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Abstract

In this paper, we discuss the multi-index Mittag Leffler k-function and Bessel k-function of the first kind in fractional
calculus. We investigate fractional integral operators (Saigo’s, Erdelyi Kober, Reimann Liouvill, Weyl) and extend with the
product of multi-index Mittag Leffler k-function to the Bessel k-function of the first kind. Here, we establish new theorems
that provide the image of multi-index Mittag Leffler and Bessel k-functions under these k-fractional operators. These results are
derived in general behave and give several well-known results in the theory of multi-index k-functions.
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1. Introduction

During century, Mittag Leffler function has significant topic in mathematics due to its numerous
applications and generalization in different filed of mathematical analysis. Fractional calculus has closed
relation with Mittag Leffler because of fractional problems. Hille and Tamarkin presented the solution
of second kind Abel integral equation in term of Mittag Leffler function. In 1954, Barret considered the
general solution of linear fractional differential equation with constant coefficient.

Recently, many researchers have great concentrate in the direction of Mittag Leffler type functions and
improved a lot of results in the field of fractional calculus. Gösta Magnus Mittag Leffler discussed a power
series function Eα(z) and studied its properties in five successive account ML1-ML5 at the time of 1902 −
1905. For more detailed of Mittage Leffler type functions have immense contribution in the field of integral
inequalities involved different kinds of fractional operators like as differentiable exponentially convex
and quasi-convex mapping, conformal fractional integral, Grüss type integral inequalities, geometrical
convex functions, generalized (g, s,m,ϕ)-preinvex function, and some generalizations of Ostrowski type
inequalities, we refer the interesting reader to [2, 6–9, 11, 15, 19, 23, 24, 32, 33].
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The classical Mittag-Leffler function [14, 20] for z ∈ C and α > 0 is defined as

Eα(z) =

∞∑
n=0

zn

Γ(αn+ 1)
,

where (αn)! = Γ(αn+ 1) are power terms of the exponential series. The Mittag Leffler function also called
as Queen function of fractional calculus.

Wiman studied the generalization of Mittag Leffler function and defined for α, β > 0 and z ∈ C,
given as below [1]

Eα,β(z) =

∞∑
n=0

zn

Γ(αn+β)
. (1.1)

There are many extensions, generalization or combinations for Mittag-Leffler functions which are
found in the papers [16, 27–30]. Kiryakova [18] introduced and studied the multi-index Mittag-Leffler
function which is the extension of generalized Mittag-Leffler function. The multi-index Mittag-Leffler
function is

E( 1
ρj

,µj)
(z) =

∞∑
n=0

zn∏m
j=1 Γ(µj +

n
ρj
)
,

where m > 1, Re(ρ1), . . . ,Re(ρm) > 0, and µ1, . . . ,µm are arbitrary parameters. If we replace m = 1,
ρ1 = 1

α and µ1 = β, then it will become the classical result which is given in equation (1.1).
Bessel functions [4, 31] interested from functional inequalities and geometric opinions. The first kind

Bessel function of order q is defined as

Jq(z) =

∞∑
n=0

(−1)n(z2 )
2n+q

Γ(q+n+ 1)n!
.

The first kind Bessel k-function [21] of order q is defined for Re(q) > −1,

Jq;k(z) =

∞∑
n=0

(−1)n(z2 )
2n+q

k

Γk(q+nk+ k)n!
,

where k is any positive real number.
Generalized fractional integral operators [17] is defined for y > 0 and α ′, β ′, η ′ ∈ C, Re(α ′) > 0, as

follows

(Iα
′,β ′,η ′

0,y f)(x) =
x−α

′−β ′

Γ(α ′)

∫x
0
(x− t)α

′−1
2F1(α

′ +β ′,−η ′;α ′; 1 −
t

x
)f(t)dt,

and
(Iα

′,β ′,η ′
y,∞ f)(x) =

1
Γ(α ′)

∫∞
x

(t− x)α
′−1t−α

′−β ′
2F1(α

′ +β ′,−η ′;α ′; 1 −
x

t
)f(t)dt,

where, Gauss hypergeometric function 2F1 used its kernel.
The Series of Gauss hypergeometric function [26] is defined as

2F1(α
′,β ′;η ′; t) =

∞∑
m=0

(α ′)m(β ′)m
(η ′)m

tm

m!
,

where α ′, β ′, η ′ ∈ C, η ′ 6= 0,−1,−2, . . . , |t| < 1 (α ′)m, (β ′)m and (η ′)m are Pochhammer’s symbols.
Generalized hypergeometric function [26] is defined as follows:

pFq(a1, . . . ,ap;b1, . . . ,bq; t) =
∞∑
m=0

(a1)m · · · (ap)m
(b1)m · · · (bq)m

tm

m!
,
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where ai,bj ∈ C, bj 6= 0,−1, . . . (i = 1, 2, . . . ,p; j = 1, 2, . . . ,q).
Pochhammer’s symbol [25] is defined as

(l)n =

{
l(l+ 1)(l+ 2) · · · (l+n− 1), for n > 1,
1, for n = 0, l 6= 0,

where l ∈ C and n ∈N.
Gamma function [22, 25] is defined for Re(u) > 0 as follows:

Γ(z) =

∫∞
0
tz−1e−tdt.

Beta function [25] is defined as

β(l,h) =
∫ 1

0
tl−1(1 − t)h−1dt,

where Re(l) > 0, Re(h) > 0.
Gamma k-function and Beta k-function introduced by Diaz and Pariguan [5]. Fractional k-integral

operators presented by Mubeen and Habibullah [22] in 2012.
Beta k-function [5] is defined as

βk(l,h) =
1
k

∫ 1

0
s
l
k−1(1 − s)

h
k−1ds, Re(l) > 0, Re(h) > 0. (1.2)

For k > 0, Re(x) and Re(y), the relation beta gamma k-functions can be written as

βk(x,y) =
Γk(x)Γk(y)

Γk(x+ y)
. (1.3)

The integral form of the generalized gamma k-function [12] is defined as

Γk(z) =

∫∞
0
tz−1e

−tk

k dt,

where k ∈ R+, z ∈ C, Re(z) > 0. Some important relations about gamma function are as follows

Γk(z+ k) = zΓk(z), Γk(γ) = (k)
γ
k−1Γ(

γ

k
).

The useful relation about gamma k-function is given as

Γk(t+nk) = (t)n,kΓk(t). (1.4)

The generalized Mittag-Leffler k-function [10] is defined as

Eδk;ν,ρ(t) =

∞∑
n=0

(δ)n,kt
n

Γk(νn+ ρ)n!
, (1.5)

where k ∈ R+, ν, ρ, δ, t ∈ C, Re(ν) > 0,Re(ρ) > 0.
The hypergeometric k-function [13] is defined for all α ′,β ′,η ′ ∈ C and η ′ 6= 0,−1,−2,−3, . . . , |t| < 1

as fallows:

2F1,k((α
′,k), (β ′,k); (η ′,k); t) =

∞∑
m=0

(α ′)m,k(β
′)m,k

(η ′)m,k

tm

m!
, k > 0,

where (α ′)m,k, (β ′)m,k and (η ′)m,k are Pochhammer k-symbols.
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The generalized hypergeometric k-function is defined as

pFq,k((a1,k), . . . , (ap,k); (b1,k), . . . , (bq,k); t) =
∞∑
m=0

(a1)m,k · · · (ap)m,k

(b1)m,k · · · (bq)m,k

tm

m!
,

where ai, bj ∈ C, bj 6= 0,−1, . . . (i = 1, 2, . . . ,p; j = 1, 2, . . . ,q).
The Riemann Liouville fractional integral operator [3] is defined as

Iαa+f(x) =
1
Γ(α)

∫x
a

(x− t)α−1f(t)dt, Iαb−f(x) =
1
Γ(α)

∫b
x

(t− x)α−1f(t)dt,

where Re(α) > 0. The above integrals also called progressive or right-sided and regressive or left-sided
Riemann Liouville fractional integral operators, respectively.

The left and right sided Erdelyi-Kober fractional integrals operators [3] are defined for α,η ∈ C,
Re(α) > 0 as follows

K
α,η
0,u f(u) =

u−α−η

Γ(α)

∫u
0
(u− t)α−1(t)ηf(t)dt,

Kα,η
u,∞f(u) = uη

Γ(α)

∫∞
u

(t− u)α−1(t)−α−ηf(t)dt.

The Weyl fractional integral operator [3] is defined for αεC, Re(α) > 0 as fallows

Wα
v,∞f(v) = 1

Γ(α)

∫∞
v

(t− v)α−1f(t)dt.

The Saigo’s left, right type fractional k-integral operators are defined for y > 0 and α ′, β ′, η ′ ∈ C,
Re(α ′) > 0, k ∈ R+ and Gauss hypergeometric k-function 2F1,k used its kernel, as follows

(Iα
′,β ′,η ′
k;0,y g)(y) =

y
−α ′−β ′

k

kΓk(α ′)

∫y
0
(y− s)

α ′
k −1

2F1,k(α
′ +β ′,−η ′;α ′; 1 −

s

y
)g(s)ds,

(Iα
′,β ′,η ′
k;y,∞ g)(y) =

1
kΓk(α ′)

∫∞
y

(s− y)
α ′
k −1s

−α ′−β ′
k 2F1,k(α

′ +β ′,−η ′;α ′; 1 −
y

s
)g(s)ds.

The Riemann Liouville fractional k-integral operators defined as follows

Iαk;a+f(x) =
1

kΓk(α)

∫x
a

(x− t)
α
k−1f(t)dt, Iαk;b−f(x) =

1
kΓk(α)

∫b
x

(t− x)
α
k−1f(t)dt,

where Re(α) > 0 and k be any positive real number.
The Erdelyi-Kober fractional k-integral operators are defined as follows

K
α,η
k;0,uf(u) =

u
−α−η
k

kΓk(α)

∫u
0
(u− t)

α
k−1(t)

η
k f(t)dt,

K
α,η
k;u,∞f(u) = u

η
k

kΓk(α)

∫∞
u

(t− u)
α
k−1(t)

−α−η
k f(t)dt,

where α,η ∈ C, Re(α) > 0 and k be any positive real number.
For αεC, Re(α) > 0 and k ∈ R+, the Weyl fractional k-integral operators are defined as

Wα
k;v,∞f(v) = 1

kΓk(α)

∫∞
v

(t− v)
α
k−1f(t)dt.

There are special cases, we generate the some relations of Bessel k-function of first kind and Mittag-Leffler
k-function.
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• By Setting j = m = 1 and µ1 = β, 1
ρ1

= α then, we get Wiman k-function,

Ek;α,β(z) =

∞∑
n=0

zn

Γk(αn+β)
.

• By putting j = m = 1 and µ1 = k, 1
ρ1

= α, we obtain the Mittag-Leffler k-function of one parameter,

Ek;α(z) =

∞∑
n=0

zn

Γk(αn+ k)
.

• Replacing j = m = 1, µ1 = µ+ k, 1
ρj

= k, and z = −z2

4 in the multiindex mittag-leffler k-function, we
have Bessel k-function of first kind,

(
2
z
)
p
kEk;k,µ+k(

−z2

4
) = Jµ,k(z).

2. Saigo’s generalized fractional k-integral operators with multi-index Mittag-Leffler k-function and
Bessel k-function

In this section, we discuss composition of generalized fractional k-integral operators with the product
of multi-index Mittag-Leffler k-function and Bessel k-function of first kind. The generalized fractional
k-integral operators can be extended with these compositions which gave an important theory in the field
of analysis. The following theorems can prove these consequences.

Theorem 2.1. Suppose that m > 1 is an integer and Iα,β,η
k;0,z be the left sided Saigo’s k-integral operator and

Re(ρj) > 0, uj(j = 1, . . . ,m) are arbitrary parameters, then the following result holds:

I
α,β,η
k;0,z {z

λ
k−1Jq;k(z)Ek;( 1

ρj
,µj)

(azσ)} = z
λ−β+q
k −1

∞∑
h=0

( 1
2)
q
k (azσ)h∏m

j=1 Γk(µj +
h
ρj
)

× 2ψ
k
3

[
(λ+ σkh+ q, 2k)(λ+ η−β+ σkh+ q, 2k)

(q+ k,k)(λ−β+ σkh+ q, 2k)(λ+α+ η+ σkh+ q, 2k)

∣∣∣∣−z2

4

]
,

where λ and σ are arbitrary parameters and k is any positive real number such that Re(α) > 0 and α,β,η and a
are any complex numbers.

Proof. Consider the left sided fractional integral operators and multi-index Mittag-Leffler k-function,

I
α,β,η
k;0,z {z

λ
k−1Jq;k(z)Ek;( 1

ρj
,µj)

(azσ)}

=
(z)

−α−β
k

kΓk(α)

∫z
0
(z− t)

α
k−1

2F1,k(α+β,−η;α; (1 −
t

z
))

∞∑
p,h=0

t
λ
k−1(−1)p(t2 )

2p+q
k (atσ)h

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)
dt

=
z

−α−β
k

kΓk(α)

∫z
0

(z− t)
α
k−1

(t)1− λ
k

∞∑
n=0

(α+β)n,k(−η)n,k(1 − t
z)
n

(α)n,kn!

∞∑
p,h=0

(−1)p(t2 )
2p+q

k (a(t)σ)h

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)
dt

=
z

−α−β
k

kΓk(α)

∞∑
n=0

(α+β)n(−η)n,k

(α)n,kn!

∞∑
p,h=0

(−1)p( 1
2)

2p+q
kah

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)

∫z
0

(z− t)
α
k−1(1 − t

z)
n

t1−λ+σhk+2pk+q
k

dt

=
z

−β
k −1

kΓk(α)

∞∑
n=0

(α+β)n,k(−η)n,k

(α)n,kn!
ξp,h

∫z
0
(1 −

t

z
)
α
k+n−1t

λ+σhk+2pk+q
k −1dt,

(2.1)
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where

ξp,h =

∞∑
p,h=0

(−1)p( 1
2)

2p+q
kah

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)
.

By putting these values t
z = u ⇒ t = uz ⇒ dt = zdu t = 0 ⇒ u = 0 t = z ⇒ u = 1 in the

equation (2.1), we obtain

I
α,β,η
k;0,z {z

λ
k−1Jq;k(z)Ek;( 1

ρj
,µj)

(azσ)}

=
z

−β
k −1

kΓk(α)

∞∑
n=0

(α+β)n,k(−η)n,k

(α)n,kn!
ξp,h

∫ 1

0
(1 − u)

α
k+n−1(uz)

λ+σhk+2pk+q
k −1zdu

=
z
λ−β
k −1

kΓk(α)

∞∑
n=0

(α+β)n,k(−η)n,k

(α)n,kn!
ξp,hz

2p+σh+q
k

∫ 1

0
(1 − u)

α
k+n−1u

λ+σhk+2pk+q
k −1du.

(2.2)

By using equation (1.2) in the equation (2.2), we get

I
α,β,η
k;0,z {z

λ
k−1Jq;k(z)Ek;( 1

ρj
,µj)

(azσ)}

=
z
λ−β
k −1

Γk(α)

∞∑
n=0

(α+β)n,k(−η)n,k

(α)n,kn!
ξp,hz

2p+σh+q
kβk(λ+ σhk+ 2pk+ q,α+ kn).

(2.3)

By using equation (1.3) in the equation (2.3), we have

I
α,β,η
k;0,z {z

λ
k−1Jq;k(z)Ek;( 1

ρj
,µj)

(azσ)}

=
z
λ−β
k −1

Γk(α)

∞∑
n=0

(α+β)n,k(−η)n,k

(α)n,kn!
ξp,hz

2p+σh+q
k
Γk(λ+ σhk+ 2pk+ q)Γk(α+ kn)

Γk(λ+ σhk+ 2pk+ q+α+ kn)
.

(2.4)

By using the equation (1.4) in the equation (2.4), we obtain

I
α,β,η
k;0,z {z

λ
k−1Jq;k(z)Ek;( 1

ρj
,µj)

(azσ)}

=
z
λ−β
k −1

Γk(α)

∞∑
n=0

(α+β)n,k(−η)n,k

(α)n,kn!
ξp,h

z2p+σh+q
k Γk(λ+ σhk+ 2pk+ q)(α)n,kΓk(α)

Γk(λ+ σhk+ 2pk+ q+α)(λ+ σhk+ 2pk+ q+α)n,k

= z
λ−β
k −1ξp,hz

2p+σh+q
k

∞∑
n=0

(α+β)n,k(−η)n,k(1)nΓk(λ+ σhk+ 2pk+ q)
(n!)Γk(λ+ σhk+ 2pk+ q+α)(λ+ σhk+ 2pk+ q+α)n,k

.

(2.5)

Since

2F1,k(a,b; c; 1) =
Γk(c)Γk(c− a− b)

Γk(c− a)Γk(c− b)
.

Therefore, the equation (2.5), becomes

I
α,β,η
k;0,z {z

λ
k−1Jq;k(z)Ek;( 1

ρj
,µj)

(azσ)}

=

∞∑
p,h=0

z
λ−β
k −1(−1)p(z2 )

2p+q
k (azσ)h

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)

× Γk(λ+ σkh+ 2pk+ q)Γk(λ+ η−β+ σkh+ 2pk+ q)
Γk(λ−β+ σkh+ 2pk+ q)Γk(λ+α+ η+ σkh+ 2pk+ q)

=

∞∑
h=0

z
λ−β+q
k −1( 1

2)
q
k (azσ)h∏m

j=1 Γk(µj +
h
ρj
)

2ψ
k
3

[
(λ+ σkh+ q, 2k)(λ+ η−β+ σkh+ q, 2k)

(q+ k,k)(λ−β+ σkh+ q, 2k)(λ+α+ η+ σkh+ q, 2k)

∣∣∣∣−z2

4

]
.
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Corollary 2.2. Suppose that m > 1 is an integer and Iα,β,η
k;0,z be the left sided Saigo’s k-integral operator and

Re(ρj) > 0, uj(j = 1, . . . ,m) are arbitrary parameters, then the following result holds:

I
α,β,η
k;0,z {z

λ
k−1Jq;k(z)Ek;( 1

ρj
,µj)

(azσ)} = z
λ−β
k −1

∞∑
p=0

(−1)p(z2 )
2p+q

k

Γk(q+ pk+ k)p!

× 3ψ
k
3

[
(λ+ q+ 2kp,σk)(λ+ η−β+ q+ 2kp,σk)(k,k)

(λ−β+ q+ 2kp,σk)(λ+α+ η+ q+ 2kp,σk)(µj, 1
ρj
)|mj=1

∣∣∣∣∣azσk
]

,

where λ and σ are arbitrary parameters and k is any positive real number such that Re(α) > 0 and α,β,η and a
are any complex numbers.

Corollary 2.3. Left sided Saigo’s k-integral operator, where Re(α) > 0 and α,β,η and σ are any complex numbers
then the following result holds:

I
α,β,η
k;0,z {Jp,k(z)Jq,k(z

σ)} = z
qσ−β−k

k

∞∑
n=o

(−1)n(z2 )
2n+p

k ( 1
2)
σq
k

n!Γk(p+nk+ k)

× 2Ψ
k
3

[
(2nk+ p+ k+ qσk, 2σ)(η−β+ 2nk+ p+ k+ qσk, 2σ)

(2nk+ p+ k+ qσk−β, 2σ)(α+ η2nk+ p+ k+ qσk, 2σ)(q+ k,k)

∣∣∣∣(−z2 )2σ
]

.

Theorem 2.4. Suppose that m > 1 and Iα,β,η
k;z,∞ be the right sided Saigo’s k-integral operator and Re(ρj) > 0,

uj(j = 1, . . . ,m) are arbitrary parameters then this result holds:

I
α,β,η
k;z,∞{z λk Jq;k(z)Ek;( 1

ρj
,µj)
az−σ} = z

λ−β+q
k

∞∑
h=0

( 1
2)
q
k (az−σ)h∏m

j=1 Γk(µj +
h
ρj
)

× 2ψ
k
3

[
(β− λ+ σkh− q,−2k)(η− λ+ σkh− q,−2k)

(q+ k,k)(−λ+ σkh− q,−2k)(α+β+ η− λ+ σkh− q,−2k)

∣∣∣∣−z2

4

]
,

where λ and σ are arbitrary parameters and k ∈ R+ such that Re(α) > 0 and α,β,η and a are any complex
numbers.

Proof. Consider the right sided fractional integral operator and multi-index Mittag-Leffler k-function

I
α,β,η
k;z,∞{z

λ
k Jq;k(z)Ek;( 1

ρj
,µj)
az−σ}

=
1

kΓk(α)

∫∞
z

(t− z)
α
k−1

t
α+β
k

2F1,k(α+β,−η;α; (1 −
z

t
))t

λ
k

∞∑
p,h=0

(−1)p(t2 )
2p+q

k (at−σ)h

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)
dt

=
1

kΓk(α)

∫∞
z

(t− z)
α
k−1

t
α+β
k

∞∑
n=0

(α+β)n,k(−η)n,k

(α)n,kn!
(1 −

z

t
)n

∞∑
p,h=0

t
λ
k (−1)p(t2 )

2p+q
k (at−σ)h

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)
dt

=
1

kΓk(α)

∞∑
n=0

(α+β)n,k(−η)n,k

(α)n,kn!

∞∑
p,h=0

(−1)p( 1
2 )

2p+q
k ah

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)

∫∞
z

(t− z)
α
k−1(1 − z

t )
n

t
−λ+α+β+σhk−2pk−q

k

dt

=
1

kΓk(α)

∞∑
n=0

(α+β)n,k(−η)n,k

(α)n,kn!
ξp,h

∫∞
z

(1 −
z

t
)
α
k+n−1

t
λ−β−σhk+2pk+q

k −1dt,

(2.6)

where

ξp,h =

∞∑
p,h=0

(−1)p( 1
2)

2p+q
kah

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)
.
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By putting the values zt = u ⇒ t = z
u , t = z ⇒ u = 1, t = ∞ ⇒ u = 0, z

t = u ⇒ dt = −t2

z du,dt =
− z
u2du in the equation (2.6), we obtain

I
α,β,η
k;z,∞{z λk Jq;k(z)Ek;( 1

ρj
,µj)
az−σ}

=
1

kΓk(α)

∞∑
n=0

(α+β)n,k(−η)n,k

(α)n,kn!
ξp,h

∫ 0

1
(1 − u)

α
k+n−1(

z

u
)
λ−β−σhk+2pk+q

k −1(
−z

u2 )du

=
1

kΓk(α)

∞∑
n=0

(α+β)n,k(−η)n,k

(α)n,kn!
ξp,h

∫ 1

0
(1 − u)

α
k+n−1z

λ−β
k z−σhz2p+q

ku
−λ+β+σhk−2pk−q

k −1du

=
z
λ−β
k

Γk(α)

∞∑
n=0

(α+β)n,k(−η)n,k

(α)n,kn!
ξp,hz

2p−σh+q
k

1
k

∫ 1

0
(1 − u)

α
k+n−1u

−λ+β+σhk−2pk−q
k −1du.

(2.7)

By using the equation (1.2) in the equation (2.7), we get

I
α,β,η
k;z,∞{z λk Jq;k(z)Ek;( 1

ρj
,µj)
az−σ}

=
z
λ−β
k

Γk(α)

∞∑
n=0

(α+β)n,k(−η)n,k

(α)n,kn!
ξp,hz

2p−σh+q
kβk(−λ+β+ σhk− 2pk− q,α+ kn).

(2.8)

By using the equation (1.3) in the equation (2.8), we have

I
α,β,η
k;z,∞{z λk Jq;k(z)Ek;( 1

ρj
,µj)
az−σ}

=
z
λ−β
k

Γk(α)

∞∑
n=0

(α+β)n,k(−η)n,k

(α)n,kn!
ξp,hz

2p−σh+q
k
Γk(β− λ+ σkh− 2pk− q)Γk(α+ kn)

Γk(β− λ+ σkh− 2pk− q+α+ kn)
.

(2.9)

Since
Γk(α+ kn) = (α)n,kΓk(α). (2.10)

Therefore, using the equation (2.9) in equation (2.10), we obtain

I
α,β,η
k;z,∞{z λk Jq;k(z)Ek;( 1

ρj
,µj)
az−σ}

= z
λ−β
k ξp,h

∞∑
n=0

z2p−σh+q
k (α+β)n,k(−η)n,kΓk(β− λ+ σkh− 2pk− q)(α)n,kΓk(α)

Γk(α)(α)n,kn!(β− λ+ σkh− 2pk− q+α)n,kΓk(σkh− 2pk− q+α+β− λ)

= z
λ−β
k ξp,hz

2p−σh+q
k

∞∑
n=0

(α+β)n,k(−η)n,k(1)n

n!(β− λ+ σkh− 2pk− q+α)n,k

Γk(β− λ+ σkh− 2pk− q)
Γk(σkh− 2pk− q+α+β− λ)

.

(2.11)

Since

2F1,k(a,b; c; 1) =
Γk(c)Γk(c− a− b)

Γk(c− a)Γk(c− b)
.

Therefore, the equation (2.11), becomes

I
α,β,η
k;z,∞{z λk Jq;k(z)Ek;( 1

ρj
,µj)
az−σ}

=

∞∑
p,h=0

z
λ−β
k (−1)p(z2 )

2p+q
k (az−σ)h

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)

× Γk(β− λ+ σkh− 2pk− q)Γk(η− λ+ σkh− 2pk− q)
Γk(−λ+ σkh− 2pk− q)Γk(α+β+ η− λ+ σkh− 2pk− q)
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=

∞∑
h=0

( 1
2)
q
k z

λ−β+q
k (az−σ)h∏m

j=1 Γk(µj +
h
ρj
)

2ψ
k
3

[
(β− λ+ σkh− q,−2k)(η− λ+ σkh− q,−2k)

(q+ k,k)(−λ+ σkh− q,−2k)(α+β+ η− λ+ σkh− q,−2k)

∣∣∣∣−z2

4

]
.

Corollary 2.5. Suppose that m > 1 and Iα,β,η
k;z,∞ be the right sided Saigo’s k-integral operator and Re(ρj) > 0,

uj(j = 1, . . . ,m) are arbitrary parameters then this result holds:

I
α,β,η
k;z,∞{z λk Jq;k(z)Ek;( 1

ρj
,µj)
az−σ} = z

λ−β
k

∞∑
p=0

(−1)p(z2 )
2p+q

k

Γk(q+ pk+ k)p!

× 3ψ
k
3

[
(β− λ− q− 2kp,σk)(η− λ− q− 2kp,σk)(k,k)

(−λ− q− 2kp,σk)(α+β+ η− λ− q− 2kp,σk)(µj, 1
ρj
)|mj=1

∣∣∣∣∣az−σk
]

,

where λ and σ are arbitrary parameters and k ∈ R+ such that Re(α) > 0 and α,β,η and a are any complex
numbers.

Corollary 2.6. The right sided Saigo’s k-integral operator for m > 1 and Re(ρj) > 0, uj(j = 1, . . . ,m) are
arbitrary parameters then this result holds:

I
α,β,η
k;z,∞{Ek;( 1

ρj
,µj)

(z)Ek;( 1
ρj

,µj)
azσ} = z

−β
k

∞∑
n=0

(azσ)n∏m
j=1 Γk(µj +

n
ρj
)

× 3Ψ
k
3

[
(β− σnk,−k)(η− σnk,−k)(k,k)

(−nk,−k)(α+β+ η− σnk,−k)(uj, 1
ρj
)|mj=1

∣∣∣∣∣ zk
]

,

where λ and σ are arbitrary parameters and k ∈ R+ such that Re(α) > 0 and α,β,η are complex numbers.

3. Erdelyi-Kober fractional k-integral operator with multi-index Mittag-Leffler k-function and Bessel
k-function

In this section, we solve Erdelyi Kobber fractional k-integrals with the product of multi-index Mittag-
Leffler and Bessel k-functions in the form of theorems.

Theorem 3.1. Suppose that m > 1 is an integer and Kα,η
k;0,z be the Erdelyi-Kober integral operator and Re(ρj) > 0,

uj(j = 1, . . . ,m) are arbitrary parameters, then this result holds:

K
α,η
k;0,z{z

λ
k−1Jq;k(z)Ek;( 1

ρj
,µj)
azσ}

= z
λ+q
k −1

∞∑
h=0

( 1
2)
q
k (azσ)h∏m

j=1 Γk(µj +
h
ρj5

)
1ψ
k
2

[
(λ+ η+ σkh+ q, 2k)

(q+ k,k)(λ+α+ η+ σkh+ q, 2k)

∣∣∣∣−z2

4

]
,

where η, α and a are any complex numbers and k ∈ R+.

Proof. Consider the Erdelyi-kober fractional k-integral and multi-index Mittag-Leffler k-function:

K
α,η
k;0,z{z

λ
k−1Jq;k(z)Ek;( 1

ρj
,µj)
azσ}

=
z

−α−η
k

kΓk(α)

∫z
0
(z− t)

α
k−1t

η
k t

λ
k−1

∞∑
p,h=0

(−1)p(t2 )
2p+q

k (atσ)h

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)
dt

=
z

−α−η
k

kΓk(α)

∞∑
p,h=0

(−1)p( 1
2)

2p+q
kah

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)

∫z
0
(z− t)

α
k−1t

λ+η+σhk+2pk+q
k −1dt

=
z

−η
k −1

kΓk(α)
ξp,h

∫z
0
(1 −

t

z
)
α
k−1t

λ+η+σhk+2pk+q
k −1dt,

(3.1)
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where

ξp,h =

∞∑
p,h=0

(−1)p( 1
2)

2p+q
kah

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)
.

By putting these values tz = u⇒ t = uz ⇒ dt = zdu t = 0⇒ u = 0 t = z⇒ u = 1 in the equation (3.1),
we obtain

K
α,η
k;0,z{z

λ
k−1Jq;k(z)Ek;( 1

ρj
,µj)
azσ} =

z
−η
k −1

kΓk(α)
ξp,h

∫ 1

0
(1 − u)

α
k−1(uz)

λ+η+σhk+2pk+q
k −1zdu

=
z
λ
k−1

kΓk(α)
ξp,hz

2p+σh+q
k

∫ 1

0
(1 − u)

α
k−1u

λ+η+σhk+2pk+q
k −1du.

(3.2)

By using the equation (1.2) in the equation (3.2), we get

K
α,η
k;0,z{z

λ
k−1Jq;k(z)Ek;( 1

ρj
,µj)
azσ} =

z
λ
k−1

Γk(α)
ξp,hz

2p+σh+q
kβk(η+ λ+ σkh+ 2pk+ q,α). (3.3)

By using the equation (1.3) in the equation (3.3), we have

K
α,η
k;0,z{z

λ
k−1Jq;kEk;( 1

ρj
,µj)
azσ}

=
z
λ
k−1

Γk(α)
ξp,hz

2p+σh+q
k
Γk(λ+ η+ σkh+ 2pk+ q)Γk(α)
Γk(α+ λ+ η+ σkh+ 2pk+ q)

= z
λ
k−1

∞∑
p,h=0

(−1)p(z2 )
2p+q

k (azσ)h

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)

Γk(λ+ η+ σkh+ 2pk+ q)
Γk(α+ λ+ η+ σkh+ 2pk+ q)

= z
λ+q
k −1

∞∑
h=0

( 1
2)
q
k (azσ)h∏m

j=1 Γk(µj +
h
ρj5

)
1ψ
k
2

[
(λ+ η+ σkh+ q, 2k)

(q+ k,k)(λ+α+ η+ σkh+ q, 2k)

∣∣∣∣−z2

4

]
.

Corollary 3.2. Suppose that m > 1 is an integer and Kα,η
k;0,z be the Erdelyi-Kober integral operator and Re(ρj) > 0,

uj(j = 1, . . . ,m) are arbitrary parameters, then this result holds:

K
α,η
k;0,z{z

λ
k−1Jq;k(z)Ek;( 1

ρj
,µj)
azσ}

= z
λ
k−1

∞∑
p=0

(−1)p(z2 )
2p+q

k

Γk(q+ pk+ k)p! 2ψ
k
2

[
(λ+ η+ q+ 2kp,σk)(k,k)

(λ+α+ η+ q+ 2kp,σk)(µj, 1
ρj
)|mj=1

∣∣∣∣∣azσk
]

,

where η, α and a are any complex numbers and k ∈ R+.

Theorem 3.3. Suppose that m > 1 and Kα,η
k;z,∞ be the Erdelyi-Kober fractional k-integral operator and Re(ρj) > 0,

uj(j = 1, . . . ,m) are arbitrary parameters then this result holds:

K
α,η
k;z,∞{z λk Jq;k(z)Ek;( 1

ρj
,µj)
az−σ}

= z
λ+q
k

∞∑
h=0

( 1
2)
q
k (az−σ)h∏m

j=1 Γk(µj +
h
ρj
)

1ψ
k
2

[
(η− λ+ σkh− q,−2k)

(q+ k,k)(α+ η− λ+ σkh− q. − 2k)

∣∣∣∣−z2

4

]
,

where α, η, a are complex numbers, k is any positive real number and Re(α) > 0.
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Proof. Consider Erdelyi-Kober fractional k-integral and multi-index Miitag-Leffler k-function

K
α,η
k;z,∞{z λk Jq;k(z)Ek;( 1

ρj
,µj)
az−σ}

=
z
η
k

kΓk(α)

∫∞
z

(t− z)
α
k−1t

−α−η
k t

λ
k

∞∑
p,h=0

(−1)p(t2 )
2p+q

k (at−σ)h

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)
dt

=
z
η
k

kΓk(α)

∞∑
p,h=0

(−1)p( 1
2)

2p+q
kah

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)

∫∞
z

(t− z)
α
k−1t

λ−α−η
k t−σh+2p+q

kdt

=
z
η
k

kΓk(α)
ξp,h

∫∞
z

(1 −
z

t
)
α
k−1t

λ−η−σhk+2pk+q
k −1dt,

(3.4)

where

ξp,h =

∞∑
p,h=0

(−1)p( 1
2)

2p+q
kah

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)
.

By substituting z
t = u ⇒ t = z

u t = z ⇒ u = 1 t =∞⇒ u = 0 z
t = u ⇒ dt = −t2

z du dt = − z
u2du in

the equation (3.4), we obtain

Kα,n
k;z,∞{z λk Jq;kEk;( 1

ρj
,µj)
az−σ} =

z
η
k

kΓk(α)
ξp,h

∫ 0

1
(1 − u)

α
k−1(

z

u
)
λ−η−σhk+2pk+q

k −1(−
z

u2 )du

=
z
η
k

kΓk(α)
ξp,h

∫ 1

0
(1 − u)

α
k−1z

λ−η−σh+2pk+q
k u

−λ+η+σhk−2pk−q
k −1du

=
z
λ
k

Γk(α)
ξp,hz

2p−σh+q
k

1
k

∫ 1

0
(1 − u)

α
k−1u

−λ+η+σhk−2pk−q
k −1du.

(3.5)

By using the equation (1.2) in the equation (3.5), we get

Kα,n
k;z,∞{z λk Jq;k(z)Ek;( 1

ρj
,µj)
az−σ} =

z
λ
k

Γk(α)
ξp,hz

2p−σh+q
kβk(η− λ+ σkh− 2pk− q,α). (3.6)

By using the equation (1.3) in the equation (3.6), we have

Kα,n
k;z,∞{z λk Jq;k(z)Ek;( 1

ρj
,µj)
az−σ}

=
z
λ
k

Γk(α)
ξp,hz

2p−σh+q
k
Γk(η− λ+ σkh− 2pk− q)Γk(α)
Γk(η− λ+ σkh− 2pk− q+α)

= z
λ
k

∞∑
p,h=0

(−1)p(z2 )
2p+q

k (az−σ)h

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)

Γk(η− λ+ σkh− 2pk− q)
Γk(η− λ+ σkh− 2pk− q+α)

= z
λ+q
k

∞∑
h=0

( 1
2)
q
k (az−σ)h∏m

j=1 Γk(µj +
h
ρj
)

1ψ
k
2

[
(η− λ+ σkh− q,−2k)

(q+ k,k)(α+ η− λ+ σkh− q. − 2k)

∣∣∣∣−z2

4

]
.

Corollary 3.4. Suppose thatm > 1 and Kα,η
k;z,∞ be the Erdelyi-Kober fractional k-integral operator and Re(ρj) > 0,

uj(j = 1, . . . ,m) are arbitrary parameters then this result holds:

Kα,n
k;z,∞{z λk Jq;k(z)Ek;( 1

ρj
,µj)
az−σ}

= z
λ
k

∞∑
p=0

(−1)p(z2 )
2p+q

k

Γk(q+ pk+ k)p! 2ψ
k
2

[
(η− λ− q− 2kp,σk)(k,k)

(α+ η− λ− q− 2kp,σk)(µj, 1
ρj
)|mj=1

∣∣∣∣∣az−σk
]

,

where α, η, a are complex numbers, k is any positive real number and Re(α) > 0.
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4. Riemann-Liouville fractional k-integral operator and multi-index Mittag-Leffler k-function and Bessel
k-function

In this section, we solved the results in which elaborated the relation between the multi-index Mittag-
Leffler k-function with Bessel k-function and Riemann-Liouville fractional k-integral operator.

Theorem 4.1. Suppose that m > 1 is an integer and Rα0,z be the Riemann-Liouville fractional k-integral operator
and Re(ρj) > 0, uj(j = 1, . . . ,m) are arbitrary parameters then this result holds:

Rαk;0,z{z
λ
k−1Jq;k(z)Ek;( 1

ρj
,µj)
azσ}

= z
λ+α+q
k −1

∞∑
h=0

( 1
2)
q
k (azσ)h∏m

j=1 Γk(µj +
h
ρj
)

1ψ
k
2

[
(λ+ σkh+ q, 2k)

(q+ k,k)(λ+α+ σkh+ q, 2k)

∣∣∣∣−z2

4

]
,

where α, a are complex numbers, k ∈ R+ and Re(α) > 0.

Proof. Consider Riemann-Liouville fractional k-integral and multi-index Mittag-Leffler kfunction

Rαk;0,z{z
λ
k−1Jq;k(z)Ek;( 1

ρj
,µj)
azσ}

=
1

kΓk(α)

∫z
0
(z− t)

α
k−1t

λ
k−1

∞∑
p,h=0

(−1)p(t2 )
2p+q

k (atσ)h

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)
dt

=
1

kΓk(α)

∞∑
p,h=0

(−1)p( 1
2)

2p+q
kah

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)

∫z
0
(z− t)

α
k−1t

λ
k−1tσh+2p+q

kdt

=
1

kΓk(α)
ξp,h

∫z
0
z
α
k−1(1 −

t

z
)
α
k−1t

λ
k−1+σh+2p+q

kdt,

(4.1)

where

ξp,h =

∞∑
p,h=0

(−1)p( 1
2)

2p+q
kah

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)
.

By putting these values tz = u ⇒ t = uz ⇒ dt = zdu t = 0 ⇒ u = 0, t = z ⇒ u = 1 in the equation
(4.1), we get

Rαk;0,z{z
λ
k−1Jq;k(z)Ek;( 1

ρj
,µj)
azσ} =

1
kΓk(α)

ξp,h

∫ 1

0
z
α
k−1(1 − u)

α
k−1(zu)

λ+q
k −1+σh+2pzdu

=
1

kΓk(α)
ξp,h

∫ 1

0
z
α+λ+q
k −1+σh+2p(1 − u)

α
k−1u

λ+q
k −1+σh+2pdu

=
z
α+λ
k −1

Γk(α)
ξp,hz

2p+σh+q
k

1
k

∫ 1

0
(1 − u)

α
k−1u

λ+q+σkh+2pk
k −1du.

(4.2)

By using the equation (1.2) in the equation (4.2), we have

Rαk;0,z{z
λ
k−1Jq;k(z)Ek;( 1

ρj
,µj)
azσ} =

z
α+λ
k −1

Γk(α)
ξp,hz

2p+σh+q
kβk(λ+ σkh+ 2pk+ q,α). (4.3)

By using the equation (1.3) in the equation (4.3), we obtain

Rαk;0,z{z
λ
k−1Jq;k(z)Ek;( 1

ρj
,µj)
azσ}
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=
z
α+λ
k −1

Γk(α)
ξp,hz

2p+σh+q
k
Γk(λ+ σkh+ 2pk+ q)Γk(α)
Γk(λ+ σkh+ 2pk+ q+α)

= z
α+λ
k −1

∞∑
p,h=0

(−1)p(z2 )
2p+q

k (azσ)h

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)

Γk(λ+ σkh+ 2pk+ q)
Γk(λ+ σkh+ 2pk+ q+α)

= z
λ+α+q
k −1

∞∑
h=0

( 1
2)
q
k (azσ)h∏m

j=1 Γk(µj +
h
ρj
)

1ψ
k
2

[
(λ+ σkh+ q, 2k)

(q+ k,k)(λ+α+ σkh+ q, 2k)

∣∣∣∣−z2

4

]
.

Corollary 4.2. Suppose that m > 1 is an integer and Rα0,z be the Riemann-Liouville fractional k-integral operator
and Re(ρj) > 0, uj(j = 1, . . . ,m) are arbitrary parameters then this result holds:

Rαk;0,z{z
λ
k−1Jq;k(z)Ek;( 1

ρj
,µj)
azσ}

= z
λ+α
k −1

∞∑
p=0

(−1)p(z2 )
2p+q

k

Γk(q+ pk+ k)p! 2ψ
k
2

[
(λ+ q+ 2kp,σk)(k,k)

(λ+α+ q+ 2kp,σk)(µj, 1
ρj
)|mj=1

∣∣∣∣∣azσk
]

,

where α, a are complex numbers, k ∈ R+ and Re(α) > 0.

Corollary 4.3. The Riemann-Liouville fractional k-integral operator and Re(µ) > 0, Re(ν) > 0 and k ∈ R+,
Re(q) > −1 then this result holds:

Rαk;0,z{Jq;k(z
νk)Ek;µ,νz

q/k} = z
α
k−1

∞∑
n=0

(−1)n(z
νk

2 )2n+q
k

n!Γk(q+nk+ k)
2Ψ
k
1

[
(k(2nνk+ qν+ 1),q)(k,k)
(α+ k(2nνk+ qν+ 1),q)

∣∣∣∣zq/kk
]

.

5. Weyl fractional k-integral operator with multi-index Mittag-Leffler k-function Bessel k-function

In this section, we discussed product of multi-index Mittag-Leffler and Bessel k-functions with Weyl
fractional k-integral operator in the form of theorem.

Theorem 5.1. Suppose that m > 1 is an integer and Wα,η
k;z,∞ be the Weyl fractional k-integral operator and

Re(ρj) > 0, uj(j = 1, . . . ,m) are arbitrary parameters then this result holds:

Wα
k;z,∞{z λk Jq;k(z)Ek;( 1

ρj
,µj)

(az−σ)}

= z
α+λ+q
k

∞∑
h=0

( 1
2)
q
k (az−σ)h∏m

j=1 Γk(µj +
h
ρj
)

1ψ
k
2

[
(−α− λ+ σkh− q,−2k)

(q+ k,k)(σkh− q− λ,−2k)

∣∣∣∣−z2

4

]
,

where α and a be any complex number, k ∈ R+.

Proof. Consider Weyl fractional k-integrals and multi-index Mittag-leffler k-function

Wα
k;z,∞{z λk Jq;k(z)Ek;( 1

ρj
,µj)

(az−σ)}

=
1

kΓk(α)

∫∞
z

(t− z)
α
k−1t

λ
k

∞∑
p,h=0

(−1)p(t2 )
2p+q

k (at−σ)h

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)
dt

=
1

kΓk(α)

∞∑
p,h=0

(−1)p( 1
2)

2p+q
kah

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)

∫∞
z

(t− z)
α
k−1t

λ
k t−σh+2p+q

kdt

=
1

kΓk(α)
ξp,h

∫∞
z

(1 −
z

t
)
α
k−1t

λ+α−σhk+2pk+q
k −1dt,

(5.1)
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where

ξp,h =

∞∑
p,h=0

(−1)p( 1
2)

2p+q
kah

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)
.

By substituting z
t = u⇒ dt = −t2

z du dt = − z
u2du

z
t = u⇒ t = z

u t = z⇒ u = 1 t =∞⇒ u = 0 in the
equation (5.1), we have

Wα
k;z,∞{z λk Jq;k(z)Ek;( 1

ρj
,µj)

(az−σ)} =
1

kΓk(α)
ξp,h

∫ 0

1
(1 − u)

α
k−1(

z

u
)
λ+α−σhk+2pk+q

k −1(−
z

u2 )du

=
z
α+λ
k

Γk(α)
ξp,hz

2p−σh+q
k

1
k

∫ 1

0
(1 − u)

α
k−1u

−α−λ+σhk−2pk−q
k −1du.

(5.2)

By using the equation (1.2) in the equation (5.2), we get

Wα
k;z,∞{z λk Jq;k(z)Ek;( 1

ρj
,µj)

(az−σ)} =
z
α+λ
k

Γk(α)
ξp,hz

2p−σh+q
kβk(−α− λ+ σkh− 2pk− q,α). (5.3)

Therefore, the equation (5.3), becomes

Wα
k;z,∞{z λk Jq;k(z)Ek;( 1

ρj
,µj)

(az−σ)}

=
z
α+λ
k

Γk(α)
ξp,hz

2p−σh+q
k
Γk(−α− λ+ σkh− 2pk− q)Γk(α)
Γk(−α− λ+ σkh− 2pk− q+α)

= z
α+λ
k

∞∑
p,h=0

(−1)p(z2 )
2p+q

k (az−σ)h

Γk(q+ pk+ k)p!
∏m
j=1 Γk(µj +

h
ρj
)

Γk(−α− λ+ σhk− 2pk− q)
Γk(σkh− 2pk− q− λ)

= z
α+λ+q
k

∞∑
h=0

( 1
2)
q
k (az−σ)h∏m

j=1 Γk(µj +
h
ρj
)

1ψ
k
2

[
(−α− λ+ σkh− q,−2k)

(q+ k,k)(σkh− q− λ,−2k)

∣∣∣∣−z2

4

]
.

Corollary 5.2. Suppose that m > 1 is an integer and Wα,η
k;z,∞ be the Weyl fractional k-integral operator and

Re(ρj) > 0, uj(j = 1, . . . ,m) are arbitrary parameters then this result holds:

Wα
k;z,∞{z λk Jq;k(z)Ek;( 1

ρj
,µj)

(az−σ)}

= z
α+λ
k

∞∑
p=0

(−1)p(z2 )
2p+q

k

Γk(q+ pk+ k)p! 2ψ
k
2

[
(−α− λ− q− 2kp,σk)(k,k)
(−q− λ− 2kp,σk)(µj, 1

ρj
)|mj=1

∣∣∣∣∣az−σk
]

,

where α and a be any complex number, k ∈ R+.

Corollary 5.3. Suppose the Weyl fractional k-integral operator for Re(β) > 0, Re(α) > 0 and q,β are arbitrary
complex numbers and k ∈ R+ then this result holds:

Wα
k;z,∞{Jq−k;k(z)Ek;βz

q−k} =
z
α+q
k

2
q
k−1

∞∑
n=0

z(q−k)n

Γk(βn+ k)
1Ψ
k
2

[
(−α+ (k− q)(1 + kn),−2k)
((k− q)(1 + kn),−2k)(q,k)

∣∣∣∣z2

4

]
.

6. Conclusion

In this article, we discuss the product of multi-index Mittag Leffler k-function with Bessel k-function of
first kind in fractional integral k-operators, and all results are developed in the form of Wright k-functions.
This article is devoted to further research in the field of fractional calculus and special functions.
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[30] H. M. Srivastava, Ẑ. Tomovski, Fractional calculus with an integral operator containing a generalized Mittag Leffler

function in the kernel, Appl. Math. Comput., 211 (2009), 198–210. 1

https://scholar.google.com/scholar?hl=en&as_sdt=0,5&q=A+propos+d%27une+note+de+M.+Pierre+Humbert
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Conformable+Fractional+Integrals+And+Related+New+Integral+Inequalities&btnG=
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Conformable+Fractional+Integrals+And+Related+New+Integral+Inequalities&btnG=
https://books.google.com/books?hl=en&lr=&id=OEi5BQAAQBAJ&oi=fnd&pg=PR3&dq=Q-fractional+Calculus+and+Equations&ots=GEj3-2SVdS&sig=vi_e5tTZhLLhKQXUUl4Dv7ushyM
https://books.google.com/books?hl=en&lr=&id=Xc5qCQAAQBAJ&oi=fnd&pg=PR1&dq=Generalized+Bessel+functions+of+the+first+kind&ots=1MG6P2zqUb&sig=8uAXGa5mDefdxKmjTL6NdW1kfkQ
https://eudml.org/doc/55510
https://www.aimspress.com/fileOther/PDF/Math/math-05-02-053.pdf
http://www.doiserbia.nb.rs/Article.aspx?id=0354-51801816633D
http://www.doiserbia.nb.rs/Article.aspx?id=0354-51801816633D
https://link.springer.com/article/10.1140/epjp/i2018-11950-y
https://link.springer.com/article/10.1140/epjp/i2018-11950-y
https://www.sciencedirect.com/science/article/pii/S0960077920301193
https://www.sciencedirect.com/science/article/pii/S0960077920301193
http://www.m-hikari.com/ijcms/ijcms-2012/13-16-2012/index.html
http://acmij.az/view.php?lang=az&menu=journal&id=507
http://acmij.az/view.php?lang=az&menu=journal&id=507
https://www.researchgate.net/profile/Kuldeep_Gehlot2/publication/281097886_Fractional_calculus_of_generalized_k-Wright_function/links/55d5fbaa08aed6a199a3ce4d.pdf
https://research.ijais.org/icwccv2015/number3/icwccv1579.pdf
https://link.springer.com/chapter/10.1007/978-1-4020-6042-7_2
https://link.springer.com/chapter/10.1007/978-1-4020-6042-7_2
https://www.researchgate.net/profile/Artion_Kashuri/publication/330223131_OSTROWSKI_TYPE_CONFORMABLE_FRACTIONAL_INTEGRALS_FOR_GENERALIZED_g_s_m_ph-PREINVEX_FUNCTIONS/links/5c34cfc8a6fdccd6b59c254f/OSTROWSKI-TYPE-CONFORMABLE-FRACTIONAL-INTEGRALS-FOR-GENERALIZED-g-s-m-ph-PREINVEX-FUNCTIONS.pdf
https://www.researchgate.net/profile/Artion_Kashuri/publication/330223131_OSTROWSKI_TYPE_CONFORMABLE_FRACTIONAL_INTEGRALS_FOR_GENERALIZED_g_s_m_ph-PREINVEX_FUNCTIONS/links/5c34cfc8a6fdccd6b59c254f/OSTROWSKI-TYPE-CONFORMABLE-FRACTIONAL-INTEGRALS-FOR-GENERALIZED-g-s-m-ph-PREINVEX-FUNCTIONS.pdf
https://link.springer.com/article/10.1186/2193-1801-2-337
https://doi.org/10.1080/10652460802295978
https://doi.org/10.1080/10652460802295978
https://www.sciencedirect.com/science/article/pii/S0377042700002922
https://www.sciencedirect.com/science/article/pii/S0377042700002922
http://www.tjinequality.com/articles/02-01-001.pdf
http://www.tjinequality.com/articles/02-01-001.pdf
https://scholar.google.com/scholar?as_q=&as_epq=Sur+la+Nouvelle+Fonction&as_oq=&as_eq=&as_occt=title&as_sauthors=&as_publication=&as_ylo=&as_yhi=&hl=en&as_sdt=0%2C5
https://scholar.google.com/scholar?as_q=&as_epq=Sur+la+Nouvelle+Fonction&as_oq=&as_eq=&as_occt=title&as_sauthors=&as_publication=&as_ylo=&as_yhi=&hl=en&as_sdt=0%2C5
https://arxiv.org/abs/1611.07499
https://arxiv.org/abs/1611.07499
http://www.m-hikari.com/imf/imf-2012/1-4-2012/mubeenIMF1-4-2012.pdf
http://www.m-hikari.com/imf/imf-2012/1-4-2012/mubeenIMF1-4-2012.pdf
https://www.mdpi.com/2227-7390/7/8/727
https://www.mdpi.com/2227-7390/7/8/727
https://dergipark.org.tr/en/pub/tjos/issue/26909/282898
https://dergipark.org.tr/en/pub/tjos/issue/26909/282898
http://scindeks-clanci.ceon.rs/data/pdf/1450-5932/2008/1450-59320801037P.pdf
https://doi.org/10.1090/S0002-9904-1960-10507-1
https://www.researchgate.net/profile/Tariq_Salim3/publication/273725012_Some_Properties_Relating_to_the_Generalized_Mittag-Leffler_Function/links/5509c1b60cf20f127f9097f8.pdf
https://www.researchgate.net/profile/Tariq_Salim3/publication/273632208_A_generalization_of_Mittag-Leffler_function_and_integral_operator_associated_with_fractional_calculus/links/55071b3e0cf27e990e04c5fd.pdf
https://www.researchgate.net/profile/Tariq_Salim3/publication/273632208_A_generalization_of_Mittag-Leffler_function_and_integral_operator_associated_with_fractional_calculus/links/55071b3e0cf27e990e04c5fd.pdf
https://doi.org/10.1016/j.jmaa.2007.03.018
https://doi.org/10.1016/j.jmaa.2007.03.018
https://www.sciencedirect.com/science/article/pii/S009630030900071X
https://www.sciencedirect.com/science/article/pii/S009630030900071X


R. S. Ali, Sh. Mubeen, M. M. Ahmad, J. Math. Computer Sci., 22 (2021), 266–281 281

[31] D. N. Tumakov, The Faster Methods for Computing Bessel Functions of the First Kind of an Integer Order with Application
to Graphic Processors, Lobachevskii J. Math., 40 (2019), 1725–1738. 1
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