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Abstract

The present article aims to introduce and investigate a new class of q-hybrid special polynomials, namely 2-variable q-
generalized tangent-Apostol-type polynomials. The generating function, series definition and many other useful relations and
identities of this class are established. In addition, certain members of 2-variable q-generalized tangent-Apostol-type family are
investigated and some properties of these members are obtained. The graphical representations of these members are shown for
several values of indices with the help of Matlab. Further, the distributions of zeros of these members are displayed.
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1. Introduction

The q-calculus subject leads to a new noteworthy method for computations and classifications of q-
special functions. It has gained prominence and numerous popularity during the last three decades or so
(see [2, 5, 11, 14–16]). The contemporary interest in the subject is due to the fact that q-series has popped
in such diverse areas as quantum groups, statistical mechanics, transcendental number theory, etc. The
notations and definitions related to q-calculus recalled here are taken from [3] (see also [6, 10]), which
will be used throughout this work.

The q-analogues of a number ` ∈ C and of the factorial function are specified as follows:

[`]q =
1 − q`

1 − q
, (q ∈ C\{1})

and

[κ]q! =
κ∏
l=1

[l]q = [1]q[2]q[3]q · · · [κ]q, [0]q! = 1, κ ∈N,q ∈ C\{0, 1}.
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The q-binomial coefficient
(
κ
l

)
q

is specified as(
κ

l

)
q

=
[κ]q!

[l]q! [κ− l]q!
, l = 0, 1, 2, . . . , κ; κ ∈N0.

The q-power basis is specified as

(u+ v)κq =

κ∑
l=0

(
κ

l

)
q

q
l(l−1)

2 uκ−l vl. (1.1)

The q-derivative of a function f at a point τ ∈ C\{0} is given as

Dqf(τ) =
f(τ) − f(qτ)

τ− qτ
, 0 < |q| < 1.

The functions

eq(τ) =

∞∑
κ=0

τκ

[κ]q!
, 0 < |q| < 1, |τ| < |1 − q|−1, (1.2)

Eq(τ) =

∞∑
κ=0

q
1
2κ(κ−1) τ

κ

[κ]q!
, 0 < |q| < 1, τ ∈ C (1.3)

are called q-exponential functions and satisfy the following relations:

Dqeq(τ) = eq(τ), DqEq(τ) = Eq(qτ), eq(τ)Eq(−τ) = Eq(τ)eq(−τ) = 1. (1.4)

The class of the q-special polynomials such as q-tangent polynomials, q-Bernoulli polynomials, q-
Euler polynomials and q-Genocchi polynomials is an expanding field in mathematics [1, 5, 11–13, 15].

Numerous properties of tangent numbers and polynomials and their q-analogue have been studied
and investigated by many researchers (see[7, 25, 26]). Further, these numbers and polynomials have
enormous applications in analytic number theory, physics and the other related areas.

The tangent polynomials Tκ(x) [25] are specified by means of the following generating function(
2

e2τ + 1

)
exτ =

∞∑
κ=0

Tκ(x)
τκ

κ!
, (|2τ| < π),

where (
2

e2τ + 1

)
=

∞∑
κ=0

Tκ
τκ

κ!
, (|2τ| < π)

and Tκ := Tκ(0) denotes the tangent numbers.
The q-analogue of the tangent polynomials Tκ(x) is denoted by Tκ,q(x) and specified by means of the

generating function (see [27])(
2

eq(2τ) + 1

)
eq(xτ) =

∞∑
κ=0

Tκ,q(x)
τκ

[κ]q!
, (|2τ| < π),

where Tκ,q := Tκ,q(0) denotes the q-tangent numbers.
In [7], Bildirici et al. introduced the generalized tangent polynomials Cκ,m(x) by means of the follow-

ing generating function (
2

emτ + 1

)
exτ =

∞∑
κ=0

Cκ,m(x)
τκ

κ!
, (|mτ| < π, m ∈ R+). (1.5)
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The Apostol-type numbers and polynomials were first studied by Apostol [4] and further investi-
gated by Srivastava [20]. The generalization of Apostol-Bernoulli, Apostol-Euler and Apostol-Genocchi
polynomials were introduced and investigated widely by Luo and Srivastava [20] and Luo [18, 19]. Moti-
vated by these works, many researchers have introduced and investigated the q-analogue of the Apostol-
type polynomials (see [8, 17, 21, 23]). Recently, Kurt [17] introduced the q-Apostol-type polynomials
P(α)
κ,λ,q(x,y; δ,a,b) by the following generating functions

(
21−δ τδ

λbeq(τ) − ab

)α
eq(xτ)Eq(yτ) =

∞∑
κ=0

P(α)
κ,λ,q(x,y; δ,a,b)

τκ

[κ]q!
,

(
|τ| < 2π when λ = a; |τ| <

∣∣∣∣b log
(λ
a

)∣∣∣∣ when λ 6= a;α, δ ∈N0, a,b ∈ R+; λ ∈ C
) (1.6)

and

P(α)
κ,λ,q(x,y; 1, 1, 1) = B

(α)
κ,q (x,y, λ), (2-variable q-Apostol-Bernoulli polynomials (see [17, 23])),

P(α)
κ,λ,q(x,y; 0,−1, 1) = E

(α)
κ,q (x,y; λ), (2-variable q-Apostol-Euler polynomials (see [17, 23])),

P(α)

κ, λ2 ,q

(
x,y; 1,−

1
2

, 1
)

= G
(α)
κ,q (x,y; λ), (2-variable q-Apostol-Genocchi polynomials (see [17, 23])),

where (
τ

λeq(τ) − 1

)α
eq(xτ)Eq(yτ) =

∞∑
κ=0

B
(α)
κ,q(x,y; λ)

τκ

[κ]q!
, (1.7)

(
2

λeq(τ) + 1

)α
eq(xτ)Eq(yτ) =

∞∑
κ=0

E
(α)
κ,q(x,y; λ)

τκ

[κ]q!
, (1.8)

(
2τ

λeq(τ) + 1

)α
eq(xτ)Eq(yτ) =

∞∑
κ=0

G
(α)
κ,q(x,y; λ)

τκ

[κ]q!
(1.9)

and B
(1)
κ,q(0, 0; 1) := Bκ,q, E(1)

κ,q(0, 0; 1) := Eκ,q and G
(1)
κ,q(0, 0; 1) := Gκ,q denote the q-Bernoulli, q-Euler and

q-Genocchi numbers, respectively.
Motivated by the above works and using replacement technique (see [28]), in the present article we

introduce the class of 2-variable q-generalized tangent-Apostol-type polynomials (2Vq-GTATP) by means
of generating functions and series definition. Further, some significant and useful results are obtained
for this class and some of its members. In Section 2, we start with introducing the q-generalized tangent
polynomials. Thereafter, the 2-variable q-generalized tangent-Apostol-type polynomials are introduced
by means of the generating function and series definition. Also, we consider some members of the
2-variable q-generalized tangent-Apostol-type polynomials and obtain generating functions and some
other important properties of these members. In Section 3, few values and expressions of q-tangent
numbers and polynomials, q-Bernoulli numbers and polynomials, q-Euler numbers and polynomials and
q-Genocchi numbers and polynomials are obtained and used to display the graphs of some members
belonging to the 2-variable q-generalized tangent-Apostol-type family for different values of indices.
Further, the zeros of some members of 2-variable q-generalized tangent-Apostol-type polynomial are
obtained and plotted by using Matlab.

2. 2-variable q-generalized tangent-Apostol-type polynomials

In order to introduce the 2-variable q-generalized tangent-Apostol-type polynomials, we first define
the q-generalized tangent polynomials (q-GTP) according to generating function (1.5) as:
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Definition 2.1. The q-analogue of the generalized tangent polynomials is defined as:(
2

eq(mτ) + 1

)
eq(xτ) =

∞∑
κ=0

Cκ,m,q(x)
τκ

[κ]q!
, (|mτ| < π, m ∈ R+). (2.1)

We have:

(i) in the case when m = 1, Cκ,m,q(x) = Eκ,q(x), (q-Euler polynomials (q-EP) (see [9, 22]));
(ii) in the case when m = 2, Cκ,m,q(x) = Tκ,q(x), (q-tangent polynomials);

(iii) Cκ,m,q(0) := Cκ,m,q, (q-generalized tangent numbers).

Next, we define the 2-variable q-generalized tangent polynomials (2Vq-GTP) as:

Definition 2.2. The 2-variable q-analogue of the generalized tangent polynomials is defined as:(
2

eq(mτ) + 1

)
eq(xτ)Eq(yτ) =

∞∑
κ=0

Cκ,m,q(x,y)
τκ

[κ]q!
, (|mτ| < π, m ∈ R+) (2.2)

and

(a) in the case when m = 1, Cκ,m,q(x,y) = Eκ,q(x,y), (2-variable q-Euler polynomials (2Vq-EP)[24]);
(b) in the case when m = 2, Cκ,m,q(x,y) = Tκ,q(x,y), (2-variable q-tangent polynomials);
(c) Cκ,m,q(0, 0) := Cκ,m,q, (q-generalized tangent numbers).

Now, in view of replacement technique and using generating relations (1.6) and (2.1), we define the
2-variable q-generalized tangent-Apostol-type polynomials as:

Definition 2.3. The 2-variable q-generalized tangent-Apostol-type polynomials of order α are defined by
means of the generating function:(

21−δ τδ

λbeq(τ) − ab

)α( 2
eq(mτ) + 1

)
eq(xτ)Eq(yτ) =

∞∑
κ=0

CP(α,m)
κ,λ,q (x,y; δ,a,b)

τκ

[κ]q!
,

(
|τ| < 2π when λ = a; |τ| <

∣∣∣∣b log
(
λ

a

)∣∣∣∣ when λ 6= a; |mτ| < π;α, δ ∈N0, a,b,m ∈ R+; λ ∈ C
)
.

(2.3)

For x = y = 0, CP(α,m)
κ,λ,q (0, 0; δ,a,b) := CP(α,m)

κ,λ,q (δ,a,b) denotes the q-generalized tangent-Apostol-type
numbers of order α and are defined by(

21−δ τδ

λbeq(τ) − ab

)α( 2
eq(mτ) + 1

)
=

∞∑
κ=0

CP(α,m)
κ,λ,q (δ,a,b)

τκ

[κ]q!
. (2.4)

Utilizing generating relations (2.1) and (1.6) in generating relation (2.3) and making use of the
Cauchy product rule in the resultant equation, thereafter, comparing the coefficients of the like pow-
ers of τ in both sides of the resultant expression, we obtain the following series definition of 2Vq-GTATP

CP(α,m)
κ,λ,q (x,y; δ,a,b).

Definition 2.4. The 2-variable q-generalized tangent-Apostol-type polynomials of order α are defined by
the series:

CP(α,m)
κ,λ,q (x,y; δ,a,b) =

κ∑
l=0

(
κ

l

)
q

Cl,m,qP(α,m)
κ−l,λ,q(x,y; δ,a,b). (2.5)
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Suitably utilizing equations (1.1), (1.2), (1.3) and (2.4) in generating relation (2.3) and then making
use of the Cauchy product rule in the resultant equations, we get three different expressions. Further,
comparing the identical powers of τ in both sides of the resultant expressions, we get the following
formulas

CP(α,m)
κ,λ,q (x,y; δ,a,b) =

κ∑
l=0

(
κ

l

)
q

CP(α,m)
l,λ,q (δ,a,b)(x+ y)κ−lq ,

CP(α,m)
κ,λ,q (x,y; δ,a,b) =

κ∑
l=0

(
κ

l

)
q

xl CP(α,m)
κ−l,λ,q(0,y; δ,a,b),

CP(α,m)
κ,λ,q (x,y; δ,a,b) =

κ∑
l=0

(
κ

l

)
q

q
l(l−1)

2 yl CP(α,m)
κ−l,λ,q(x, 0; δ,a,b).

Furthermore, we have

CP(0,m)
κ,λ,q (x,y; δ,a,b) = Cκ,m,q(x,y).

Based on suitable selections for the parameters, several members belonging to the family of 2-variable
q-generalized tangent-Apostol-type polynomials CP(α,m)

κ,λ,q (x,y; δ,a,b) can be obtained. These members
are mentioned in Table 1.

Table 1: Some special cases of the 2Vq-GTATP CP(α,m)
κ,λ,q (x,y; δ,a,b).

S. No. Values of Relation between the Name of the resultant Generating functions
the parameters 2Vq-GTATP CP(α,m)

κ,λ,q (x,y; δ,a,b) special polynomials of the resultant
and its special case special polynomials

I. δ = a = b = 1 CP(α,m)
κ,λ,q (x,y; 1, 1, 1)=CB

(α,m)
κ,q (x,y; λ) 2-variable q-generalized tangent-Apostol

(
τ

λeq(τ)−1

)α(
2

eq(mτ)+1

)
eq(xτ)Eq(yτ)

-Bernoulli polynomials (2Vq-GTABP) =
∑∞
κ=0 CB

(α,m)
κ,q (x,y; λ) τ

κ

[κ]q!

II. δ = 0, a = −1, b = 1 CP(α,m)
κ,λ,q (x,y; 0,−1, 1)=CE

(α,m)
κ,q (x,y; λ) 2-variable q-generalized tangent

(
2

λeq(τ)+1

)α(
2

eq(mτ)+1

)
eq(xτ)Eq(yτ)

-Apostol-Euler polynomials (2Vq-GTAEP) =
∑∞
κ=0 CE

(α,m)
κ,q (x,y; λ) τ

κ

[κ]q!

III. δ = 1, a = −1
2 , b = 1, CP(α,m)

κ,λ2 ,q

(
x,y; 1,−1

2 , 1
)
=CG

(α,m)
κ,q (x,y; λ) 2-variable q-generalized tangent

(
2τ

λeq(τ)+1

)α(
2

eq(mτ)+1

)
eq(xτ)Eq(yτ)

λ→ λ
2 -Apostol-Genocchi polynomials (2Vq-GTAGP) =

∑∞
κ=0 CG

(α,m)
κ,q (x,y; λ) τ

κ

[κ]q!

IV. δ = a = b = 1, CP(α,2)
κ,λ,q(x,y; 1, 1, 1)=TB

(α)
κ,q(x,y; λ) 2-variable q-tangent-Apostol

(
τ

λeq(τ)−1

)α(
2

eq(2τ)+1

)
eq(xτ)Eq(yτ)

m = 2 -Bernoulli polynomials (2Vq-TABP) =
∑∞
κ=0 TB

(α)
κ,q(x,y; λ) τ

κ

[κ]q!

V. δ = 0, a = −1, b = 1, CP(α,2)
κ,λ,q(x,y; 0,−1, 1)=TE

(α)
κ,q(x,y; λ) 2-variable q-tangent-Apostol

(
2

λeq(τ)+1

)α(
2

eq(2τ)+1

)
eq(xτ)Eq(yτ)

m = 2 -Euler polynomials (2Vq-TAEP) =
∑∞
κ=0 TE

(α)
κ,q(x,y; λ) τ

κ

[κ]q!

VI. δ = 1, a = −1
2 , b = 1, CP(α,2)

κ,λ2 ,q

(
x,y; 1,−1

2 , 1
)
=TG

(α)
κ,q(x,y; λ) 2-variable q-tangent-Apostol

(
2τ

λeq(τ)+1

)α(
2

eq(2τ)+1

)
eq(xτ)Eq(yτ)

λ→ λ
2 , m = 2 -Genocchi polynomials (2Vq-TAGP) =

∑∞
κ=0 TG

(α)
κ,q(x,y; λ) τ

κ

[κ]q!

VII. δ = a = b = 1, CP(α,1)
κ,λ,q(x,y; 1, 1, 1)=EB

(α)
κ,q(x,y; λ) 2-variable q-Euler-Apostol

(
τ

λeq(τ)−1

)α(
2

eq(τ)+1

)
eq(xτ)Eq(yτ)

m = 1 -Bernoulli polynomials (2Vq-EABP) =
∑∞
κ=0 EB

(α)
κ,q(x,y; λ) τ

κ

[κ]q!

VIII. δ = 0, a = −1, b = 1, CP(α,1)
κ,λ,q(x,y; 0,−1, 1)=EE

(α)
κ,q(x,y; λ) 2-variable q-Euler-Apostol

(
2

λeq(τ)+1

)α(
2

eq(τ)+1

)
eq(xτ)Eq(yτ)

m = 1 -Euler polynomials (2Vq-EAEP) =
∑∞
κ=0 EE

(α)
κ,q(x,y; λ) τ

κ

[κ]q!

IX. δ = 1, a = −1
2 , b = 1, CP(α,1)

κ,λ2 ,q

(
x,y; 1,−1

2 , 1
)
=EG

(α)
κ,q(x,y; λ) 2-variable q-Euler-Apostol

(
2τ

λeq(τ)+1

)α(
2

eq(τ)+1

)
eq(xτ)Eq(yτ)

λ→ λ
2 , m = 1 -Genocchi polynomials (2Vq-EAGP) =

∑∞
κ=0 EG

(α)
κ,q(x,y; λ) τ

κ

[κ]q!

X. δ = a = b = 1, CP(1,2)
κ,1,q(x,y; 1, 1, 1)=TBκ,q(x,y) 2-variable q-tangent

(
τ

eq(τ)−1

)(
2

eq(2τ)+1

)
eq(xτ)Eq(yτ)

m = 2, α = λ = 1 -Bernoulli polynomials (2Vq-TBP) =
∑∞
κ=0 TBκ,q(x,y) τ

κ

[κ]q!

XI. δ = 0, a = −1, b = 1, CP(1,2)
κ,1,q(x,y; 0,−1, 1)=TEκ,q(x,y) 2-variable q-tangent

(
2

eq(τ)+1

)(
2

eq(2τ)+1

)
eq(xτ)Eq(yτ)

m = 2, α = λ = 1 -Euler polynomials (2Vq-TEP) =
∑∞
κ=0 TEκ,q(x,y) τ

κ

[κ]q!
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XII. δ = 1, a = −1
2 , b = 1, CP(1,2)

κ, 1
2 ,q

(
x,y; 1,−1

2 , 1
)
=TGκ,q(x,y) 2-variable q-tangent

(
2τ

eq(τ)+1

)(
2

eq(2τ)+1

)
eq(xτ)Eq(yτ)

λ = 1
2 , m = 2, α = 1 -Genocchi polynomials (2Vq-TGP) =

∑∞
κ=0 TGκ,q(x,y) τ

κ

[κ]q!

XIII. δ = a = b = 1, CP(α,2)
κ,λ,q(x, 0; 1, 1, 1)=TB

(α)
κ,q(x; λ) q-tangent-Apostol

(
τ

λeq(τ)−1

)α(
2

eq(2τ)+1

)
eq(xτ)

m = 2, y = 0 -Bernoulli polynomials (q-TABP) =
∑∞
κ=0 TB

(α)
κ,q(x; λ) τ

κ

[κ]q!

XIV. δ = 0, a = −1, b = 1, CP(α,2)
κ,λ,q(x, 0; 0,−1, 1)=TE

(α)
κ,q(x; λ) q-tangent-Apostol

(
2

λeq(τ)+1

)α(
2

eq(2τ)+1

)
eq(xτ)

m = 2, y = 0 -Euler polynomials (q-TAEP) =
∑∞
κ=0 TE

(α)
κ,q(x; λ) τ

κ

[κ]q!

XV. δ = 1, a = −1
2 , b = 1, CP(α,2)

κ,λ2 ,q

(
x, 0; 1,−1

2 , 1
)
=TG

(α)
κ,q(x; λ) q-tangent-Apostol

(
2τ

λeq(τ)+1

)α(
2

eq(2τ)+1

)
eq(xτ)

λ→ λ
2 , m = 2, y = 0 -Genocchi polynomials (q-TAGP) =

∑∞
κ=0 TG

(α)
κ,q(x; λ) τ

κ

[κ]q!

XVI. δ = a = b = 1, α = 1, CP(1,2)
κ,1,q(x, 0; 1, 1, 1)=TBκ,q(x) q-tangent-Bernoulli

(
τ

eq(τ)−1

)(
2

eq(2τ)+1

)
eq(xτ)

m = 2, y = 0, λ = 1 polynomials (q-TBP) =
∑∞
κ=0 TBκ,q(x)

τκ

[κ]q!

XVII. δ = 0, a = −1, b = 1, α = 1, CP(1,2)
κ,1,q(x, 0; 0,−1, 1)=TEκ,q(x) q-tangent-Euler

(
2

eq(τ)+1

)(
2

eq(2τ)+1

)
eq(xτ)

m = 2, y = 0, λ = 1 polynomials (q-TEP) =
∑∞
κ=0 TEκ,q(x)

τκ

[κ]q!

XVIII. δ = 1, a = −1
2 , b = 1, α = 1, CP(α,2)

κ, 1
2 ,q

(
x, 0; 1,−1

2 , 1
)
=TGκ,q(x) q-tangent-Genocchi

(
2τ

eq(τ)+1

)(
2

eq(2τ)+1

)
eq(xτ)

λ = 1
2 , m = 2, y = 0 polynomials (q-TGP) =

∑∞
κ=0 TGκ,q(x)

τκ

[κ]q!

Lemma 2.5. The following recurrence relations hold true:

Dq,x CP(α,m)
κ,λ,q (x,y; δ,a,b) = [κ]q CP(α,m)

κ−1,λ,q(x,y; δ,a,b),

D
(ξ)
q,x CP(α,m)

κ,λ,q (x,y; δ,a,b) =
[κ]q!

[κ− ξ]q! CP(α,m)
κ−ξ,λ,q(x,y; δ,a,b),

Dq,y CP(α,m)
κ,λ,q (x,y; δ,a,b) = [κ]q CP(α,m)

κ−1,λ,q(x,qy; δ,a,b),

D
(ξ)
q,y CP(α,m)

κ,λ,q (x,y; δ,a,b) = q
ξ(ξ−1)

2
[κ]q!

[κ− ξ]q! CP(α,m)
κ−ξ,λ,q

(
x,qξy; δ,a,b

)
.

Theorem 2.6. The following relation involving the 2Vq-GTATP CP(α,m)
κ,λ,q (x,y; δ,a,b) holds true:

CP(α,m)
κ,λ,q (x,y; δ,a,b) = 2 P(α)

κ,λ,q(x,y; δ,a,b) −
κ∑
l=0

(
κ

l

)
q

ml CP(α,m)
κ−l,λ,q(x,y; δ,a,b). (2.6)

Proof. Consider the following identity

2
eq(mτ)(eq(mτ) + 1)

=
2

eq(mτ)
−

2
eq(mτ) + 1

.

In view of the above identity, we can write(
21−δτδ

λbeq(τ) − ab

)α( 2
eq(mτ)(eq(mτ) + 1)

)
eq(xτ)Eq(yτ)

=

(
21−δ τδ

λbeq(τ) − ab

)α( 2
eq(mτ)

)
eq(xτ)Eq(yτ) −

(
21−δ τδ

λbeq(τ) − ab

)α( 2
eq(mτ) + 1

)
eq(xτ)Eq(yτ).

Multiplying both sides of the above equation by eq(mτ) then utilizing equations (1.6) and (2.3) in the
resultant relation, we get

∞∑
κ=0

CP(α,m)
κ,λ,q (x,y; δ,a,b)

τκ

[κ]q!
= 2

∞∑
κ=0

P(α)
κ,λ,q(x,y; δ,a,b)

τκ

[κ]q!
− eq(mτ)

∞∑
κ=0

CP(α,m)
κ,λ,q (x,y; δ,a,b)

τκ

[κ]q!
, (2.7)

which in view of equation (1.2) and making use of the Cauchy product rule in the right hand side then
after comparing the coefficients of τκ

[κ]q! on both sides of the resultant relation yields the assertion in
equation (2.6).
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Taking δ = a = b = 1 and m = 2 in Theorem 2.6, we get the following corollary.

Corollary 2.7. The following relation involving the 2Vq-TABP TB
(α)
κ,q(x,y; λ) holds true:

TB
(α)
κ,q(x,y; λ) = 2 B

(α)
κ,q(x,y; λ) −

κ∑
l=0

(
κ

l

)
q

2l TB
(α)
κ−l,q(x,y; λ). (2.8)

Theorem 2.8. The following relationship between 2Vq-GTATP CP(1,m)
κ,λ,q (x,y; δ,a,b) and 2Vq-GTP Cκ,m,q(x,y)

holds true:

CP(m)
κ,λ,q(x,y; δ,a,b) = −

[κ]q! 21−δ

ab[κ− δ]q!
Cκ−δ,m,q(x,y) +

(
λ

a

)b κ∑
l=0

(
κ

l

)
q

CP(m)
κ−l,λ,q(x,y; δ,a,b). (2.9)

Proof. Take α = 1 and consider the following identify

1
(λbeq(τ) − ab)λbeq(τ)

=
1

ab(λbeq(τ) − ab)
−

1
abλbeq(τ)

. (2.10)

In view of the above identity, we have(
21−δτδ

(λbeq(τ) − ab)λbeq(τ)

)(
2

eq(mτ) + 1

)
eq(xτ)Eq(yτ)

=
1
ab

(
21−δτδ

λbeq(τ) − ab

)(
2

eq(mτ) + 1

)
eq(xτ)Eq(yτ) −

(
21−δτδ

abλbeq(τ)

)(
2

eq(mτ) + 1

)
eq(xτ)Eq(yτ).

Now, utilizing equations (2.2) and (2.3) in the above equation, then multiplying both side of the
resultant relation by λbeq(τ), we get

∞∑
κ=0

CP(m)
κ,λ,q(x,y; δ,a,b)

τκ

[κ]q!
=

(
λ

a

)b ∞∑
l=0

τl

[l]q!

∞∑
κ=0

P(α)
κ,λ,q(x,y; δ,a,b)

τκ

[κ]q!
−

21−δ

ab

∞∑
κ=0

Cκ,m,q(x,y)
τκ+δ

[κ]q!
.

Finally, using Cauchy product rule in the right hand side of the above equation and simplifying then
after comparing the coefficients of τκ

[κ]q! on both sides of the resultant relation, we get the assertion in
equation (2.9).

Taking δ = 0, a = −1, b = 1 and m = 2 in Theorem 2.8, we get the following corollary.

Corollary 2.9. The following relationship between 2Vq-TAEP TEκ,q(x,y; λ) and 2Vq-TP Tκ,q(x,y) holds true:

TEκ,q(x,y; λ) = 2 Tκ,q(x,y) − λ
κ∑
l=0

(
κ

l

)
q

TEκ−l,q(x,y; λ).

Theorem 2.10. The following relationship between 2Vq-GTATP CP(α,m)
κ,λ,q (x,y; δ,a,b) and 2Vq-EP Eκ,q(x,y)

holds true:

2[κ]qCP(α,m)
κ−1,λ,q(x,y; δ,a,b)

=

κ∑
ξ=0

1
ωξ−1

(
κ

ξ

)
q

κ−ξ∑
l=0

{
(

1
ωl

(
κ− ξ

l

)
q

CP(α,m)
κ−l−ξ,λ,q(x, 0; δ,a,b) + CP(α,m)

κ−ξ,λ,q(x, 0; δ,a,b)

}
Eξ,q(0,ωy).

(2.11)
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Proof. Making use of generating relation (2.3), we have

∞∑
κ=0

CP(α,m)
κ,λ,q (x,y; δ,a,b)

τκ

[κ]q!

=

(
21−δ τδ

λbeq(τ) − ab

)α( 2
eq(mτ) + 1

)
eq(xτ)

(
eq(τ/ω) + 1

2τ

)(
2τ

eq(τ/ω) + 1

)
Eq

(
ωy

τ

ω

)
=
ω

2τ

{ ∞∑
κ=0

∞∑
l=0

CP(α,m)
κ,λ,q (x, 0; δ,a,b)

τκ+l

ωl[l]q![κ]q!
+

∞∑
κ=0

CP(α,m)
κ,λ,q (x, 0; δ,a,b)

τκ

[κ]q!

} ∞∑
κ=0

Eκ,q(0,ωy)
τκ

ωκ[κ]q!
,

for which, upon using Cauchy product rule in the right hand side and after simplification, it becomes
∞∑
κ=0

[κ]qCP(α,m)
κ−1,λ,q(x,y; δ,a,b)

τκ

[κ]q!

=
ω

2

∞∑
κ=0

κ∑
ξ=0

1
ωξ

(
κ

ξ

)
q

κ−ξ∑
l=0

(
1
ωl

(
κ− ξ

l

)
q

CP(α,m)
κ−l−ξ,λ,q(x, 0; δ,a,b) + CP(α,m)

κ−ξ,λ,q(x, 0; δ,a,b)

)
Eξ,q(0,ωy)

τκ

[κ]q!
.

Finally, comparing the coefficients of identical powers of τ in both sides of above equations, we get the
assertion in equation (2.11).

Taking δ = b = 1, a = −1
2 , m = 2 and λ→ λ

2 , the following corollary of Theorem 2.10 is obtained.

Corollary 2.11. The following relationship between 2Vq-TAGP TG
(α)
κ,q(x,y; λ), q-TAGP TG

(α)
κ,q(x; λ) and 2Vq-EP

Eκ,q(x,y) holds true:

2[κ]qTG
(α)
κ−1,q(x,y; λ) =

κ∑
ξ=0

1
ωξ−1

(
κ

ξ

)
q

κ−ξ∑
l=0

(
1
ωl

(
κ− ξ

l

)
q

TG
(α)
κ−l−ξ,q(x; λ) + TG

(α)
κ−ξ,q(x; λ)

)
Eξ,q(0,ωy).

Next, we derive two connections between the 2Vq-GTATP CP(α,m)
κ,λ,q (x,y; δ,a,b) and the family of num-

bers denoted by Sq(κ,α;a,b, λ) which are defined by means of the generating function [17]:

∞∑
κ=0

Sq(κ,α;a,b, λ)
τκ

[κ]q!
=

(
λbeq(τ) − a

b
)α

[α]q!
. (2.12)

Theorem 2.12. The following relationships between 2Vq-GTATP CP(α,m)
κ,λ,q (x,y; δ,a,b) and the numbers

Sq(κ,α;a,b, λ) hold true:

CP(α−σ,m)
κ−σδ,λ,q(x,y; δ,a,b) =

[κ− σδ]q![σ]q!
2σ(1−δ)[κ]q!

κ∑
l=0

(
κ

l

)
q

CP(α,m)
κ−l,λ,q(x,y; δ,a,b)Sq(l,σ;a,b, λ), (2.13)

Cκ−αδ,m,q(x,y) =
[κ−αδ]q![α]q!

2α(1−δ)[κ]q!

κ∑
l=0

(
κ

l

)
q

CP(α,m)
κ−l,λ,q(x,y; δ,a,b)Sq(l,α;a,b, λ). (2.14)

Proof. Rearrange generating function (2.3) as:

∞∑
κ=0

CP(α−σ,m)
κ,λ,q (x,y; δ,a,b)

τκ

[κ]q!
=

(
21−δ τδ

λbeq(τ) − ab

)α( 2
eq(mτ) + 1

)
eq(xτ)Eq(yτ)

(
λbeq(τ) − a

b

21−δ τδ

)σ
,

which on utilizing relation (2.12), becomes

∞∑
κ=0

CP(α−σ,m)
κ,λ,q (x,y; δ,a,b)

τκ

[κ]q!
=

[σ]q!(
21−δτδ

)σ ∞∑
κ=0

CP(α,m)
κ,λ,q (x,y; δ,a,b)

τκ

[κ]q!

∞∑
l=0

Sq(l,σ;a,b, λ)
τl

[l]q!
.
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Now, simplifying the above relation and then comparing the coefficients of τκ

[κ]q! on both sides of the
resultant relation, we get the assertion in equation (2.13). Using a similar approach, with help of relations
(2.1), (2.3) and (2.12), we can get the assertion in equation (2.14).

Setting δ = a = b = m = 1 in Theorem 2.12, the following corollary is obtained.

Corollary 2.13. The following relationships between 2Vq-EABT EB
(α)
κ,q(x,y; λ) and the numbers Sq(κ,α; λ) hold

true:

EB
(α−σ)
κ−σ,q(x,y; λ) =

[κ− σ]q! [σ]q!
[κ]q!

κ∑
l=0

(
κ

l

)
q

EB
(α)
κ−l,q(x,y; λ)Sq(l,σ; λ),

Eκ−αq(x,y) =
[κ−α]q! [α]q!

[κ]q!

κ∑
l=0

(
κ

l

)
q

EB
(α)
κ−l,q(x,y; λ)Sq(l,α; λ).

Theorem 2.14. The 2Vq-GTATP CP(α,m)
κ,λ,q (x,y; δ,a,b) satisfy the following relation:

λbCP(α,m)
κ,λ,q (x, 0; δ,a,b) − abCP(α,m)

κ,λ,q (x,−1; δ,a,b)

=
[κ]q! 21−δ

[κ− δ]q!

κ−δ∑
l=0

(−1)l
(
κ− δ

l

)
q

q
l(l−1)

2 CP(α−1,m)
κ−δ−l,λ,q(x, 0; δ,a,b).

(2.15)

Proof. In view of generating function (2.3) and equation (1.4), we have
∞∑
κ=0

λbCP(α,m)
κ,λ,q (x, 0; δ,a,b)

τκ

[κ]q!
−

∞∑
κ=0

abCP(α,m)
κ,λ,q (x,−1; δ,a,b)

τκ

[κ]q!

= λb
(

21−δ τδ

λbeq(τ) − ab

)α( 2
eq(mτ) + 1

)
eq(xτ) − a

b

(
21−δ τδ

λbeq(τ) − ab

)α( 2
eq(mτ) + 1

)
eq(xτ)Eq(−τ)

=

(
21−δ τδ

λbeq(τ) − ab

)α( 2
eq(mτ) + 1

)
eq(xτ)

(
λbeq(τ) − a

b

eq(τ)

)
= 21−δτδEq(−τ)

∞∑
κ=0

CP(α−1,m)
κ,λ,q (x, 0; δ,a,b)

τκ

[κ]q!
.

Now, using (1.3) and Cauchy product rule in the left hand side and then after some simplifications
comparing the identical powers of τ of the resultant equation, we get the assertion in equation (2.15).

Setting δ = 0, a = −1, b = m = 1 in Theorem 2.14, the following corollary is obtained.

Corollary 2.15. The following formula involving q-EAEP EE
(α)
κ,q(x; λ) hold true:

λ EE
(α)
κ,q(x; λ) + EE

(α)
κ,q(x,−1; λ) = 2

κ∑
l=0

(−1)l
(
κ

l

)
q

q
l(l−1)

2 EE
(α−1)
κ−l,q (x; λ).

Theorem 2.16 (Addition relation). Let α,β ∈ N0, then the 2-variable q-generalized tangent-Apostol-type poly-
nomials satisfy the following relation:

CP(α+β,m)
κ,λ,q (x,y; δ,a,b) =

κ∑
l=0

(
κ

l

)
q

CP(α,m)
κ−l,λ,q(x, 0; δ,a,b) P(β)

l,λ,q(0,y; δ,a,b). (2.16)

Proof. In view of generating relation (2.3), we can write
∞∑
κ=0

CP(α+β,m)
κ,λ,q (x, 0; δ,a,b)

τκ

[κ]q!
=

(
21−δ τδ

λbeq(τ) − ab

)α( 2
eq(mτ) + 1

)
eq(xτ)

(
21−δ τδ

λbeq(τ) − ab

)β
Eq(yτ),

which on using relations (1.6) and (2.3) then after some simplifications, it yields assertion in Eq. (2.16).
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Similarly, we can prove the following theorem.

Theorem 2.17 (Difference relation). Let α,β ∈ N0, then the 2-variable q-generalized tangent-Apostol-type
polynomials satisfy the following relation:

CP(α−β,m)
κ,λ,q (x,y; δ,a,b) =

κ∑
l=0

(
κ

l

)
q

P(α)
κ−l,λ,q(x, 0; δ,a,b) CP(−β,m)

l,λ,q (0,y; δ,a,b).

Taking a = −1
2 , b = δ = 1, m = 1 and λ→ λ

2 in Theorem 2.16, we get the following corollary.

Corollary 2.18. Let α,β ∈N0, then the q-EAGP EG
(α)
κ,q(x,y; λ) satisfies the following relation:

EG
(α+β)
κ,q (x,y; λ) =

κ∑
l=0

(
κ

l

)
q

EG
(α)
κ−l,q(x; λ) G(β)

κ,q(0,y; λ).

Taking δ = a = b = 1, m = 2, y = 0 in Theorem 2.17, we get the following corollary

Corollary 2.19. Let α,β ∈N0, then the q-TABP TB
(α)
κ,q(x; λ) satisfy the following relation:

TB
(α−β)
κ,q (x; λ) =

κ∑
l=0

(
κ

l

)
q

B
(α)
κ−l,q(x; λ) TB

(−β)
κ,q (λ).

3. Zeros and graphical representation

In this section, we display the shapes of some members belonging to the 2-variable q-generalized
tangent-Apostol-type family such as q-tangent-Bernoulli polynomials TBκ,q(x), q-tangent-Euler poly-
nomials TEκ,q(x) and q-tangent-Genocchi polynomials TGκ,q(x). Further, the beautiful zeros of these
members are investigated and their behavior is also shown.

Here, we first calculate some values of the q-generalized tangent numbers Cκ,m,q. The first five values
are obtained as Table 2.

Table 2: Values of the first five q-GTN Cκ,m,q.
κ 0 1 2 3 4

Cκ,m,q 1 −m2
m2

4

(
[2]q − 2

)
m3

8

(
4[3]q − [2]q[3]q − 4

)
m4

16[2]q

(
8[2]q[4]q + [2]q([4]q!) − 6([4]q!) + 4[3]q[4]q − 8[2]q

)
Since for m = 2, the q-GTN Cκ,m,q reduces to q-TN Tκ,q and for m = 1, the q-GTN Cκ,m,q reduces to

q-Euler numbers (q-EN) Eκ,q, therefore, setting m = 1, 2 in Table 2, we get the following values for q-TN
Tκ,q and q-EN Eκ,q (Table 3).

Table 3: Values of the first five q-TN Tκ,q and q-EN Eκ,q.
κ 0 1 2 3 4

Tκ,q 1 −1 [2]q − 2 4[3]q − [2]q[3]q − 4 1
[2]q

(
8[2]q[4]q + [2]q([4]q!) − 6([4]q!) + 4[3]q[4]q − 8[2]q

)
Eκ,q 1 −1

2
1
4

(
[2]q − 2

) 1
8

(
4[3]q − [2]q[3]q − 4

) 1
16[2]q

(
8[2]q[4]q + [2]q([4]q!) − 6([4]q! + 4[3]q[4]q − 8[2]q

)
In view of equation (1.2) and generating relation (2.1), the q-GTP Cκ,m,q(x) can be defined by the

following series

Cκ,m,q(x) =

κ∑
l=0

(
κ

l

)
q

Cκ−l,m,qx
l. (3.1)
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Making use of the values of Cκ,m,q from Table 2 in equation (3.1), we get the expressions of the first
five Cκ,m,q(x). These expressions are listed in Table 4.

Table 4: Expressions of first five q-GTP Cκ,m,q(x).
κ 0 1 2 3 4

Cκ,m,q(x) 1 x− m
2 x2 − m

2 [2]qx x3 − m
2 [3]qx2 + m2

4 [3]q
(
[2]q − 2

)
x x4 − m

2 [4]qx3 +
m2[4]q[3]q

4[2]q

(
[2]q − 2

)
x2 + m3

8 [4]q
(
4[3]q − [2]q[3]q − 4

)
x

+m
2

4

(
[2]q − 2

)
+m

3

8

(
4[3]q − [2]q[3]q − 4

)
+ m4

16[2]q

(
8[2]q[4]q + [2]q([4]q!) − 6([4]q!) + 4[3]q[4]q − 8[2]q

)
Taking m = 2, 1 in Table 4, we get the expressions of first five Tκ,q(x) and Eκ,q(x), respectively. These

expressions are listed in Table 5.

Table 5: Expressions of first five q-TP Tκ,q(x) and q-EP Eκ,q(x).
κ 0 1 2 3 4

Tκ,q(x) 1 x− 1 x2 − [2]qx x3 − [3]qx2 + [3]q
(
[2]q − 2

)
x x4 − [4]qx3 +

[4]q[3]q
[2]q

(
[2]q − 2

)
x2 + [4]q

(
4[3]q − [2]q[3]q − 4

)
x

+
(
[2]q − 2

)
+
(
4[3]q − [2]q[3]q − 4

)
+ 1

[2]q

(
8[2]q[4]q + [2]q([4]q!) − 6([4]q!) + 4[3]q[4]q − 8[2]q

)
Eκ,q(x) 1 x− 1

2 x2 −
[2]q

2 x x3 −
[3]q

2 x
2 +

[3]q
4

(
[2]q − 2

)
x x4 −

[4]q
2 x

3 +
[4]q[3]q

4[2]q

(
[2]q − 2

)
x2 +

[4]q
8

(
4[3]q − [2]q[3]q − 4

)
x

+1
4

(
[2]q − 2

)
+1

8

(
4[3]q − [2]q[3]q − 4

)
+ 1

16[2]q

(
8[2]q[4]q + [2]q([4]q!) − 6([4]q!) + 4[3]q[4]q − 8[2]q

)
Further, we obtain a list of few q-Bernoulli numbers (q-BN) Bκ,q and q-Genocchi numbers (q-GN)

Gκ,q. These numbers are given in Table 6.

Table 6: Values of the first five q-BN Bκ,q and q-GN Gκ,q.

κ 0 1 2 3 4
Bκ,q 1 − 1

[2]q
1

[2]q
− 1

[3]q
2

[2]q
−

[3]q
([2]q)2 −

1
[4]q

[3]q[4]q
([2]q)3 −

3[4]q
([2]q)2 +

2
[2]q

+
[4]q

[2]q[3]q
− 1

[5]q

Gκ,q 0 1 −
[2]q

2
[3]q!

4 −
[3]q

2
1
8

(
− [4]q! + 4[4]q[3]q − 4[4]q

)
Now, in view of the values mentioned in Table 6, we obtain a list of few q-Bernoulli polynomials

(q-BP) Bκ,q(x) and q-Genocchi polynomials (q-GP) Gκ,q(x). These polynomials are mentioned in Table 7.

Table 7: Values of the first five q-BP Bκ,q(x) and q-GP Gκ,q(x).
κ 0 1 2 3 4

Bκ,q(x) 1 x− 1
[2]q

x2 − x+ 1
[2]q

− 1
[3]q

x3 −
[3]q
[2]q
x2 +

( [3]q
[2]q

− 1
)
x x4 −

[4]q
[2]q
x3 +

[4]q[3]q
[2]q

(
1

[2]q
− 1

[3]q

)
x2 +

(
2[4]q
[2]q

−
[3]q[4]q
([2]q)2 − 1

)
x

+ 2
[2]q

−
[3]q

([2]q)2 −
1

[4]q
+

[3]q[4]q
([2]q)3 −

3[4]q
([2]q)2 +

2
[2]q

+
[4]q

[2]q[3]q
− 1

[5]q

Gκ,q(x) 0 1 [2]qx−
[2]q

2 [3]qx2 −
[2]q[3]q

2 x−
[3]q

2 +
[3]q!

4 [4]qx3 −
[4]q!
2[2]q

x2 +

(
[4]q([3]q!)

4 −
[4]q[3]q

2

)
x

+1
8

(
− [4]q! + 4[4]q[3]q − 4[4]q

)
In view of equation (2.5) and Table 1 (XVI-XVIII), the series definitions of the q-TBP TBκ,q(x), q-TEP

TEκ,q(x) and q-TGP TGκ,q(x) are obtained as:

TBκ,q(x) =

κ∑
l=0

(
κ

l

)
q

Tl,qBκ−l,q(x), (3.2)

TEκ,q(x) =

κ∑
l=0

(
κ

l

)
q

Tl,qEκ−l,q(x), (3.3)

TGκ,q(x) =

κ∑
l=0

(
κ

l

)
q

Tl,qGκ−l,q(x).
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Setting q = 1
2 and making suitable substitutions of the values of Tκ,q, Bκ,q(x), Eκ,q(x), and Gκ,q(x)

from Tables 3, 5, and 7 in series definitions (3.2)-(3.3), we obtain the expressions of q-TBP TBκ,q(x), q-TEP
TEκ,q(x) and q-TGP TGκ,q(x) for q = 1

2 and κ = 0, 1, 2, 3, 4. These expressions are given in Table 8.

Table 8: Expressions of first five TBκ, 1
2
(x), TEκ, 1

2
(x) and TGκ, 1

2
(x).

κ 0 1 2 3 4

TBκ, 1
2
(x) 1 x− 5

3 x2 − 5
2x+

25
42 x3 − 35

12x
2 + 25

24x+
293
360 x4 − 25

8 x
3 + 125

96 x
2 + 293

192x+ 0.373503905

TEκ, 1
2
(x) 1 x− 3

2 x2 − 9
4x+

1
8 x3 − 21

8 x
2 + 7

32x+
69
64 x4 − 45

16x
3 + 35

128x
2 + 1035

512 x+
761

1024

TGκ, 1
2
(x) 0 1 3

2x−
9
4

7
4x

2 − 63
16x+

7
32

15
8 x

3 − 315
64 x

2 + 105
256x+

1035
512

Further, with the help of Matlab, we compute the real and complex zeros of TBκ, 1
2
(x), TEκ, 1

2
(x) and

TGκ, 1
2
(x) for κ = 1, 2, 3, 4 and x ∈ C. These zeros are mentioned in Tables 9 and 10.

Table 9: Real zeros of TBκ, 1
2
(x), TEκ, 1

2
(x), and TGκ, 1

2
(x).

κ TBκ, 1
2
(x) TEκ, 1

2
(x) TGκ, 1

2
(x)

1 1.6667 1.5000 0
2 0.2665, 2.2335 0.0570, 2.1930 1.5000
3 −0.3640, 0.9659, 2.3148 −0.5493, 0.8411, 2.3332 0.0570, 2.1930
4 1.5510, 2.1546 1.4853, 2.2016 −0.5493, 0.8411, 2.3332

Table 10: Complex zeros of TBκ, 1
2
(x), TEκ, 1

2
(x), and TGκ, 1

2
(x).

κ TBκ, 1
2
(x) TEκ, 1

2
(x) TGκ, 1

2
(x)

1 − − −
2 − − −
3 − − −
4 −0.2903 − 0.1658i,−0.2903 + 0.1658i −0.4372 − 0.1900i,−0.4372 + 0.1900i −

With the help of Matlab and using the expressions of TBκ, 1
2
(x), TEκ, 1

2
(x) and TGκ, 1

2
(x) given in Table 8,

we get the Figures 1-3.
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Figure 1: Graph of TBκ, 1
2
(x).
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Figure 2: Graph of TEκ, 1
2
(x).

Also, with the help of Matlab, the zeros mentioned in Tables 9 and 10 are shown in the Figures 4-6.



G. Yasmin, A. Muhyi, J. Math. Computer Sci., 22 (2021), 238–251 250

−4 −3 −2 −1 0 1 2 3 4
−200

−150

−100

−50

0

50

 

 

T
G

1,1/2
(x)

T
G

2,1/2
(x)

T
G

3,1/2
(x))

T
G

4,1/2
(x)

Figure 3: Graph of TGκ, 1
2
(x).
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Figure 4: Zeros of TBκ, 1
2
(x).
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Figure 5: Zeros of TEκ, 1
2
(x).
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Figure 6: Zeros of TGκ, 1
2
(x).
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