
J. Math. Computer Sci., 22 (2021), 306–324

Online: ISSN 2008-949X

Journal Homepage: www.isr-publications.com/jmcs

How to obtain Lie point symmetries of PDEs

Sajid Mohammad Kadhim, Mayada Gassab Mohammad, Hassan Kamil Jassim∗

Departement of Mathematics, College Of Education for Pure Science, University Of Thi-Qar, Nasiriyah, Iraq.

Abstract

In this research, we have studied how to obtain Lie point symmetries of a partial differential equation (PDEs) of second
order. We have also studied some PDEs’ applications as one-dimensional and two-dimensional heat equations. We have used
Manale’s formula for solving second-order ordinary differential equations to determine new symmetries. Burgers equation has
been studied, and Lie point symmetries have been obtained for these equations.
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1. Introduction

More than a century ago, the Norwegian mathematician Sophus Lie put forward many of the funda-
mental ideas behind symmetry methods. The Lie symmetry method is a modern approximated method
of solving of DEs and The Lie symmetry method (LSM) is efficient technique to find the approximate
solution for ODEs and PDEs which describe different fields or science, physical phenomena, engineer-
ing,mechanics and so on. Sophus Lie (1872): develop DE invariant of continuous groups transformation.
Hermann (1928) coined the term ”Lie group”, Bluman and Kumei (1989): dealt with symmetries and DEs,
Hydone (2005): solved some DEs using Lie symmetry, Laheeb Muhsen (2015): develop the Lie symmetry
analysis, especially Lie group analysis method to classify higher-order DDEs to solvable Lie algebra. So
Lie symmetry method is necessary to obtain exact solutions or numerical solutions for partial differential
equations (PDEs). During last few decades several analytical numerical and semi-analytical methods have
been used for solving PDEs [4–6, 14–18]. In this paper we consider the symmetry analysis as presented in
the books of Bluman, Kumei, Ibragimov and Anco [8, 9, 13]. We present the Lie symmetries of first-order
PDEs and we find the Lie symmetry of Burgers equation [12] and finally we find the Lie symmetries of
one-dimensional and two-dimensional heat equations.
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2. Scalar PDEs with two dependent variables

Definition 2.1 (Point symmetry of PDE [12]). Consider PDEs with one dependent variable u and two
independent variables x and t. A point transformation is called diffeomorphism

X = (x, t,u) 7→
(
x̂(x, t,u), t̂(x, t,u), û(x, t,u)

)
,

this transformation maps the surface u = u(x, t) to the following surface

x̂ = x̂ (x, t,u(x, t)) , t̂ = t̂ (x, t,u(x, t)) , û = û (x, t,u(x, t)) , (2.1)

to calculate the extend of the generator of a given transformation, we should find the derivatives of (2.1)
with respect to each x and t. We introduce the following total derivatives

Dx = ∂x + ux∂u + uxx∂ux + uxt∂ut + · · · , Dt = ∂t + ut∂u + uxt∂ux + utt∂ut + · · · .

Now if the jacobian

J ≡
∣∣∣∣ Dxx̂ Dxt̂

Dtx̂ Dtt̂

∣∣∣∣ 6= 0, when u = u(x, t), (2.2)

then the first two equations of (2.1) may be inverted to give x and t in terms of x̂ and t̂. If Eq. (2.2) holds
then the last equation of (2.1) becomes

û = û(x̂, t̂), (2.3)

now by using chain rule to (2.3), we get[
Dxû

Dtû

]
=

[
Dxx̂ Dxt̂

Dtx̂ Dtt̂

] [
ûx̂
ût̂

]
,

now by Cramer’s rule we find the transformation of the first derivatives

ûx̂ =
1
J

∣∣∣∣ Dxû Dxt̂

Dtû Dtt̂

∣∣∣∣ , ût̂ =
1
J

∣∣∣∣ Dxx̂ Dxû

Dtx̂ Dtû

∣∣∣∣ , (2.4)

now if ûh any derivative of û with respect to x̂ and t̂, then

ûhx̂ ≡
∂ûh
∂x̂

=
1
J

∣∣∣∣ Dxûh Dxt̂

Dtûh Dtt̂

∣∣∣∣ , ûht̂ ≡
∂ûh

∂t̂
=

1
J

∣∣∣∣ Dxx̂ Dxûh
Dtx̂ Dtûh

∣∣∣∣ . (2.5)

Now we find the transformation of second derivatives

ûx̂x̂ =
1
J

∣∣∣∣ Dxûx̂ Dxt̂

Dtûx̂ Dtt̂

∣∣∣∣ , ût̂t̂ =
1
J

∣∣∣∣ Dxx̂ Dxût̂
Dtx̂ Dtût̂

∣∣∣∣ , ûx̂t̂ =
1
J

∣∣∣∣ Dxût̂ Dxt̂

Dtût̂ Dtt̂

∣∣∣∣ = 1
J

∣∣∣∣ Dxx̂ Dxûx̂
Dtx̂ Dtûx̂

∣∣∣∣ .

Since
ût̂ + ûûx̂ = 8t3(ut + uux),

so the point transformation holds the symmetry condition

ût̂ + ûûx̂ = ûx̂x̂ when ut + uux = uxx.

Definition 2.2 (Point symmetries Of nth order PDE [12]). Consider

f(x, t,u,ux,ut, . . .) = 0, (2.6)

the point transformation X is a point symmetry of (2.6) if

f(x̂, t̂, û, ûx̂, ût̂, . . .) = 0, when (2.6) holds.
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We seek point symmetries of the form

x̂ = x+ λε(x, t,u) +O(λ2), t̂ = t+ λµ(x, t,u) +O(λ2), û = u+ λζ(x, t,u) +O(λ2).

In analogy with ODEs we define ûx̂ and ût̂ as

ûx̂ = ux + λζ(x)(x, t,u,ux,ut) +O(λ2), ût̂ = ut + λζ
(t)(x, t,u,ux,ut) +O(λ2).

Now by using (2.4) we find ût and ûx as follows

ût =

∣∣∣∣ Dxx̂ Dxû

Dtx̂ Dtû

∣∣∣∣∣∣∣∣ Dxx̂ Dxt̂

Dtx̂ Dtt̂

∣∣∣∣ =

∣∣∣∣ 1 + λDx(ε) +O(λ
2) ux + λDx(τ) +O(λ

2)
λDt(ε) +O(λ

2) ut + λDt(τ) +O(λ
2)

∣∣∣∣∣∣∣∣ 1 + λDx(ε) +O(λ
2) λDx(µ) +O(λ

2)
λDt(ε) +O(λ

2) 1 + λDt(µ) +O(λ
2)

∣∣∣∣ ,

we ignore terms of (λ2) or higher, we arrive to

ût =
ut + λDt(ζ) + λutDx(ε) − λuxDt(ε) +O(λ

2)

1 + λDt(µ) + λDX(ε) +O(λ2)
=
ut + λ [Dt(ζ) + utDx(ε) − uxDt(ε)] +O(λ

2)

1 + λ [Dt(µ) +Dx(ε)] +O(λ2)
,

since
ût̂ = ut + λζ

(t)(x, t,u,ux,ut) +O(λ2),

then

ut + λζ
(t)(x, t,u,ux,ut) +O(λ2) =

ut + λ [Dt(ζ) + utDx(ε) − uxDt(ε)] +O(λ
2)

1 + λ [Dt(µ) +Dx(ε)] +O(λ2)
,

this leads to

ut + λ [Dt(ζ) + utDx(ε) − uxDt(ε)] +O(λ
2) =

(
1 + λ [Dt(µ) +Dx(ε)] +O(λ

2)
)
(ut + λζ

(t))

= ut + utλDt(µ) + utλDx(ε) + λζ
(t) +O(λ2),

(2.7)

by simplifying the Eq. (2.7) more yields

λ [Dt(ζ) + utDx(ε) − uxDt(ε) − utDt(µ) − utDx(ε)] = λζ
(t),

so we obtain
ζ(t)(x, t,u,ux,ut) = Dt(ζ) − uxDt(ε) − utDt(µ).

In the same way we obtain

ζ(x)(x, t,u,ux,ut) = Dx(ζ) − uxDx(ε) − utDx(µ),

then

ζ(t) =

(
∂ζ

∂t
+
du

dt

∂ζ

∂u

)
− ux

(
∂ε

∂t
+
du

dt

∂ε

∂u

)
− ut

(
∂µ

∂t
+
du

dt

∂µ

∂u

)
= (ζt + utζu) − ux(εt + utεu) − ut(µt + utµu) = ζt − εtux + (ζu − µt)ut − εuuxut − µu(u

2
t),

so

ζ(t) = ζt − εtux + (ζu − µt)ut − εuuxut − µu(u
2
t), (2.8)

and

ζ(x) =

(
∂ζ

∂x
+
du

dx

∂ζ

∂u

)
− ux

(
∂ε

∂x
+
du

dx

∂ε

∂u

)
− ut

(
∂µ

∂x
+
du

dx

∂µ

∂u

)
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= (ζx + uxζu) − ux(εx + uxεu) − ut(µx + uxµu)

= ζx + (ζu − εx)ux − µxut − εu(u
2
x) − µuuxut,

so

ζ(x) = ζx + (ζu − εx)ux − µxut − εu(u
2
x) − µuuxut. (2.9)

Now by using (2.5) the transformation is extend to higher-order derivatives frequently, assume that

ûh = uh + λζ(h) +O(λ2),

where

uh ≡
∂h1+h2u

∂xh1∂th2
, ûh ≡

∂h1+h2û

∂x̂h1∂t̂h2
,

for some h1 and h2, then

ûhx̂ = uhx + λζ(hx) +O(λ2), ûht̂ = uht + λζ
(ht) +O(λ2),

from Eq. (2.5)

ûhx̂ =

∣∣∣∣ Dxûh Dxt̂

Dtûh Dtt̂

∣∣∣∣∣∣∣∣ Dxx̂ Dxt̂

Dtx̂ Dtt̂

∣∣∣∣ =

∣∣∣∣ uhx + λDx(ζ
(h)) +O(λ2) λDx(µ) +O(λ

2)

uht + λDt(ζ
(h)) +O(λ2) 1 + λDt(µ) +O(λ

2)

∣∣∣∣∣∣∣∣ 1 + λDx(ε) +O(λ
2) λDx(µ) +O(λ

2)
λDt(ε) +O(λ

2) 1 + λDt(µ) +O(λ
2)

∣∣∣∣
=
uhx + λuhxDt(µ) − λuhtDx(µ) +O(λ

2)

1 + λ(Dt(µ) +Dx(ε)) +O(λ2)
,

since
ûhx̂ = uhx + λζ(hx) +O(λ2),

then

uhx + λuhxDt(µ) + λDx(ζ
(h)) − λuhtDx(µ) +O(λ

2) = (1 + λ(Dt(µ) +Dx(ε)))
(
uhx + λζ(hx) +O(λ2)

)
= uhx + λuhxDt(µ) + λuhxDx(ε) + λζ

(hx) +O(λ2),

then

uhx + λuhxDt(µ) + λDx(ζ
(h)) − λuhtDx(µ) − uhx − λuhxDt(µ) − λuhxDx(ε) = λζ

(hx),

then
λ
(
Dx(ζ

h) − uhxDx(ε) − uhtDx(µ)
)
= λζ(hx),

so
ζ(hx) = Dx(ζ

h) − uhxDx(ε) − uhtDx(µ).

In the same way
ζ(ht) = Dt(ζ

h) − uhxDt(ε) − uhtDt(µ).

We introduce the infinitesimal generator X

X = ε∂x + µ∂t + ζ∂u.
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The infinitesimal generator is extend to derivatives by adding all terms of the form ζ(h)∂uh
up to the

desired order, the first extension as

X[1] = X+ ζ(x)∂ux + ζ
(t)∂ut ,

is a point symmetry of f(x, t,u,ux,ut, . . .) = 0 if Lie’s symmetry condition

X[1]f |f=0

and the second extension X[2] of the operator X is

X[2] = X[1] + ζ(xx)∂uxx + ζ
(xt)∂uxt + ζ

tt∂utt ,

is a point symmetry of f(x, t,u,ux,ut, . . .) = 0 if Lie’s symmetry condition X[2]f |f=0 and the extended
transformations are given as

ζ(xx) = Dx(ζ
(x)) − uxxDx(ε) − uxtDx(µ),

ζ(xt) = Dt(ζ
(x)) − uxxDt(ε) − uxtDt(µ),

and
ζ(xt) = Dx(ζ

(t)) − uxtDx(ε) − uttDx(µ),

ζ(tt) = Dt(ζ
(t)) − uxtDt(ε) − uttDt(µ),

now we expand ζ(xx)),ζ(xt)) and ζ(tt)), we get

ζ(xx) = ζxx + (2ζxu − εxx)ux − µxxut + (ζuu − 2εxu)u2
x

− 2µxuuxut − εuuu
3
x − µuuu

2
xut + (ζu − 2εx)uxx (2.10)

− 2µxuxt − 3εuuxuxx − µuutuxx − 2µuuxuxt,

ζ(xt) = ζxt + (ζtu − εxt)ux + (ζxu − µxt)ut − εtuu
2
x

+ (ζuu − εxu − µtu)uxut − µxuu
2
t − εuuu

2
xut − εuuuxu

2
t (2.11)

− εtuxx − εuutuxx + (ζu − εx − µt)uxt − 2εuuxuxt − 2εuutuxt − εxutt − εuuxutt,

ζ(tt) = ζtt − εttux + (2ζtu − εtt)ut − 2εtuuxut
+ (ζuu − 2µtu)u2

t − εuuuxu
2
t − µuuu

3
t − 2εtuxt (2.12)

− 2εuutuxt + (ζu − 2µt)utt − εuuxutt − 3µuututt.

Definition 2.3 (Lie algebra, [20]). A Lie algebra L is a vector space V of operations X = ξi
∂

∂xi
over a field

(real or complex) together with a binary operator [, ] : V × V −→ V with the following properties:

Anti-symmetry/Anti-commutativity/skew-symmetry

[X1,X2] = −[X2,X1],

for all X1,X2 ∈ L.

Bilinearity

[X1,αX2 +βX3] = α[X1,X2] +β[X1,X3] and [αX1 +βX2,X3] = α[X1,X3] +β[X2,X3],

where α,β are constants, for all X1,X2,X3 ∈ L.
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Jacobi Identity
[[X1,X2],X3] + [[X2,X3],X1] + [[X3,X1],X2] = 0,

for all X1,X2,X3 ∈ L, where

Xi = ξi
∂

∂xi
, i = 1, 2, . . . ,n.

For example, [X1,X2] = X1X2 −X2X1 is also an element of L, so [., .] is called the Lie bracket or commutator
of L.

Definition 2.4 ([9]). Let Xi = ξs
∂

∂xs
and Xj = ηs

∂
∂xs

, i, j = 1, . . . , r and s = 1, . . . ,n be two infinitesimal
generator. The commutator [Xi,Xj] of Xi and Xj is the first order operator

[Xi,Xj] = XiXj −XjXi =

n∑
s

n∑
m

(
ξm

∂ηs

∂xm
− ηm

∂ξs

∂xm

)
∂

∂xs
.

Definition 2.5 ([20]). Lie groups G is a smooth manifold and a group such that the multiplication
ρ : G×G −→ G is smooth. The inversion σ : G −→ G is also smooth.

Definition 2.6 ([11, 20]). A finite set of infinitesimal generator X1,X2, . . . ,Xr is said to be a basis for the
Lie algebra L if Xi ∈ L and

• X1,X2, . . . ,Xr form a basis of the vector space;

• [Xi,Xj] = cijkXk.

The coefficients cijk are called the structure constant of the Lie algebra, i, j,k = 1, 2, . . . , r.

Theorem 2.7 (Second fundamental theorem of Lie, [9]). Any two infinitesimal generators of an r-parameter
Lie group, satisfy commutation relation of the form [Xi,Xj] = cijkXk, where i, j,k = 1, 2, . . . , r. Provided the
infinitesimal generators span the Lie algebra associated with the Lie group, all real (or complex) linear combinations
of the Xi will also obey commutation relations and the Jacobi identity associated with the Lie algebra. That is, the
given infinitesimal generators X1,X2, . . . ,Xr form a basis for the Lie algebra.

Theorem 2.8 ([13]). A function F(x) is an invariant under the Lie group of transformation if and only if XF(x) = 0,
where X is an infinitesimal generator.

3. Lie symmetry first-order PDEs [12]

Consider the PDE
ut = u

2
x, (3.1)

we determine the symmetries of Eq. (3.1). Using Theorem 2.8

X[2]f |f=0= 0,

where
f = ut − u

2
x = 0,

and X[2] is the second-order extended of

X = ε(x, t,u)
∂

∂x
+ µ(x, t,u)

∂

∂t
+ ζ(x, t,u)

∂

∂u
,

namely,

X[2] = ε
∂

∂x
+ µ

∂

∂t
+ ζ

∂

∂u
+ ζ(x)

∂

∂ux
+ ζ(t)

∂

∂ut
+ ζ(xx)

∂

∂uxx
+ ζ(xt)

∂

∂uxt
+ ζ(tt)

∂

∂utt
.
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Hence we solve(
ε
∂

∂x
+ µ

∂

∂t
+ ζ

∂

∂u
+ ζ(x)

∂

∂ux
+ ζ(t)

∂

∂ut
+ ζ(xx)

∂

∂uxx
+ ζ(xt)

∂

∂uxt
+ ζ(tt)

∂

∂utt

) (
ut − u

2
x

)
|ut=u2

x
= 0,

so we get
ζ(t) = 2uxζ(x), (3.2)

we can expand the Eq. (3.2) by using the Eqs. (2.8) and (2.9)

ζt − εtux + (ζu − µt)ut − εuuxut − µuu
2
t = 2ux

(
ζx + (ζu − εx)ux − µxut − εuu

2
x − µuuxut

)
,

now replace u2
x by ut we get

ζt − εtµx + (ζu − µt)u
2
x − εuuxu

2
x − µuu

4
x = 2ux

(
ζx + (ζu − εx)ux − µxu

2
x − εuu

2
x − µuuxu

2
x

)
,

more simplification we get

ζt − (εt + 2ζx)ux + (−ζu − µt + 2εx)u2
x + (εu + 2µx)u3

x + µuu
4
x = 0, (3.3)

then for Eq. (3.3) to be satisfied requires setting the coefficient of ux to zero we are left with the system of
determining equations

ζt = 0, (3.4)
εt + 2ζx = 0, (3.5)

ζu + µt − 2εx = 0, (3.6)
εu + 2µx = 0, (3.7)

µu = 0, (3.8)

we begin by solving Eq. (3.8) by integration both side we get

µ = α(x, t), (3.9)

where α is an arbitrary function.
Now integrating equation (3.7) with respect to u and substituting

µx = αx(x, t),

we get
ε = −2αxu+β(x, t), (3.10)

then
εx = −2αxxu+βx(x, t). (3.11)

From equation (3.6)
ζu = 2εx − µt, (3.12)

substituting Eq. (3.11) into Eq. (3.12) we get

ζu = −4αxxu+ 2βx(x, t) −αt(x, t), (3.13)

now integrating Eq. (3.13) with respect to u we get

ζ = −2αxxu
2 + (2βx −αt)u+ γ(x, t), (3.14)

for some functions β and γ. Since

εt = −2αxtu+βt(x, t), (3.15)
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ζx = −2αxxxu
2 + (2βxx −αxt)u+ γx(x, t), (3.16)

ζt = −2αxxtu
2 + (2βxt −αtt)u+ γt(x, t), (3.17)

now by substituting Eqs. (3.15), (3.16), and (3.17) into Eqs. (3.4) and (3.5) we get

−2αxtu+βt(x, t) − 4αxxxu
2 + 2(2βxx −αxt)u+ 2γx(x, t) = 0,

more simplifying we get

−4αxxxu
2 + 4(βxx −αxt)u+βt(x, t) + 2γx(x, t) = 0. (3.18)

Substituting Eq. (3.17) in to Eq. (3.4) we get

−2αxxtu
2 + (2βxt −αtt)u+ γt(x, t) = 0, (3.19)

such that α,β and γ are independent of u. Now splitting Eq. (3.18) and (3.19) with respect to the power
of u we get

γt = 0, (3.20)
βxx −αxt = 0, (3.21)

2βxt −αtt = 0, (3.22)
βt + 2γx = 0, (3.23)

αxxx = 0, (3.24)
αxxt = 0, (3.25)

integrating Eq. (3.20) we get
γ = B1(x). (3.26)

From equation (3.23)
βt(x, t) = −2γx(x, t), (3.27)

then integrating equation (3.27) with respect to t we get

β(x, t) = −2B ′1(x)t+B2(x). (3.28)

From Eq. (3.22) we get
αtt = −4B ′′1 (x), (3.29)

by integrating Eq. (3.29) twice with respect to t we get

α = −2B ′′1 (x)t
2 +B3(x)t+B4(x), (3.30)

where B1, B2, B3 and B4 are function of x. From Eq. (3.26), (3.28), and (3.30) we can find

αxxx = −2B ′′′′′1 (x)t2 +B ′′′3 (x)t+B ′′′4 (x), αxxt = −4B ′′′′1 (x)t+B ′′3 (x),
βxx = −2B ′′′1 (x)t+B ′′2 (x), αxt = −4B ′′′1 (x)t+B ′3(x),

(3.31)

now substituting Eq. (3.31) in to Eq. (3.21), (3.24), and (3.25) we get

2B ′′1 t+B
′′
2 (x) −B

′
3(x) = 0, −2B ′′′′′1 (x)t2 +B ′′′3 (x)t+B ′′′4 (x) = 0, −4B ′′′′1 (x)t+B ′′3 (x) = 0,

equating powers of t and solving the resulting ODEs we get

B ′′′1 = 0, (3.32)
B ′′2 −B ′3 = 0, (3.33)
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B ′′3 = 0, (3.34)
B ′′′4 = 0, (3.35)

we begin by solving Eq. (3.32) to obtain

B1(x) =
1
2
c1x

2 + c2x+ c3. (3.36)

From Eqs. (3.33), (3.34), and (3.35) we obtain

B2(x) =
1
2
c4x

2 + c6x+ c7, (3.37)

B3(x) = c4x+ c5, (3.38)

B4(x) =
1
2
c8x

2 + c9x+ c10. (3.39)

Now we put β1 = c1
2 , β2 = c2

2 , β4 = c4, β5 = c5, β6 = c6, β7 = c7, β8 = c8
2 , β9 = c9, and β10 = c10, where

β1, . . . ,β10 are arbitrary constants. Then the equations (3.36), (3.37), (3.38), and (3.39) become

B1(x) = β1x
2 + 2β2x+β3, B2(x) =

1
2
β4x

2 +β6x+β7, B3(x) = β4x+β5, B4(x) = β8x
2 +β9x+β10.

So the Eqs. (3.9), (3.10), and (3.14) become

ε = −4β1xt− 2β2t+β4(
1
2
x2 − 2tu) +β6x+β7 − 4β8xu− 2β9u,

µ = −4β1t
2 +β4xt+β5t+β8x

2 +β9x+β10,

ζ = β1x
2 +β2x+β3 +β4xu−β5u+ 2β6u− 4β8u

2.

(3.40)

Now we determine the symmetry of the Eq. (3.1). Since the generator

X = ε
∂

∂x
+ µ

∂

∂t
+ ζ

∂

∂u
, (3.41)

substituting the infinitesimal (3.40) into Eq. (3.41) we get

X =− 4β1xt
∂

∂x
− 2β2t

∂

∂x
+β4(

1
2
x2 − 2tu)

∂

∂x
+β6x

∂

∂x
+β7

∂

∂x
− 4β8xu

∂

∂x
− 2β9u

∂

∂x

− 4β1t
2 ∂

∂t
+β4xt

∂

∂t
+β5t

∂

∂t
+β8x

2 ∂

∂t
+β9x

∂

∂t
+β10

∂

∂t
+β1x

2 ∂

∂u
+β3

∂

∂u

+β4xu
∂

∂u
−β5u

∂

∂u
+ 2β6u

∂

∂u
− 4β8u

2 ∂

∂u
,

By Theorem 2.8, the Lie algebra of Equation (3.1) is spanned by the following infinitesimal generators
corresponding to each βi

X1 =
∂

∂u
, X2 =

∂

∂x
, X3 =

∂

∂t
,

X4 = −4xt
∂

∂x
− 4t2 ∂

∂t
+ x2 ∂

∂u
,

X5 = −2t
∂

∂x
+ x

∂

∂u
,

X6 = (
1
2
x2 − 2tu)

∂

∂x
+ xt

∂

∂t
+ xu

∂

∂u
,

X7 = t
∂

∂t
− u

∂

∂u
,
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X8 = x
∂

∂t
+ 2u

∂

∂u
,

X9 = −4xu
∂

∂x
+ x2 ∂

∂t
− 4u2 ∂

∂u
,

X10 = −2u
∂

∂x
+ x

∂

∂t
.

4. Lie symmetry of Burgers equation

Burgers’ equation is a fundamental partial differential equation occurring in various areas of applied
mathematics, such as fluid mechanics, nonlinear acoustics, gas dynamics, traffic flow. The equation was
first introduced by Harry Bateman in 1915 [7, 21] and later studied by Johannes Martinus Burgers in 1948
[10], therefore, it is necessary to find the Lie point symmetry of that equation.

In this section we will consider the one-dimensional Burgers equation to be the nonlinear parabolic
PDE

ut + uux = uxx, (4.1)

now we determine the linearized symmetry condition for Eq. (4.1) then by using Lie’s invariance condition
is

X[2]f |f=0= 0,

where
f = ut + uux = uxx,

and X[2] is the second-order extended of

X = ε(x, t,u)
∂

∂x
+ µ(x, t,u)

∂

∂t
+ ζ(x, t,u)

∂

∂u
,

namely

X[2] = ε
∂

∂x
+ µ

∂

∂t
+ ζ

∂

∂u
+ ζ(x)

∂

∂ux
+ ζ(t)

∂

∂ut
+ ζ(xx)

∂

∂uxx
+ ζ(xt)

∂

∂uxt
+ ζ(tt)

∂

∂utt
,

then the linearized symmetry condition for Eq. (4.1) is

ζ(t) + uζ(x) + uxζ = ζ
(xx). (4.2)

Substituting Eq. (2.8), (2.9), and (2.10) into equation (4.2) we get

ζt − εtux + (ζu − µt)ut − ζuuxut − µuu
2
t + uζx + u(ζu − εx)ux − uµxut − uεuu

2
x − uµuu

2
t + uxζ

= ζxx + (2ζxu − ζxx)ux − µxxut

+ (ζuu − 2ζxu)u2
x − 2µxuuxut − ζuuu

3
x − µuuu

2
xut + (ζu − 2ζεx)uxx

− 2µxuxt − 3εuuxuxx − µuutuxx − 2µuuxuxt,

(4.3)

now we choose the highest-order derivative terms in (4.3) have a factor uxt

−2µxuxt − 2µuuxuxt = 0,

this leads to
µx = µu = 0.

Now we replace uxx by the left-hand side of Eq. (4.1) and removes many terms from Eq. (4.3) containing
µx and µt. So the remaining terms are

ζt−εtux + (ζu − µt)ut − ζuuxut + u(ζx + (ζu − εx)ux − εuu
2
x) + uxζ

= ζxx + (2ζxu − εxx)ux + (ζuu − 2εxu)u2
x − εuuu

3
x + (ζu − 2εx − 3εuux)(ut + uux),

(4.4)
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we choose the terms multiplied by ut, then we get

(ζu − µt)ut − εuuxut = (ζu − 2εx − 3εuux)ut,

so we determine equations:

ζu − µt = 0, εu = 0, ζu − 2εx − 3εuux = 0. (4.5)

We solve Eq. (4.5), this leads to

ε =
1
2
µtx+α(t),

for some arbitrary function α. From equation (4.4) we obtain

ζuu − 2εxu = 0, εuu = 0,

since
εxu = 0,

then
ζuu = 0, (4.6)

by integrating both sides of Eq. (4.6) we obtain

ζ = β(x, t)u+ γ(x, t),

where β and γ arbitrary function. From Eq. (4.5) we obtain

µ = β(x, t)t+ δ(x),

such that δ is arbitrary function. by determining α, β, γ and δ we eventually arrive at the general solution

ε = β1 + tβ2 + xβ4 + xtβ5, µ = β3 + 2tβ4 + t
2β5, ζ = β2 − uβ4 + (x− ut)β5, (4.7)

where β1, β2, β3, β4, and β5 are arbitrary constants. Now we determine the symmetry of the Eq. (4.1).
Since the generator

X = ε
∂

∂x
+ µ

∂

∂t
+ ζ

∂

∂u
, (4.8)

substituting the infinitesimal (4.7) into Eq. (4.8) we get

X = β1
∂

∂x
+ tβ2

∂

∂x
+ xβ4

∂

∂x
+ xtβ5

∂

∂x
+β3

∂

∂t
+ 2tβ4

∂

∂t
+ t2β5

∂

∂t
+β2

∂

∂u
− uβ4

∂

∂u
+ (x− ut)β5

∂

∂u
,

then for symmetries are given by

X1 =
∂

∂x
, X2 =

∂

∂t
, X3 = t

∂

∂x
+
∂

∂u
, X4 = x

∂

∂x
+ 2t

∂

∂t
− u

∂

∂u
, X5 = xt

∂

∂x
+ t2 ∂

∂t
+ (x− ut)

∂

∂u
.

5. Heat equation

The heat equation is a partial differential equation that describes how the distribution of some quantity
(such as heat) evolves over time in a solid medium, as it spontaneously flows from places where it is higher
towards places where it is lower. It is a special case of the diffusion equation. Using a Lie symmetry group
generator and a generalized for solving second order ordinary differential equations, we determine new
symmetries for two dimensional heat equations, leading to new solutions.
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5.1. One-dimensional heat equation [1]
The one dimension heat equation is given by

uxx − ut = 0.

Now we determine the symmetries of the one-dimensional heat equation from invariance condition

X[2]f |f=0= 0,

by using the extended operator

X[2] = ε∂x + µ∂t + ζ∂u + ζ(x)∂ux + ζ
(t)∂ut + ζ

(xx)∂uxx + ζ
(xt)∂uxt + ζ

tt∂utt ,

and substituting
f : uxx = ut,

we get
ζ(t) − ζ(xx) = 0, (5.1)

now substituting the extended transformations equation (2.8) and (2.10) into equation (5.1) we get

ζt − εtux + (ζu − µt)ut − εuuxut − µuu
2
t − ζxx − (2ζxu + εxx)ux + µxxut − (ζuu + 2εxu)u2

x

+ 2µxuuxut + εuuu
3
x + µuuu

2
xut − (ζu + 2εx)uxx + 2µxuxt + 3εuuxuxx + µuutuxx + 2µuuxuxt = 0.

By using the heat equation to replace uxx by ut and isolating coefficients involving each power of ux and
ut,uxt, we are left with the system of determining equations

C : ζt − ζxx = 0, ux : −µt − 2ζxu + µxx = 0, u2
x : −ζuu − 2µxu = 0,

u3
x : µuu = 0, utux : 2µu + 2εxu = 0, ut : −εt + εxx + 2µx = 0,

utu
2
x : εuu = 0, utx : 2εx = 0, uxutx : 2εu = 0,

εx = 0, εu = 0, µu = 0, ζuu = 0.

Since
−εt + εxx + 2µx = 0,

then

2µx − εt = 0, (5.2)

and equations

−µt − 2ζxu + µxx = 0, (5.3)
ζt − ζxx = 0. (5.4)

From equation (5.2) we get

µ =
1
2
εtx+α(t)m (5.5)

such that α is an arbitrary function of t. Since

ζuu = 0, (5.6)

then by integration equation (5.6) twice with respect to u we get

ζ = β(x, t)u+ γ(x, t), (5.7)
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where β and δ are arbitrary functions of both x, t. From equations (5.2), (5.5), and (5.7) we get

µxx = 0, µt =
1
2
εttx+αt(t), ζxu = βx(x, t), (5.8)

substituting equation (5.8) into equation (5.3) we get

−2βx(x, t) −
1
2
εxxx−αt(t) = 0, −2βx(x, t) =

1
2
εxxx+αt(t),

then
βx(x, t) =

−1
4
εxxx−

1
2
αt(t),

we integrate both sides with respect to x, we get

β(x, t) =
−1
8
εttx

2 −
1
2
αt(t)x+ δ(t), (5.9)

where δ(t) is an arbitrary function of t. Now substituting equation (5.9) into equation (5.7) yields

ζ =

(
−1
8
εttx

2 −
1
2
αt(t)x+ δ(t)

)
u+ γ(x, t), (5.10)

then from equation (5.10) we get

ζxx =
−1
4
εttu+ γxx(x, t), (5.11)

ζt =

(
−

1
8
εtttx

2 −
1
2
αtt(t)x+ δt(t)

)
u+ γt(x, t), (5.12)

substituting the equations (5.11) and (5.12) into equation (5.4) we get(
−

1
8
εtttx

2 −
1
2
αtt(t)x+ δt(t)

)
u+ γt(x, t) +

1
4
εttu− γxx(x, t) = 0, (5.13)

splitting equation (5.13) with respect to the powers of x and t we get

εttt = 0, (5.14)
αtt = 0, (5.15)

δt(t) +
1
4
εtt = 0, (5.16)

γt(x, t) − γxx(x, t) = 0,

integrating the equations (5.14), (5.15), and (5.16) with respect to t we get

εtt = B1, (5.17)

ε =
B1

2
t2 +B2t+B3, (5.18)

αt(t) = B4, (5.19)
α(t) = B4t+B5, (5.20)

δ(t) = −
1
4
B1t+B6, (5.21)

substituting equations (5.17), (5.19), (5.21) into equation (5.10) we get

ζ =

(
−1
8
B1x

2 −
1
2
B4x−

1
4
B1t+B6

)
u+ γ(x, t), (5.22)
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now put β1 = B1
2 , β2 = B2

2 ,β3 = B3,β4 = B4, β5 = B5 and β6 = B6, then the equation (5.22) and (5.18)
become

ε = β1t
2 + 2β2t+β3, ζ =

−1
4
β1x

2u−
β4

2
xu−

1
2
β1tu+β6u+ γ(x, t).

From equation (5.18), we get
εt = B1t+B2, (5.23)

substituting equations (5.23) and (5.20) into equation (5.5) we get

µ =
1
2
(B1t+B2)x+B4t+B5 =

B1

2
xt+

B2

2
x+B4t+B5 = β1xt+β2x+β4t+β5.

In the end we arrive the infinitesimal

ε = β1t
2 + 2β2t+β3, µ = β1xt+β2x+β4t+β5, ζ =

−1
4
β1x

2u−
β4

2
xu−

1
2
β1tu+β6u+ γ(x, t).

Since the generator

X = ε
∂

∂x
+ µ

∂

∂t
+ ζ

∂

∂u
, (5.24)

substituting the infinitesimal in equation (5.24) we get

X =β1t
2 ∂

∂x
+ 2β2t

∂

∂x
+β3

∂

∂x
+β1xt

∂

∂t
+β2x

∂

∂t
+β4t

∂

∂t
+β5

∂

∂t

−
1
4
β1x

2u
∂

∂u
−
β4

2
xu

∂

∂u
−

1
2
β1tu

∂

∂u
+β6u

∂

∂u
+ γ(x, t)

∂

∂u
,

therefore the symmetries are given by

X1 =
∂

∂x
, X2 =

∂

∂t
, X3 = xt

∂

∂t
+ t2 ∂

∂x
− (

1
4
x2 +

1
2
u)u

∂

∂u
,

X4 = x
∂

∂t
+ 2t

∂

∂x
, X5 = u

∂

∂u
, X6 = t

∂

∂t
−

1
2
xu

∂

∂u
, X∞ = γ(x, t)

∂

∂u
.

5.2. Two-dimensional heat equation [19]
We use a Lie symmetry group generator and a generalized form of Manale’s formula for solving

second order ordinary differential equations, we determine new symmetries for the two dimensional heat
equations. The two dimension heat equation is given

ut − uxx − uyy = 0,

in which u is dependent variable and t, x are independent variables. The infinitesimal generator is

X = ε(x,y, t,u)
∂

∂x
+ϕ(x,y, t,u)

∂

∂y
+ µ(x,y, t,u)

∂

∂t
+ ζ(x,y, t,u)

∂

∂u
, (5.25)

where X[2] is the second extended operator of X given by

X[2] = X+ ζ(x)
∂

∂ux
+ ζ(y)

∂

∂uy
+ ζ(t)

∂

∂ut
+ ζ(xx)

∂

∂uxx
+ ζ(yy)

∂

∂uyy

+ ζ(tt)
∂

∂utt
+ ζ(xy)

∂

∂uxy
+ ζ(xt)

∂

∂uxt
+ ζ(yt)

∂

∂uyt
,

with the symmetry condition

X[2](ut − uxx − uyy) |(uyy=ut−uxx)= 0, (5.26)
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then we get
ζ(t) − ζ(xx) − ζ(yy) |(uyy=ut−uxx)= 0,

where

ζ = fu+ g, (5.27)

ζ(x) = Dx(ζ) − uxDx(ε) − utDx(µ) − uyDx(ϕ)

= Dx(fu+ g) − uxDx(ε) − utDx(µ) − uyDx(ϕ)

= gx + ufx + ux(f− εx) − utµx − uyϕx,

ζ(xx) = Dx(ζ
(x)) − uxxDx(ε) − uxtDx(µ) − uxyDx(ϕ)

= Dx(gx + ufx + ux(f− εx) − utµx − uyϕx) − uxxεx − uxtµx − uxyϕx

= gxx + uxfx + ufxx + uxfx + uxxf− uxεxx − uxxεx − uxtµx − utµxx (5.28)
− uyϕxx − uxyϕx − uxxεx − uxtµx − uxyϕx

= gxx + ufxx + ux[2fx − εxx] − uyϕxx − utµxx + uxx[f− 2εx] − 2uxyϕx − 2uxtµx,

ζ(t) = Dt(ζ) − utDt(ε) − uyDt(ϕ) − utDt(µ)

= Dt(fu+ g) − uxDt(ε) − uyDt(ϕ) − utDt(µ) (5.29)
= utf+ uft + gt − uxεt − uyϕt − utµt = gt + uft + ut[f− µt] − εtux − uyϕt,

ζ(y) = Dy(ζ) − uxDy(ε) − uyDy(ϕ) − utDy(µ) = gy + ufy + uy[f−ϕy] − uxεy − utµy,

ζ(yy) = Dy(ζ
y) − uxyDy(ε) − uyyDy(ϕ) − uytDy(µ)

= gyy + ufyy + uyfy + uyfy + uyyf− uyϕyy − uyyϕy

− uxεyy − uxyεy − utµyy − uytµy − uxyεy − uyyϕy − uytµy (5.30)
= gyy + ufyy + uy[2fy −ϕyy] − uxεyy − utµyy + uyy[f− 2ϕy] − 2uxyεy − 2uytµy.

Now substituting Eqs. (5.29), (5.28), (5.30) in Eq. (5.26) and using heat equation to replace uyy by ut−uxx
yields

gt + uft + ut[f− µt] − εtux − uyϕt

= gxx + ufxx + ux[2fx − εxx] − uyϕxx − utµxx + uxx[f− 2εx] − 2uxyϕx − 2uxtµx
+ gyy + ufyy + uy[2fy −ϕyy] − uxεyy − utµyy + (ut − uxx)[f− 2ϕy] − 2uxyεy − 2uytµy,

more simplifying the equation above yields

(gt − gxx − gyy) + u(ft − fxx − fyy) + ut(−µt + µxx + µyy + 2ϕy)

+ ux(−εt + εxx + εyy + 2fx) + uy(ϕyy −ϕt +ϕxx − 2fy)
+ uxx(2εx − 2ϕy) + uxy(2ϕx + 2εy) + 2uxtµx + 2uytµy = 0,

separating coefficients in Eq. (5.30) we get

C : gt − gxx − gyy = 0,
u : ft − fxx − fyy = 0, (5.31)

ut : µt − µxx − µyy − 2ϕy = 0, (5.32)
ux : εt − εxx − εyy + 2fx = 0, (5.33)
uy : ϕt −ϕxx −ϕyy + 2fy = 0, (5.34)

uxx : εx −ϕy = 0, (5.35)
uxy : ϕx + εy = 0, (5.36)

uxt : µx = 0, (5.37)
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uyt : µy = 0,

integrating Eq. (5.37) with respect to x we get

µ = α(t),

since µxx = 0 and µyy = 0, then from Eq. (5.32) we get

ϕ =
1
2
αty+β(x, t), (5.38)

differentiating Eq. (5.38) with respect to x and y twice yields

ϕxx = βxx(x, t), ϕyy = 0.

Differentiating Eq. (5.38) with respect to t and y we get

ϕtt =
1
2
αtty+βt(x, t), ϕy =

1
2
αt.

Substituting ϕy into Eq. (5.35) yields

εx =
1
2
αt, (5.39)

integrating Eq. (5.39) we get

ε =
1
2
αtx+ γ(y, t), (5.40)

differentiating Eq. (5.40) with respect to t we get

εt =
1
2
αttx+ γt(y, t).

Differentiating Eq. (5.40) with respect to x and y twice yields

εxx = 0, εyy = γyy(y, t).

Differentiating Eq. (5.36) with respect to x and y, respectively we get

ϕxx = 0 = βxx(x, t), εyy = 0 = γyy(y, t), (5.41)

integrating Eq. (5.41) twice yields

β(x, t) = B1x+B2, γ(y, t) = B3y+B4.

Substituting εt, εxx, εyy into Eq. (5.33) we obtain

1
2
αtt(t)x+ γt(y, t) + 2fx = 0,

then
fx =

−1
4
αttx−

1
2
γt(y, t), (5.42)

integrating Eq. (5.42) with respect to x yields

f =
−1
8
αttx

2 −
1
2
γt(y, t)x+ δ(y, t).
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Substituting εt, εxx, εyy into Eq. (5.34) we obtain

f =
−1
8
αtty

2 −
1
2
βt(x, t)y+ κ(x, t). (5.43)

From Eqs. (5.43) and (5.42) we obtain

f = −
1
8
αttx

2 −
1
8
αtty

2 −
1
2
γt(y, t) −

1
2
βt(x, t)y+ κ(x, t) + δ(y, t). (5.44)

Differentiating Eq. (5.43) with respect to t and twice with respect to x and y we get

ft = −
1
8
αtttx

2 −
1
8
αttty

2 −
1
2
γtt(y, t) −

1
2
βtt(x, t)y+ κt(x, t) + δt(y, t), (5.45)

fxx = −
1
4
αtt + κxx(x, t), fyy = −

1
2
αtt + δyy(y, t), (5.46)

substituting Eqs. (5.45) and (5.46) into Eq. (5.31) yields

−
1
8
αtttx

2 −
1
8
αttty

2 −
1
2
γtt(y, t) −

1
2
βtt(x, t)y+ κt(x, t) + δt(y, t) +

1
2
αtt − δyy(y, t) − κxx(x, t) = 0. (5.47)

Splitting Eq. (5.47) we get

αttt(t) = 0, (5.48)
κxx(x, t) = 0, (5.49)
δyy(y, t) = 0, (5.50)
κt(x, t) = 0,
δt(y, t) = 0,

integrating with respect to t, x, y in Eqs. (5.48), (5.49), (5.50), respectively yields

α(t) =
1
2
B5t

2 +B6t+B7, κ(x, t) = B8x+B9, δ(y, t) = B10y+B11.

Since
µ = α(t),

then
µ =

1
2
B5t

2 +B6t+B7.

Substituting αt(t) and γ(y, t) into Eq. (5.40) we obtain

ε =
1
2
B5xt+

1
2
B6x+B3y+B4.

Substituting αt(t) and β(x, t) in Eq. (5.38) we get

ϕ =
1
2
B5yt+

1
2
B6y+B1x+B2.

Since

αtt = B5, γt(y, t) = 0, βt(x, t) = 0, κt(x, t) = B8x+B9, δt(y, t) = B10y+B11,

then the Eq. (5.44) becomes

f = −
1
8
B5x

2 −
1
8
B5y

2 +B8x+B9 +B10y+B11.
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Now we put β1 = 1
2B5, β2 = 1

2B6, β3 = B7, β4 = B3, β5 = B4, β6 = B1, β7 = B2, β8 = B8, β9 = B10,
β10 = B9 +B11. Then we get infinitesimals:

µ = β1t
2 + 2β2t+β3, ε = β1xt+β2x+β4y+β5,

ϕ = β1yt+β2y+β6x+β7, f = −
1
4
β1(x

2 + y2) +β8x+β9y+β10.
(5.51)

From Eq. (5.27), then ζ becomes

ζ = −
1
4
uβ1(x

2 + y2) +β8xu+β9yu+β10u+ g.

Since the generator X in Eq. (5.25) is

X = ε(x,y, t,u)
∂

∂x
+ϕ(x,y, t,u)

∂

∂y
+ µ(x,y, t,u)

∂

∂t
+ ζ(x,y, t,u)

∂

∂u
,

substituting infinitesimals Eq. (5.51) in generator X yields

X =

(
t2 ∂

∂t
+ xt

∂

∂x
+ ty

∂

∂y
−

1
4
u(x2 + y2)

∂

∂u

)
β1 +

(
2t
∂

∂t
+ x

∂

∂x
+ y

∂

∂y

)
β2 +

∂

∂t
β3

+β4y
∂

∂x
+β5

∂

∂x
+ xβ6

∂

∂y
+β7

∂

∂y
+β8xu

∂

∂u
+β9yu

∂

∂u
+β10u

∂

∂u
+ g

∂

∂y
,

therefore the symmetries are given by

X1 =
∂

∂t
, X2 =

∂

∂x
, X3 = y

∂

∂x
,

X4 = x
∂

∂y
, X5 =

∂

∂y
, X6 = xu

∂

∂u
,

X7 = yu
∂

∂u
, X8 = u

∂

∂u
, X9 = t2 ∂

∂t
+ tx

∂

∂x
+ ty

∂

∂y
−

1
4
u(x2 + y2)

∂

∂u
,

X10 = 2t
∂

∂t
+ x

∂

∂x
+ y

∂

∂y
, X∞ = g

∂

∂y
.
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