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Abstract

In this paper, we give the refinement of extension of Jensen’s inequality to affine combinations. Furthermore, we present a
functional form of Jensen’s inequality for continuous 3-convex functions at a point of one variable.
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1. Introduction

A subset A of a linear space X is called affine if it contains all binomial affine combination pa; + qay,
where aj,a; € A and p,q € R such that p+ q = 1. The affine hull of a set A C X, which is denoted
by affA is the smallest affine set that contains A. A function f : A — R is called affine function, if the
following equation holds for all binomial affine combinations of A

f(par + qaz) = pf(ai) + qf(az).

A subset C of linear space X is called convex if it contains all binomial convex combinations pc; + qc, of

points cq,c2 € C, where p,q € R} and p+ q = 1. The convex hull of C is the smallest convex set that
contains C and denoted as convC. A function f: C — R is convex if the inequality

f(per + qez) < pfler) + qf(ca)
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holds for all binomial convex combinations pc; + qcz of points ¢4, ¢y € C.

Let X be a subspace of linear space of all real functions on a nonempty set O and contains unit
function I(x) = 1 for every x € Q. For an interval J C IR, the subset X5 C X contains all functions
with image in J. If pf; + qf; is a convex combination of functions f, f, € Xy, then the number (convex
combination) pfi(x) + qf2(x) is in J for every x € Q, which indicates that functions set X3 is convex. A
linear functional L : X — R is positive (non-negative) if L(f) > 0 (L(f) > 0) for every non-negative function
f € X, and unital (normalized) if L(1) = 1. In 2015, Pavi¢ [4] gave the extension of Jensen’s inequality to
affine combinations in the following form.

n m L
Theorem 1.1. Let p¢, v, Tz = 0 be coefficients such that their sump = ) pe, q = ) qn, T = ) T satisfy
=1 n=1 £=1
p+q—r=1forp,qe (0,1 and ac, by, cg € R be points such that c; € conv{a, b}, where

1 ¢ 1 o
a==) pcac, b==) qubn.
Then the affine combination
n m L
D Peact ) dnby— ) rTece
¢=1 n=1 £=1

belongs to conv{a, b}, and for every convex functions f : conv{ac, by} — R satisfies the inequality

n m 1
1D peac+) dnbn—) mece | <
=1 n=1

n m 1
peflac)+ ) qnf(bn) — D reflce). (1.1)
£=1 =1 n=1 i=1

In 2014, Pavi¢ [3] gave the functional form of jensen’s inequality for the continuous convex functions
of one variable in the following form.

Theorem 1.2. Let [a,b] C I, for closed interval J and functions g € X(q,p), h € Xq\ (q,b) are defined, respectively.
Furthermore, let f : I — R be a continuous convex function such that f(g),f(h) € X. If a pair of unital positive
linear functionals L, H : X — IR satisfies

L(g) = H(h), (1.2)

then
L(f(g)) < H(f(h)). (1.3)

Furthermore, Pavi¢ [3] also gave some consequent results based on the following corollaries:

Corollary 1.3. Let f : 3 — R be a continuous convex function such that f(g) € X. If a unital positive linear
functional L : X — R satisfies (1.2) and (1.3) for L = H, then

f(L(g)) < L(f(g)).

Corollary 1.4. Consider a sequence of closed intervals [aj, b1] C --- C [an—1,bn_1] C T, function g1 € X(q, v,1,
functions g € Xia; b\ (ag_1,b: 1) fOr & =2,...,n—1, and functions gn € Xq\(a, b, ,)- Let f: T — Rbea
continuous convex function such that f(g¢) € X. If an n-tuple of unital positive linear functionals Ly : X — R
satisfies

Le(ge) = Lega(ges1) forc=1,...,m—1,

then
Le(f(ge)) < Lega(f(geq1)) forc=1,...,n—1



Y. M. Chu, I. A. Baloch, A. U. Haq, M. D. Sen, J. Math. Computer Sci., 22 (2021), 131-141 133

Corollary 1.5. Consider a closed interval 3 C R and g1,...,9n € Xg. If f : I — R be a continuous convex
function such that f(g¢) € X, then every n-tuple of positive linear functionals Lo : X — R with 3 ¢_ L (1) =1

satisfies the inclusion
n

D Lelge) €9
¢=1
and the inequality
f1Y Lelgo) | <D Lelflge)).
c=1 c=1

Theorem 1.6. Consider a closed interval J C R, [a,b] € J, g1,...,9n € Xiqp), h1,..., him € Xg\(qb). Let
f:J = R be a continuous convex function such that f(g¢),f(hy) € X. If a pair of n-tuple of positive linear
functionals L, Hy : X — Rwith 37 Lc(1) = 311 Hy(1) = 1 satisfies

Z Lelge) = Z Hy (h),
=1

n=1

then . N
D Lelf(ge)) < D Half(hn)).

¢=1 ‘r]:l

In [1], Baloch et al defined a new class of functions which is defined as follow.

Definition 1.7. Let ¢ € J°, where J is an arbitrary interval (open, closed or semi-open in either direction)
in R and J° is its interior. We say that f : J — R is 3-convex function at point ¢ (respectively 3-concave
function at point c) if there exists a constant A such that the function F(x) = f(x) — %xz is concave (resp.
convex) on J N (—oo, c] and convex (resp. concave) on JN [c, co).

The function is 3-convex on an interval if and only if it is 3-convex at every point of the interval
(see [1]) and the class of 3-convex functions at point c is denoted as KE(J) (K%(J)) (respectively 3-concave
functions at point c).

2. Main results

Theorem 2.1. Let p¢,qn,Te > 0 and A, un, Ve = 0 be coefficients such that their sum p = ) {1 p¢, q =
Zzlzl qn, T = Z};_,:l g satisfyp+q—r=1andp,q e (0,1, A=Y 7 1A, n= lenzl Hy, V= Z}i:lyi
satisfy A\ +u—~v = 1land A\, pn € (0,1]. Let ag, by, cg € I C R be points such that cg € conv{a, b} and also
T¢,5n,te € I € R be points such that t; € conv{r, s}, where

1« 1 ¢ 1 ¢ 1 ¢
a:—ZpCaC,b:—anbn,T:—ZACTC,s:—Zunsn,
P4 4.3 P Hio

2
n 1

m n m 1
D palac)?+ ) dn(bn)* =) velce)? [ D peac+) dnbn— ) Tece
=1 n=1 E—1 =1 n—=1 =1

) 2.1)

n m 1 n m 1
= Z )\5(1‘6)2 + Z ”’ﬂ(sﬂ)2 — Z Vg(tg)2 — Z )\U‘C + Z HUnSn — Z Vet
= n=1 =1 =1 n—=1 =1
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and also there exists ¢ € J° such that

max{m?x{ac}, max{bn, }, méa\x{ca}} < ¢ < min{mcin{rc}, min{sy}, m&in{ta}},
n n
then for every f € KL(3), the following inequality holds

n m L n m L
chf(ac) + Z qnf(by) — Z ref(cg) —f chac + Z qnbn — Z TeCg
=1 n=1 £=1 =1 n=1 g=1

2.2)

n m 1 n m 1
<Y Peflre)+ ) anflsn)— ) ref(ty) —f (Z Pcre+ ) dnsn— ) Tata) :
=1 n=1 £=1 =1 n=1 £=1

Proof. Since f € K}: (J), then there exists a constant A such that F(x) = f(x) — A x2 is concave on I N (—oo, c]
and for a¢, by, cg € IN (—o0, c] be points such that c¢; € conv{a, b}, so by usmg inequality (1.1) we have

0> ) pcFlag) +an ZTaF ce) — (chac+zqnb ZT&C&)
=1

n m
=Y peflag)+ ) qnflby) ZTaf cgld— f(ZPcac+anbn ZTaCa)
=1 n=1

2
A n m 1 A n m 1
) {ch(ac)z +) qubn)? =) Ta(Ca)z} t5 (Z Pcac+ ) dabn—) Taca) -
=1 n=1 £=1

Also, since f € KL(J) then there exists a constant A such that F(x) = f(x) — é\xz is convex on I N [c, 00),
hence for r¢, sy, te € IN[c, 00) be points such that t; € conv{r, s}, so by using inequality (1.1), we have

0< ) peFlre) +an sn) ZTaF te) — (ZPCT(:+anSn ZTata)

=1

3

\I\/];*

n
fre) +an sn) ZTafta f(ZPcTc+anSn Zfata)

=1 n=1

2
n m 1 n m 1
_% {ZPC(rC)Z i Z qn(sn)z a Zra(ta)z} ’ % (Z Pere+ Z (nSn — Z rgté) |
c=1 n=1 =1 n=1 £=1

&=1

From above, we have

D peflag)+ ) qnf(d Zfaf cg) — (chachanb Zfaca)
=1 n=1
A n m 1 A n m 1 2
Y {ZPC(QC)Z +) qnlbn)?=)_ Ta(Ca)z} +o (Z peac+ ) dnbn—) Taca)
=1 n=1 £—1 =1 n=1 £—1

<0 (2.3)

n m 1 n m 1
<D peflre)+ ) dnflsn) =) veflte) = | D pere+ ) dnsn— ) Tete
=1 n=1 -1 =1 n=1 £=1
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1

2
n m n m 1
_% {ZPC(TC)Z ' Z qn(sn)z ; Z Ta(ta)z} " % (Z Pcret+ Z OnSn — Zréta) |
c=1 n=1 =1 n=1 £=1

So

D peflag+ ) qnf(d Zfaf ce) — (chachanb Zfaca)
=1 n=1

2
n m 1
;\{ch(ac)ZﬂLan(bn)z D el }+ (chaﬁzqnb Zfaca)
=1 =1

n=1

<) pflre) + Z qnf(sy) Z refte) —f (Z Pcret+ Z nsn — Z Tété)
=1 n=1
2
A n ) m ) 1 ) A n m 1
=5 2o Palre)?+ ) anlsn)? =3 velte) g+ | D_peret ) dnsn— D mete]|
=1 n—1 - =1 n=1 e=1
by using (2.1), we get (2.2). O

Remark 2.2. From the proof of Theorem 2.1, we have

n m 1 n m 1
chf(ac) + Z qnf(by) — Z ref(cg) —f Z pcac + Z qnbn — Z TiCg
=1 n=1 £=1 =1 n=1 £=1

2y (2.4)
A n 5 m 5 1 5 A n m 1
S5 D pelad)+ ) dn(bg)* =) relce) p— > D Peac+ ) dnbn— ) Tice
=1 n=1 £=1 =1 n=1 £=1
and
n m 1
D Peflr)+ ) dnflsn) =) reflte) — ZPcTchanSn ZTata
(=1 n=1 £=1
2 (2.5)
A n 5 m 5 1 ) A n m 1
9 2_Pelre?+ ) anlsn)? =D relte)? p =5 | D_Paret ) dnsn— ) Tete
=1 n=1 £=1 =1 n=1 £=1
So under assumption (2.1), we can get an improvement of (2.2) as follows
n m
D peflag)+ ) daqflby Zfaf ce) — chac+zqnb —ZTaCa
=1 n=1
2
A n ) m ) 1 ) A n m 1
<5 D palac)+ ) dn(bg)* =D refee)® p— 5 D Peact ) dnby— ) Tece
=1 n=1 £=1 =1 n=1 £=1 2.6)

2
n m 1 n m L
= % {ZPC(TC)Z + ) dnlsy)’ - Zfa(ta)z} —% (Z pere+ ) dnsn — ZTata)
=1 n=1 =1
n m 1 n
<D peflre)+ ) dnflsg) — ) reflte) —f (Z pere+ Z Gnsn — ZTata)

(=1 n=1
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Assume that @ = max/{ac},b = maxy{by}, & = maxg{cg} and ¥ = ming{r¢}, § = miny{sy}, T = ming{ts}.
Also, let & = max{d, b, ¢} and ¥ = min{F, §, t}. Now, we give the next result which weakens the assumption
(2.1) such that inequality (2.4) holds again.

Theorem 2.3. Let p¢,qn,Te = 0 and A, un, ve = 0 be coefficients such that their sum p = Y [_1p¢, q =

S Gn, T = Z]ézl re satisfy p+q—r=1andp,q € (0,1 A =37 A;, u=3 " kg V= Z}g:l Ve,
satisfy A+pnu—v = 1and A\,pn € (0,1]. Let ar,by,cg € I C R be points such that c; € convi{a,b} and
T¢,8q,te € I C R be points such that tz € convir, s}, where

1« 1 ¢ 1« 1 ¢
a:—ZpCaC,b:—anbn,r:—ZACrC,s:—Zunsn.
[= 995 L= =

such that
a<’¥
and f € K§(J) for some ¢ € [a,F]. Then if
(a) )
f’(d) >0
and
2

n m 1 n m 1

D pelacl+ ) dn(bn)® =) relce)— [ D peac+) dnbn—) rTece

=1 n=1 £=1 =1 n=1 =1

2
n m 1 n m 1
< Z Ac(re)® + Z b (sn)? — Z ve(te)? — Z Acre + Z UnSn — Z vete |
=1 n=1 £=1 =1 n=1 =1
or
(b) 5
fY(F) <0

and

n m 1 n m 1 2

D pelac)®+ ) dn(bn) =D relce)*— | D_peac+ ) dnby— ) Tice

=1 n=1 =1 =1 n=1 £=1

n m 1 n m 1 2
> Z 7\@(1‘&)2 + Z u‘r](sn)z — Z \/a(tg)z — Z }\@”C + Z UnSn — Z Vet
=1 n=1 £=1 =1 n=1 £=1

or
(c)

f”(8) <0< f}(F) and f is 3-convex,
then (2.2) holds.

Proof. The idea of proof is similar to proof of Theorem 2.1. Hence, by proceeding as in the proof of
Theorem 2.1, from the inequality (2.3), we have

2
n m 1

A A n m 1
5 D Palrd®+ D dnlsn)? =D relte)’| — 5 D Pate+ ) dnsn— ) _Tete
n=1 =1 n=1 &=1

=1 £=1
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1

2
n m n m 1
_% |:ZPC(GC)2—|— Z qn(bn)Z_ ZTE(CE)ZI —{—% (chac + Z qnby — Zr£c£>
=1 n=1 =1 n=1 £=1

&=1

n
<
=1

m 1 n m 1
pcfre) + Y anflsn)— Y tef(te) —F > perc+ Y dnsn— Y Tete
n=1 &=1 =1 n=1 £=1
n m 1 n m 1
- chf(ac)—l—zqnf(bn)—ngf(cg +f ZPCGC+anbn—ZTaCa .
=1 n=1 g=1 =1 n=1 £=1

Now, due to the concavity of F on IN (—oo, c] and convexity of F on I N [c, 00), so for every distinct points
Xn € la, d and y,, € [F,b],j =1,2,3, we have

[x1, %2, x3lf <A < ly1, Y2, yslf.
Letting x,, ,* @ and yn, \, ¥, we get (if exists)

£(8) < A < FL(F).

Therefore, if assumptions (a) or (b) holds, then

|

M=

1

~
Il

2
( 5 m ) 1 2| é n m - 1
Pe(re)®+ D dnlsn)*— D relte) 5 D peret ) dnsn— ) Tete
n=1 £E=1 =1 n=1 £=1

L

2
n m n m L
{ch(ac)z +) qnlbg)* =) Ta(Ca)z} + % (Z peac+) dnby—) Taca)
=1 n=1 =1 n=1 &=1

Mo >

&=1

is positive and we conclude the result. If the assumption (c) holds, the f” is left continuous, f/ is right
continuous, they are both non-decreasing and f” < f//. Therefore, there exists ¢ € [, ] such that f € K{(I)
with associated constant A = 0 and again, we can deduce the result. O

Remark 2.4. Again from the proof of Theorem 2.1, we obtain the inequalities (2.4) and (2.5). Now, under
assumption (a), (b), or (c) of Theorem 2.3, A is positive or negative or zero, respectively due to argument
discussed in the proof. Therefore, we get a better improvement of (2.2) then (2.6) in this case as follows

n m L n m 1
chf(ac) + Z qnf(bn) — Z ref(cg) —f (Z pcac + Z qnbn — Z TECE)
=1 n=1 £=1 =1 n=1 £=1

2
n m l ks L
< % {ch(ac)2 + 3 dnlbg)? =3 “(Ca)z} R /; (chac F2 ZT&C&)

=1 n=1

£=1

2
n m n m 1
S % {ZPC(TC)Z T Z dn (sn)* = Z Tg(tg)z} N % (Z Pcre+ Z OnSn — Z r£t£>
¢=1 n=1 =1 n=1 E=1

n m 1 n m L
<Y peflrd)+ ) dnflsn) =) _meflte) —f| Y perc+ ) dnsa— ) Tete |
=1 n=1 £=1 =1 n=1 £=1
Under the assumption of Theorem 2.1 with f € K§(J), the reverse of inequality (2.2) holds. Now, we

give only the statement by weakening assumptions of Theorem 2.1 under which the reverse of inequality
(2.2) holds for f € K§(I).
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Theorem 2.5. Let p¢,qn,Te > 0 and A, un, Ve > 0 be coefficients such that their sum p = ) ?_1p¢, q =

D ae1ln, T = Zlazl re satisfy p+q—r=1andp,q € (0,1; A =37 A, p=73 " 1Hn V= Zlazl Ve,
satisfy A+pnu—v = 1and A,n € (0,1]. Let ag,by,cg € I C R be points such that c; € conv{a,b} and
Te,sn,te € I € R be points such that tg € conv{r,s} , where

1 & 1 & 1 & 1 &
a:*ZPCaC/b:*anbnf‘“:*Z)‘CTC/SZ*ZUnSnr
P 95 P o

such that
a<’?
and f € K§(J) for some ¢ € [a,T]. Then if
(@) )
f7(a) <0
and
n m 1 n m 1 2
D pelac)?+ ) dn(bn)* =D relece)*— [ D_peac+ ) dnbn— ) rTece
=1 n=1 =1 (=1 n=1 £=1
n 1 n m 1 2
> ) Aclre)+ Z Mn(sn)® =D Velte) = | D Are+ ) Masn—) vets |
(=1 £=1 =1 n=1 £=1
or
(b)
fY(F) =0
and
n m 1 n m 1 2
D palac)?+ ) dn(bn)* =) relce)*— [ D_peac+ ) dnbn— ) Tece
=1 n=1 £=1 (=1 n=1 £=1
n m 1 n m 1 2
< 7\5(1‘@)2-1—2 Mn(sn)z—ZVg(tg)z— ZACTC—{_Z"’LTISTI_ZVEtE ,
(=1 n=1 £=1 =1 n=1 £=1
or
(c)

f”(8) <0< £ (F) and fis 3-concave,
then reverse of (2.2) holds.

Remark 2.6. From the proof of the Theorem 2.5, we obtain the reverse of inequalities (2.4) and (2.5). Now,
due to the convexity of F on I N (—oo, ¢] and concavity of F on IN [c, 00), for every distinct points x,, € [a, d]
and y,, € [F,b],n =1,2,3, we have

[x1,%2,x3]f = A > [y1, Y2, yslf.
Letting x,, @ and y,, \, F, we get (if exists)

f7(a) > A = £ (¥).
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Now, under assumption (a), (b), or (c) of Theorem 2.3, A is negative or positive or zero, respectively due
to argument discussed above. Therefore, we get a better improvement in this case as follows

D peflag)+ ) dnfl(by ZTaf cg) — (chachanb ZQ%)
=1 n=1
1 A n m 1 2
ZPC ac) +an 2= relce)? 5 D Peac+ ) dubn— ) Tece
£=1 (=1 n=1 £=1

2
n m 1 n m 1
% {ch(rc)2+ D dnlsn)®— Zra(ta)z} —% (Z pere+ ) dnsn — Zfata)
=1 n=1 =1 n=1 =1

&=1

n m 1 n m 1
> pcflr)+ Y dnflsn)— Y vef(te) = > perc+ Y dnsn— ) Tete |
=1 n=1 £=1 =1 n=1 £=1

Theorem 2.7. Let J C R be a closed interval, let [a,b] C J, let function g¢ € Xqp) and function he € Xog\ (q,b)
for ¢ =1,2. Let f € K{(J) be continuous function such that f(g¢), f(he) € X. If a pair of unital positive linear
functionals L, H : X — R satisfies

L(gc) =H(he) and H(hi) —L(g}) = H(h3) —L(g3), ¢ = 1,2, (2.7)
then inequality
H(f(h1)) —L(f(g1)) < H(f(h2)) — L(f(g2)) (2.8)
holds.

Proof. Since f € K{(J), there exists a constant A such that F(x) = f(x) — %xz is concave on J N (—oo, c],
therefore by reverse of (1.3) for F on JN (—oo, c], we get

0 > H(F(h)) ~ L(F(g1)) = H(f(h)) — L(f(g1)) — 2 (H(W) ~ L(g}).
Also, since F(x) = f(x) — %xz is convex on J N [c, c0), therefore by (1.3) for F on I N (—oo, ], we get
0 < H(F(h2)) — L{F(g2)) = H(f(ha)) — L(F(g2)) — 5 (M)~ LigZ)).

From above, we have

H(f(h)) —L(f(g1)) — %(H(h%) —L{g7)) <0 < H(f(h2)) — L(f(g2)) — %(H(h%) —L(g3)).
So A A
H(f(h1)) = L(f(g1)) — 5 (H(h}) — L(g})) < H(f(h2)) — L(f(g2)) — 7 (H(h3) — L(g3)),
therefore, by the use of (2.7), we get (2.8). O

Remark 2.8. From the proof of the Theorem 2.7, we have

A

= (H(h) —L(g}))

H(f(h1)) —L(f(g1)) < 5

and

H(f(h)) ~ L(f(g2)) > 5 (H(1) — Lig}))

So, under assumption (2.7), we can get a better improvement of (2.8) as follow

A A

(H(h%)—L(g%))< 5 H H(h3) — (9%)))<H(f(hz))—L(f(92))-

H(f(h)) —L{flg1)) < 5
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Corollary 2.9. Let J C R be a closed interval, let [a,b] C J, let function g¢ € Xiqp] for ¢ =1,2. Let f € K{(J)
be continuous function such that £(g¢) € X. If a unital positive linear functionals L : X — IR satisfies implication
(2.7) = (2.8) for L = H such that

L(g}) — (L(g1)* = L(g) — (L(g2))?,
then following inequality holds
L(f(g1)) —f(L(g1)) < L(f(g2)) — f(L(g2)).

Corollary 2.10. Let [a1,b1] € --- C lan_1,bn1] € J and let functions g1, h1 € Xiq,p,), let gg,
he € Xag,be\(ag_1,bs1) for & =2,...,n—1, and functions gn, hn € Xo\(a, b, ) Let f € K{(J) be con-
tinuous function such that f(g¢),f(he) € X. If an n-tuple of unital positive linear functionals Ly : X — R
satisfies

Le(gc) = Let1(get1) and Le(he) = Legalheyr) for¢ =1,...,n—1,
such that
Lev1(9401) —Lelg?) = Lega(hZ ) —Le(h?),
then
Leta1f(gey1) —Lef(ge) < Lesaf(heqr) —Lef(he) for ¢ =1,...,n—1.

Corollary 2.11. Let functions gc,he € Xg for ¢ =1,...,n. Let f € K{(J) be continuous function such that
f(gc), f(he) € X. Then every n-tuple of positive linear functionals Ly : X — R with }_¢_; L¢(1) =1 such that

n n n n

D Lellge) = () Lel9e))” = 3 Lel(he)) — (3 Le(he))’,
¢=1 ¢=1 ¢=1 ¢=1
satisfies the inclusion
D Lelge), ) Lelhe) €7
=1 c=1

and the inequality

3
3
3

n
> La(f(ge)) — (Y Lelge)) <Y Lelf(he) —f( Y Le(hy)).
¢=1 c=1 c=1 =
Theorem 2.12. Let [a,b] C J, g, g; € Xiap) for ¢=1,...,nand hy, by € Xg\(ap) forn=1,...,m. Also, let
f € K{(J) be continuous function such that f(g¢), f(g7), f(hy), f(hy,) € X. If two pair of n-tuple of positive linear
functionals L¢, L, Hy, Hy o X = Rwith 3 7y Le(1) = 31—y LE(1) = 378y Ho (1) = 0% Hy (1) = 1 satisfy

D Huolhy) =) Lelge) and ) Hi(hi) =) Li(g:)
n=1 =1 n=1 =1
and m n m n
D Hal(hg)) =) Lel(9)®) =) Hi((hi)?) =D Lil(g:)?),
n=1 =1 n=1 =1
then
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3. Conclusion

In this paper, we presented more generalized extension of Jensen’s type inequality to affine combina-
tions and functional form of Jensen’s type inequality for non-convex functions. We hope that our results
will stimulate other researcher to explore more exciting results in literature.
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