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Abstract

In this paper, we discuss the multi-index Mittag Leffler k-function and Bessel k-function of the first kind in fractional
calculus. We investigate fractional integral operators (Saigo’s, Erdelyi Kober, Reimann Liouvill, Weyl) and extend with the
product of multi-index Mittag Leffler k-function to the Bessel k-function of the first kind. Here, we establish new theorems
that provide the image of multi-index Mittag Leffler and Bessel k-functions under these k-fractional operators. These results are
derived in general behave and give several well-known results in the theory of multi-index k-functions.
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1. Introduction

During century, Mittag Leffler function has significant topic in mathematics due to its numerous
applications and generalization in different filed of mathematical analysis. Fractional calculus has closed
relation with Mittag Leffler because of fractional problems. Hille and Tamarkin presented the solution
of second kind Abel integral equation in term of Mittag Leffler function. In 1954, Barret considered the
general solution of linear fractional differential equation with constant coefficient.

Recently, many researchers have great concentrate in the direction of Mittag Leffler type functions and
improved a lot of results in the field of fractional calculus. Gosta Magnus Mittag Leffler discussed a power
series function E4(z) and studied its properties in five successive account ML1-MLS5 at the time of 1902 —
1905. For more detailed of Mittage Leffler type functions have immense contribution in the field of integral
inequalities involved different kinds of fractional operators like as differentiable exponentially convex
and quasi-convex mapping, conformal fractional integral, Griiss type integral inequalities, geometrical
convex functions, generalized (g, s, m, @)-preinvex function, and some generalizations of Ostrowski type
inequalities, we refer the interesting reader to [2, 6-9, 11, 15, 19, 23, 24, 32, 33].
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The classical Mittag-Leffler function [14, 20] for z € C and « > 0 is defined as

Z I'( om—i—l

n=0

where (an)! =T'(an + 1) are power terms of the exponential series. The Mittag Leffler function also called
as Queen function of fractional calculus.

Wiman studied the generalization of Mittag Leffler function and defined for @, § > 0 and z € C,
given as below [1]

o0 Zn
- T; Mon+p) 4D

There are many extensions, generalization or combinations for Mittag-Leffler functions which are
found in the papers [16, 27-30]. Kiryakova [18] introduced and studied the multi-index Mittag-Leffler
function which is the extension of generalized Mittag-Leffler function. The multi-index Mittag-Leffler
function is

PJ ) ZH] 1F LL] )’

where m > 1, Re(p1),...,Re(pm) > 0, and pq,..., um are arb1trary parameters. If we replace m = 1,
p1 = % and py = 3, then it will become the classical result which is given in equation (1.1).

Bessel functions [4, 31] interested from functional inequalities and geometric opinions. The first kind
Bessel function of order q is defined as

0 )2n+q
Z q+n+1

n=0
The first kind Bessel k-function [21] of order q is defined for Re(q) > —1,
1) (2 )2n+ﬂ
Jai(z) Zrk (q+nk+kn!’

where k is any positive real number.
Generalized fractional integral operators [17] is defined for y > 0 and &', B/, n’ € C, Re(a’) > 0, as

follows
X~ x/— B !

(I(()xyﬁ m' f)(x) = T JO (x—t)* " LF (0 + B, —;a;1— E)f(t)dt,

and e
(1B M F) (%) = —— J (=) PR (o 4 B, s 1 D)f(t)dt,
o) Jx t
where, Gauss hypergeometric function ;F; used its kernel.
The Series of Gauss hypergeometric function [26] is defined as

(o]
oFi(a, B5m';t) Jm ,
mZ—o n’ m!

where &/, B/, n" € C,n' #0,—-1,-2,..., [t/ <1 («')m, (B)m and (n’)m are Pochhammer’s symbols.
Generalized hypergeometric function [26] is defined as follows:

- (al)m"'(ap)mtm
Fqlay,...,ap;bq,...,bg;t) = —,
pFqlal p; b1 qt) mz_o(bl) - (bg)m m!
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where a;,b; € C,b; #0,—1,... (i=1,2,...,p;j=1,2,...,9).
Pochhammer’s symbol [25] is defined as

1)y, = 1+ (1+2)---(1+n—1), forn>1,
T, forn=0,1+#0,

where 1 € C and n € IN.
Gamma function [22, 25] is defined for Re(u) > 0 as follows:

Mz) = J t¥ le tdt.
0

Beta function [25] is defined as
1

B(Lh) = L 1 —t)hldt,

where Re(l) > 0, Re(h) > 0.

Gamma k-function and Beta k-function introduced by Diaz and Pariguan [5]. Fractional k-integral
operators presented by Mubeen and Habibullah [22] in 2012.

Beta k-function [5] is defined as

1
Br(Lh) = HO sk 1(1—s)% 1ds,  Re(l) >0, Re(h) > 0. (1.2)

For k > 0, Re(x) and Re(y), the relation beta gamma k-functions can be written as

- ()T (y)

Br(x,y) = Nxty) (1.3)

The integral form of the generalized gamma k-function [12] is defined as

_+k
t2=le7v dt,

hilz) = |

0

where k € RT, z € C, Re(z) > 0. Some important relations about gamma function are as follows
Melz+¥) =z2he(z), Tely) = ().
The useful relation about gamma k-function is given as
Ne(t+nk) = (t)n ke (t). (1.4)

The generalized Mittag-Leffler k-function [10] is defined as

Bl plt) = ) o (15)
= k(vn+p)n!

where k € R, v, p, , t € C, Re(v) > 0,Re(p) > 0.
The hypergeometric k-function [13] is defined for all &', ’,n1" € Cand n’ #0,—-1,—2,-3,..., [t/ <1
as fallows:

/ ’ N ) = (“/)m,k(f)/)m,kg
ZFl,k(((X ,k), (B /k)/ (T] ,k),t) — TnZ_O (n/)m,k m!/ k> O/

where (&) k, (B)mx and (n')m x are Pochhammer k-symbols.
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The generalized hypergeometric k-function is defined as

ap Jmc t™

( t

ap)mi - (
(b1)mk - (bg)mix m!”

qu,k((all k)/ ey (ap/ k)/ (blr k)/ ceey (bq/ k)/t) = Z
m=0

where a;, b €C, b; #0,—-1,... (i=12,...,p; i=12,...,9).
The Riemann Liouville fractional integral operator [3] is defined as

1 (™ 1 (°
I =—— | (x=* (), Iy f :J t—x)*f(t)dt,
F0) = e | 0T ) = s | e
where Re(x) > 0. The above integrals also called progressive or right-sided and regressive or left-sided
Riemann Liouville fractional integral operators, respectively.

The left and right sided Erdelyi-Kober fractional integrals operators [3] are defined for «,n1 € C,
Re(x) > 0 as follows

Kyt = "o | 0l ereioar,

Kiaof(u) = FI(L;) Joo(t —wW)* H(t) TN (L) dt.

The Weyl fractional integral operator [3] is defined for xeC, Re(x) > 0 as fallows

1 (0.¢]
WE (V) = — | (t—v)* f(t)dt.
5 f(V) = g |, (E=vI"
The Saigo’s left, right type fractional k-integral operators are defined for y > 0 and «/, 3/, n’ € C,
Re(a’) >0, k € RT and Gauss hypergeometric k-function »F; x used its kernel, as follows

N y—oc/,(a’ y o q r , , ;o 1 S
1%/B", _ — )% ,—m a1l —— ds,
(Tgy ™ 9 ) K (o) L (y—s)* 2F (e’ + B —x y)g(S) s
(g2 ) (y) = 1Jw(s—y)°i'1s"‘lﬁ'zm(a’+ B, —n’ o1~ Y)g(s)ds.
ky,00 krk((xl) u , ’ ’ ’ S

The Riemann Liouville fractional k-integral operators defined as follows

¢ f(x) —1JX(x—t)i‘—1f(t)dt 1%, f(x) = 1Jb(t—x)%—1f(t)dt
kat N krk(o‘) a ’ kib— N krk(oc) X ’

where Re(«) > 0 and k be any positive real number.
The Erdelyi-Kober fractional k-integral operators are defined as follows

K& fu) = u v Ju(ut)"k‘—l(t)'ﬁf(t)dt,

kKO k(o) Jo
1 00
KON fu) = —o J t—u) (1) % f(t)dt,
k;u,00 (LL) ka(oc) u( u)k ( ) k ( )

where «,1 € C, Re(x) > 0 and k be any positive real number.
For aeC, Re(x) > 0 and k € R™, the Weyl fractional k-integral operators are defined as

1 *© «
WX, of(v) = —— | (t—v)& (t)dt.
Bt ) = g | (£ e
There are special cases, we generate the some relations of Bessel k-function of first kind and Mittag-Leffler

k-function.
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e By Settingj=m=1and iy =3, é = o then, we get Wiman k-function,

E -
ki (2 Zrk (an+pB)

e By puttingj=m=1and u; =k, é = o, we obtain the Mittag-Leffler k-function of one parameter,

Tl.

E -
ka(Z Zrk (an+k)’

e Replacingj=m=1, 1 =pn+k, p%_ =k, and z = _TZZ in the multiindex mittag-leffler k-function, we
have Bessel k-function of first kind,

)
) E Bl o) = (),

N

2. Saigo’s generalized fractional k-integral operators with multi-index Mittag-Leffler k-function and
Bessel k-function

In this section, we discuss composition of generalized fractional k-integral operators with the product
of multi-index Mittag-Leffler k-function and Bessel k-function of first kind. The generalized fractional
k-integral operators can be extended with these compositions which gave an important theory in the field
of analysis. The following theorems can prove these consequences.

Theorem 2.1. Suppose that m > 1 is an integer and I]‘i‘;’of?;” be the left sided Saigo’s k-integral operator and
Re(p;) > 0, u;(j =1,...,m) are arbitrary parameters, then the following result holds:

+q (az)h
M e (2)Eg 1 (a29) -
k;0,z q; K ( b; 1) Z ) " rk(H) )
N~ ()\+crkh+q,2k)(7\+n—[5+crkh+q,2k) —2* ,
(q+%kk)(A—B+okh+q,2k)(A+ «x+1n+ okh+q,2k) | 4

where N and o are arbitrary parameters and k is any positive real number such that Re(x) > 0 and «, 3,m and a
are any complex numbers.

Proof. Consider the left sided fractional integral operators and multi-index Mittag-Leffler k-function,

I]?oﬁzn{zﬁilIQ?k(Z)Ek;(%,uj)(aZU)}

(Z)—ak—fs JZ . ¢ ) t%—l(_l)p(%)Zp—o—%(atc)h

= (z—t)x 2F k(a+ B, —m; 06 (1—-)) =
(o) z 2P (o + B, —m; 2 Ao Ne(q+pk+K)p! T Telmy —i—p%)

_ %" r (z—t)k 1 i (4 B (M (T— )" i (—1)P(2)2P+% (a(t)O)N
Ko o ot = (0)r,km! oo Nela + PR+ KIP T ey + 52 2D)

_ e i (o + B)n(—M)nx i (—1)P(3)*+Ean J (z—t)?_l(l—ﬁ)ndt
k(o) &= (a)pxn! o Teld -+ PR+ RIP T Tl + 1) Jo gl
;4371 o] z

_zF (oc+ B)nk(—N)nx _ bleynoq Arohiciopki g
ERETP M e Y NUES L dt’
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where
1)p ( 1 )ZerHL h

o
_ZO (q+pk+K)p! T Telpy + )'

By putting these values £ =u = t=uz = dt=zdu t=0 :>u:O t=z = u=1inthe
equation (2.1), we obtain

A_
I]ic;’oﬁ:;n{zk 1Iq;k(Z)Ek;(; Wi

pj ™)

y(az%)}

Mg

°‘+f5 nk Mnk ! & in Atohki2pkiq 4
£ J(l W) B (g M g o)

n,kn!

(OC) n=0
B

LR

ka (X)

>‘

S OH_B “k ) k 2p+oh+3 ! & 41, AtohkdZpktq g
Z /Evp,th Fl (T—u)x u K du.

kn' 0

n=0
By using equation (1.2) in the equation (2.2), we get
A
Ili((gszn{zk 1]q;k(Z)Ek;(%/uj)(aZG)}
)

(2.3)

20T E (@t Bk Nk, oprohid
> ' 2oz TR B (N + ohk + 2pk + g, o+ kn).

n—=0 (o‘)n,kn!

By using equation (1.3) in the equation (2.3), we have

A
I“i‘g;‘{zk 1]q;k(Z)Ek;(%/uj ) (az%)}
)

(2.4)

_ o i (o4 Bhnje(Mne, opransg Ne(A+ ohk + 2pk + q)Tic (e + kn)
MNe(o) ()n k! phZ MNe(A+ ohk+2pk+q+oa+kn)

n=0

By using the equation (1.4) in the equation (2.4), we obtain
A
I]O:()an{Zk 1Iq;k(Z)Ek;(#,}1j ) (CIZG)}
)

i (o4 B)nk(—M)nx 22PN (A + ohk + 2pk + q) () i P (o)
() y ! P (A + ohk +2pk + q + &) (A + ohk +2pk + q + Xy (2.5)

Z%_l
M) =
o0

_ ARt pohd Z (ot + B)nk (=1)n k(1) Tk (A + ohk + 2pk + q)
b (DT (A + ohk +2pk + q + o) (A + ohk + 2pk + q + &) k

n=0

Since
Me(c)lc(c—a—b)

Mc(c—a)lk(c—b)

2F1x(a,b;c;1) =
Therefore, the equation (2.5), becomes
PNz q,.k(z)Ek;(p%,uj)(azcr)}
DR ()P (a2
Nl q+pk+kpl_[] 1 Ty + 5

Me(A+ okh +2pk+ q)Tx(A+n — r3 + okh +2pk+q)

X
M (A — B + okh +2pk+ q)Tx (A + c+n + okh+ 2pk+q)

%) m 171 B 2
Z (1% (az) S0k (A+ okh 4+ q,2k)(A+1 — B + okh + g, 2k) z]

—= Tt Ty + ) (q+k k)(A—B+okh+q,2k)(A+ «+1n+ okh+q,2k) | 4

l\/]8

p,h=0

O
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Corollary 2.2. Suppose that m > 1 is an integer and I BT‘ be the left sided Saigo’s k-integral operator and
Re(p;) >0, u;(j =1,...,m) are arbitrary parameters, then the following result holds:

(—1)P(3)2PHE

I“/B/n A_l . E o = -1
k;0,z {zx ]qu(z) k;(p%,uj)(az )} Z Fk q —I—pk-l-k)P

K (A4 q+2kp, ok)(A +1 — fs+q+2kp,ok)( k)
<ab3 |\~ B+ q + 2kp, ok)(A + &« + 1+ q + 2kp, ok) (i; ;))1

az®

k 7
where A and o are arbitrary parameters and k is any positive real number such that Re(«) > 0 and «, 3,1 and a
are any complex numbers.

Corollary 2.3. Left sided Saigo’s k-integral operator, where Re(x) > 0 and «, 3,m and o are any complex numbers
then the following result holds:

opok (=1 (E) 2R (Y&
e (2 (2%} = 2 F 3 (D)™ (3) (D)

n=o

X UK (2nk+p+k+qok,20)(n— B +2nk +p + k+ qok, 20)

n(p + nk+ k)

j 20
(2nk+p+k+qok—pB,20)(x+n2nk+p+k+ qok,20)(q + k, k) ‘( 2 ) ]

Theorem 2.4. Suppose that m > 1 and 1P be the right sided Saigo’s k-integral operator and Re(pj) > 0,

k;z,00
uj(j = 1,...,m) are arbitrary parameters then this result holds:

rpre o (b G)h
Zoo{zk] w(2) B 1 0z %)=z 2)
fi v Koy ) ZO [ 1rk(H] )
" (B—A+okh—q,— )(n—?\+crkh—q,—2k) ;zz’
(@ +k k) (=A+okh—q,—2k)(x+ B +n—A+ockh—q,—2k) | 4

where N and o are arbitrary parameters and k € R such that Re(o) > 0 and «,,m and a are any complex
numbers.

Proof. Consider the right sided fractional integral operator and multi-index Mittag-Leffler k-function

B
Il(:ono]{ZkJq}k(Z)Ek,(pij,uj)aZ cr}
1 [(®(t—z)F ! 22 & (—1)P($)2PFE (at— o)
= J : q)ﬁ 2Py k(e B, =g (1— L))tk > L —dt
ke )z %" pinzo Tela + Pk +19p! TS Ty +5))
1 ®(t—2)kF 1 & (ot Blnk(—nk Z, w— t%(—l)p(§)zp+%(at*‘7)h
«+B Z ' (1_7) Z pe— n dt 26
kI (o) t % 20 (&) km! t o0 Ne(q+pk+ k)T Tl pj+f.) (2.6)
_ 1 i (o + B)n,k _T])n,k i (*1)1’(%)2"*%(1}‘ J‘oo (t— )771(1—7) &t
KT (o) = (o) ! e Tl g PR+ P T Ty + 2 [ ATer B ok 20k
1« (4 Bnx(—M)nk 0 z fAn—1 Ap ohkidpkiq 4
= - =& J 1—= t k dt,
ETP B riye i A B
where
S (1P (Prrtat

o Nela+ Pk 1P TR Tl + 90)
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By putting the values 2 =u=t=2, t=z=>u=1 t=c0o=>u=0 f=u= dt==dudt=
—%du in the equation (2.6), we obtain
B A _
I](fzog{zqu;k(Z)Ek;(pij,uj)aZ 0'}
1« (o4 Bnx(—Tn, JO &1, Z A-B-ohkidpktq 4, —Z
= 1—u)x™m=1(=Z 3 —d
KT (o) é (o) km! “epn [ (1) S ()
1 i (OC+ B)n k( ) E Jl(l )%+n—1 % —oh 2p+¢ M{_ld (2'7)
= —u z %z Mz u u
kNe(o) = (0)n k! P o
AR o0 1
zx (¢ + Bk (1)nx 2p—ohidl &1 AtBrohk-2pk-gq_4
= : S Eonz PO RS | (1T—u)x T K du.
NP N e T— N
By using the equation (1.2) in the equation (2.7), we get
Bmar A _
Il?z,og{zk]q;k(Z)Ek;(pij,uj)aZ ’}
AB oo 2.8)
2% 5 (@ Blnk(Mnk,  2p—ohss (
= : : —A hk —2pk — g, & + kn).
Me(x) T; (o) km! Epnz Br(-A+p+o pk— g, a+kn)
By using the equation (1.3) in the equation (2.8), we have
gf;{Zk]q k(z )Ek,(p%,uj)azic}
2B o0 _ _ _ _ (2.9)
_ Z k Z (0(+ B)n,k( T])n,ka 22p70'h+% rk(B A+ okh Zpk q)Fk(oc+kn)
N(o) = («)nxn! P/ Me(B—A+okh—2pk—q+a+kn)
Since
N(oe+kn) = (oc)n,kl“k(oc). (2.10)
Therefore, using the equation (2.9) in equation (2.10), we obtain
o By, 2 -0
10y ZIOO{Zqu;k(Z)Ek;(L wy) 4% }
ST Z 2P R (ot B (M)l (B — A+ okh — 2pk — g) (@) n ()
ph - Ti(o) () k! (B —A+ okh —2pk — q + o) kT (0kh —2pk —q + x+ B —A) (211
_ Py oot i (0 + Bk ()i (D)™ M(B—A+okh—2pk—q)
b n!(p—A+okh—2pk—q+ &)nx lk(okh—2pk—q+ o+ —A)

Since
Me(c)k(c—a—b)

Fixla, byc;1) = :
2Fiila b6 l) = R e e —b)

Therefore, the equation (2.11), becomes

a —
Iﬁfoﬂ{Zqu;k(z)Ek.(%uj]az o}
Pj
i a —1)p(z)2p+%(az_‘7)h
q+pk+kp1_[] 1rk u] )

" Fk([S—A—l—Gkh—Zpk—q)Fk(n—?\+Gkh—2pk—q)
Mc(—A + okh —2pk — q)Tk (¢ + 3 +1— A+ okh —2pk — q)
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_ i (%)%fo—ﬁﬂ(azfc)hzwk (B —A+ okh—q,—2k)(n — A+ okh— g, —2k) ’—zz}
=TI Tl + phj) 31 (q+Kk k) (=A+okh—q,—2k)(ec+ B +n—A+okh—q,—2k) | 4
O
Corollary 2.5. Suppose that m > 1 and 1,7} /B 2 be the right sided Saigo’s k-integral operator and Re(p;) > 0,
uj(j =1,...,m) are arbitrary parameters then this result holds:
(1P (5P E

IOC,BIT] % . E -0l — )\ B
kz,oo{z Jax(2) k;(pij,uj)az b= Z Fk q+pk+Kk)p!

0k (B—A—q— 2kp,ak)(n A=~ 2kp, 0k (k )
S| (A= q—2kp, oK) (a+ B +1—A—q—2kp, ok (j, o)

az” ¢

k 4
where N and o are arbitrary parameters and k € R such that Re(e) > 0 and «, ,m and a are any complex
numbers.

Corollary 2.6. The right sided Saigo’s k-integral operator for m > 1 and Re(p;) > 0, wj(j = 1,...,m) are
arbitrary parameters then this result holds:

ZH] 1rkH] )

(B — onk, —k) (n—onk, —k)(k, k)
(—nk, —k)(ec+ B +1 — onk, —k)(u;, pij) ™

oc{ﬂn
{E 05 u))(Z)Ek;(p%.,

kzoo
k z
X3‘y3 k]/

where N and o are arbitrary parameters and k € R™ such that Re(«) > 0 and «, 3,1 are complex numbers.

3. Erdelyi-Kober fractional k-integral operator with multi-index Mittag-Leffler k-function and Bessel
k-function

In this section, we solve Erdelyi Kobber fractional k-integrals with the product of multi-index Mittag-
Leffler and Bessel k-functions in the form of theorems.

Theorem 3.1. Suppose that m > 1 is an integer and K\ be the Erdelyi-Kober integral operator and Re(p;) > 0,
uj(j =1,...,m) are arbitrary parameters, then this result holds:

A
Kg;gz{Zk T (Z)Ek;(é ) az}
)

_ M 1Z az®)" X (A+7 + okh + g, 2k) —zz]

[LZ 1Fk( )+plj5)1¢2 (@+k KA+ oa+n+okh+q,2k) | 4

where ), & and a are any complex numbers and k € R™.

Proof. Consider the Erdelyi-kober fractional k-integral and multi-index Mittag-Leffler k-function:

, A1
chf;(;],z{zk IQ?k(Z)Ek;(p%,uj ) az®}

e, 00 p(t 2p+i o\h
o R S T
ka(oc) 0 ph= Ork q+Pk+kP H)— l’Lj +(TJ)
. y 3.1
z2 % Z (_1)p(%)2p+kah JZ( t)%fltwmfldt e
= Z_
Kkl (o) oo T(d +pk KIS Pelpy + 55) Jo

Z%n_l z 1.« ?\+n+0hk+2pk+
:aphj (1—=)k 1t —lat,
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where
q
o (1P Ean

E49,]'12 Z M

By putting these values : =u=t=uz = dt=zdu t=0=u=0 t=2z= u=1in the equation (3.1),
we obtain

zx 1
Kl ()

A
A 1
zk q «_ 1 A+n+ohk+2pk+q
= Epnz?P o TR J (1—u)xtu 3 Lau.

kI () 0

A4n+ohk+2pk+q
)az"} = 3 lzdu
)

1
A @
Kg;g}z{zk 1Jq;k(Z)Ek;(pij,u- Eph L (1—w)¥k H(uz)

(3.2)

By using the equation (1.2) in the equation (3.2), we get
A_
7k

M (o)

A
Ko fzk Jar(2) By 1 )0z} = Epnz2P MR B (4 A 4 okh 4 2pk + q, &). (3.3)
)

By using the equation (1.3) in the equation (3.3), we have

on -1 ¢
Kido,z(2F ]q;kEk;(p%,uj)aZ}

_ Lh—1 ¢ ppronsd Me(A +1 + okh + 2pk + )T ()
Ne(x) P Me(oc+A+1+okh+2pk+q)
-1 i (—1)P ()% (azo)" Nc(A+n + okh +2pk +q)
p,h=

q+pk+k P Nl + )Fk(oc+7\+n—|—crkh+2pk+q)

=z 1y — |-

o o (B)F(az® )h (A+n+ okh + q,2k) —7,2]
=TT Py + ) (q+kk)A+oa+n+okh+q,2k) | 4

Corollary 3.2. Suppose that m > 1is an integer and Ky, be the Erdelyi-Kober integral operator and Re(p;) > 0,
uj(j =1,...,m) are arbitrary parameters, then this result holds:

A_
Kl(:(?z{zk 1Iq;k(Z)Ek;(i 1) az’}
~1)P(3)%PHi

i1 (A+1+ q+2kp, ok)(k, k)
Zr 272
k(g +pk+Kk)p!

A+oa+n+q +2kp,ok)(p,-,pij) o

az®
k 7
where ), « and a are any complex numbers and k € R™.

Theorem 3.3. Suppose that m > 1 and K\ be the Erdelyi-Kober fractional k-integral operator and Re(p;) > 0,

uj(j =1,...,m) are arbitrary parameters then this result holds:
A _
Kg;’;],oo{z’kJq;k(Z)Ek;(pij,uj)aZ 0}
_Z%qi (D)% (az— o)™ ok (n—A+ okh—q,—2k) ’—ﬂ
- TI™ Tl + phj)l 2| (@+kK)(e+n—A+okh—q.—2k) | 4 |’

where «, 11, a are complex numbers, K is any positive real number and Re(o) > 0.
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Proof. Consider Erdelyi-Kober fractional k-integral and multi-index Miitag-Leffler k-function

A _
ch:";,oo{zkIq;k(Z)Ek;(p%,Hi)aZ °}
1 o) o prty2pti —o\h
L J (t—z)F Ttk Y CIPGN “lat™?) dt
k(o) J2 ph:O Pe(q+pk+ KT My + )
Zk (_1)p(j) a JOO @ Aman cpioni g
— (t—z)x 1t t TP Trdt
kT (o) p/Z Ne(q +pk+K)p!ITHE Ny + 55) Jz
. Z% E Joo(l Z)%ilt)\fnfohtﬂplw 71dt
IR S /
where .
- (1?37 a"
E»'p,h = Z 2 .
p,h=0 (q+pk+kpn) 1rk W + )
By substituting £ =u =t=2 t=z =u=1t=c0=>u=05=u= dt:%‘zdu dt =—5%duin
the equation (3.4), we obtain
ul 0
oy ZK el Z . An—ohkidpkiq g Z
KDl B )02 ) = g arbon || (1= BTGP
n 1 e At ohk 2pk
— rgten | mwES SRS @)
Z% £ pro‘h+ﬂl 1(1 )%71 7)\+n+(ﬂ]l<k72]gkfgild
_ T2 _
() ™ l b *
By using the equation (1.2) in the equation (3.5), we get
A
_ zx _
kZOO{Z"Iq x(z )Ek,(p_,uj)az V= (o) Ep,hz2p Gh+%[5k(n—7\+(fkh—2pk—q,oc). (3.6)
)
By using the equation (1.3) in the equation (3.6), we have
A _
Kl?;oo{zk]q}k(Z)Ek;(‘%,uj]aZ 0'}
_ Zk £ pp-ohid M (M — A+ okh —2pk — q)Nc ()
M (o) P Me(m—A+ okh —2pk — q + )
e i (1P (5)7P " E (az )" Mc(n— A+ okh —2pk — q)
it Ne(q+ pk+k)p! H] 1Tl + )Fk(n A+ okh—2pk —q+ «)
_ M (%)k(azfc)h w { (M —A+ okh —q,—2k) ‘—22] 0
=T, rk(pﬁg) 21 (q+k k) (x+n—A+okh—q.—2k) | 4

Corollary 3.4. Suppose that m > 1 and K7} be the Erdelyi-Kober fractional k-integral operator and Re(p;) > 0,
uj(j = 1,...,m) are arbitrary parameters then this result holds:

Kli(;oo{zzlq;k(z)Ek;(pLj,uj ) az_“}
ﬂ
~1)P(2)*P Tk

%i 0k (M —A—q—2kp, ok)(k, k)
£ Tela+pk+kjpt™

(a1 —A—q—2kp, oK) (1y, LI,

az™ °
k v

where «, 11, a are complex numbers, K is any positive real number and Re(o) > 0.
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4. Riemann-Liouville fractional k-integral operator and multi-index Mittag-Leffler k-function and Bessel
k-function

In this section, we solved the results in which elaborated the relation between the multi-index Mittag-
Leffler k-function with Bessel k-function and Riemann-Liouville fractional k-integral operator.

Theorem 4.1. Suppose that m > 1 is an integer and R§, be the Riemann-Liouville fractional k-integral operator
and Re(p;) > 0, u;(j =1,...,m) are arbitrary parameters then this result holds:

A
Rlci(;O Az 1]q;k(2) Ek-(i W) az’}

111)2 1

_ e 1Z azo)h (A4 okh + q,2k) '—zz}
[LZ 1Fk(u) o) (q+% k)(A+ &+ okh + q,2k) ’

where o, a are complex numbers, k € R and Re(x) > 0.

Proof. Consider Riemann-Liouville fractional k-integral and multi-index Mittag-Leffler kfunction

A
Rio,{z* 1]q;k(Z)Ek;(%/uj)aZG}
)

1 JZ( TR (PP et
KT (o) ~, Tl +pk+K)PTT My + &)
4.1
00 ( 1)p(1)2p+k h z q ( )
kr Z 2' J (Z t)f—lti—lt0h+2p+kdt
k h:()rk q+pk+k H] 1rk H] ) 0
EphJ R 771,[ —l+oh+2p+ gy
0
where B
i (~1)P(3)T Fan

E,p,h = Z

p,h=0

Me(q+pk+ kPTG Nelwy + 5)

By putting these values t =u =t=uz=dt=zdu t=0=u=0, t=z = u=1in the equation
(4.1), we get

1
A4 1 «_q «_q M4 14 ghi2
R {z¥ ]q;k(z)Ek;(F}j,uj)azG}:Wép,hL zk H1—w) ekt zu) ® Oy
1
:kFl( )EphJ 2RO (RIS o gy (42)
k& 0
ZDLTM*’I ]. 1 @ A+q+okh+2pk
= T o e e
k 0

By using the equation (1.2) in the equation (4.2), we have

x+A
1

R%;O,z{zﬁil]q;k(Z)Ek;(%,uj yaz’} = z Ep 2P OBy (A + okh 4 2pk + q, ). (4.3)
)

Me ()

By using the equation (1.3) in the equation (4.3), we obtain

A
Rio,-1z* 1]q;k(Z)Ek;(%,uj)aZU}
)
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B Z“T*Mla 2p+ohtg Te(A + okh +2pk + q)Ti (o)
Ne(o) PM Ne(A + okh +2pk + q + «)
e i (—1)P(2)% ¥ (azO)" Me(A + okh + 2pk + q)
oo Nela+pk+ 1P Tl + o) Te(A + okhut+2pk + q + o
rata o (3)F(azo)" (A + okh + q,2k) 22
=z L) b K, k) (A Kh+q,2k) | 4 |
=TT Tl + ) (q+k k)A+a+okh+q,2k) | 4

O

Corollary 4.2. Suppose that m > 1 is an integer and R§, be the Riemann-Liouville fractional k-integral operator
and Re(p;) > 0, u;(j = 1,...,m) are arbitrary pummeters then this result holds:

A
Rico 212" 1Jq;k(Z)Ek;(% ;) 027}
)

(A+ q + 2kp, ok) (k, k)
(\+ ac+ q + 2kp, ok) (15, L),

_ CLPGPE K

. ?\+cx 1
Z Fk (q+pk+Kk)p!**?

az?
k 4
where «, a are complex numbers, k € R™ and Re(a) > 0.

Corollary 4.3. The Riemann-Liouville fractional k-integral operator and Re(pn) > 0, Re(v) > 0 and k € R,
Re(q) > —1 then this result holds:

k)Eku Zq/k}—z 1Z (—=1)™( ;k)ZnJrﬂ [ (k(2nvk+qv+1),q)(k k)
n!M(

24/k
kq+nk—|—k) (¢ +k(2nvk+qv+1),q) ]

k

R%;O,z{]q;k (z¥

5. Weyl fractional k-integral operator with multi-index Mittag-Leffler k-function Bessel k-function

In this section, we discussed product of multi-index Mittag-Leffler and Bessel k-functions with Weyl
fractional k-integral operator in the form of theorem.

Theorem 5.1. Suppose that m > 1 is an integer and W, be the Weyl fractional k-integral operator and
Re(p;) > 0, u;(j =1,...,m) are arbitrary parameters then this result holds:

P
)% (az= 9" p [ (Fx—A+okh—q,—2K) _ZZ]
ST Nl +2)'77 L@+ Kk K (okh—q =, —2k) | 4]/
where oc and a be any complex number, k € RT.

Proof. Consider Weyl fractional k-integrals and multi-index Mittag-leffler k-function

A _
Wﬁ‘;z,oo{lkIq;k(l)Ek;(p;,uj)(aZ )}

j

1 JOO 21k i (P F (ato)n dt
KT (o) oo el q+Pk+ka) 1 Tl + 55)
0 ( 1)p(1)2p+k h 1) . (51)
Z 2 J (t—Z) 1tkt (Th+2‘p+kdt
ka ) 4o Tela + Pk + 1T T Ml + ) z

(o.¢]
Z (x 1 A+a—ochk+2pk+q 1
ap h J k dt,
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where

9q
— (1P} Fan
h = :
T Ao k(@ Pk RPTTE Ty + 1)
By substituting £ =u = dt = _thdu dt =
equation (5.1), we have

—ﬁdu%:uﬁt:ﬁ t=z=u=1 t=00=u=0in the

A _ 1 0 & 1, Z Ata-chkidpkiq .  Z
Wil (2B (020} = s | (1215 (-l
Y 1 (5.2)
_ Z‘pfo‘h+ﬂ £ . x 1 —ax—A+ochk—2pk—q 1
efo) Ep,hZ e L (1—u)x'u Kk du.
By using the equation (1.2) in the equation (5.2), we get
o« A -0 ZOCTM 2p—och+
W, solz® ]q;k(Z)Ek;(%,uj y(az™?)} = Wap,hz KBy (—ax—A+ okh—2pk—q, «). (5.3)
)
Therefore, the equation (5.3), becomes
A _
W%;Z/oo{zkIq;k(Z)Ek;(o%ruj)(az °)}
_ 25 £ p-onid Me(—x — A + okh — 2pk — q) T ()
Ne(ox) P Me(—o— A+ okh — 2pk — q + «)
B i (—1)P(2)*+E(az)"  Ti(—a— A+ ohk—2pk—q)
o (g +pk+k PITTE Mely + 55) Tielokh—2pk—q—A)
_ e i (H*(az=)h " (—x — A+ okh — q, —2k) zz]
= THE Dl + )1 2| (q+kK)(okh—q—A—2k) | 4 |
O

Corollary 5.2. Suppose that m > 1 is an integer and Wy be the Weyl fractional k-integral operator and
Re(pj) >0, u(j=1,...,

m) are arbitrary parameters then this result holds:
A
Wi z,00{2* gk (2) E
az”°
k 4
Corollary 5.3. Suppose the Weyl fractional k-integral operator for Re() > 0, Re() > 0 and q, 3 are arbitrary
complex numbers and k € R* then this result holds:

z
ar

In this article, we discuss the product of multi-index Mittag Leffler k-function with Bessel k-function of
tirst kind in fractional integral k-operators, and all results are developed in the form of Wright k-functions
This article is devoted to further research in the field of fractional calculus and special functions

(g (027N

B MZ (—1)P(5)2P k[ (—x—A—q—2kp, ok (K, k)
N (=

k(q—i—pk—l—k)p'z 2 q—A—2kp, ok) (i, 5

where « and a be any complex number, k € R™.

MOO

Wl?,’z,oo{lq —kk(2)Ex;pz )=

Z zla—kn k[ (—o+ (k—q)(1 +kn), —2k)
281 = T ( Bn+k)' ((k—q)(1+kn),—2k)(q, k)

6. Conclusion
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