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Abstract

In this work, we define the fuzzy soft Hilbert space H based on the definition of the fuzzy soft inner product space
(a, <~,/\7/>), introduced by Faried et al. [N. Faried, M. S. S. Ali, H. H. Sakr, Appl. Math. Inf. Sci., 14 (2020), 709-720], in terms
of the fuzzy soft vector V¢ (e, Moreover, we show that C™(A), R™(A) and {;(A) are suitable examples of fuzzy soft Hilbert

spaces. In addition, it is proved that the fuzzy soft orthogonal complement of any non-empty fuzzy soft subset of H is a fuzzy
soft closed fuzzy soft subspace of H and we study some of the fuzzy soft Hilbert spaces properties and some of the fuzzy soft
inner product spaces properties. Furthermore, we introduce the definition of the fuzzy soft orthogonal family and the fuzzy soft
orthonormal family and introduce examples satisfying them. Moreover, we present the fuzzy soft Bessel’s inequality and the
fuzzy soft Parseval’s formula in this generalized setting.
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1. Introduction

In the real world, complexity generally arises from uncertainty in the form of ambiguity. So, we
always have many complicated problems in areas like economics, engineering, medicine, environmental
science, sociology, business management and many other sciences. We can’t successfully use classical
mathematical methods to overcome difficulties of uncertainties in those problems.

In 1965, Zadeh [20] proposed an extension of the set theory which is the theory of fuzzy sets to deal
with uncertainty. Just as a crisp set on a universal set X is defined by its characteristic function from
X to {0,1}, a fuzzy set on a domain X is defined by its membership (characteristic) function from X to
[0,1]. Fuzzy set theory is a very useful mathematical tool to handle uncertainty, but this single value
(membership degree) combines the evidence for element’s belonging and the evidence against element’s
belonging without indicating how much there is of each, i.e., the single number tells us nothing about its
accuracy.

In 1999, Molodtsov [15] introduced an extension of the set theory namely soft set theory to overcome
uncertainties and solve complicated problems which can’t be dealt with by classical methods in many
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areas such as Riemann integration, measure theory, environmental science, decision making, game theory,
physics, engineering, computer science, medicine, economics and many other fields. The soft set is
a mathematical tool for modeling uncertainty by associating a set with a set of parameters, i.e., it is
a parameterized family of subsets of the universal set. After that, many researchers introduced new
extended concepts based on soft sets, gave examples for them and studied their properties like soft point
[1], soft metric spaces [6], soft normed spaces [19], soft inner product spaces [5] and soft Hilbert spaces
[18], etc. But almost all the time, although this progress, in real-life problems and situations, we still have
inexact information about our considered objects. So, to improve those two concepts; fuzzy set and soft
set, Maji et al. [13] combined them together in one concept and called this new concept fuzzy soft set.
This new concept widened the approach of the soft set from crisp (ordinary) cases to fuzzy cases which
is more general than any other.

In recent years, many researchers applied this notion and gave some concepts and applications such
as fuzzy soft point [16], fuzzy soft real number [8], fuzzy soft metric spaces [2] and fuzzy soft normed
spaces [3]. In addition, many researchers presented some applications of soft set theory and fuzzy soft
set theory in different areas (see [9, 12, 17]). Recently, Faried et al. [7] progressed on these stated previous
studies by introducing the fuzzy soft inner product on fuzzy soft vector spaces, studying its properties
and giving some related results like fuzzy soft Cauchy-Schwartz inequality and fuzzy soft orthogonality.

In this paper, we define the fuzzy soft Hilbert space H, study its properties and introduce many more
related results. The rest of the paper is organized as the following. Section 2 introduces the basic concepts
and definitions for the fuzzy set, the soft set and the fuzzy soft set. In addition, it presents fuzzy soft
metric space, fuzzy soft normed space and fuzzy soft inner product space, and their properties. Section 3
studies the fuzzy soft Hilbert spaces H in terms of the fuzzy soft vector Vg (e In addition, in Section 3, it
is shown that C™(A), R™(A) and {>(A) are examples of fuzzy soft Hilbert spaces and we define the fuzzy
soft orthogonal family and the fuzzy soft orthonormal family. Moreover, in Section 3, some properties
of the fuzzy soft Hilbert spaces and the fuzzy soft inner product spaces are established. Furthermore,
in Section 3, fuzzy soft Bessel’s inequality and fuzzy soft Parseval’s formula are investigated. Section 4
provides conclusions and open questions for further investigation.

2. Preliminaries

The aim of this section is to list some notations, definitions and preliminaries of fuzzy set, soft set and
fuzzy soft set which shall be needed in the following discussion. In addition, it presents the fuzzy soft
point definition including our present modification. Furthermore, it introduces the definitions of fuzzy
soft metric space, fuzzy soft normed space and fuzzy soft inner product space, and their properties that
have been studied before and can be used in the new results.

Definition 2.1 (Fuzzy set, [20]). Let U be a universal set. A fuzzy set (class) X over U is a set characterized
by a function fx : U — [0, 1]. fx is called the membership, characteristic or indicator function of the fuzzy
set X and the value fx(u) is called the grade of membership of u € U in X.

Definition 2.2 (Soft set, [14, 15]). Let U be a universal set (space of points or objects), E be a set of
parameters and A C E. The power set of U is defined by P(U) = 2". A pair (F,A) is called a soft set over
U and is defined as a set of ordered pairs FA = {(e,Fa(e)) : e € A,Fa(e) € P(U)}, where F is a mapping
given by F: A — P(U). A is called the support of FA and we have Fa(e) # ¢ foralle € A and Fa(e) = ¢
forall e ¢ A.

Example 2.1. Consider a soft set (F, A) which describes ”attractiveness of markets” under the consid-
eration of a decision maker to purchase. Suppose that there are five markets to be considered in the
universal set U, denoted by U = {my, mp, m3, my4, ms} and A = {ay, ay, az}, where ai(i = 1,2,3) stands for

the parameters in a word of “luxurious”, “expensive”, and “in a suitable location”, respectively. Thus, to
define a soft set means to represent luxurious markets, expensive markets and so on. We can write the
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soft set (F, A) over U by the relation (F, A) = {(aj,{my, m4}), (az,{ms}), (a3, {m1, mz, m4})}. This soft set can
be represented in Table 1.

Table 1: Representation of the soft set (F, A).

u aq ar as
mq 0 0 1
my| 1 O 0
ms 0 0 1
my 1 0 1
ms | 0 1 0

Definition 2.3 (Fuzzy soft set, [13]). Let U be a universal set, E be a set of parameters and A C E. A pair
(G,A) is called a fuzzy soft set over U, where G is a mapping given by G : A — J(U), where F(U) is the
family of all fuzzy subsets of U (the power set of fuzzy sets on U) and the fuzzy subset of U is defined as
a map f from U to [0, 1].

Example 2.2. Example (2.1) can be characterized by a membership function instead of 0, 1 numbers which
associates each element with a real number in the interval [0, 1], then we can write the fuzzy soft set (G, A)
over U as (G/ A) = {G (al) = {(mll 01)/ (mZI 06)/ (m4/ 08)/ (m5/ 03)}/ G(GZ) = {(m4/ 02)/ (m5/ 08)}/ G (a3) =
{(my,1), (m3,0.7), (my4, 0.9)}}. This fuzzy soft set can be represented in Table 2.

Table 2: Representation of the fuzzy soft set (G, A).
U |lag a aj
mq 0.1 0 1
mp |06 O 0
ms3 0 0 0.7
my | 0.8 02 09
ms | 0.3 0.8 0

In order to discuss efficiently, we consider only all fuzzy soft sets (G, A) over a universal set U in which
all the parameter sets A are the same. The family of all these fuzzy soft sets is denoted by FSS(U)A =

ESS(U).
The following definition and its consequent related definitions take their present formula according
to our modification as follows:

Definition 2.4 (Fuzzy soft point, [16]). The fuzzy soft set (G, A) € FSS(U) is called a fuzzy soft point over
U, denoted by (ufG(e),A) (briefly denoted by ﬂfG(e)), if for the element e € A and u € U (x € (0,1] is the
value of the membership degree),

f (W) = «, ifu=upgeUande=e¢ycA,
G710, ifueU—{ug}oreeA—{e)
The fuzzy soft point can be considered as the quadruple (uyp, e, G, ).

Example 2.3. Suppose that there are four points in the universal set U, i.e.,, U = {ul,u?,u3,u*} and let
A = {ej, ey, e3,e4,e5} C E be the set of parameters. Then, (u?,es5,G,0.6) = 1120.6G(65J is a fuzzy soft point
over U.

Definition 2.5 (The complement of a fuzzy soft point, [11]). The fuzzy soft point tir .  is called the fuzzy
soft complement of a fuzzy soft point Trg e/ denoted by (ﬂfG(e) )€, if for the element e € A and u € U,

£ () = 1—fge(u), ifu=uclUande=ecA,
GlelX™ T o, ifue U—{ug}oreecA—{eh
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Example 24. The complement of the fuzzy soft point stated in Example 2.3 is the fuzzy soft point
(u? e5,G,0.4) = u? 046 s

The collection of all fuzzy soft points over U is denoted by FSP(U)4 = FSP(U). R(A) denotes the
set of all fuzzy soft real numbers and R (A) denotes the set of all non-negative fuzzy soft real numbers
(such as, ¥, in symbol). C(A) denotes the set of all fuzzy soft complex numbers (such as, ¢, in symbol).
Note that the fuzzy soft zero vector 6 = (0,0,0,0) and the fuzzy soft unit vector j = (1,1,1,1).

Definition 2.6 (Fuzzy soft vector space, [3]). Let U be a vector space over a field K (K = RR) and the
parameter set E be the set of all real numbers R and A C E. The fuzzy soft set (G, A) € FSS(U) is called
a fuzzy soft vector over U, denoted by (v¢ ., A) (briefly denoted by V¢ ,,), if there is exactly one e € A
such that fg(¢)(v) = « for some v € U and fG n(v)=0foralle’ € A— {e} (x € (0,1] is the value of the
membership degree). The set of all fuzzy soft Vectors over U is denoted by FSV(U)a = FSV(U). The set
V=FSV(U) is said to be a fuzzy soft vector space or a fuzzy soft linear space of U over K if V(e) is a vector
subspace of U, for all e € A. V is a fuzzy soft vector space according to the following two operations:

1. v + 92 = (v 42 for all vl V2 EV;
ﬁG( D sz(ez) ( )(flG( )+sz(e2) ’ f1 (21] sz ’

2. F Vg = (rN\))fG(w for all V(e &V and for all F€R(A).

Example 2.5. Consider the Euclidean n-dimensional space R™ over R. Let A ={1,2,3,...,n} be the set of

parameters. Let V: A — F(IR™) be defined as follows: V(i) = {\7}1 cren éIR“( ); it" coordinate of i o
NG(en
is8),i=1,2,...,n. Then Vis a fuzzy soft vector space or a fuzzy soft hnear space of R™ over R. In
addition, Let vf - be a fuzzy soft element of V as follows: vf o =(,j,.. ,],6 it 3, 1)ER™M(A),
"NG(en en)
i=12,...,n. Then ¥} - is a fuzzy soft vector of V.
NG(en

Definition 2.7 (Fuzzy soft metric space, [2]). A fuzzy soft metric space (U,d) is a fuzzy soft set U with a
fuzzy soft real-valued function d:FSP(U) x FSP(U) — R*(A) satisfying the fuzzy soft metric conditions
as the following:

(FSM1) d(it 1},&%% )%(),forallﬁ}cl ,ﬂ%z EFSP(U), and d(ii} L2 =0eal  =u2

-1
th (e2) Gley) Glep) 1G(eq) Glep) 1G(eq) sz(ep
(FSM2) d(af 0% )=d(wz ul ) forall iy} EFSP(U).
Gleq) 2G(ey) 2G(ey) 1G(eq) Gleq) 2G(ey)
(FSM3) d(uy,  ,uf  <Kd(dg 1 )+ d(ud 0, ) foralluy ,uf ,af  EFSP(U).
Gleq) 2G(ey) 1G(eq) 3G (e3) 3G(es)) 12G(ey) 1G(ey) 2G(ey) 3G(e3)

Let U be a vector space over a field K (K = R) and the parameter set E be the set of all real numbers
R and A C E.

Definition 2.8 (Fuzzy soft normed space, [3, 4]). Let FSV(U) bea fuzzy soft vector space. Then, a mapping
| -] : FSV(U) — RT(A) is said to be a fuzzy soft norm on FSV(U) if H || satisfies the following conditions:

(FSN1) ”er |20, for all ¥¢,, , EFSV(U), and |[V¢ ,, |20 < Vg, =6.

(FSN2) HT‘-/\;;M HEI?IH\%::)H, for all V¢ EFSV(U () and for all fuzzy soft scalar .

FSN3) ||v1 P2 <l P2 for all v1 92 eFsv(l).
( ) | Foter + fzG(ez)H\H ﬂG(el)HJrII fz%)”' f. oV ()

G(eq) G(ep)

The fuzzy soft vector space FSV(U) with a fuzzy soft norm m is said to be a fuzzy soft normed linear
space and is denoted by (U, || - ).



N. Faried, M. S. S. Ali, H. H. Sakr, J. Math. Computer Sci., 22 (2021), 142-157 146

Definition 2.9 (Fuzzy soft convergence, [10]). A sequence of fuzzy soft vectors {V} }in a fuzzy
"G(en)

soft normed space (U, M) is said to be fuzzy soft convergent and converges to \")?O , if we have,
Gl(eg)

P

lim [0} - Hif), ie., V&>0,3ny € N such that |7} - |<€&,¥n > ng. It is denoted by
n—o00  'MG(en) 0G (e "G(en) 0G(ep)

lim ¥ =3 or briefly, ¥1* — :

n—oo MGlen) 106y Y frglen) =00 106(eq)

Definition 2.10 (Fuzzy soft Cauchy sequence, [10]). A sequence of fuzzy soft vectors {V}* ( )} in a fuzzy
NG(en

soft normed space (UL, | - ||) is said to be a fuzzy soft Cauchy sequence, if

ve>0,3ng € N such that |7} -y <&, Vn,m > np,n>m,
"G(en) MG(em)
that is to say that ||V} —ym | —= 0.
"G(en) MG(em) N, M—00

Proposition 2.11 ([10]). Every fuzzy soft convergent sequence is a fuzzy soft Cauchy sequence.

Definition 2.12 (Fuzzy soft completeness, [10]). A fuzzy soft normed space (U, m) is called fuzzy soft
complete if every fuzzy soft Cauchy sequence in it is fuzzy soft convergent sequence in it.

Definition 2.13 (Fuzzy soft Banach space, [10]). Every fuzzy soft complete fuzzy soft normed linear space
is called a fuzzy soft Banach space.

Theorem 2.14 ([10]). Every fuzzy soft normed linear space is a fuzzy soft metric space with the fuzzy soft metric

arl 2 AR — 2 or all v} P2 EFSv(0).
( flG(el), sz(ez)) H flG(el fG(ez)”,f flG(el], sz(ez) ( )

Definition 2.15 (Fuzzy soft inner product space, [7]). Let FSV(U) be a fuzzy soft vector space. Then, the
mapping <> FSv(T) x FSV( ) — C( ) is said to be a complex fuzzy soft inner product (shortly,
fuzzy soft inner product) on FSV(U) if < -,~ > satisfies the following axioms:

(FSIT) < rg,.,Vrg,

o >20), for all Ve EFSv(U), and < Vg ey Vg >= O@Vfg =0.

e)

(FSI2) < ¥t , V2 >=< 92 , vl >, for all ¥} , V2 EFSV(U), where bar denotes the
IG(e;)  '2G(ey) 2G(ey) " '1G(ep) 16(ey)”  '2Gley)
complex conjugate of the fuzzy soft complex number.

(FSI3) < ¢ -\7} ,\7‘?; > = (< f)]lc ,\7'?; >, for all \ﬁ ,\7% EFSV(U) and for all fuzzy soft
1G(ey)  '2Glep) 16(e1)”  '2G(ey) 1G(e;)  '2Glep)
scalar ¢.
(FS14) <vp  +v; 9 >=< 9l 93 >4+ <29 >, for all
Gley) Gley)  %Gleg) 1G(e;) '3Gle3) 2G(ey)”  '3Gleg)
vl , V2 v EFSv(0)
1G(eq) 2G(ey) Gle3)

The fuzzy soft vector space FSV(Ul) with a fuzzy soft inner product < -,- > is said to be a complex fuzzy
soft inner product space (shortly, fuzzy soft inner product space) and is denoted by (U, < -, >).

Theorem 2.16 ([7]). In fuzzy soft inner product spaces, we have the following:

L<vt 92 49 >=< 9t 92 >4+ <V, W >,
1G(e;)” '2G(ey) 3G(e3) 1G(ey)  '2Glep) 1G(ey)  '3Gleg)
&2 53 = I
or all v} Y Y, EFSV(U).
f f1 4 sz(ez]/ f3G ( )

G(eq) (e3)
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2. <9k o+ v+ >=< 9l 93 >+<9l vt >+<v: L9
1G(eq) 2G(ey)  '3Gle) 4G (ey) 1G(e;)”  '3Gley) 16(er)” 'Gley) 2Gley)”  '3Gles)
>4+<¥: >, forallvg — v% ¥y ,vp  EFSV(W).
2G(ey)”  '4Gley) 1G(ey)” '2Glep)”  '3Gle) Gley)
3. For fuzzy soft complex scalars &;,1:1,...,nand 3;,j:1,...,m
—_—
n m n m o —~
- . = 3 i
< &V} , uf >— &iB5< ST, >,
: "Gley) £ (eq) )G(ej)
i=1 j=1 i=1j=1 )

P -

o Tgaa >=0 forall tg,, , EFSV(Q), then, v, =0

4. If for fixed Vs, EFSV(U), we have < Vg o

Definition 2.17 (Real fuzzy soft inner product space, [7]). If the mapping <., 7> in the above Definition
2.15 is replaced by <> FSV() x FSV(U) — R(A), then it is called a real fuzzy soft inner product
space and its condltlons (Axioms (FSI1), (FSI3), (FSI4)) are the same, but the condition (FSI2) is replaced

by

(FSI2G): <v} % >=< V2 vt >, for all v} v: EFsV(Q).
flG(el) fZG(ez) fze(ezll flG[el) ’ flG(e])’ fzc(ez (W
Theorem 2.18 (Fuzzy soft Cauchy-Schwartz inequality, [7]). Let (U, < -,->) be a fuzzy soft inner product
space, then for all \7% ,\7% EFSV(U), we have:
1G(e;)” '2G(ep)
1 2 o 1 2 2
<9V v > <<V v >V v >.
| f]G(e])’ sz(ez) < flG(el)’ flc(el) sz(ez)’ sz(ez)

Theorem 2.19 ([7]). A fuzzy soft inner product space (U, < -, 7>) can be considered as a fuzzy soft normed space
) >, for all Ve, EFSv ().

Ve

with the fuzzy soft norm ||V, H—\/< V6o Vg (e

Example 2.6. C"(A) the fuzzy soft complex Euchdean space (the space of all fuzzy soft n-dimensional
complex numbers) is a complex fuzzy soft inner product space with the complex fuzzy soft inner product
defined as follows:

n
~ T = ~ ol il
< vf(;(e)’ugG(aJ >_vaiG(ei)ugiG(ai)’

for all Vg, JECT(A).

Solution. The proof is straightforward by applying the conditions of the complex fuzzy soft inner
product space stated in Definition 2.15.

uQG

Example 2.7. R™(A) the fuzzy soft real Euclidean space (the space of all fuzzy soft n-dimensional real
numbers) is a real fuzzy soft inner product space with the real fuzzy soft inner product defined as follows:

JER™(A).

Proof. The proof is straightforward by applying the conditions of the real fuzzy soft inner product space
stated in Definition 2.17. O

for all Vigie) Uag(a

Example 2.8. {>(A) the space of all fuzzy soft square-summable sequences is a complex fuzzy soft inner
product space with the complex fuzzy soft inner product defined as follows:

<Vtge Ugg) >= Z glG i

for all V¢, Tgg , EL(A).
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Proof. The proof is straightforward by applying the conditions of the complex fuzzy soft inner product
space stated in Definition 2.15. O

Example 2.9. C51;(A) the space of all fuzzy soft complex-valued continuous functions on [0, 1] is a com-
plex fuzzy soft inner product space with the complex fuzzy soft inner product defined as follows:

—_ — 1
<Tfge)r E'ge(a) >£Lgﬁ}tiG( (X)EBLG )(ﬁ)dﬁ/

for all ﬁfG(e),égG(a) IS e[(),i](A)-

Proof. The proof is straightforward by applying the conditions of the complex fuzzy soft inner product

space stated in Definition 2.15. O
Theorem 2.20 (Fuzzy soft parallelogram law, [7]). Let (U, < -,- >) be a fuzzy soft inner product space and let
v} v% EFSV(U). Then, the fuzzy soft parallelogram law is hold as follows:
G(eq) Gfez)
1 2 ? 1 2 5( |15l 2 2 ?
v v vl 9 =5(||v v :

valG(el) +vf2G(e2) |+ ”vfle(el) szG(ez) | (valG[el) | + H"sz(ez) )
Theorem 2.21 (Fuzzy soft cont1nu1ty property, [7]). Let (U. < -,7>) be a fuzzy soft inner product space. If
lim vg, =V, and lim ag = ), then lim < v“ SAR >E=< v%o,ugo >.
n—oo n—oo

Definition 2.22 (Fuzzy soft orthogonahty [7]). Let (U, < -,~>) be a fuzzy soft inner product space and let

vt v% &Sv(l). Then, v} is said to be fuzzy soft orthogonal to ¥ , written ¥} 1+ ,
1Gle) 2Gley) 1Gley) 26(ey)” 1Gle;)  2Gley)
if<vl 9% >=0.
1G(eq) 2G(ey)
Theorem 2.23 ([7]). Let (U, < -~ >) be a fuzzy soft inner product space and let v]c . ),\NJ%ZG( )EFSV(H) If
€1 €2
vl I1v2 then
1G(ey) 2G(ey)
1 2 g ? 2 ?
V49 =|v + v .
98,0y T Vg | 590 I 195

Definition 2.24 (Fuzzy soft orthogonal complement, [7]). Let (U, < -~ >) be a fuzzy soft inner product

space. Let @ be a non-empty fuzzy soft subset of FSV(U). The fuzzy soft set of all fuzzy soft elements

(points) fz]lcl of FSV(U) which are tuzzy soft orthogonal to @ is denoted by @7, and is called the tuzzy
Gleq)

soft orthogonal complement of @. That is to say that

ot={vy,  EFSV(U):vp, 19 ,vv%zG Ew}

Gley) 1G(eq) G(ep) (eo)
o
=(vy,  EFSV(M):<vl 92 >=0, vaz Em).
Gleq) 1G(ey)  '2G(ep) Glep)

Theorem 2.25 ([7]). For fuzzy soft orthogonal complement, we have:
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3. Main results

The aim of this section is to introduce the concept of fuzzy soft Hilbert spaces and to study some
properties and examples of fuzzy soft Hilbert spaces. In addition, fuzzy soft orthogonal family and fuzzy
soft orthonormal family are established. Finally, fuzzy soft Bessel’s inequality and fuzzy soft Parseval’s
formula are introduced.

Definition 3.1 (Fuzzy soft Hilbert space). Let (I, < -,- >) be a fuzzy soft inner product space. Then, this
space, which is fuzzy soft complete in the induced fuzzy soft norm stated in Theorem 2.19, is called a
fuzzy soft Hilbert space, denoted by (H, < -,~ >) (shortly H). It is clear that every fuzzy soft Hilbert space
is a fuzzy soft Banach space.

Example 3.1. The space C™(A) the fuzzy soft complex Euclidean space (the space of all fuzzy soft n-
dimensional complex numbers) is a complex fuzzy soft Hilbert space with the complex fuzzy soft inner
product defined as follows:

n
I~ >= Si Ni

for all V¢, Tgg, EC™(A).

Solution. We have C™(A) is an fuzzy soft inner product space from Example 2.6. Using Theorem 2.19,
we obtain:

n
_ ~ ~ l
ore 1< St o >= sk, W=y e, P

i=1

and since C™(A) is fuzzy soft complete in this fuzzy soft norm. Then, C™(A) is an fuzzy soft complete
fuzzy soft inner product space, i.e., a fuzzy soft Hilbert space.

Example 3.2. The space R™(A), the fuzzy soft real Euclidean space (the space of all fuzzy soft n-
dimensional real numbers) is an fuzzy soft Hilbert space with the real fuzzy soft inner product defined

as follows:
n
<v >= Z i
f - f glG )/

for all Vg, , Tgg ER™(A).

Solution. The proof is easy by using Example 2.7 and Theorem 2.19, similarly as Example 3.1.

Example 3.3. The space {»(A) the space of all fuzzy soft square-summable sequences is an fuzzy soft
Hilbert space with the complex fuzzy soft inner product defined as follows:

)
ol
va glG )’

||l

<Vf

for all V¢, Tgg ., EL(A).

G(

Solution. The space {>(A) is fuzzy soft complete as an fuzzy soft normed space. But {5(A) is an fuzzy
soft inner product space from Example 2.8. Then, {;(A) is an fuzzy soft Hilbert space.

Theorem 3.2. Let H be a fuzzy soft Hilbert space. If ®©CH, then oL isa fuzzy soft closed fuzzy soft subspace of
H.
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Proof. To prove that @l is a fuzzy soft linear subspace, let v V2 ZoL and & PEC(A). Then,
flc(el) sz(ez)

using Definition 2.24 of fuzzy soft orthogonal complement, we get:

1 =3
< Vg, ,V

=0 52 o3 =8 v 3 =
. s >=0 and < Vi, ,V >=0, V ¥y, E®. (3.1)
(e1) Gle3) Gley G

Using the properties which are stated in Theorem 2.16, we obtain:

5l 352 53 ~ 5o ol 53 3 52 53 =3 =
< &b + BV v >=R< VY v >+ PB<V v >, V9V Em. 3.2
f]G(el) b sz(ezj' f3G(e3] flc(el)' f3G(e3) B sz(e2), fSG(e3) ! f3G(e3J (32)
By substituting from (3.1) in (3.2), we have:
5ol 352 53 =5 x 0+ B x 0=0 V3 =&
< &V + V% Ve >=& x 04 x 0=0, V% ED.
1G(eq) 2G(ey)  '3Gleg) 3G(e3)
Therefore, 6(\7%1 + viz Ed+, and hence @~ is a fuzzy soft linear subspace of H.
G(eq) G(ep)

To prove that @l is a fuzzy soft closed, let Vs, E®7, then there exists a fuzzy soft sequence

vy C@®+ and lim v =g . By Theorem 2.9, V Ugg(q 6 , we have:
"G(en) n—oo MG(en)

< V., i >= lim < 9% i >= lim 0=0.
fo(e)’ M96(a n—oo | Ingen)’ JG(a) n—oo

—_~—

Then, < V6o Uggra) >=0, V lgg 4 ED, and hence Vege ED L. Therefore, @ is fuzzy soft closed. O

Theorem 3.3. Let H be a fuzzy soft inner product space and let &1 and @, be two non-empty fuzzy soft linear
subspaces of H. Then,

(@1 + @) =01 N5 (3.3)
Proof. Let Vg €@, but Vi) = Vg T 0, 6&@,, and hence Vige) E®1 4+ @y. Then, ®1Cd; + @y and
similarly, w2Cw1 + @j. Therefore, using property (4) in Theorem 2.25, we have (@ + a)z)ié 11 and
(@1 + @2)+Cd5-. Hence,
CoiNd; . (3.4)
Conversely, let V(e Ewl ﬂwz , then V¢
soft orthogonal Complement we get:

and hence using Definition 2.24 of fuzzy

5.l ~gvil  za oo w2 =
< Vg T >=0V1 €mrand <V e >=0V @2 Ey. 3.5
fG(e) flG(el) f1G(el) 1 fg 26 (ey) EI 2 (3.5)
Let 1 =il + i3 €M1 + @y, then using the properties which are stated in Theorem 2.16, we
gG(a] flG(ell sz( 5)
obtain:

= - 5 ~1 2 ~_ 5 -
<Vfg e Uggra) =< Vig 'ufle 1 + g >=< vfG(e],uflG >+ < Vsg

,ﬁ%2G >. (3.6)

By substituting from (3.5) in (3.6), we have:

<Vfgey Uggra) >=0+0=0V gy,

Therefore, V¢, E(D1 + (I)z)l by Definition 2.24. That is to say that

(e)

(Df‘ﬁ(f)i‘&(d)l + (DZ)J_. (3.7)

Hence, from (3.4) and (3.7), the required Formula (3.3) is true. O]
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Theorem 3.4. Let H be a fuzzy soft Hilbert space. If @1 and @, are fuzzy soft closed fuzzy soft subspaces of H
such that @1 L&,, then &1 + @, is also fuzzy soft closed in H.

Proof. Let ¥ Vige) ED1 + D2 Then, there exists a fuzzy soft sequence {vf }C @1 + @y and hm vf =
G(en

G(en)
Vg Since My 1@,, then any fuzzy soft element g, 0 ED1 + M2 has a uruque form ti4 o Lu}cl +
G(eq)
~2 ~1 ~ ST 7T oM = (T 3, = (T
v i &7 and 12 €®>. Hence, V7 =1 +Ww S €071 and W €y
f26(ey)”  Fig(ey) 26 (ey) i Glen) InG(an) hngon)”  InGlan) Mg (o)
uniquely, and lim 7 =l €07 and lim W}t =W Ew We have:
quety, n=oo ING(an) 96(a) =1 n=oo  MGon) fo(e 2
Vi, = lim vF = lim 4l + lim Wy =g + Wy €D+ Dy
Gle) NS00 'MGlen) M—oo INGlan) N300 G(bn) Gla) Gle)
Therefore, Vg e €1 + 7 and hence @1 + @, is fuzzy soft closed. O

Theorem 3.5. Let H be a fuzzy soft Hilbert space and let & be a fuzzy soft closed fuzzy soft subspace of H. Then,
Ffzo o ot (3.8)

Proof. Since @ and @L are fuzzy soft orthogonal fuzzy soft subspaces of H, then, by Theorem 3.4, we
have @ + @ is fuzzy soft closed fuzzy soft subspace of H. Using the Property (3) of Theorem 2.25 which

is wii—w we get:

from the properties (1) and (2) of Theorem 2.25, and hence H=® + @t from the property (4) of Theorem

2.25 and the sum is direct from the property (2) of Theorem 2.25 which is ®N@*={8}. Then, this completes
the proof and the required Formula (3.8) is true. O

Definition 3.6 (Fuzzy soft orthogonal family). Let H be a fuzzy soft inner product space. A family ¥} }
'G(ey)

of fuzzy soft elements of H is called a fuzzy soft orthogonal family if

o1 ) AR 5i 5J =03 £
V. 19 i ie., < VL Ve, >=0;1 # . 3.9
1ELG(rai) fJG(ej), # ) ! flG[ei]’ flG(e,-) ’ 7&] ( )

Definition 3.7 (Fuzzy soft orthonormal family). Let H be a fuzzy soft inner product space. A family

{vf } of fuzzy soft elements of H is called a fuzzy soft orthonormal family if {vf }is a fuzzy soft
Gley) Gley)
orthogonal family (i.e., satisfies the condition (3.9)) and

=L v e, <9 vE >=Ti=g
G(ei) G(ei) G(ei)

Remark 3.8. Note that if {\7}. }is a fuzzy soft orthonormal family, then
lG(ei)

<9t ) >=8i:, 3.10
vfi (e:) vij(ej) L) ( )
where
- [ 1, ifi=j,
dj _{ 0, ifit]. (3.11)

Example 3.4. The fuzzy soft set of fuzzy soft elements (3, 6,0), (0,,0) and (6, 6,j) is a fuzzy soft orthonor-
mal family in R3(A).
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Solution. Let &;=(j,0,0), &=(6,j,0) and &=(0, 0,j). It is clear that < a,\a >£Sij; i,j=1,2,3.

Example 3.5. The fuzzy soft set of fuzzy soft elements (3, 9,9,9,...,0,...),(6,3,6,0,...,0,...) and

(6,6,3,6,0,...,0,...),... is a fuzzy soft orthonormal family in ¢>(A).

Solution. Let &=(3,0,0,0,...,0,...), &=(6,j,0,0,...,0,...) and &=(0,0,j,0,0,...,0),.... It is clear that
< €4, 8 >£Si]‘; 1,j=1,2,3,...

Example 3.6. Let H=C51)(A) be the space of all fuzzy soft complex-valued continuous functions on [0, 1.
For k = 0,41, £2,..., let {¢x}CH be defined by:

& (%)=&, %200, 1. (3.12)
Then, {&} is a fuzzy soft orthonormal family in Cg1,(A).

Solution.

i i
< &, & >&J ék(i)éj(i)dfcij g2Tikx 27X g5

1
= J s2mi(k—i)% g5
Gl I : (k1) | : . .
W,j)o, if k #j :{;m(k_ﬂ, if k #j :{Q, ?fk;&]‘
[5 dx, ik =] [1ax, ik =i 1, ifk=j.
Hence, {&«}, where {&} is defined as in (3.12), is a fuzzy soft orthonormal family in €51;(A).

Theorem 3.9. Let H be a fuzzy soft inner product space. Then, a fuzzy soft orthonormal family (¥t} of non-zero
'G(ey)

fuzzy soft elements of H is fuzzy soft linearly independent.

Proof. An arbitrary fuzzy soft set of fuzzy soft elements is called fuzzy soft linearly independent if and

only if every finite fuzzy soft subset is fuzzy soft linearly independent. Let \7}1 , \7%2 y e U be
. Glep) Glep) "G(en)
a finite fuzzy soft subset of the fuzzy soft orthonormal family {V} }. Suppose that
'G(ey)
o 1 o) o ~A
&1V &KoV A =0, 3.13
! flG[el) + %2 fZG(ezJ * +on fnG(en) ( )

where &;, i = 1,2,...,n are fuzzy soft scalars. By using this condition (3.13) and the Property (3) in
Theorem 2.16, we obtain:

N i >ZF< VE i >
G figey YU gy figen T

1

A A3 2
0=< &1V,

+ &V
) 26 (ey)

G(eq

foranyi=1,2,...,n. Since < vt ¥t >=1 (non-zero fuzzy soft elements) for i = 1,2,...,n, then
G

() 'Gley)
& =0,1=1,2,...,n and hence the family {V} }is fuzzy soft linearly independent. O
1G(ei)

Theorem 3.10 (Fuzzy soft Bessel’s inequality). Let H be a fuzzy soft inner product space and let {t 1 be
'G(ey)

a fuzzy soft orthonormal family in H. Then, for Wtge) EH, we have:

(e

n
> <Wig V| > W, |7 (3.14)
i=1
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Proof. Let

n

. -~ - ~ ~i
Uggia) =Whg (o Z < Wegrer Vg, | >vfic(ei)' (3.15)
i=1 '

Then, by taking the fuzzy soft inner product of (3.15) with \”}jfj for 1 <j < n from the right, we get:
Gle;)

j

Y o) = R 5J _ = 5i Si
<Tggia Vi TS Wig V> D <M,V >< T,

~j 1
e ,vij >. (3.16)

(eq) (e5)

Therefore, by using Definition 3.7 of fuzzy soft orthonormal family with the related Remark 3.8 contains
the equation (3.10) and its values defined by Kronecker delta (3.11) in (3.16), we obtain:

. . - = » . - - i
<1 A >=< Wy v >— < Wt A >< V) VL >
9G(a)’ fJG(ej) G(e)” flG(ej] G(e)’ fJG[ej) flG(ej), f)c(ej)
=< Vor ) >—<Vor. P >=0
6le)” Mige)) 6@ Mig(e)) ’
- = . . - . .
Then, u96<a>J‘vfjg(e,, forj =1,2,...,n. That is to say that, uQG(a)J‘(x]vij(e') forj=1,2,...,nas
) )
- 5. o) =5 &) =
<Ugge) oc]vf]_G >=04< Ugg o) V5, >=0. Thus
(e)-) G(e]-)
Ugoy <Wige V5 >V, <Wg o, V2, >V, ., <y W >TF
(@) (" Mg ey 1G(ep) ()7 "G ey 2G(ey) e) Glen) "Glen)
is a fuzzy soft orthonormal family; i.e,
- T ol i .
UggqL< WfG(e]’VfiG(e.) >vfiG(ei),1 =1,2,...,n. (3.17)
1

We have:

n
- 2~ 1~ . —
Wege I°=l1Tg g + Z < WfG(e)IV}iG
im1

>v (3.18)

(eq) (eq)

Therefore, by applying Theorem 2.23 on (3.18) as we have (3.17), the following is obtained:

— 5. — 2 n B — . 5
[Wego I"=lTgg I + HZ<W"G(e)'V¥tg(e» >v]lciG(e )H

i=1 ! :

/‘x-/ —_—
e)’v i

— 2 n n
=|tigg ., | +1D)_ < Wi, fer, SPEY < Wrg,,, T
i=1 t i=1

' >[2.
(e lG(ei)

Hence, the inequality (3.14) is true and is called the Fuzzy soft Bessel’s inequality. O

Definition 3.11. A fuzzy soft orthonormal family {¥ 1, denoted by S, in a fuzzy soft inner product
IG(ei)

space H is said to be fuzzy soft complete if there is no other fuzzy soft orthonormal family containing S
properly. That is to say that, S must be a fuzzy soft maximal orthonormal family to be fuzzy soft complete.

Remark 3.12. A fuzzy soft orthonormal family Sis fuzzy soft complete if and only if for any W¢ Glel such
that Wtge) 15, Wtg ., must be the fuzzy soft zero vector 0.
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Theorem 3.13. Suppose that H is a fuzzy soft Hilbert space and let {V:  } be a fuzzy soft countably infinite
1G(ey)
orthonormal family in H. Then, a fuzzy soft series of the form

o o

Ziifz}, - is fuzzy soft convergent & ZIXiIZZOO, (3.19)
'Gey

i=1

i=1

for fuzzy soft scalar N, and in this case, we have the following relations:

o0
A=< W o > and W éz AV 3.20
mn fG(e)’ fnG(en) fG(e) - n fnG[en), ( )
o

between the fuzzy soft coefficients An and the fuzzy soft element We .., defined by the fuzzy soft series.
Proof. First, to prove (3.19), let

&ZX e (3.21)

Then, if m < n, we have:

1Sn — Sunl —Hme , vaf ol

(3.22)
n n —_—
> A PR § b, IP= D APISE, 1P
) 1( lG(ei)
i=m+1 i=m+1 i=m+1

—_—~—

Using the given that {v}.  }is a fuzzy soft orthonormal family in H (i.e., [?t  |[2=1) and substituting
'G(ey) 'G(ey)
in (3.22), we get:

ISn = Smll € ) NifZo0. (3.23)
i=m-+1

Then, from (3.23), we obtain: {5,,}%° is fuzzy soft Cauchy sequence < Y 2, |Ai*Sco. Since H is fuzzy
soft Hilbert space, i.e., it is fuzzy soft complete. Then, {S,,}¢° is fuzzy soft convergent sequence <
> 2, Ail*Zco. Now to prove the two formulas (3.20), use (3.21) and let

o0
WfG(eJET}iE;OZ §i=lim §,= . §i£Z 7‘1‘7}16( : (3.24)

Therefore, using (3.21), applying the properties which are stated in Theorem 2.16 and with the help of the
given that {\7}_ }is a fuzzy soft orthonormal family in H, we obtain, fori=1,2,...,n:
1G(e;)

i

—_——

n
<Sn, ¥ >=< ZM)}

After that, from (3.24), we have S,, — W¢ 6(e) @ M — 00, and hence by using the fuzzy soft continuity of
the fuzzy soft inner product space (Theorem 2.21), we get:

Vi >asn — oo. (3.26)
G
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Thus, from (3.25) and (3.26), one of the two required formulas which is A;=< Wy G(E),\?}V > is obtained
1G(ei)

and substituting it in (3.24), the second required formula is obtained as follows:

Rt

||l

>VE
G(ey) 'Gley)

O

Theorem 3.14 (Fuzzy soft Parseval’s formula). Let S be a fuzzy soft orthonormal family in a fuzzy soft inner
product space H, and suppose that

Wt e I°= Z < Wetgey Vige > 2 for every Wi €H. (3.27)

VfG €S

Then, S is fuzzy soft complete.

On the other hand, if H is a fuzzy soft Hilbert space (fuzzy soft complete) and S is a fuzzy soft complete
orthonormal family in H, then the equality holds for every Weg (o) EH. The Formula (3.27) is called fuzzy soft
Parseval’s formula.

Proof. To prove the first part (the necessary condition), suppose that S is not fuzzy soft complete, then

there exists some We ;é@ such that We 1S. But (3.27) gives [Weg o, I?=0, and then Wege =0, which is
contradiction. Hence, S is fuzzy soft complete.

To prove the second part (the sufficient condition), suppose that H is a fuzzy soft complete inner
product space (fuzzy soft Hilbert space) and S is a fuzzy soft complete orthonormal family in H. Then, by
using Theorem 3.13, we have for every Wy Gle EH there is some finite or countably infinite fuzzy soft family

v }in S such that the fuzzy soft series of the form Y %, Ai¥t is fuzzy soft convergent if and only
n IG(Ei)

G(en)

if y 7, Ai[2< o0 for fuzzy soft scalar Ai and in this case, we have the two relations A=< WfG(e),\j?nG >

(en)

and W, =3 g < Wrg,, \”)}‘ng( N >\7?nG( N between the fuzzy soft coefficients A,, and the fuzzy soft

element Wy , defined by the fuzzy soft series. That is to say that,

Wego= ) <Wrg, VP >V
fGie) i fG(e) frGien) nGlen)
v EsS
eten (3.28)
= E Aol where A=< W o >,
T G en)” " fate) Tngen)

v ES

MG en)

By applying Theorem 2.19, substituting for Wy, from (3.28), with the help of the properties stated in
Theorem 2.16 and using the given that S is a fuzzy soft orthonormal family in H, we obtain:

||WfG[e) ||2£< WfG(e)IWfG(e) >£< Z an"n

~?nG(En)éS
Since, Xniiﬁ\nlz, then we have:
e 2= S AP |22 S AR
HWfG(e]” ~| nl HanG(en)H Anl (3.29)

o &S v gs
MGen) g
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Now, by substituting for A,, from (3.28) in (3.29), we get:

—~——

X 2~ ~ - 2
[Wore 2= D> 1< wa(e],v?nG(en) >[
v} &s
"G(en)
That is to say that,
—
[Wtg e I°= Z < Wrtg o) Vegre > %
vfG(e]éS
for every Wrg o) EH. O

Corollary 3.15. If H is a fuzzy soft Hilbert space and S is a fuzzy soft complete orthonormal family in H, then for

wt W2 &H, we have:
e

(e) 2G(ey)

~2 ~ ~2 ~
A Z <w]ch Ve TS Vg >

4. Conclusions and future work

On the one hand, the fuzzy version or the soft version of topics like metric spaces, normed spaces,
Banach spaces, operators, dual spaces, functionals, inner product spaces, Hilbert spaces, operators on
Hilbert spaces and many other topics have been studied by many mathematicians. On the other hand,
combining fuzzy and soft sets together is not only more general than using only one of them, but also gives
us more extended and accurate results. Few researchers have studied some of those general extensions
concepts such as fuzzy soft normed spaces and fuzzy soft metric spaces. We have defined the fuzzy soft
Hilbert space H by using the concept of fuzzy soft vector ¥y (¢, modified in our work and have shown
that C™(A), R™(A) and {»(A) are suitable examples of fuzzy soft Hilbert spaces. Moreover, some related
properties of fuzzy soft Hilbert spaces have been introduced. In addition, we have defined the fuzzy soft
orthogonal family and the fuzzy soft orthonormal family. Furthermore, we have established fuzzy soft
Bessel’s inequality and fuzzy soft Parseval’s formula. Our work can be considered as a generalization
for the well-known (crisp) Hilbert spaces. This type of investigation fills some gaps in the literature.
The authors can introduce new results by using similar techniques in this paper. Some fuzzy soft linear
operators in fuzzy soft Hilbert spaces will be studied in further investigations depending on the definition
of fuzzy soft Hilbert space given in this paper. Finally, there are still many topics to study by applying
the fuzzy soft notion on them.
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