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Abstract

In this article, we proposed a new four-parameter distribution called beta Erlang truncated exponential distribution (BETE).
Some important mathematical and statistical properties of the proposed distribution are examined. The stochastic ordering result
for the BETE was also discussed. Moreover, the rth moment, moment generating function, incomplete moments, mean deviations,
Bonferroni and Lorenz curves, moments of residual life, Shannon and Renyi entropies, and Kullback–Leibler divergence measure
are derived. The maximum-likelihood estimate for the unknown parameters of the BETE was established and assessed by
the simulation studies. The maximum likelihood estimation of the stress-strength parameter is discussed and its asymptotic
distribution is obtained. The effectiveness and usefulness of the BETE are demonstrated by the use of three real data set, in
which the BETE provide a better fit than some other existing distributions and demonstrated its capability in the stress-strength
reliability analysis.
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1. Introduction

The method of extending family of distributions for added flexibility and potentiality is a familiar tech-
nique in the literature. In random phenomena, modeling and analyzing lifetime data are very essential
in the fields of sciences and applied sciences such medicine, engineering, finance, economics, biomedical
sciences, public health, among others. Several lifetime distributions have been used to analyze such kinds
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of data in practice, but the quality of the procedure used in statistical study depends on the assumed
probability model.

However, there are still various vital problems where there is need of higher accuracy in their statistical
studies. In such cases, the known classical probability distribution may not provide a satisfactory result
due to its incapability of flexibility. Consequently, significant effort has been spent in the development
of new classes of flexible probability distributions along with relevant statistical methodologies in recent
years, for example, the gamma-G [44], transmuted Weibull-G [6], Poisson odd-generalized exponential-G
[26], new Weibull-X [4], an extended alpha power transformed [3], Topp Leone-G Poisson [1], Type II
Power Topp-Leone-G [8], among others. One of the generalized family of probability distributions that
received a considerable attention by authors over the years is the beta generalized family of distributions
defined by [21] as follows.

Let G(x;φ) be an arbitrary cumulative distribution function (cdf) of an absolutely continuous random
variable X, where φ is a parameter vector, then the cdf of the beta generalized family of distributions from
X is

F(x;a,b,φ) = IG(x;φ)(a,b) =
BG(x;φ)(a,b)
B(a,b)

=
1

B(a,b)

∫G(x;φ)

0
wa−1(1 −w)b−1dw, (1.1)

where a > 0 and b > 0 are two additional parameters whose purpose is to improve the skewness
and to vary tail weights. By(a,b) =

∫y
0 w

a−1(1 −w)b−1dw is the incomplete beta function, B(a,b) =

Γ(a)Γ(b)/Γ(a+ b) is the complete beta function, Γ(.) a gamma function, and Iy(a,b) =
By(a,b)
B(a,b) . Notice

that, if K is a beta random variable with parameters a and b, then X = G−1(K) is a random variable with
cdf given in (1.1). Moreover, if b = 1 we obtain the class of exponentiated-G distributions as a special case
of the beta generalized family of distributions. It is among the advantages of this generalized class the
ability of fitting skewed data that other existing models may fail.

Several generalized distributions have been proposed due to (1.1) which include: the beta normal by
[21], beta Gumbel distribution [28], beta Frechet [10], beta exponential [29], the beta-Weibull [19], beta
Pareto [5], beta-Rayleigh [31], Beta modified Weibull [42], beta generalized half-normal [37], beta gener-
alized Pareto [24], beta Birnbaum–Saunders [16], beta Laplace [17], beta-half-Cauchy [18], beta Burr XII
[36], beta generalized linear exponential [41], beta generalized exponential [11], beta power exponential
[2], and beta-Gompertz by [23], Beta exponentiated Nadarajah-Haghighi [39], among others.

Here, we propose a new four-parameter lifetime model called the beta Erlang-truncated exponential
distribution. The new distribution generalizes some existing lifetime distributions, and can be considered
as an alternative to some lifetime distributions.

The arrangement of the article is as follows. In Section 2, the new model and some mathematical and
statistical properties are computed and studied. In Section 3, we discuss the estimation of the parameter
by maximum likelihood procedure and statistical testing of hypotheses about the unknown parameters
of the proposed model. The assessment of the behavior of the MLEs by simulation studies is provided.
The stress-strength analysis and the construction of asymptotic confidence interval using the asymptotic
distribution is discussed in Section 4. Applications of the BETE to real data is provided in Section 5.
Conclusions are presented in Section 6.

2. The BETE and properties

[20] introduced a two parameter distribtion called the Erlang-truncated exponential (ETE) with the
cumulative distribution function and density function given by

G(x;α, θ) = 1 − e−α(1−e−θ)x, x > 0, (2.1)

and
g(x;α, θ) = α(1 − e−θ)e−α(1−e−θ)x, x > 0,
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respectively, where θ, α > 0. The proposed BETE distribution can be derived by plugging-in (2.1) to
equation (1.1). Therefore, the cdf of BETE is given by

F(x) =
1

B(a,b)

∫ 1−e−α(1−e−θ)x

0
wa−1(1 −w)b−1dw, α, θ, a, b, x > 0. (2.2)

In other form, the cdf of the BETE can be expressed in terms of the hyper-geometric function as

F(x) =

(
1 − e−α(1−e−θ)x

)a
aB(a,b) 2F1(a, 1 − b;a+ 1; (1 − e−α(1−e−θ)x)), α, θ, a, b, x > 0,

where 2F1(a,b; c; z) =
∑∞
k=0

(a)k(b)k
(c)kk! z

k and (a)k = a(a+ 1) · · · (a+ k− 1).
The corresponding probability density function (pdf) f(x) and the hazard rate function (hrf) h(x) are

f(x) =
α(1 − e−θ)e−αb(1−e−θ)x

(
1 − e−α(1−e−θ)x

)a−1

B(a,b)
, α, θ, a, b, x > 0, (2.3)

and

h(x) =
α(1 − e−θ)e−αb(1−e−θ)x

(
1 − e−α(1−e−θ)x

)a−1

B(a,b)(1 − I{G(x;α,θ)}(a,b))
, α, θ, a, b, x > 0, (2.4)

respectively.
We denoted by X v BETE(ϕ) the random variable X with the pdf in (2.3), where ϕ = (α, θ,a,b)T is a

parameter vector.
Notice that, if a = b = 1 we have Erlang truncated exponential distribution [20], and when b = 1 we

have the extended Erlang truncated exponential (EETE) distribution [35].

Theorem 2.1. Let f(x) be the pdf in (2.3), where ϕ = (α, θ,a,b)T and (α, θ,a,b)T ∈ R4
+, then, (i) f(x) is

decreasing corresponding to the parameter vector ϕ and a ∈ (0, 1]; (ii) f(x) is unimodal with mode at x0 =
− log ( b

a+b−1)/(α(1 − e−θ)), corresponding to the parameter vector ϕ and a > 1.

Proof. Let v(x) = d
dx log f(x) = α(1 − e−θ)

[
(a+b−1)e−α(1−e−θ)x−b

1−e−α(1−e−θ)x

]
. Observe that for a 6 1, v(x) < 0

thus (2.3) is decreasing monotonically. Define τ(x) = (a + b − 1)e−α(1−e−θ)x − b, then τ(x0) = 0 and
x0 = − log ( b

a+b−1)/(α(1− e
−θ)), a > 1, hence v(x0) = 0. Therefore, for 0 < x < x0, v(x0) > 0, and for x0 <

x <∞, v(x0) < 0, thus (2.3) is a unimodal function with mode at x0 = − log ( b
a+b−1)/(α(1 − e−θ)).

It is also found out that (i) when x → 0 and a < 1 then f(x) ∼ 0; (ii) when x → 0 and a > 1, then
f(x) ∼ ∞; (iii), if x → 0 and a = 1, f(x) ∼ α(1 − e−θ)/B(a,b); (iv) if x → ∞, then f(x) ∼ 0. Figure 1 (i)
provides some possible shapes of the pdf given by equation (2.3).

Theorem 2.2. Let h(x) be the hrf in (2.4), where ϕ = (α, θ,a,b)T and (α, θ,a,b)T ∈ R4
+, then, (i) h(x) is

decreasing corresponding to the parameter vector ϕ and a ∈ (0, 1]; (ii) h(x) is increasing corresponding to the
parameter vector ϕ and a > 1.

Proof. We follow the theorem provided in [22]. Define

η(x) =
f ′(x)

f(x)
= αb(1 − e−θ) − (a− 1)α(1 − e−θ)e−αb(1−e−θ)x

(
1 − e−α(1−e−θ)x

)−1
,

and

η ′(x) = (a− 1)α2(1 − e−θ)2e−αb(1−e−θ)x
(

1 − e−α(1−e−θ)x
)−1
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×
[
b+ e−α(1−e−θ)x

(
1 − e−α(1−e−θ)x

)−1
]

.

Clearly, when a < 1, η ′(x) < 0 equation (2.4) is monotonically decreasing and when a > 1, η ′(x) > 0 and
equation (2.4) is increasing function.

Notice that, the shapes behavior of BETE(ϕ) density and hazard depend primarily on the parameters
a. Figure 1 (ii) provides some possible shapes of the hazard rate function given by equation (2.4).

Further, we can define the quantile of BETE as follows. Let X ∼ BTET(ϕ), and let K ∼ B(a,b) with
parameter a,b > 0, then, the quantile function of X can be obtained by inverting (2.2), i.e., the solution of
K = 1 − e−α(1−e−θ)x as

ξ(k) = −(ln(1 − k))/(α(1 − e−θ)). (2.5)

We can use equation (2.5) for simulating random observations that follow BETE. The median of X ∼ BETE

can be obtained from (2.5) as

Med(X) = −(ln(1 − Med(k)))/(α(1 − e−θ)). (2.6)
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Figure 1: Plots of some possible shapes of the pdf and hrf of the BETE for some value of parameters.

Now, we derive some useful representations of the pdf of BETE distribution which make it easier in
the computation of most of the properties of BETE. The mathematical relations given below are useful
throughout this work. If b is a positive real non-integer and |z| < 1 then

(1 − z)b−1 =

∞∑
i=0

(
b−1
i

)
(−z)i.

Thus, one can re-express equations (2.3) as

f(x,ϕ) =
∞∑
j=0

(−1)j
(
a−1
j

)α(1 − e−θ)

B(a,b)
e−α(b+j)(1−e−θ)x = ωj e

−α(b+j)(1−e−θ)x, (2.7)

where ωj =
∑∞
j=0(−1)j

(
a−1
j

)α(1−e−θ)
B(a,b) .
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2.1. Stochastic ordering

The most common technique of comparing two random variables is through their associated means
and variances. In statistical studies, one can express many important studies about the underlying dis-
tributions regarding their survival functions, hazard rate functions, mean residual functions, and other
useful functions of probability distributions. The stochastic ordering of random variables is an important
tool for comparative studies of random variables based on such functions. The stochastic ordering of
lifetime random variables has many applications in both theoretic and applied mathematics. For exam-
ple, applications of stochastic ordering can be found in [9, 38, 43], among others. Recently, the stochastic
ordering for the skew-symmetric-Laplace distributions was analyzed by [30, 32] studied the stochastic
orders of the Marshall-Olkin extended distribution.

A random variable X1 is said to be stochastically smaller than X2 denoted by X1 ≺s X2 if FX1(t) > FX2(t)
for all t > 0. Another two important criterion are the hazard rate ordering denoted by X1 ≺hr X2 if
hX1(t) > hX2(t) and likelihood ratio ordering denoted by X1 ≺lr X2 if fX1(t)/fX2(t) is decreasing. [40]
proved that

X1 ≺lr X2 ⇒ X1 ≺hr X2 ⇒ X1 ≺s X2.

Another important stochastic measure between two random variables are the up likelihood ratio order if
fX(x+ t)/fY(t) is decreasing, denoted by X ≺lr↑ Y and down likelihood ratio order if fX(x)/fY(x+ t) is
decreasing, denoted by X ≺lr↓ Y, t > 0. To read more about stochastic ordering one can see [13, 14].

Let X1 and X2 be a random variables with BETEX1(α1, θ1,a1,b1) and BETEX2(α2, θ2,a2,b2), respec-
tively, then we consider that

d

dx

(
log
(
f1(t)

f2(t)

))
= −α1b1(1 − e−θ1) +α2b2(1 − e−θ2) +

(a1 − 1)α1(1 − e−θ1)e−α1(1−e−θ1)t

1 − e−α1(1−e−θ1)t

−
(a2 − 1)α2(1 − e−θ2)e−α2(1−e−θ1)t

1 − e−α2(1−e−θ1)t
.

(2.8)

Observe that, (i) equation (2.8) is negative when α1 > α2, θ1 > θ2, b1 > b2, a1 6 1 and a2 > 1; (ii)
equation (2.8) is negative when α1 = α2, θ1 > θ2, b1 > b2, and a1 < a2; (iii) equation (2.8) is negative
when α1 = α2, θ1 = θ2, b1 > b2, and a2 > a1 > 1.

Here, we let X ∼ EETEX(α, θ,a) and Y ∼ BETEY(α, θ,a,b), then we have the following

d

dx

(
log

fX(x+ t)

fY(x)

)
= α(b− 1)(1 − e−θ) + (a− 1)

[
1

eα(1−e−θ)(x+t) − 1
−

1
eα(1−e−θ)x − 1

]
, (2.9)

d

dx

(
log

fX(x)

fY(x+ t)

)
= α(b− 1)(1 − e−θ) + (a− 1)

[
1

eα(1−e−θ)x − 1
−

1
eα(1−e−θ)(x+t) − 1

]
. (2.10)

Thus, for a > 1, b < 1 (2.9) is negative and for a < 1, b < 1 (2.10) is negative. Hence, we establish the
following

Theorem 2.3. Let X1 and X2 be two random variables with BETEX1(α1, θ1,a1,b1) and BETEX2(α2, θ2,a2,b2),
respectively, then, we have:

(i) if α1 > α2, θ1 > θ2, b1 > b2, a1 6 1 and a2 > 1, then, X1 ≺lr X2,X1 ≺hr X2 and X1 ≺s X2;
(ii) if α1 = α2, θ1 > θ2, b1 > b2, and a1 < a2, then, X1 ≺lr X2,X1 ≺hr X2 and X1 ≺s X2;

(iii) if α1 = α2, θ1 = θ2, b1 > b2, and a2 > a1 > 1, then, X1 ≺lr X2,X1 ≺hr X2 and X1 ≺s X2.

Proposition 2.4. Let X ∼ GETEX(α, θ,a) and Y ∼ BETEY(α, θ,a,b), if a > 1, b < 1 then X ≺lr↑ Y and if
a < 1, b < 1 then X ≺lr↓ Y.
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2.2. Moments

In this subsection, some important statistical properties of the BETE are obtained such as the rth

moments, moment generating function, characteristic function, skewness and kurtosis.

Theorem 2.5. If X has the BETE(ϕ), then the rth moment of X is given by

µ
′
r = ωj

[
Γ(r+ 1)

[α(b+ j)(1 − e−θ)]
r+1

]
. (2.11)

Proof. By using (2.7) we have

µ
′
r =

∫∞
0
xrf(x)dx = ωj

∫∞
0
xre−α(b+j)(1−e−θ)xdx = ωj

[
Γ(r+ 1)

[α(b+ j)(1 − e−θ)]
r+1

]
,

where ωj =
∑∞
j=0(−1)j

(
a−1
j

)α(1−e−θ)
B(a,b) .

Theorem 2.6. If X has the BETE(ϕ), then the moment generating function (mgf) of X is given by

MX(t) =
ωj

[α(b+ j)(1 − e−θ) − t]
.

Proof. Taking E[etx] and follow similar to (2.11).

Proposition 2.7. Let X ∼ BETE(ϕ), then the moment generating function (mgf) and characteristic function of X
can be presented as

MX(t) =
B(b− t

α(1−e−θ) ,a)

B(a,b)
and ψX(t) =

B(b− it
α(1−e−θ) ,a)

B(a,b)
,

respectively, where i =
√
−1.

Proof. Using

MX(t) =

∫∞
0
etxf(x)dx =

α(1 − e−θ)

B(a,b)

∫∞
0
e(t−αb(1−e−θ))x

(
1 − e−α(1−e−θ)x

)a−1
dx,

letting u = e−α(1−e−θ)x gives the result and ψX(t) follows similar by takig E[eitx].

Further, the central moments µ
′
r in (2.11) can be used to obtain the higher order moments by substi-

tuting r = 1, 2, 3, . . ..

Corollary 2.8. Let X ∼ BETE(ϕ), then the variance (σ2), coefficient of variation (CV), skewness (γ3) and kurtosis
(γ4) could be obtain from

σ2 = µ
′
2 − µ

′2
1 , CV =

√
µ
′
2

µ
′2
1
− 1, γ3 =

µ
′
3 − 3µ

′
2µ
′
1 + 2µ

′3
1

(µ
′
2 − µ

′2
1 )

3/2
, and γ4 =

µ
′
4 − 4µ

′
3µ
′
1 + 6µ

′
2µ
′2
1 + 3µ

′4
1

(µ
′
2 − µ

′2
1 )

2
.

Table 1 provides some numerical values of the first six moments, σ2, CV , γ3 and γ4 for some parame-
ter values. Observe that, as the parameters α, θ,a and b increase the first six moments, variance, CV and
the skewness decreases, while the kurtosis increases. Figure 2 shows that the skewness of the BETE is
decreasing in both a and b while the kurtosis is decreasing in a and increasing in b for the fixed value of
α = 1.5 and θ = 2.5.
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Table 1: First six moments, variance (σ2), coefficient of variation (CV), skewness γ3, and kurtosis γ4 of BETE for some parameter
values.
α θ a b µ1 µ2 µ3 µ4 µ5 µ6 σ2 CV γ3 γ4

0.5 0.6 0.5 0.6 4.9508 67.7955 1469.86 43121.76 1588843 70364563 43.2854 1.3289 2.4778 9.5164
0.8 0.9 0.6 0.7 2.2135 12.441 109.866 1311.9 19677.01 354832.4 7.5418 1.2407 2.3629 10.133
1.0 1.3 1.2 1.5 1.0451 2.0136 5.6714 21.059 97.187 536.59 0.9214 0.9184 1.8556 15.9684
1.5 1. 1.5 2.0 0.5683 0.5425 0.7303 1.2726 2.7274 6.9480 0.2195 0.8244 1.6771 36.8479
3.0 2.0 2.0 4.0 0.1735 0.0453 0.01586 0.0070 0.0037 0.0023 0.0152 0.7115 1.4399 197.613
3.2 2.3 2.5 4.2 0.1786 0.0449 0.0146 0.0058 0.0028 0.0015 0.0130 0.6382 1.2987 275.82
3.9 2.6 2.9 4.8 0.1424 0.0274 0.0067 0.0020 0.0007 0.00027 0.0071 0.5928 1.2077 449.255
4.0 3.0 3.1 5.0 1.3750 0.02514 0.0058 0.0016 0.0005 0.00019 0.0062 0.5737 1.1698 522.208
4.5 3.5 3.9 5.5 0.1319 0.02196 0.0044 0.0011 0.00029 8.840e-5 0.0046 0.5128 1.0513 812.702
5.0 10 9.0 15 0.0966 0.0104 0.0012 0.00016 2.24e-5 3.392e-6 0.0011 0.3365 0.6859 5344.36

a

b

s
k
e
w

n
e
s
s

a
b

k
u
rto

s
is

Figure 2: Plots of the skewness (γ3) and kurtosis (γ4) of the BETE distribution for α = 1.5 and θ = 2.5.

2.3. Mean deviation

The mean deviation around the mean and the mean deviation around the median can be defined
as δ1(x) =

∫∞
0 | x − µ1 | f(x)dx = 2 [µ1F(µ1) − J(µ1)] and δ2(x) =

∫∞
0 | x −M | f(x)dx = µ1 − 2J(M),

respectively. The value of µ1 can be obtained from (2.11) when r = 1 and M = Med(X) from (2.6). To
compute δ1(x) and δ2(x) it is enough to derive J(.) as

J(d) =

∫d
0
x f(x)dx = ωj

∫d
0
xe−α(b+j)(1−e−θ)xdx =

ωj γ(2,α(b+ j)(1 − e−θ)d)

[α(b+ j)(1 − e−θ)]
2 . (2.12)

2.4. Bonferroni and Lorenz curves

In this subsection, we introduced the Bonferroni curve defined by B(p) = 1
µp

∫q
0 x f(x)dx and Lorenz

curve defined by L(p) = 1
µ

∫q
0 x f(x)dx. These curves has many applications not only in economics to

study income and poverty, but also in other fields like reliability, medicine and insurance. By considering
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(2.12), the Bonferroni and Lorenz curves of X ∼ BETE(ϕ) are computed as

B(p) =
1
µp

∫q
0
x f(x)dx =

J(q)

µp
=
ωj γ(2,α(b+ j)(1 − e−θ)q)

µ [α(b+ j)(1 − e−θ)]
2 ,

and

L(p) =
1
µ

∫q
0
x f(x)dx =

J(q)

µ
=
ωj γ(2,α(b+ j)(1 − e−θ)q)

µ [α(b+ j)(1 − e−θ)]
2 ,

respectively, where q = F−1(p) is the quantile value at p which can be computed directly from (2.5).

2.5. Entropy and Kullback-Leibler divergence
The entropy of a random variable X is a measure of variation of the uncertainty. We derived the

two most commonly considered entropy measures that is Renyi and Shannon entropies. The Renyi
entropy of a random variable X with probability density function f(x) is defined as follows: IR(ρ) =

(1 − ρ)−1 ln
∫∞

0 f
ρ(x)dx, for ρ > 0 and ρ 6= 1. The following theorem gives the Renyi entropy of the BETE.

Theorem 2.9. Let the random variable X ∼ BETE, let ρ > 0 and ρ 6= 1, then the Renyi entropy of X is given by

IR(ρ) = (1 − ρ)−1 ln
(

(a− 1)
(a+ b− 1)

)
− lnα− ln(1 − e−θ) +

1
(1 − ρ)

ln
(
B(ρ(a− 1), ρb)
Bρ(a,b)

)
.

Proof. We compute the
∫∞

0 f
ρ(x)dx as∫∞

0
fρ(x)dx =

∫∞
0
αρ(1 − e−θ)ρe−αbρ(1−e−θ)x

(
1 − e−α(1−e−θ)x

)ρ(a−1)
B−ρ(a,b)dx,

letting u = 1 − e−α(1−e−θ)x, we get

∫∞
0
fρ(x)dx =

αρ−1(1 − e−θ)ρ−1

Bρ(a,b)

∫ 1

0
(1 − u)bρ−1uρ(a−1)du = αρ−1(1 − e−θ)ρ−1B(ρ(a− 1) + 1,bρ)

Bρ(a,b)

=
(a− 1)αρ−1(1 − e−θ)ρ−1B(ρ(a− 1),bρ)

(a+ b− 1)Bρ(a,b)
,

therefore,

IR(ρ) = (1 − ρ)−1 ln
(

(a− 1)
(a+ b− 1)

)
− lnα− ln(1 − e−θ) +

1
(1 − ρ)

ln
(
B(ρ(a− 1), ρb)
Bρ(a,b)

)
.

Table 2 provides some numerical values of the Renyi entropy for some parameter values and ρ. Ob-
serve that the Renyi entropy is decreasing when a,b,α and ρ are increasing. It is seen that this entropy
may be negative in some cases.

The Shannon entropy of X is defined by E[− log f(x)] it is also a particular case of the Renyi entropy
when ρ→ 1. The Shannon entropy of BETE is obtained by applying lemma 2.10.

Lemma 2.10. Let X ∼ BETE, then, E
[
log(1 − e−α(1−e−θ)x)

]
=
α(1−e−θ)
B(a,b)

∂
∂tB(b,a+ t)|t=0.

Theorem 2.11. Let the random variable X ∼ BETE, then the Shannon entropy of X is given by

E[− log f(x)] = log
(

B(a,b)
(α(1 − e−θ))

)
+αb(1 − e−θ)µ

/
1 −

(a− 1)α(1 − e−θ)

B(a,b)
∂

∂t
B(a+ t,b)|t=0,

where µ/1 is the mean of X and can be computed from (2.11), when r = 1.
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Proof.

E[− log f(x)] = log
(

B(a,b)
(α(1 − e−θ))

)
+αb(1 − e−θ)E[X] − (a− 1)E

[
log(1 − e−α(1−e−θ)x)

]
, (2.13)

the result is obtained by Lemma 2.10 and (2.11) when r = 1.

The Shannon entropy of X can be represented in another form if we consider the last term of (2.13) as
(2.14) which is obtained by using log expansion and exponential expansion in log(1 − e−α(1−e−θ)x) as.

E(log(1 − e−α(1−e−θ)x)) =

∞∑
k=1

(−1)2k+1

k

∫∞
0
e−kα(1−e−θ)xf(x)dx

=

∞∑
k=1

∞∑
r=0

(−1)2k+r+1αrkr(1 − e−θ)r

kr!

∫∞
0
xrf(x)dx

=

∞∑
k=1

∞∑
r=0

(−1)2k+r+1αrkr(1 − e−θ)r

k r!
µ
/
r .

(2.14)

Table 3 provides some numerical values of the Shannon entropy for some parameter values, showing
that for some fixed values of θ,b and α the Shannon entropy is increasing when a is increasing. It is seen
that the Shannon entropy may be negative in some cases.

Now, we shall compute the Kullback-Leibler (KL) divergence for the BETE distributions. The KL-
divergence is a fundamental equation of information theory that measures the proximity of two proba-
bility distributions, i.e., it measures the distance between two density functions. It is also called the in-
formation divergence and relative entropy. For random variables X1 ∼ BETE(ϕ1) and X2 ∼ BETE(ϕ2), let

f1(x) =
α1(1−e−θ1)e−α1b1(1−e−θ1 )x

(
1−e−α1(1−e−θ1 )x

)a1−1

B(a1,b1)
, and f2(x) =

α2(1−e−θ2)e−α2b2(1−e−θ2 )x
(

1−e−α2(1−e−θ2 )x
)a2−1

B(a2,b2)
,

be the density of X1 and X2, then the KL divergence measure of f1 and f2 is defined as KL(f1||f2) =∫∞
0 f1 log

(
f1
f2

)
dx.

Proposition 2.12. Let X1 ∼ BETE(ϕ1) and X2 ∼ BETE(ϕ2), let f1 and f2 be the density of X1 and X2, then the
Kullback-Leibler (KL) divergence measure of f1 and f2 is

KL(f1||f2) = log
(
α1(1 − e−θ1)

α2(1 − e−θ2)

)
−
(
α2b2(1 − e−θ2) −α1b1(1 − e−θ1)

)
µ1f1

+
(a1 − 1)α1(1 − e−θ1)

B(a1,b1)

∂

∂t
B(b1,a1 + t)|t=0 − (a2 − 1)

∞∑
k=1

∞∑
r=0

(−1)2k+r+1αr2k
r(1 − e−θ2)r

k r!
µ
/
rf1

,

where µ/1f1 is the first moment of X from f1 and µ/rf1 is the rth moment of X from f1 which can be determine from
(2.11).

Proof. We first simplify

f1 log
(
f1

f2

)
= f1[log

(
α1(1 − e−θ1)

α2(1 − e−θ2)

)
− (α2b2(1 − e−θ2) −α1b1(1 − e−θ1))x

+ (a1 − 1) log
(

1 − e−α1(1−e−θ1)x
)
− (a2 − 1) log

(
1 − e−α2(1−e−θ2)x

)
],

therefore,∫∞
0
f1 log

(
f1

f2

)
dx = log

(
α1(1 − e−θ1)

α2(1 − e−θ2)

)
− (α2b2(1 − e−θ2) −α1b1(1 − e−θ1))Ef1 [x]

+ (a1 − 1)Ef1

[
log
(

1 − e−α1(1−e−θ1)x
)]

− (a2 − 1)Ef1

[
log
(

1 − e−α2(1−e−θ2)x
)]

.
(2.15)
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Thus, by considering the computations in Lemma 2.10 for the third term in (2.15) and follow that of
the equation (2.14) for the last term in (2.15) we have

KL(f1||f2) = log
(
α1(1 − e−θ1)

α2(1 − e−θ2)

)
−
(
α2b2(1 − e−θ2) −α1b1(1 − e−θ1)

)
µ1f1

+
(a1 − 1)α1(1 − e−θ1)

B(a1,b1)

∂

∂t
B(b1,a1 + t)|t=0 − (a2 − 1)

∞∑
k=1

∞∑
r=0

(−1)2k+r+1αr2k
r(1 − e−θ2)r

k r!
µ
/
rf1

,

where Ef1 [t] =
∫∞

0 t f1(x)dx.

Table 2: Renyi entropy for some parameter values and ρ.
α θ a b ρ IR(ρ) α θ a b ρ IR(ρ)
0.2 0.5 0.1 0.2 0.1 6.5945 1.2 1.8 1.7 1.5 0.8 0.9777
0.3 0.4 0.15 0.3 0.2 5.2917 1.8 2.1 1.9 2.0 1.1 0.1977
0.5 0.7 0.2 0.5 0.3 3.3949 2.5 2.5 3.1 2.5 1.5 -0.2889
0.8 0.6 0.5 0.9 0.4 2.3971 3.5 4.2 5.0 7.0 2.0 -1.4132
0.9 0.8 0.7 1.0 0.5 1.9337 5.0 8.0 9.0 12.0 5.0 -2.1738

Table 3: Shannon Entropy for some parameter values.
Parameters α = 0.2, θ = 0.5, b = 0.4 α = 1.5, θ = 2.1, b = 3.5

a Shannon Entropy a Shannon Entropy
0.2 1.8743 0.3 -2.4837
0.4 3.6642 0.5 -1.3677
0.6 4.1457 0.9 -0.6236
0.7 4.2658 1.1 -0.4479
0.9 4.4117 3.6 0.1749
1.3 4.5478 4.0 0.2081
1.9 4.6297 4.5 0.2421

2.6. Order statistics
Order statistics are one of the fundamental tools for modeling random phenomena that arise com-

monly in reliability analysis, life testing, quality control, and survival analysis etc. Let X1,X2, · · · ,Xn be
the order statistics obtained from BETE, then, the probability density function of the ith-order statistics
represented by fi:n(x) is given as follows. For f(x) in (2.3) and F(x) in (2.2), we have

fi:n(x) =

n−i∑
l=0

(−1)l
(
n−i
l

)
f(x)

B(i,n− i+ 1)
Fi+l−1(x), (2.16)

Fi+l−1(x) =

[ ∞∑
k=0

(1 − b)k
k!(a+ k)B(a,b)

(
1 − e−α(1−e−θ)x

)a+k]i+l−1

.

Recall that, (
∑∞
k=0ak)

m
=

∑∞
k1=0

∑∞
k2=0 · · ·

∑∞
km=0 ak1ak2 · · ·akm , therefore,

Fi+l−1(x) =

∞∑
k1,k2,··· ,ki+l−1=0

C(kw)(1 − e−α(1−e−θ)x)
∑i+l−1
w=1 kw+a(i+l−1), (2.17)
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where C(kw) =
∏i+l−1
w=1 ckw and ck =

(1−b)k
(a+k)k!B(a,b) . By substituting (2.17) in (2.16) we get

fi:n(x) =

n−i∑
l=0

∞∑
k1,k2,··· ,ki+l−1=0

γkw,l(a,b) fkw,l(x;α, θ,a(i+ l) +
i+l−1∑
w=1

kw,b),

where γkw,l(a,b) =
(−1)l

(
n−i
l

)
C(kw)B(a(i+l)+

∑i+l−1
w=1 kw,b)

B(i,i+l−1)B(a,b) and

fkw,l(x;α, θ,a(i+ l) +
i+l−1∑
w=1

kw,b) =
α(1 − e−θ)e−αb(1−e−θ)x

B(a(i+ l) +
∑i+l−1
w=1 kw,b)

(1 − e−α(1−e−θ)x)a(i+l)+
∑i+l−1
w=1 kw−1

is the density function of the BETE(ϕ) with ϕ = (α, θ,a(i+ l) +
∑i+l−1
w=1 kw,b). Therefore, the pdf of the

ith-order statistics can be expressed as a mixture of BETE distribution, hence, (2.11) can be used to obtain
the rth moment for the ith-order statistics.

2.7. Moments of residual life and reversed residual life

Suppose that a component survives up to time t > 0, the residual life is the period beyond t until the
time of failure and defined by the conditional random variable X− t|X > t. The reversed residual life can
be defined as the conditional random variable t−X|X 6 t which denotes the time elapsed from the failure
of a component given that its life is less than or equal to t.

Proposition 2.13. Let X ∼ BETE(ϕ), let r, t > 0, let µr(t) = E((X− t)r | X > t) denote the rth moment of
the residual life of X and mr(t) = E((t−X)r | X 6 t) denote the rth moment of the reversed residual life of X, then,

µr(t) =
ωj

F(t)

r∑
m=0

(−t)m
(
r
m

) [Γ(r−m+ 1,α(b+ j)(1 − e−θ)t)

[α(b+ j)(1 − e−θ)]
r−m+1

]
,

and

mr(t) =
ωj

F(t)

r∑
m=0

(−1)r−m(t)m
(
r
m

) [γ(r−m+ 1,α(b+ j)(1 − e−θ)t)

[α(b+ j)(1 − e−θ)]
r−m+1

]
,

where F(t)=1−F(t), Γ(s, t)=
∫∞
t x
s−1e−xdx is the upper incomplete gamma function and γ(s, t) =

∫t
0 x
s−1e−xdx

is the lower incomplete gamma function.

Proof. Applying the binomial expansion of (X− t)r and (t−X)r then follow similar in (2.11) by using (2.7)
for the expansion of f(x). µr(t) = E((X− t)r | X > t) = 1

F(t)

∫∞
t (x− t)rf(x)dx, and mr(t) = E((t− X)r |

X 6 t) = 1
F(t)

∫t
0(t− x)

rf(x)dx, respectively.

3. Maximum likelihood estimation

In this section, we determine the maximum likelihood estimates (MLEs) of the parameters of the
BETE distribution from complete data. Let X1,X2, . . . ,Xn be a random sample of size n from BETE(ϕ)
where ϕ = (α, θ,a,b)T is the parameter vector. The log likelihood function for the vector of parameters
ϕ = (α, θ,a,b) can be written as

logL = n log(α) +n log(1 − e−θ) −αb(1 − e−θ)

n∑
i=1

xi + (a− 1)
n∑
i=1

log
(

1 − e−α(1−e−θ)xi
)
−n logB(a,b).
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The associated score function is given by

Un(ϕ) =

[
∂L

∂α
,
∂L

∂θ
,
∂L

∂a
,
∂L

∂b

]T
.

The components of the score vector are given by

∂ log L

∂α
=
n

α
− b(1 − e−θ)

n∑
i=1

xi + (a− 1)
n∑
i=1

(1 − e−θ)xie
−α(1−e−θ)xi(

1 − e−α(1−e−θ)xi
) ,

∂ log L

∂θ
=

ne−θ

(1 − e−θ)
−αbe−θ

n∑
i=1

xi + (a− 1)
n∑
i=1

αe−θxie
−α(1−e−θ)xi

1 − e−α(1−e−θ)xi
,

∂ log L

∂a
=

n∑
i=1

log
(

1 − e−α(1−e−θ)xi
)
+nψ(a+ b) −nψ(a),

∂ log L

∂b
= nψ(a+ b) −nψ(b) −α(1 − e−θ)

n∑
i=1

xi.

The maximum likelihood estimation (MLE) of ϕ, say ϕ̂, is obtained by solving the nonlinear system
Un(ϕ) = 0. These equations cannot be solved analytically, but Mathematical software can be used to
solve them numerically via iterative methods. The nlminb, nlm, maxBFGS or optimx in R-software
can be used. For interval estimation and hypothesis tests on the model parameters, we require the

information matrix. The 4× 4 observed information matrix is given by In(ϕ) = −
(
∂2(logL)
∂ϕ∂ϕT

)
. Apply-

ing the usual large sample approximation, MLE of ϕ, i.e. ϕ̂ can be treated as being approximately
N4(ϕ, Jn(ϕ)−1), where Jn(ϕ) = E [In(ϕ)]. Under conditions that are fulfilled for parameters in the in-
terior of the parameter space but not on the boundary, the asymptotic distribution of

√
n(ϕ̂ − ϕ) is

N4(0, J(ϕ)−1) , where J(ϕ) = limn→∞n−1In(ϕ) is the unit information matrix. The estimated asymptotic
multivariate normalN4(ϕ, In(ϕ̂)−1) distribution of ϕ̂ can be used to construct approximate confidence in-
tervals for the parameters. An 100(1−ξ) asymptotic confidence interval for each parameter ϕr is given by

ACIr =

(
ϕ̂r − zξ

2

√
Îrr, ϕ̂r + zξ

2

√
Îrr

)
where Îrr is the (r, r) diagonal element of In(ϕ̂)−1 for r = 1, 2, 3, 4,

and zξ
2

is the quantile 1 − ξ
2 of the standard normal distribution. The elements of In(ϕ) are given in

Appendix A.
Further, BETE can be compared with some of its sub model by conducting a likelihood ratio test

(LR). Let consider ϕ̂ and ϕ̌ be the unrestricted and restricted MLEs of ϕ respectively, then the LR testing
between the null hypothesis H0 : ϕ1 = ϕ0

1 versus alternative hypothesis H1 : ϕ1 6= ϕ0
1 is given by

w = −2(L(ϕ̌) − L(ϕ̂)), where ϕ̌ is under H0 and ϕ̂ under the full model, i.e., BETE. The LR test under
H0 is asymptotically distributed as χ2

d with degree of freedom d, where d is the difference in parameter
dimension between the unrestricted model and the restricted model. The LR test rejects H0 at level
ξ whenever w > χ2

d,1−ξ, where χ2
d,1−ξ is the 1 − ξ quantile of Chi-square distribution with degree of

freedom d.

3.1. Simulation

In this subsection, we assess the performance of the maximum likelihood estimates by conducting
simulation studies. We generate 10, 000 samples from the BETE each of sample size n = 30, 50, 100, 200,
and 300. The actual values, estimated values and standard deviations for various values of parameters
are listed in Table 4. The result of the simulation shows that the maximum likelihood method performed
consistently and the standard deviations of the MLEs decrease as the sample size increases.
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Table 4: MLEs, estimated values and standard deviations for various values of parameter.
Sample size Actual values Estimated values Standard deviations

n α θ a b α̂ θ̂ â b̂ sd(α) sd(θ) sd(a) sd(b)

30

0.3 0.6 2.5 1.5 0.5644 0.9503 2.9326 0.5853 0.1271 0.8414 1.7860 0.1506
0.5 0.5 0.5 0.5 0.6327 1.0894 0.5559 0.5776 0.4014 1.6830 0.1461 0.3549
1.8 1.5 4.0 2.0 1.9143 3.6626 4.9250 2.1371 0.6818 3.1671 1.8691 1.1249
0.4 0.6 1.0 1.0 0.6335 1.0960 1.07020 0.6248 0.2484 1.4539 0.3178 0.2528
1.9 2.0 4.0 0.8 1.4471 2.8677 4.2289 1.5262 0.4350 2.7613 1.6459 0.6213
1.0 1.0 0.5 0.5 1.0891 1.6279 0.5842 1.0302 1.0452 2.2349 0.1489 1.0742
1.0 1.0 1.0 1.0 1.1919 2.1213 1.1470 1.2280 0.7160 2.5451 0.3216 0.7757
1.2 2.0 0.9 1.0 1.6641 2.4606 1.0484 1.7398 1.47580 2.7933 0.2835 1.5541

50

0.3 0.6 2.5 1.5 0.5412 0.8316 2.4817 0.5732 0.0909 0.4097 0.9532 0.1076
0.5 0.5 0.5 0.5 0.5634 0.7687 0.5310 0.5404 0.2375 0.9961 0.0988 0.2101
1.8 1.5 4.0 2.0 1.8378 3.4066 4.5268 1.9692 0.4711 2.9214 1.1851 0.6844
0.4 0.6 1.0 1.0 0.6021 0.8691 1.0091 0.5985 0.1722 0.8888 0.2129 0.1770
1.9 2.0 4.0 0.8 1.3881 2.5289 3.8349 1.4471 0.3073 2.2266 1.0150 0.4001
1.0 1.0 0.5 0.5 0.9260 1.2531 0.5580 0.8893 0.5613 1.6953 0.1039 0.4741
1.0 1.0 1.0 1.0 1.0930 1.0786 1.0786 1.1208 0.4281 1.1445 0.2108 0.4743
1.2 2.0 0.9 1.0 1.4677 2.0872 0.9898 1.4704 0.8595 2.3647 0.1913 0.8686

100

0.3 0.6 2.5 1.5 0.5221 0.7828 2.2329 0.5683 0.0608 0.1989 0.5229 0.0730
0.5 0.5 0.5 0.5 0.5332 0.5806 0.5143 0.5167 0.1512 0.3689 0.0645 0.1285
1.8 1.5 4.0 2.0 1.7807 2.9891 4.2473 1.8684 0.3021 2.3318 0.7248 0.4033
0.4 0.6 1.0 1.0 0.5798 0.7245 0.9637 0.5806 0.1130 0.3659 0.1332 0.1132
1.9 2.0 4.0 0.8 1.3458 2.1242 3.5994 1.3988 0.2001 1.6742 0.6413 0.2499
1.0 1.0 0.5 0.5 0.8400 0.9005 0.5387 0.8227 0.3066 0.8468 0.0678 0.2623
1.0 1.0 1.0 1.0 1.0501 1.3181 1.0393 1.0476 0.2760 1.2611 0.1385 0.2773
1.2 2.0 0.9 1.0 1.3427 1.6607 0.9478 1.3378 0.4937 1.6874 0.1217 0.4752

200

0.3 0.6 2.5 1.5 0.5167 0.7624 2.1429 0.5630 0.0413 0.1241 0.3183 0.0501
0.5 0.5 0.5 0.5 0.5163 0.5342 0.5077 0.5062 0.0959 0.1616 0.0446 0.0842
1.8 1.5 4.0 2.0 1.7572 2.5890 4.1267 1.8283 0.2076 1.7302 0.4865 0.2694
0.4 0.6 1.0 1.0 0.5739 0.6802 0.9473 0.5696 0.0786 0.1619 0.0903 0.0772
1.9 2.0 4.0 0.8 1.3313 1.8219 3.4963 1.3768 0.1392 1.1497 0.4314 0.1714
1.0 1.0 0.5 0.5 0.8017 0.7651 0.5309 0.7991 0.1865 0.3382 0.0468 0.1663
1.0 1.0 1.0 1.0 1.0226 1.1043 1.0164 1.0246 0.1862 0.5278 0.0934 0.1870
1.2 2.0 0.9 1.0 1.286 1.3440 0.9335 1.2890 0.3105 0.9285 0.0830 0.3097

300

0.3 0.6 2.5 1.5 0.5144 0.7556 2.1150 0.5625 0.0335 0.0966 0.2554 0.0407
0.5 0.5 0.5 0.5 0.5112 0.5209 0.5049 0.5039 0.0775 0.1215 0.0355 0.0678
1.8 1.5 4.0 2.0 1.7467 2.3949 4.0922 1.8226 0.1667 1.3344 0.3881 0.2139
0.4 0.6 1.0 1.0 0.5692 0.6692 0.9400 0.5687 0.0630 0.1257 0.0728 0.0625
1.9 2.0 4.0 0.8 1.3280 1.7072 3.4586 1.3676 0.1136 0.5472 0.3446 0.1389
1.0 1.0 0.5 0.5 0.7903 0.7405 0.5282 0.7904 0.1457 0.2072 0.0374 0.1314
1.0 1.0 1.0 1.0 1.0150 1.0577 1.0132 1.0161 0.1472 0.3091 0.0760 0.1494
1.2 2.0 0.9 1.0 1.2680 1.2780 0.9285 1.2724 0.2419 3.4216 0.0688 0.2402
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4. The stress-strength analysis

Suppose that, the independent random variables X1∼BETE(α1, θ1,a1,b1) and X2 ∼ BETE(α2, θ2,a2,b2).
In reliability studies, the stress-strength model describes the life of a component which has a random
strength X1 that is subjected to a random stress X2. If X1 > X2 the component will function satisfactorily
and when X2 > X1 the component will fail because the stress applied exceed the strength. The reliability
of a component is defined by R=P(X2 < X1) =

∫∞
0 f1(x)F2(x)dx. This has many applications in the diverse

fields of engineering in the study of fatigue failure of component or structures etc. The reliability function
R of the BETE is given as follows.

Theorem 4.1. Let X1 ∼ BETE(α1, θ1,a1,b1) and X2 ∼ BETE(α2, θ2,a2,b2) be independent random variables,
then the reliability R = P(X2 < X1) is given by

R =

∫∞
0
f1F2dx =

∞∑
n=0

∞∑
k=0

Ψn,k(a2,b2)
B
(
a1,b1 +

α2k(1−e−θ2)

α1(1−e−θ1)

)
B(a1,b1)B(a2,b2)

,

where Ψn,k(a2,b2) =
(1−b2)n

(
a2+n
k

)
(−1)k

n!(a2+n)
and (1 − b2)n =

Γ(1−b2+n)
Γ(1−b2)

is a Pochhammer symbol.

Proof. For real value of a2 and b2, we can express F(x;α2, θ2,a2,b2) = I
(1−e−α2(1−e−θ2 )x)

(a1,b2) as (see.

http://mathworld.wolfram.com/IncompleteBetaFunction.html)

F(x;α2, θ2,a2,b2) =

∞∑
n=0

(1 − b2)n
n!(a2 +n)B(a2,b2)

(
1 − e−α2(1−e−θ2)x

)a2+n
,

therefore,

f1F2 =
α1(1 − e−θ1)

B(a1,b1)B(a2,b2)

∞∑
n=0

∞∑
k=0

(1 − b2)n
(
a2+n
k

)
(−1)k

n!(a2 +n)

×
(

1 − e−α1(1−e−θ1)x
)a1−1

e−(α1b1(1−e−θ1)+α2k(1−e−θ2))x.

By taking the integral and letting u = 1 − e−α1(1−e−θ1)x, we have

∫∞
0
f1F2dx =

∞∑
n=0

∞∑
k=0

(1 − b2)n
(
a2+n
k

)
(−1)k

n!(a2 +n)B(a1,b1)B(a2,b2)

∫ 1

0
ua1−1(1 − u)

b1+
α2k(1−e−θ2 )

α1(1−e−θ1 )
−1
du.

Thus,

R =

∫∞
0
f1F2dx =

∞∑
n=0

∞∑
k=0

Ψn,k(a2,b2)
B
(
a1,b1 +

α2k(1−e−θ2)

α1(1−e−θ1)

)
B(a1,b1)B(a2,b2)

,

where Ψn,k(a2,b2) =
(1−b2)n

(
a2+n
k

)
(−1)k

n!(a2+n)
.

For convenience, we will consider the estimation of R for an independent X1, X2 with different shape
parameters a1,a2 and common parameters α, θ and b.
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4.1. Estimation of R with common parameters α, θ and b

In this subsection, we compute R with common parameters α, θ and b. The MLEs of R and the
asymptotic confidence interval of R are discussed.

Proposition 4.2. Let X1 ∼ BETE(α, θ,a1,b) and X2 ∼ BETE(α, θ,a2,b) be independent random variables, then
the reliability R = P(X2 < X1) is given as

R =

∞∑
l=0

∞∑
k=0

Ψ∗l,k(a2,b)
B (a1,b+ k))
B(a1,b)B(a2,b)

,

where Ψ∗l,k(a2,b) =
(1−b)l

(
a2+l
k

)
(−1)k

l!(a2+l)
and (1 − b)l =

Γ(1−b+l)
Γ(1−b) is a Pochhammer symbol.

Notice that R is independent of α and θ.

4.1.1. MLE and asymptotic confidence interval of R
Let X1, X2, X3, . . . ,Xn be an independent random sample of size n from the BETE population with

parameters α, θ,a1, and b, let Y1, Y2, Y3, . . . ,Ym be an independent random sample of size m from the
BETE population with parameters α, θ,a2, and b, so the two samples has common parameters α, θ, and
b. We wish to estimate the parameters a1, a2, b, α, and θ by method of maximum likelihood.

The log-likelihood (log `) function of the observed samples is given by

log ` = (n+m) log(α) + (n+m) log(1 − e−θ) −αb(1 − e−θ)

n∑
i=1

xi

−αb(1 − e−θ)

m∑
j=1

yj + (a1 − 1)
n∑
i=1

log
(

1 − e−α(1−e−θ)xi
)

+ (a2 − 1)
m∑
j=1

log
(

1 − e−α(1−e−θ)yj
)
−n logB(a1,b) −m logB(a2,b).

The MLEs of Θ = (a1, a2, b, α, θ)T , say Θ̂ = (â1, â2, b̂, α̂, θ̂, )T can be obtained by the solution of the
non-linear equations (4.1), (4.2), (4.3), (4.4), and (4.5).

∂ log `
∂a1

=

n∑
i=1

log
(

1 − e−α(1−e−θ)xi
)
+nψ(a1 + b) −nψ(a1), (4.1)

∂ log `
∂a2

=

m∑
i=1

log
(

1 − e−α(1−e−θ)yi
)
+mψ(a2 + b) −mψ(a2), (4.2)

∂ log `
∂b

= nψ(a1 + b) −nψ(b) +mψ(a2 + b) −mψ(b) −α(1 − e−θ)

n∑
i=1

xi −α(1 − e−θ)

m∑
j=1

yj, (4.3)

∂ log `
∂α

=
n+m

α
− b(1 − e−θ)

n∑
i=1

xi − b(1 − e−θ)

m∑
j=1

yj

+ (a1 − 1)
n∑
i=1

(1 − e−θ)xie
−α(1−e−θ)xi(

1 − e−α(1−e−θ)xi
) + (a2 − 1)

m∑
j=1

(1 − e−θ)yje
−α(1−e−θ)yj(

1 − e−α(1−e−θ)yj
) , (4.4)

∂ log `
∂θ

=
ne−θ

(1 − e−θ)
+

me−θ

(1 − e−θ)
−αbe−θ

n∑
i=1

xi −αbe
−θ

m∑
j=1

xj
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+ (a1 − 1)
n∑
i=1

αe−θxie
−α(1−e−θ)xi

1 − e−α(1−e−θ)xi
+ (a2 − 1)

m∑
j=1

αe−θyje
−α(1−e−θ)yj

1 − e−α(1−e−θ)yj
. (4.5)

Here, we discussed the asymptotic distribution of the Θ̂ = (â1, â2, b̂, α̂, θ̂)T and the asymptotic
distribution of R̂. Based on the asymptotic distribution of R̂, the asymptotic confidence interval of R is

derived. We denote the expected Fisher information matrix by I(Θ) = −E
(
∂2(log `)
∂Θ∂ΘT

)
. The elements of(

∂2(log `)
∂Θ∂ΘT

)
can be deduced from appendix A. Let I(Θ) be represented by

I(Θ) = −


Ia1a1 Ia1a2 Ia1b Ia1α Ia1θ

Ia2a1 Ia2a2 Ia2b Ia2α Ia2θ

Iba1 Iba2 Ibb Ibα Ibθ
Iαa1 Iαa2 Iαb Iαα Iαθ
Iθa1 Iθa2 Iθb Iθα Ibb

 .

The element of I(Θ) are given in appendix B.

Theorem 4.3. As n → ∞, m → ∞ and n/m → p, then, [
√
n(â1 − a1),

√
m(â2 − a2),

√
n(b̂− b),

√
n(α̂−

α),
√
n(θ̂− θ)]→ N5(0,A−1(Θ)), where

A(Θ) =



limm,n→∞ Ia1a1
n 0 limm,n→∞ Ia1b

n limm,n→∞ Ia1α

n limm,n→∞ Ia1θ

n

0 limm,n→∞ Ia2a2
m limm,n→∞ Ia2b√

mn
limm,n→∞ Ia2α√

mn
limm,n→∞ Ia2θ√

mn

limm,n→∞ Iba1
n limm,n→∞ Iba2√

mn
limm,n→∞ Ibb

n limm,n→∞ Ibα
n limm,n→∞ Ibθ

n

limm,n→∞ Iαa1
n limm,n→∞ Iαa2√

mn
limm,n→∞ Iαb

n limm,n→∞ Iαα
n limm,n→∞ Iαθ

n

limm,n→∞ Iθa1
n limm,n→∞ Iθa2√

mn
limm,n→∞ Iθb

n limm,n→∞ Iθα
n limm,n→∞ Ibb

n


.

Proof. The proof follows from the asymptotic normality of maximum likelihood estimation.

The asymptotic variances and covariances of the estimators â1, â2, θ̂, α̂ and b̂ is required to compute
the variance of the estimator of R̂ (see. [15]). The variance covariance matrix is given by I−1

I−1 =


Var(â1) Cov(â1, â2) Cov(â1, b̂) Cov(â1, α̂) Cov(â1, θ̂)

Cov(â2, â1) Var(â2) Cov(â2, b̂) Cov(â2, α̂) Cov(â2, θ̂)
Cov(b̂, â1) Cov(b̂, â2) Var(b̂) Cov(b̂, α̂) Cov(b̂, θ̂)
Cov(α̂, â1) Cov(α̂, â2) Cov(α̂, b̂) Var(α̂) Cov(α̂, θ̂)
Cov(θ̂, â1) Cov(θ̂, â2) Cov(θ̂, b̂) Cov(θ̂, α̂) Var(θ̂)

 .

In order to construct the confidence interval of R̂, we first determine the variance of R̂. The asymptotic
variance of R̂ is given by

Var(R̂) =
(
∂R

∂a1

)2

Var(a1) +

(
∂R

∂a2

)2

Var(a2) +

(
∂R

∂b

)2

Var(b)

+ 2
(
∂R

∂a1

∂R

∂a2

)
Cov(a1,a2) + 2

(
∂R

∂a1

∂R

∂b

)
Cov(a1,b) + 2

(
∂R

∂a2

∂R

∂b

)
Cov(a2,b).

Now, let us derive the expressions for the ∂R
∂a1

, ∂R∂a2
and ∂R

∂b , which can be computed numerically using
mathematical packages.

∂R

∂a1
=
α(1 − e−θ)

B(a1,b)

∫∞
0
e−αb(1−e−θ)x

(
1 − e−α(1−e−θ)x

)a1−1
I{G(x;α,θ)}(a2,b)



M. Shrahili, I. Elbatal, I. Muhammad, M. Muhammad, J. Math. Computer Sci., 22 (2021), 16–37 32

×
(

log
(

1 − e−α(1−e−θ)x
)
− (ψ(a1 + b) −ψ(a1))

)
dx,

∂R

∂a2
=
α(1 − e−θ)

B(a1,b)

∫∞
0
e−αb(1−e−θ)x

(
1 − e−α(1−e−θ)x

)a1−1

×
([

log(1 − e−α(1−e−θ)x) −ψ(a2) +ψ(a2 + b)
]
I{G(x;α,θ)}(a2,b)

−
Γ(a2)Γ(a2 + b)

Γ(b)

(
1 − e−α(1−e−θ)x

)a2 3F2(a2,a2, 1 − b;a2 + 1,a2 + 1; 1 − e−α(1−e−θ)x)

(Γ(a2 + 1))2

)
dx,

∂R

∂b
=
α(1 − e−θ)

B(a1,b)

∫∞
0
e−αb(1−e−θ)x

(
1 − e−α(1−e−θ)x

)a1−1

×
[
−α(1 − e−θ)xI{G(x;α,θ)}(a2,b) +

∂I{G(x;α,θ)}(a2,b)
∂b

− I{G(x;α,θ)}(a2,b)[ψ(b) −ψ(a2 + b)]

]
dx,

where

∂I{G(x;α,θ)}(a2,b)
∂b

=
Γ(b)Γ(a2 + b)

Γ(a2) eαb(1−e−θ)x 3F̄2(b,b, 1 − a2;b+ 1,b+ 1; e−α(1−e−θ)x)

+ I{1−G(x;α,θ)}(b,a2)
(
ψ(b) −ψ(a2 + b) − log(e−α(1−e−θ)x)

)
,

and 3F̄2(. . . ; ..; z), |z| < 1 is the regularized hypergeometric function, see (http://mathworld.wolfram.com/
RegularizedHypergeometricFunction.html). The hypergeometric function in Subsection 5.2 is computed
using the package hypergeo in R with 2000 iteration. and I{.}(., .) is incomplete beta function.

Once an estimated Var(R̂) is obtained using the MLEs Θ̂, we can compute the 95% asymptotic confi-

dence interval of R defined by R̂± 1.96
√

V̂ar(R̂).

5. Applications

In this section, we provide two applications of the BETE distribution. Firstly, we fitting BETE to a real
data and compares the fit with some other existing distributions. Secondly, an application of the BETE in
stress-strength analysis to a real data is considered.

5.1. Data analysis I
In this subsection, we perform an application to real data and demonstrate the superiority performance

of BETE distribution as compared to some of its sub-models and other well-known lifetime distributions.
In comparison, the model selection criteria known as the Akaike Information Citerion (AIC) and Bayesian
Information Criterion (BIC) are used to compare the BETE and other models. Moreover the goodness of
fit statistics known as the Kolmogorov Smirnov (KS), Anderson-Darling (A∗) and Cramer-von Mises (W∗)
are considered. The KS, A∗ and the W∗ statistics are widely used to determine how closely a specific
distribution whose associated cumulative distribution function fits the empirical distribution associated
with a given data. The A∗ and W∗ statistics are defined by

A∗ = −(
9

4n2 +
3

4n
+ 1)(n+

1
n

n∑
i=1

(2i− 1) log(zi(1 − zn−i+1))),

W∗ = (
1

2n
+ 1)(

n∑
i=1

(zi −
2i− 1

2n
)2),

respectively, where zi = F(xi) and xi the ordered observations. The upper tail percentiles of the asymp-
totic distributions of A∗ and W∗ were tabulated in [33]. Further, we conducted the likelihood ratio (LR)
between the BETE and its sub model.
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The data used consists of 101 observations of the fatigue life of 6061-T6 aluminum coupons cut parallel
to the direction of rolling and oscillated at 18 cycles per second. It is provided by [12]. The data are: 70,
90, 96, 97, 99, 100, 103, 104, 104, 105, 107, 108, 108, 108, 109,109, 112, 112, 113, 114, 114, 114, 116, 119, 120,
120, 120, 121, 121, 123, 124, 124, 124, 124, 124, 128, 128, 129, 139, 130, 130, 130, 131, 131, 131, 131, 131, 132,
132, 132, 133, 134, 134, 134, 134, 134, 136, 136, 137, 138, 138, 138, 139, 139, 141, 141, 142, 142, 142, 142, 142,
142, 144, 144, 145, 146, 148, 148, 149, 151, 151, 152, 155, 156, 157, 157, 157, 157, 158, 159, 162, 163, 163, 164,
166, 166, 168, 170, 174, 196, 212.

The competing distributions include the Beta Frechet (BF) by [10], Marshall-Olkin generalized Erlang-
truncated exponential (MOGETE) [34], Extended Erlang-truncated exponential (EETE) [35], and general-
ized half logistic Poisson (GHLP) [25]. The numerical values of the estimators and the test statistics of
each model are presented in the Table 5.

Next, we consider the LR test between the null hypothesis H0 : EETE versus alternative hypothesis
H1 : BETE, i.e., H0 : b = 1 vs H1 : b 6= 1. The value of the LR test is 12.57 with p− value = 0.00039.
Therefore, the null hypothesis H0 is rejected in favor of the alternative hypothesis H1 : BETE model.

Clearly, we can see from Table 5, the results indicated that BETE has the smallest value of all the
measures, thus, BETE fit the data better than the other existing models. In support of that, Figure 3 shows
the plot of the (i) histogram and the fitted BETE, (ii) empirical and fitted BETE cdfs of the given data set,
while (iii) is the quantile-quantile plot of the BETE for the data set.

Table 5: MLEs, L, AIC, BIC, A∗, W∗, KS and p-value of the competing distributions for the given data set.
Model α̂ θ̂ λ̂ β̂ γ̂ â b̂ L AIC BIC A∗ W∗ KS p− value

BETE 0.0801 0.1307 - - - 40.3836 15.3598 -456.53 921.06 931.52 0.4202 0.0712 0.0778 0.5735
EETE 257.0 - 3.2840 0.0469 - - - -462.82 931.63 939.48 1.5050 0.2393 0.1048 0.2174
BFr - - 0.795 - 112.53 78.23 108.70 -458.07 924.15 934.61 4.2035 0.5576 0.1244 0.0879
GHLP 1.353×10−5 - 6773.4630 278.803 - - - -462.79 931.59 939.43 1.1710 0.2106 0.1096 0.1764
MOGETE 9.0700 6.402×10−3 1989.0 - - - - -463.02 932.04 939.89 2.5561 0.3818 0.1060 0.2063
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Figure 3: Plots of (i) histogram and estimated BETE pdf; (ii) empirical and estimated BETE cdf; (iii) quantile-quantile plot for
the given data set.

5.2. Data analysis II
In this subsection, we consider two real data sets for illustrative purposes. The two data sets were

originally provided by [7], is the failure stresses (in GPa) of single carbon fibers of lengths 20 mm and 50
mm, respectively, also analyzed by [27]. The data sets are considered as X(n = 69): 1.312, 1.314, 1.479,
1.552, 1.700, 1.803, 1.861, 1.865, 1.944, 1.958, 1.966, 1.997, 2.006, 2.021, 2.027, 2.055, 2.063, 2.098, 2.14, 2.179,
2.224, 2.240, 2.253, 2.270, 2.272, 2.274, 2.301, 2.301, 2.359, 2.382, 2.382, 2.426, 2.434, 2.435, 2.478, 2.490,
2.511, 2.514, 2.535, 2.554, 2.566, 2.57, 2.586, 2.629, 2.633, 2.642, 2.648, 2.684, 2.697, 2.726, 2.770, 2.773, 2.800,
2.809, 2.818, 2.821, 2.848, 2.88, 2.954, 3.012, 3.067, 3.084, 3.090, 3.096, 3.128, 3.233, 3.433, 3.585, 3.585, and
Y(m = 65): 1.339, 1.434, 1.549, 1.574, 1.589, 1.613, 1.746, 1.753, 1.764, 1.807, 1.812, 1.84, 1.852, 1.852, 1.862,
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1.864, 1.931, 1.952, 1.974, 2.019, 2.051, 2.055, 2.058, 2.088, 2.125, 2.162, 2.171, 2.172, 2.18, 2.194, 2.211, 2.27,
2.272, 2.28, 2.299, 2.308, 2.335, 2.349, 2.356, 2.386, 2.39, 2.41, 2.43, 2.431, 2.458, 2.471, 2.497, 2.514, 2.558,
2.577, 2.593, 2.601, 2.604, 2.62, 2.633, 2.67, 2.682, 2.699, 2.705, 2.735, 2.785, 3.02, 3.042, 3.116, 3.174.

We estimate the unknown parameters of the BETE for the two data set by considering the case when
α, θ and b are common. The goodness of fit statistics known as Kolmogorov-Smirnov (K-S) test is used
to demonstrate how BETE fitted the two data sets. The numerical values of the MLEs, log-likelihood, K-S
and p-value for the two data sets are computed as â1 = 26.9896, â2 = 24.290, b̂ = 36.821, α̂ = 1.010, θ̂ =
0.255, `(Θ) = −85.9765. The goodness of fit statistics for X are K-S= 0.0622, p-value=0.9638 while for Y are
K-S= 0.0708, p-value=0.8773.

We provide supportive plots in Figure 4 which shows (i) the plot of empirical and estimated BETE cdf
of X, (ii) the quantile-quantile plot of X, (iii) the plot of empirical and estimated BETE cdf of Y, (vi) the
quantile-quantile plot of Y. Figure 5 provides the profile log-likelihood of a1,a2,b,α and θ, indicating
that the maximum unique.

Based on the estimation we obtain R = 0.6150, the 95% asymptotic confidence interval of R as
(0.5920, 0.6379) with confidence length 0.0459. The confidence interval based on the MLEs is good.
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Figure 4: Plots of (i) empirical and estimated BETE cdf of X, (ii) quantile-quantile plot of X, (iii) empirical and estimated BETE
cdf of Y, (vi) quantile-quantile plot of Y.
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Figure 5: Plots of the profile log-likelihood of a1,a2,b,α and θ.

6. Conclusion

We have proposed a new four-parameter distribution called the beta Erlang truncated exponential
(BETE). Several mathematical and statistical properties of the BETE are investigated such as the stochas-
tic ordering results, an explicit formula for rth moment, moment generating function, mean deviations,
Bonferroni and Lorenz curves, moments of residual life, order statistics, entropies, and Kullback-Leibler
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divergence. We proposed maximum-likelihood as the means of parameter estimation of BETE and the
information matrix is determined. The finite sample behavior of the MLEs was assessed by simulation
studies. The stress-strength analysis is discussed. The maximum likelihood estimator and its asymptotic
distribution of P(X2 < X1) for independent random samples X1 and X2 of BETE for common scale pa-
rameters is analyzed. Two real applications of BETE are considered for illustration. The first application
shows the superior performance in terms of fit of the BETE over several existing lifetime models. The
second application of BETE in stress-strength analysis demonstrated that BETE can be a good choice in
reliability analysis.

Appendix A: Elements of the information matrix for MLEs
The elements of the observed Fisher information matrix In(ϕ) are given in the following. Let pi =

e−α(1−e−θ)xi , then, we have

∂2L

∂α2 = −
n

α2 + (1 − a)(1 − e−θ)2
n∑
i=1

x2
ipi

1 − pi
− (a− 1)(1 − e−θ)2

n∑
i=1

x2
ip

2
i

(1 − pi)2 ,

∂2L

∂a∂α
= (1 − e−θ)

n∑
i=1

xipi
1 − pi

,

∂2L

∂b∂α
= −(1 − e−θ)

n∑
i=1

xi,

∂2L

∂θ∂α
= −be−θ

n∑
i=1

xi + (a− 1)e−θ
n∑
i=1

xipi
1 − pi

− (a− 1)α(1 − e−θ)e−θ
n∑
i=1

x2
ipi

1 − pi

− (a− 1)α(1 − e−θ)e−θ
n∑
i=1

x2
ip

2
i

(1 − pi)2 ,

∂2L

∂θ∂a
= αe−θ

n∑
i=1

xipi
1 − pi

,

∂2L

∂θ∂b
= −αe−θ

n∑
i=1

xi,

∂2L

∂b∂a
= nψ ′(a+ b),

∂2L

∂a2 = nψ ′(a+ b) −nψ ′(a),

∂2L

∂b2 = nψ ′(a+ b) −nψ ′(b),

∂2L

∂θ2 = −
ne−θ

(eθ − 1)2 +αbe−θ
n∑
i=1

xi +α(1 − a)e−θ
n∑
i=1

xipi
1 − pi

− (a− 1)α2e−2θ
n∑
i=1

x2
ipi

1 − pi
+ (a− 1)α2e−2θ

n∑
i=1

x2
ip

2
i

(1 − pi)2 ,

Appendix B: Elements of the expected information matrix for MLEs of R
The following lemma is used in the computation of some elements of I.

Lemma 6.1. Let 1, 2 and 3 in R, let

J(1, 2, 3) =
α(1 − e−θ)

B(a,b)

∫∞
0
x1e−α[b+2](1−e−θ)x

(
1 − e−α(1−e−θ)x

)a−3−1
dx,
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then,

J(1, 2, 3) =
α(1 − e−θ)

B(a,b)

∞∑
k=0

(
a−3−1
k

)
(−1)kΓ(1 + 1)

[α(1 − e−θ)(2 + b+ k)]1+1 .

Proof. Follow in the same way in computation of (2.11).

Notice that J(1, 0, 0) = µ is the mean of BETE. The elements of the expected Fisher information matrix
for the MLEs of R, i.e., I(Θ) are given as follows.

• Ia1a1 = nψ
′(a1 + b) −nψ

′(a1), Ia1a2 = Ia2a1 = 0, Ia1b = Iba1 = nψ
′(a1 + b);

• Ia1α = Iαa1 = n(1 − e−θ)J(1, 1, 1), Ia1θ = Iθa1 = nαe
−θJ(1, 1, 1);

• Ia2a2 = mψ
′(a2 + b) −mψ

′(a2), Ia2b = Iba2 = mψ
′(a2 + b);

• Ia2α = Iαa2 = m(1 − e−θ)J(1, 1, 1), Ia2θ = Iθa2 = mαe
−θJ(1, 1, 1);

• Ibb = nψ ′(a1 + b) −nψ
′(b) +mψ ′(a2 + b) −mψ

′(b);

• Ibα = Iαb = −n(1 − e−θ)µ−m(1 − e−θ)µ, Ibθ = Iθb = −nαe−θµ−mαe−θµ;

• Iαα = −n+m
α2 −n(a1 − 1)(1 − e−θ)2J(2, 2, 2) +n(a1 − 1)(1 − e−θ)2J(2, 1, 1) −m(a2 − 1)(1 − e−θ)2

J(2, 2, 2) +m(a2 − 1)(1 − e−θ)2J(2, 1, 1);

• Iαθ = Iθα = −nbe−θµ−mbe−θµ−n(a1 − 1)α(1 − e−θ)e−θJ(2, 2, 2) −n(a1 − 1)α(1 − e−θ)e−θ

J(2, 1, 1) −m(a2 − 1)α(1 − e−θ)e−θJ(2, 2, 2) −m(a2 − 1)α(1 − e−θ)e−θJ(2, 1, 1);

• Iθθ =
(n+m)eθ

(eθ−1)2 +nαbe−θµ+mαbe−θµ−n(a1 − 1)αe−θJ(1, 1, 1)−n(a1 − 1)α2e−2θJ(2, 1, 1)−n(a1 −

1)α2e−2θJ(2, 2, 2) −m(a2 − 1)αe−θJ(1, 1, 1) −m(a2 − 1)α2e−2θJ(2, 1, 1) −m(a2 − 1)α2e−2θJ(2, 2, 2).
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