) 0 B(x())(z) = {

From (2.2) and (2.3), B(x)B(y) N B(y)B(x) C 1. I being strongly prime implies that B(x) C I or B(y) C L

Since x¢ £ x1, B(x) € I. Consequently, B(y) C I bringing y, < x1. Thus, A = \é yr < x1. For the
Yrx9g
converse, if A and B are fuzzy m-bi ideals of M such ABNBA C [, then xa, xg are fuzzy m-bi ideals of

M and xa o xB /A\XB ©XA = XABnBA < X1 - From hypothesis, we have xo < x1 or xg < Ci. Eventually,
either ACITorBCIL O

Theorem 2.8. A () # A C M is a semiprime m-bi ideal of M iff x o is a semiprime fuzzy m-bi ideal of M.

Proof. Suppose that xa is a semiprime fuzzy m-bi ideal of M, then A is a m-bi ideal of M. Let B be an
m-bi ideal in M with the condition hat B> C A. That is, xg oXg = XB < XA. Since xa is semiprime,
XB < XA, thatis B C L.

Conversely, suppose that A is a semiprime m-bi ideal of M, and A is a fuzzy m-bi ideal of M with the
property that Ao A < xa. If A £ xa, then 3 an m-point x¢ < A(t > 0) such that x¢ £ xa. Now since,
B(xt) o B(xt) < AoA < ¥y, therefore, V, z € M, we have

t, forz e B(x)B(x),
0, otherwise.

B(xt) o B(xt)(z) :{

Thus, B(x)B(x) C A. This implies that B(x) C A; because A being semiprime. Hence, B(x¢) < xa. But
xt < B(x¢) so x¢ < xa; a contradiction. Hence A < x;. O
Lemma 2.9. If {yy : i € I} is a family of prime fuzzy m-bi ideals of M, then the intersection A = '/\IM is a
1€

semiprime fuzzy m-bi ideal of M.

Proof. A is clearly a fuzzy m-bi ideal of M. Let & be fuzzy m-bi ideal with the property that 60 < A.
This implies 06 < _/\Ipi. Then 608 < i Vi€ L. Since each p; is a fuzzy prime m-bi ideal of M, so

1€
d< uyViel Hence b < '/\1 ui = A. Thus A is fuzzy semiprime m-bi ideal of M. O
i€

Corollary 2.10. The intersection of the fuzzy prime(strongly prime) m-bi ideals of M is fuzzy prime (strongly
prime) m-bi ideal of M.

Proposition 2.11. Strongly irreducible semiprime fuzzy m-bi coincides with the strongly prime fuzzy m-bi ideal
in a semigroup M.

Proof. If wis supposed to be semiprime fuzzy m-bi ideal of M which is also strongly irreducible, and A and
v are fuzzy m-bi ideals of M with the condition Ao v AvoA < . As AAV)2 < Aovand (AAV)? < VoA
Thus AAV)? <AovAvoAandso (AAV)? < . By our hypothesis, A\ v < 1; 1 being semiprime. Again
by our hypothesis, either A < pn or v < p; p being strongly irreducible. Thus p is strongly prime fuzzy
m-bi ideal. O

3. Characterizing m-regular and m-intraregular semigroups

A detail study of the m-regular and m-intraregular semigroups is presented in [10]. In the following
section, we study the semigroups in which each fuzzy m-bi ideal is semiprime or strongly prime.

Proposition 3.1. Corresponding to a fuzzy m-bi ideal w of M satisfying u(a) = &, for a € M™ and o € (0,1], 3
an irreducible fuzzy m-bi ideal A of M such that @ < A and A(a) = «.
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Proof. Suppose that C is the collection of all fuzzy m-bi ideal v of M such that v(a) = «xand p < v. € #0)
because p € X. € is clearly a partially ordered set with respect to inclusion of sets. If D ={h; :i € I}isa
totally ordered subset of C, then '\/Ihi is a fuzzy m-bi ideal of M containing p. This is because, if a,b €
1€
M and x € M™ then, (V hi)(axb) = V/ (hi(axb)) > V (hi(a) Ahi(b)) = (V. hi(a) AV (hi(b)) =
1 1 1 1 1
(.\/Ihi)(a) AN (‘\/Ihi)(b)' Hence, ’\/Ihi is a fuzzy m-bi ideal of M. As n < h; for eachi € I, so p < '\/Ihi'
ic i€ i€ ie
Also, (| Ihi) (a) = _\/Ihi(a) = «. Thus, _\/Ihi is the supremum of D. By Zorn’s Lemma, 3 a maximal fuzzy
1€ 1€ 1€
m-bi ideal A of M such that p < A and A(a) = «. It is left only to show that A is an irreducible fuzzy m-bi
ideal of M. Let A = A; /A A, where A; and A, are fuzzy m-bi ideal of M. We have to show that A = A; or
A = A2. Suppose on the contrary that, A # A; and A # Ay. Since A(a) = « it implies that Aj(a) # o« and

A2(a) # «. Hence @ = A(a) = (A; AA2)(a) # o a contradiction. Hence our supposition is wrong, so either
A =Aj or A = Ap. Thus A is an irreducible fuzzy m-bi ideal of M. O

The following theorem describes the semigroups in which each fuzzy m-bi ideal is semiprime.

Theorem 3.2 ([7]). The following assertions are equivalent for a semigroup M.

1. M is both m-reqular and m-intrareqular.

wo w = for every fuzzy m-bi ideal n of M.

ANV =Aov/AvoA forall fuzzy m-bi ideals A and v of M.

Each fuzzy m-bi ideal of M is semiprime.

Each proper fuzzy m-bi ideal of M is the intersection of irreducible semiprime fuzzy m-bi ideals of M which
contain it.

AN

Proof.

(1) = (2): Clearly pop < p. Let a be an element of M, and since M is both m-regular and m-intra-

regular, so there are u,v,w € M™ so that a = aua and a = va’w. We have a = (auva)(awua).

Hence, pop(a) = sup {min{u(b), u(c)}t > sup {min{p(auva), plawua)}}= mibnc{u(b),u(C)}}=u/\ wla) =
a=bc a=bc a=

w(a). Thatis, pop(a) > u(a). Thus, popu = p.

(2) = (3): By our hypothesis, AAv=AAVoAAY=(AAVoA)AN(AAVov)=Aov/ VoA, as required.

(3) = (4): Let p, A be fuzzy m-bi ideals of M such that p < A. By hypothesis, u = pAp=popApop=

o p = 2 Thus p < A. Hence every fuzzy m-bi ideal of M is semiprime.

(4) = (5): Suppose that C = {; : i € I} is the set of all irreducible fuzzy m-bi ideals of M which contain
a proper fuzzy m-bi ideal p of M. € # () because p € C. Moreover, p < _/\I wi. For, a € M, by Proposition
1€

3.1, 3 an irreducible fuzzy m-bi ideal u of M such that u < p and p(a) = p(a). Therefore, u € {u; : i € I}
Hence '/\IM < u. So, ./\I ti(a) < pa(a) = p(a). By hypothesis, each fuzzy m-bi ideal of M is semiprime.
i€ e

So each fuzzy m-bi ideal of M is the intersection of all irreducible semiprime fuzzy m-bi ideals of M
which contain it.

(5) = (2): Let pu be a fuzzy m-bi ideal of M, this implies u? is a fuzzy m-bi ideal of M as well. u contains

u?. By our hypothesis p? = '/G\I i, where each p; is irreducible semiprime fuzzy m-bi ideal of M. So
1

12 < puyViel Thus u < py Vi€ I, since p; are semiprime. Consequently, pu < '/\IM = 2, so that
1€
u? = p. O

Proposition 3.3 ([12]). Let M be a m-reqular and m-intraregqular semigroup. Then the following assertions for a
fuzzy m-bi ideal w of M are equivalent.

1. wis strongly irreducible m-bi ideal.
2. wis strongly prime m-bi ideal.
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Proof. (1) = (2): Let p is strongly irreducible m-bi ideal of M with the property that Ao v AvoA <, for
any two fuzzy m-bi ideals A and v of M. Theorem 3.2 (3) gives A /Av < u. By our hypothesis, A < p or
v < u making p a strongly prime m-bi ideal of M. (2) = (1) is similar.

Ul

Theorem 3.4 ([12]). The following conditions for a semigroup M are equivalent.

1. M is both m-reqular and m-intraregular and the collection of fuzzy m-bi ideals of M is totally ordered by set
inclusion.

2. Every fuzzy m-bi ideal of M is strongly prime.

Proof.

(1) = (2): Let the hypothesis (1) holds. It is required to show that an arbitrary fuzzy m-bi ideals p of M is
strongly prime. Let A and v are two fuzzy m-bi ideals of M satisfying the property that Ao v /AvoA < p.
Using our hypothesis in lieu with Theorem 3.2, we have Ao v/Av oA = A/Av. This implies that A A\ v < .
But the collection of fuzzy m-bi ideals of M is totally ordered, so either A < v or v < A. Consequently,
either A < p or v < p making p strongly prime.

(2) = (1): Suppose the validity of the proposition (2) holds. Since a strongly prime fuzzy m-bi ideals is
semiprime, so every fuzzy m-bi ideal of M is semiprime. So by Theorem 3.2, M comes off to be both
m-regular and m-intraregular. The set of fuzzy m-bi ideals of M is to be shown totally ordered. For this
purpose, let A and v be arbitrary two fuzzy m-bi ideals of M. Theorem 3.2 brings A/Av = (Aov) A (voA).
Since every fuzzy m-bi ideals is strongly prime, so A /\ v is strongly prime. This implies either A <A A v
or v < ANAV. If A <AAY, then A < vand if v < AAv, then v < A. This marks the end of the proof. O

Theorem 3.5 ([12]). Given a semigroup M, with the collection of its fuzzy m-bi ideals totally ordered under set
inclusion, the following given assertions are equivalent.

1. Every fuzzy m-bi ideals of M is prime.
2. M is m-regular and m-intraregular.

Proof.

(1) = (2): Assume every fuzzy m-bi ideals of M is prime; and so is semiprime obviously. By Theorem
3.2, M is both m-regular and m-intraregular.

(2) = (1): Suppose u be any fuzzy m-bi ideals of M, which is both m-regular and m-intraregular, such
that A o v < u for m-bi ideals A and v of M. Since the fuzzy m-bi ideals of M makes a totally ordered set,
so either A < v or v < A If we take A < v, then AoA < Aov < p. By Theorem 3.2, p is semiprime, so
A < w; making p a prime fuzzy m-bi ideals of M. O

Theorem 3.6 ([12]). For a semigroup M, the following assertions are equivalent.

1. The set of fuzzy m-bi ideals of M is totally ordered under inclusion.
2. Each fuzzy m-bi ideals of M is strongly irreducible.
3. Each fuzzy m-bi ideals of M is irreducible.

Proof.

(1) = (2): Let u be an arbitrary fuzzy m-bi ideals of M and A, v are two fuzzy m-bi ideals of M such
that A /A v < p. Since the fuzzy m-bi ideals of M makes a totally ordered, so either A < v or v < A. This
gives A\ Av =vor AAv =A Hence A/Av < presults in either v < p or A < p. Eventually, p is strongly
irreducible.

(2) = (3): is trivial.
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(3) = (1): Let A, v be any two fuzzy m-bi ideals of M. Then A A v is a fuzzy m-bi ideals of M. Also
ANV =AAv.So by hypothesis, either A = A Av or v=AAv, that is either A < v or v < A. Consequently,
the set of fuzzy m-bi ideals of M becomes totally ordered. O

We have shown in the above theorems that every m-bi ideals of M is semiprime iff every fuzzy m-
bi ideals of M is semiprime. However, the following examples show that if every m-bi ideals of M is
prime (strongly prime), then it is not necessarily true that every fuzzy m-bi ideals of M is prime (strongly
prime).

Example 3.7. Consider the semigroup M = {«, 3,7y, 8} with the binary operation - given in the following
table.

x| Plvy]|d
X | x| x| & &
Bla|Bly]|B
vy oy By
Sla|BlY [P

Taking m = 2, we get, M? = {a, B, V).
Remark 3.8.

1. The 2-bi ideals in M are {«}, {«, B}, {«, v}, {x, B, v} and {«, 3,v,8}. Since M is m-regular and m-
intraregular, every fuzzy m-bi ideals is semiprime (see Theorem 3.2). So, all 2-bi ideals are also
semiprime 2-bi ideals of M.

2. The prime 2-bi ideals of M are {o}, {«, B}, {x, v} and {«, 3,7V, 8}. These are also strongly prime except
the prime 2-bi ideal, {o}, which is not strongly prime 2-bi ideal because {c, e, v} N{x, YHe, B} =
{o, B} N{ex, v} ={«}, but none of {e, B} and {«, v} is contained in {o}.

3. {«, B} and {e, v} are not bi-ideals of M, but {«, 3,7V} is a bi-ideals of M.

Every fuzzy m-subset of M is a fuzzy m-subsemigroup of M.

5. A fuzzy m-subset pu of M is a fuzzy m-bi ideal of M iff p(o) > p(x) Vx € M™.

=~

Proof. Since p(o) = p(xax) > pu(x) Au(x) = u(x), vV, x € M™. This gives that u(x) > u(x), v,

x EM™,
Conversely, suppose that p(o) > p(x), V. x € M™. Then we get xyz = x for x,y,z € {B,v}. xyz = «
if either of x, y or zis «. u(xyz) > p(x) A p(z). That is, p is fuzzy m-bi ideal of M. O

6. We take the fuzzy m-bi ideals pu, A, v of M defined by their values as p(«) = 0.7, u() = 0.6,
uy) =04, A(x) =1, A(B) =0.5, A(y) =04, v(x) = 0.7, v(f) = 0.65, v(y) = 0.3, and Aov(x) = 0.7,
Aov(B) =05 Aov(y) =0.4. Thus Aov < p but neither A < pnor v < p. Hence p is not a prime
fuzzy m-bi ideals of M.

Example 3.9. Consider the semigroup M = {«, 3,7, 6} with its representation given in the Table below:

x| By ]|®d
X | X | x| x| x
Plo B B[R
Y|« |Bly|Y
d | |BlY|Y

Clearly, M is neither regular and nor intraregular. But it is both 2-regular and 2- intraregular. 2-bi
ideals are {o}, {t, v}, M? ={«, B,v} and M. All 2-bi ideals are strongly prime.
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Remark 3.10.

1. Each fuzzy m-subset of M is its fuzzy m-subsemigroup.
2. A fuzzy m-subset p of M is its fuzzy m-bi ideal iff p(o) > p(B) > p(y) vx e M™.

Proof. Since p(a) = p(xax) > p(x) Ap(x) = p(x), Vv, x € M™, this gives that p(«) > p(x), vV, x € M™.
Also, u(B) = ulyBy) = uly) Auly) = uly), ie, n(B) = uly) . Consequently, p(e) > n(p) > p(y).
Conversely, suppose that u(x) > p(p) > u(y). Obviously, u is a fuzzy m-subsemigroup of M.
Also uwww = v if u, v, w € {y,p} and one of these is y and uwvw = pif u =v =w = 3. So
p(uvw) > p(u) A p(w). Eventually, p is a fuzzy m-bi ideal of M. O]

3. We consider the fuzzy m-bi ideals p, A and v of M defined by pu(x) = 0.7, u(p) = 0.6, pu(y) = 0.5,
AMa)=1,A(B) =05, A(y) =04, v(x) = 0.7, v(B) = 0.65, v(y) = 0.3. Then Aov(x) = voA(x) =0.7,
Aov(B) =voA(B) =05 Aov(y) = voA(y) =03. Thus A\ov/AvoA < ubut neither A < u nor
v < p. Hence p is not strongly prime fuzzy m-bi ideals of M.

The following example demonstrates when the m-bi ideals and the subsets of a semigroup are also
the prime and semiprime m-bi ideals.

Example 3.11. In a right zero semigroup M with the cardinality [M| > 1, we have yx = xV x,y € M. So, for
an arbitrary x € M, xx = x, i.e., x is idempotent, M?> = M. That is, every subset is m-bi ideal of M. Then
M is both m-regular and m-intraregular. Every fuzzy m-subset of M is a fuzzy m-bi ideal of M. If pis a
fuzzy m-subset of M, p(xy) = p(x) < u(x) Ap(y), vVx,y € M™. Moreover, p(xyz) = u(x) < u(x) A u(z),
V x,y,z € M [12]. This implies that p is a fuzzy m-bi ideal of M. Since M is both m-regular and
m-intraregular, every fuzzy m-subset of M is a fuzzy semiprime m-bi ideal of M.

4. Conclusions

Concepts of the prime, strongly prime, and semiprime m-bi ideals, alongside their essential properties,
were presented. These concepts can be interpreted in the context of some other classes of semigroups and
semiring theory. These results can be utilized in different fields of soft computing such as artificial
intelligence, automata theory, machine learning, and decision-making.
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