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Abstract

In this research, we have studied how to obtain Lie point symmetries of a partial differential equation (PDEs) of second
order. We have also studied some PDEs’ applications as one-dimensional and two-dimensional heat equations. We have used
Manale’s formula for solving second-order ordinary differential equations to determine new symmetries. Burgers equation has
been studied, and Lie point symmetries have been obtained for these equations.
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1. Introduction

More than a century ago, the Norwegian mathematician Sophus Lie put forward many of the funda-
mental ideas behind symmetry methods. The Lie symmetry method is a modern approximated method
of solving of DEs and The Lie symmetry method (LSM) is efficient technique to find the approximate
solution for ODEs and PDEs which describe different fields or science, physical phenomena, engineer-
ing,mechanics and so on. Sophus Lie (1872): develop DE invariant of continuous groups transformation.
Hermann (1928) coined the term “Lie group”, Bluman and Kumei (1989): dealt with symmetries and DEs,
Hydone (2005): solved some DEs using Lie symmetry, Laheeb Muhsen (2015): develop the Lie symmetry
analysis, especially Lie group analysis method to classify higher-order DDEs to solvable Lie algebra. So
Lie symmetry method is necessary to obtain exact solutions or numerical solutions for partial differential
equations (PDEs). During last few decades several analytical numerical and semi-analytical methods have
been used for solving PDEs [4-6, 14-18]. In this paper we consider the symmetry analysis as presented in
the books of Bluman, Kumei, Ibragimov and Anco [8, 9, 13]. We present the Lie symmetries of first-order
PDEs and we find the Lie symmetry of Burgers equation [12] and finally we find the Lie symmetries of
one-dimensional and two-dimensional heat equations.
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2. Scalar PDEs with two dependent variables

Definition 2.1 (Point symmetry of PDE [12]). Consider PDEs with one dependent variable u and two
independent variables x and t. A point transformation is called diffeomorphism

X=(xtu)— (&(xtu),txt,u),axtu),
this transformation maps the surface u = u(x, t) to the following surface

£ =%(xtulxt)), t=1t(xtu(x1t), U=10(xtu(xt), (2.1)

to calculate the extend of the generator of a given transformation, we should find the derivatives of (2.1)
with respect to each x and t. We introduce the following total derivatives

Dx - ax +uxau ‘i‘uxxauX +uxtaut +--, Dt - at +utau ‘i‘uxtaux +uttaut +

Now if the jacobian

J

' Dx #0, when u=u(x,t), (2.2)

2 Dyt
D& Dyt

then the first two equations of (2.1) may be inverted to give x and t in terms of % and t. If Eq. (2.2) holds
then the last equation of (2.1) becomes

=10%1), (2.3)
now by using chain rule to (2.3), we get
Dyt ] [ Dyk Dyt ][ g
Dt | | Dk Dyt |7

now by Cramer’s rule we find the transformation of the first derivatives

=70 o | “=7| o ot | e
now if 1, any derivative of {t with respect to % and , then
ws= 5= o ot |+ 8= 7| o o @)
Now we find the transformation of second derivatives
Xz Dyt | . 1| Dx® Dyl | . 1| Dyt Dyt 1| Dx® Dyl
Uiz = 5 ‘ Ditty Def |7 "7 ]| Dex Dyt |7 T g ‘ Ditt; Dt |~ ‘ Dk Difig ‘
Since
g + 0l = 83 (g +uuy),
so the point transformation holds the symmetry condition
U; + 00 =lgx  when Uy + Uty = Uyxy.
Definition 2.2 (Point symmetries Of nth order PDE [12]). Consider
f(x,t,u,ux, ug,...) =0, (2.6)

the point transformation X is a point symmetry of (2.6) if

f(%, 1,1, Ug,14,...) =0, when (2.6) holds.
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We seek point symmetries of the form
R =x+Ae(x, t,u) + O(A?), T=t+Au(x,t,u)+ 0\, U =u+A(x,t,u)+ 0.
In analogy with ODEs we define 1i; and 1i; as
g = uy + AL (x, t, W, Uy, e ) + 0(A?), U =ug + AV (x, 1, Uy, Ug) + O(A2).

Now by using (2.4) we find iy and {1, as follows

D% Dyl 1+ADy(€) + O(A%) uy +ADy(T) +O(A?)
. D% Dl AD¢(e) + O(A%)  u¢ +AD¢(t) + O(A?)
Uy = ~ - 7
T Dk Dyt 1+ADy(e) +O(A2)  ADy(n) + O(A2)

we ignore terms of (A%) or higher, we arrive to

Qo= +AD¢(C) + AuDy () —MuyDe(e) + O(A?)  ug + A [D(Q) +uDy(€) —uyDe(e)] + O(A?)
t 1+ AD¢ (1) + ADx(€) + O(A2) B 1+ A D¢ (1) + Dy(e)] + O(A2) ’

since
Uy = w + A (1, w1y, 1) + O(A),
then
we + A [De(Q) +ueDx(e) —uxDi(e)] + O(A?)
1+ A [De(p) + Dx(e)] + O(A2) ’

U + 7\C(t) (X/ t/ u, Uy, ut) + 0(7\2) -
this leads to

U + A [De(2) +ueDy(e) —uxDe(€)] + O(A?) = (1+A[De (1) + Dx(e)] + O(A?)) (e +Ag)

) (2.7)
= Ut + wWAD¢ (1) + wADy (€) + A + 0(A2),
by simplifying the Eq. (2.7) more yields

AD(0) + wiDx(€) —uxDi(e) —uDi(p) —wDx(e)] =AY,

SO we obtain
C(t)(xl t/u/uxrut) - Dt(C) _uXDt(e) _UtDt(H)

In the same way we obtain

C(X)(X,t,u,uX,Ut) = DX(C) _uXDX(e) _utDX(H)/

then

0¢ duoc de duoe op duop
() _ [ 96 96 oe g€ _ o o
¢ (at+dtau> ux<6t+dt6u> ut(at+dtau
= (Gt +welu) — Ux(er +urey) —we(pe + Uepty) = G — €xtx + (Cu — He) Ut — Eulix e — fy (UF),

SO

(M = G — eruy + (Gu — podue — enttouy — o (W7), (2.8)

0C duoac de duode oL duop
) (252 2205 R Ehehadhl R e ke
¢ <6x+dxau> ux(ax+dxau> ut<8x+dxau

and
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- (Cx +uXCu) _ux(ex +uxeu) _ut(ux +uxuu)

= G+ (Gu— ex)tte — pixute — ey (U3) — Butxtiy,
SO
¢ = G (Gu— ex)ux — Bt — ey (U3) — Bl (2.9)
Now by using (2.5) the transformation is extend to higher-order derivatives frequently, assume that
n = un + A 4+ 0(A2),

where

B ah1+hzu ah1+h2ﬁ

LL = Ty ﬂ 57/\
T axhiathe’ M T prhupthe’

for some h; and hy, then

Tng = Unyx + A +O(A2), g = une + A +0(A2),

from Eq. (2.5)

Dyt Dyt Unx +ADx(CM) + O(A2)  ADx(n) + O(A?)
o _ 1 Dt Dit | [ une £AD(CM) +0() 1+ADi () + O(A)
T DR Dt 1+ ADy(e) + O(A2)  ADy(p) +O(A2)

D¢k D AD¢(e) + O(A2) 14 AD¢(p) + O(A2)

_ Uhx + )\uhth(u) — )\uhth(H) + O()\z)
- 1+ A(De(w) +Dx(e)) +0O(N) 7

since
Ting = Unx + A £ O(A2),

then
i + Anx Dt (1) + ADx (6M) = At D () + O (W) = (1+A(De(w) + Dx(€))) (wnx +A¢M) + 0(A)

= Uny + Muny D (1) + Auny Dy (€) + A 4 0(A2),

then
Unx + Atk D () +ADx (C™) = Mt Dy (1) — wnx — Auny D (1) — Auny Dy (€) = AL,
then
A (Dx(¢™) —unxDx(€) —uneDx () =A™,
SO

¢ = Dy (C") — unx Dy (€) — uni Dy (1)

In the same way
(M) = D (M) — unxDi(€) — uneDe ().

We introduce the infinitesimal generator X

X = €ax + H.at + Cau
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The infinitesimal generator is extend to derivatives by adding all terms of the form ¢(™)9,, up to the
desired order, the first extension as

x1 = x + C(X)auX + C(t)aut,
is a point symmetry of f(x,t,u, uy, uy,...) = 0 if Lie’s symmetry condition
XWf ¢
and the second extension X?! of the operator X is
x2 — xl + C(xx)auxx + C(xt)auXt + Cttautt/

is a point symmetry of f(x,t,u, uy, ug,...) = 0 if Lie’s symmetry condition X2t |4_y and the extended
transformations are given as

C(XX) = DX(C(X)) _uXXDX(e) _uxtDX(l’L)r

C(Xt) = Dt(C(X)) —UyxxD¢(e) — uxtDt(H);

and
C(Xt) = Dx(C(t)) —UxtDx(€) —uee D (),
(M =D (V) = Di(e) —uee D (W),

now we expand ¢¥¥)),(*%)) and ¢(*V)), we get

() = Cox + (200 — €x )t — Bt + (Cun — 2650 )ud
— 2Uxu Uy Uy — euuui — uuuuiut + (Cu — 2ex ) Uxx (2.10)
— 2y Uyt — 3€u Uy Uyx — Hu Ut Uxx — 2yl Uxt,

¢ = Cup 4 (Cew — extJUx + (Gxaw — Mt JUg — €tuu3<
+ (Gun — €xu — Bt Ut — e Uf — €y U3 Ut — €yl Uf (211)

— €tUxx — EuUilUxx + (Cu — €x — Ht)uxt — 2 Uy Uyt — 26 UtUyt — ExUtt — €Uy Utt,
tt
MY = Gy — eruy + (2Ctu — €Uy — 2€ Uy Ut
2 2 3
+ (Cuu — zlltu)ut — €EuuUxUf — Hyuly — 2€ Uyt (2-12)

—2ey Wity + (Cu — 2 Uit — €Uy Uer — Sy Ui Uy,

Definition 2.3 (Lie algebra, [20]). A Lie algebra L is a vector space V of operations X = Eia%i over a field
(real or complex) together with a binary operator [,] : V x V — V with the following properties:

Anti-symmetry/Anti-commutativity /skew-symmetry
[Xll XZ] = - [XZI Xl]/

for all X;,X, € L.

Bilinearity
X1, aXo 4+ BX3] = Xy, Xol + B[X1, X3l and  [aXg + BX2, X3] = «[Xq, Xa] + B[X2, X3],

where «, 3 are constants, for all X1, X», X3 € L.
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Jacobi Identity
[[Xll XZ]/ XS] + [[XZ/ X3]1 Xl] + [[XSI Xl]/ XZ] = 01

for all X1, X5, X3 € L, where
0
Xi:E,i , 121,2,...,1’1.
aXi
For example, [X1, Xo] = X1X2 —X2X; is also an element of L, so [.,.] is called the Lie bracket or commutator
of L.

Definition 2.4 ([9]). Let X; = E'Saixs and Xj = nsaixs, 1,j=1,...,rand s = 1,...,n be two infinitesimal
generator. The commutator [Xj, X;] of X; and Xj is the first order operator

L. on %, d
X, Xi] = XiX; — X; X; = <a S > .
VRS 17N J™M g; maxm nmaxm aXS

Definition 2.5 ([20]). Lie groups G is a smooth manifold and a group such that the multiplication
p: G x G — G is smooth. The inversion 0 : G — G is also smooth.

Definition 2.6 ([11, 20]). A finite set of infinitesimal generator X;, Xy, ..., X, is said to be a basis for the
Lie algebra L if X; € L and

e X1,X2,..., X, form a basis of the vector space;
o [Xi, Xj] = cijrXk.
The coefficients ciji are called the structure constant of the Lie algebra, 1,j, k =1,2,...,1.

Theorem 2.7 (Second fundamental theorem of Lie, [9]). Any two infinitesimal generators of an r-parameter
Lie group, satisfy commutation relation of the form [Xi,X;] = cijxXk, where i,j,k = 1,2,...,7. Provided the
infinitesimal generators span the Lie algebra associated with the Lie group, all real (or complex) linear combinations
of the Xi will also obey commutation relations and the Jacobi identity associated with the Lie algebra. That is, the
given infinitesimal generators X1,Xa, ..., Xy form a basis for the Lie algebra.

Theorem 2.8 ([13]). A function F(x) is an invariant under the Lie group of transformation if and only if XF(x) =0,
where X is an infinitesimal generator.
3. Lie symmetry first-order PDEs [12]

Consider the PDE
ue =1, (3.1)

we determine the symmetries of Eq. (3.1). Using Theorem 2.8
X lr—0=0,

where
f=uy — ui =0,

and X is the second-order extended of

0 0 0
X=€ex,tu)—+ulxtu)——+q(x,tu)—,

0x ot ou
namely,
0 0 0 0 0 0 0 0
2] _ .Y el e (x) (t)_~ (xx) (xt) (tt)
X eax+uat+Cau+C au,ﬂLC aut-l-C auxx—i-C auXt—FC I
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Hence we solve

0 0 0 0 0 0 0
el i el (x)_Y (t)y_~¥ (xx) (xt)
e ot T T e T e T s T
so we get
(Y =2uy,

we can expand the Eq. (3.2) by using the Egs. (2.8) and (2.9)

Ct — €ty + (Cu — ) Uy — Eyly Uy — Huu% = 2uy (Cx + (Cu — ex)ux — By — euui - Huuxut) ’

now replace u2 by u; we get

more simplification we get

Gt — (e + 20 Jux + (—Cu — e + 2€x)u3< +(eu + pr)ui + Uuui =0,

+ctY

) (ut - ui) i =u2=0,

(3.2)

2),

Ct — €ty + (Cu— lit)ui - €uuxui - Huui = 2uy (Cx + (Cu— ex)ux — HxUy — €yl — My Ux Uy

(3.3)

then for Eq. (3.3) to be satisfied requires setting the coefficient of u, to zero we are left with the system of

determining equations

Gt =0,

€t +20x =0,
Cu+ 1t —2ex =0,
€u+2u =0,

ty =0,

we begin by solving Eq. (3.8) by integration both side we get
n=a(x,t),

where o is an arbitrary function.
Now integrating equation (3.7) with respect to u and substituting

Wx = OCX(X, t)/

we get
€ = 2o0u+ B(x,t),

then
€x = —20xx U+ BX(XI t).

From equation (3.6)
Cu = 2€x — M,
substituting Eq. (3.11) into Eq. (3.12) we get

Cu = —4ou+ 2P (x, 1) — e (x, 1),
now integrating Eq. (3.13) with respect to u we get
(= 200U 4+ (2Bx — g )u+v(x, 1),
for some functions 3 and y. Since

et = —206tu+ Be(x, t),

(3.4)
(3.5)
(3.6)
(3.7)
(3.8)

(3.9)

(3.10)
(3.11)

(3.12)

(3.13)
(3.14)

(3.15)
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Ux = 2000 + (2Bxx — Ot U+ Y (%, ), (3.16)
Gt = 2000t + (2Bt — o) U+ Ve (x, ), (3.17)

now by substituting Egs. (3.15), (3.16), and (3.17) into Egs. (3.4) and (3.5) we get
20014 B (X, 1) — 40octt? + 2(2Brxx — Xyt ) U+ 2y (X, 1) =0,
more simplifying we get
—40to U 4 Brx — ot )+ Br(x, 1) +2yx(x, 1) = 0. (3.18)
Substituting Eq. (3.17) in to Eq. (3.4) we get
—20txxt U + (2Bxt — g )u+ve(x, 1) =0, (3.19)

such that «,3 and y are independent of u. Now splitting Eq. (3.18) and (3.19) with respect to the power
of u we get

Yt =0, (3.20)
Pxx —oxt =0, (3.21)
2Byt — ¢t =0, (3.22)
Bt +2yx =0, (3.23)
xxx =0, (3.24)
axxt =0, (3.25)
integrating Eq. (3.20) we get
Y = B1(x). (3.26)
From equation (3.23)
Belx, t) = —2yx(x, 1), (3.27)
then integrating equation (3.27) with respect to t we get
B(x,t) = —2B1 (x)t + Ba(x). (3.28)
From Eq. (3.22) we get
ot = —4B{ (x), (3.29)

by integrating Eq. (3.29) twice with respect to t we get
& = —2B{'(x)t? + B3(x)t + B4(x), (3.30)
where By, By, Bz and By are function of x. From Eq. (3.26), (3.28), and (3.30) we can find

Kxxx = *2B{IIII(X)t2 + Béﬁ(x)t + Bzill(x)r Kxxt = *4B{W(X)t + Bé/(X),

Bxx = —2B1"(x)t + BJ/ (x), oxt = —4B{" (x)t + B4(x), (331)
now substituting Eq. (3.31) in to Eq. (3.21), (3.24), and (3.25) we get
2B/t +B)(x) —B4(x) =0, —2B]""(x)t?4+ By’ (x)t+ B, (x) =0, —4B{”(x)t+B(x) =0,
equating powers of t and solving the resulting ODEs we get
B{" =0, (3.32)

By — B4 =0, (3.33)
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=0, (3.34)
B,/ =0, (3.35)
we begin by solving Eq. (3.32) to obtain
1
Byi(x) = §c1x2 + cox + ca. (3.36)
From Egs. (3.33), (3.34), and (3.35) we obtain
Br(x) = %04x2 + cex + ¢y, (3.37)
Bs(x) = cqx + cs5, (3.38)
1
By(x) = ECSXZ + cox + c1p. (3.39)

Now we put 31 = 5, B2 = 3¢, Ba = ¢4, B5 = ¢5, Bs = 6, B7 = 7, fs = 3, B9 = ¢y, and P19 = c19, where
B1,...,B10 are arbitrary constants. Then the equations (3.36), (3.37), (3.38), and (3.39) become

Bi(x) = B1x* +2B2x + B3, Ba(x) = %ﬁz}xz +Bex+ Bz, Bs(x) = Bax+Ps, Bal(x) = Psx* + Box + B1o.

So the Egs. (3.9), (3.10), and (3.14) become

= —4pxt — 2Bt + [54( X% —2tu) + Bex + Br — 4Psxu — 2o,

b= —4B1t* + Baxt + Bst + Bsx” + Box + B1o, (340)
¢ = B1x* + Box + B + Paxu — Bsu + 2Bsu — 4Bsu’.
Now we determine the symmetry of the Eq. (3.1). Since the generator
X = ei + ug Ci, (3.41)

ox ot ou
substituting the infinitesimal (3.40) into Eq. (3.41) we get

0 0 0 0 0 0 0
X = —4[31xt —2[52t— + [34( x? —2tu)— + [567(— + [57— —4[58xu— —2[59ua

0x
a a 0 0 a a a 0
— 4B1t2* + f54xt* + BS‘C* + [38X =~ + f59X + Blo + B1x?—— + f33

a a 0 0
+ Baxu— — f55u +2[36u7 —4Bgu’ —
ou ou’

By Theorem 2.8, the Lie algebra of Equation (3.1) is spanned by the following infinitesimal generators
corresponding to each 3;

0 0 0
1=30 2= 3 Xs—a,
Xy = —4xt% —49% + 2%,
X5 *—Zta—ax —|—xaa ,
X = (§x2—2tu)a—+xt%+xua ,
Xyztg—u 9
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0 0
Xg—xa +2u$,
0 5 0 , 0
= — S Y
Xo 4xuax+x 5t uw P
0 0
X10 = —Zu& +Xa.

4. Lie symmetry of Burgers equation

Burgers’ equation is a fundamental partial differential equation occurring in various areas of applied
mathematics, such as fluid mechanics, nonlinear acoustics, gas dynamics, traffic flow. The equation was
first introduced by Harry Bateman in 1915 [7, 21] and later studied by Johannes Martinus Burgers in 1948
[10], therefore, it is necessary to find the Lie point symmetry of that equation.

In this section we will consider the one-dimensional Burgers equation to be the nonlinear parabolic
PDE

Ut + Ul = Uxx, (41)

now we determine the linearized symmetry condition for Eq. (4.1) then by using Lie’s invariance condition
is
X2 =0,

where
f = Ut + Uy = Uyy,

and X! is the second-order extended of

0 0 0
X=¢€ex,tu)—+ulxtu—+qxtu)—,

ox ot ou
namely
0 0 0 0 0 0 0 0
X2 — e el il (x) (t_= (xx) (xt) (tt) ,
xR T T o T w7 dum O um O du
then the linearized symmetry condition for Eq. (4.1) is
¢V ™ 4= (4.2)

Substituting Eq. (2.8), (2.9), and (2.10) into equation (4.2) we get

Gt — €ty + (G — )Wt — Cultx i — R 4+ Uy + 1( Gy — €x)Ux — Wby Ug — ey U2 — Upy UF + Uy C

= Cxx + (ZCxu - Cxx)ux — HxxUt
+ (Cuu - 2Cxu)u—i - zuxuuxu—t - Cuuui - Huuuiut + (Cu - Zcex)u—xx

- Zuxuxt - 3€uuxuxx — HulUtUxx — Zp-uuxuxt/

(4.3)

now we choose the highest-order derivative terms in (4.3) have a factor u,¢
_Zuxuxt - Zlvluuxu—xt = O/
this leads to
Hx =ty =0.
Now we replace u,x by the left-hand side of Eq. (4.1) and removes many terms from Eq. (4.3) containing

tx and p¢. So the remaining terms are

Ci—€etlx + (o — pe)ug — Guttatte +W(x + (Cu — €x )iy — €412 ) +Ux( »

= Cxx + (20xu — exx)ux + (Cuu - 2€xu)ui - €uuu§< + (Cu —2ex — 3€uux)(ut + qu)/
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we choose the terms multiplied by uy, then we get
(Cu = He)ue — eutxuy = (Gu — 2ex — ey uy]uy,
so we determine equations:
Cu—uy =0, ey =0, Cu —2ex —3eyuy =0. (4.5)

We solve Eq. (4.5), this leads to
= Jmctalt)

for some arbitrary function «. From equation (4.4) we obtain
Cuu —26xu =0, eyu =0,
since
exu =0,

then
Guu =0, (46)

by integrating both sides of Eq. (4.6) we obtain
C=Blxthu+vyxt),

where 3 and vy arbitrary function. From Eq. (4.5) we obtain

= Rx,t)t+58(x),

such that 6 is arbitrary function. by determining «, 3, Y and & we eventually arrive at the general solution

€ = B1 +tP2 4+ xPs +xtPs, = P3+2tPs + t*Ps, C=P2—ups+ (x—u¢)Ps, (4.7)

where 31, 32, B3, B4, and s are arbitrary constants. Now we determine the symmetry of the Eq. (4.1).
Since the generator

0 0
oo 48
€3r +uat+C (4.8)

substituting the infinitesimal (4.7) into Eq. (4.8) we get

0 0 0 0 0 0 0 0 0
X= Bl +tf52 +Xf54 +xtf55 +f33 +2t[34 +t2f55 +f32 uﬁ4a+(x—ut)f55a,

then for symmetries are given by

0 0 0 0 0 0 0 0 0 0
oo =g Xe=to_+ Xg=X— +2t— —u—, Xs=xt— +t2— + (x —ut)—

X1 = ot ox  ou’ ox ot ou ox | ot o’

5. Heat equation

The heat equation is a partial differential equation that describes how the distribution of some quantity
(such as heat) evolves over time in a solid medium, as it spontaneously flows from places where it is higher
towards places where it is lower. It is a special case of the diffusion equation. Using a Lie symmetry group
generator and a generalized for solving second order ordinary differential equations, we determine new
symmetries for two dimensional heat equations, leading to new solutions.
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5.1. One-dimensional heat equation [1]
The one dimension heat equation is given by

Uy — Uy = 0.
Now we determine the symmetries of the one-dimensional heat equation from invariance condition
X2t J1=9=0,
by using the extended operator
X? = €dy + 0 4 Oy + Moy, + ¢ Moy, + ¥y + Yoy, 4 oy,

and substituting
fruxx =uy,

we get
() () — ¢ (5.1)

now substituting the extended transformations equation (2.8) and (2.10) into equation (5.1) we get
Gt — etuy + (Cu — Ht)ut — EylUxUt — lluu% — Cxx — (ZCxu + €xx)ux + Hxx Wt — (Cuu + Zexu)ui
+ 2 Uy Ut + euuui + Huuuiut - (Cu + zsx)uxx + 2y Uyt + 3EuUxUxx + HuUiUxx + 2y Ux Uy = 0.

By using the heat equation to replace u,« by u; and isolating coefficients involving each power of u, and
U, Uxt, We are left with the system of determining equations

2

C: Gt—Cxx =0, Uyt —Ht — 20xu + Bxx =0, uy : —Cuu —2Mxu =0,
ui D Huu =0, Uty : 2Uy +2€xy =0, Ug: —€¢+ €xx +2Ux =0,
utui ey =0, Uty : 265 =0, UxUty . 26, =0,
ex =0, €y =0, e =0, Cuu=0.
Since
—€¢ + Exx + zux =0,
then
2ux — €t =0, (5.2)
and equations
—Ht — 2Cxu + Uxx = O/ (53)
Gt — Gxx = 0. (54)
From equation (5.2) we get
1
u= Eetx + a(t)m (5.5)

such that « is an arbitrary function of t. Since
Guu =0, (56)
then by integration equation (5.6) twice with respect to u we get

(=R thut+vy(x,t), (5.7)
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where 3 and § are arbitrary functions of both x, t. From equations (5.2), (5.5), and (5.7) we get
1
Lxx =0, Ut = §€ttX+ (Xt(t), Cxu = ﬁx(xz t)/ (5~8)
substituting equation (5.8) into equation (5.3) we get
1 1
“2Bx () —geax —ou(t) =0, —2Bx(x, 1) = Sexax + o (L),
then
Bx(x,t) = ;1(—: x—loc (t)
X 7 - 4 XX 2 t 7
we integrate both sides with respect to x, we get
— 1
Blx,t) = ?ettX2 — E(Xt(t)x +8(t), (5.9)
where 5(t) is an arbitrary function of t. Now substituting equation (5.9) into equation (5.7) yields
-1 , 1
0= (g e —sou(tx+5(t) Jutylxt), (5.10)
then from equation (5.10) we get
-1
Cxx = Zettu‘i‘Yxx(Xz t), (5.11)
1 1
Gt = <_8 e’ — E(Xtt(t)x + 5t(t)> u+vye(x,t), (5.12)
substituting the equations (5.11) and (5.12) into equation (5.4) we get
1 , 1 1
gt T S (t)x+0¢(t) | u+ve(x,t) + g St~ Yxx(x,t) =0, (5.13)
splitting equation (5.13) with respect to the powers of x and t we get
€tee =0, (5.14)
Xt = 0, (515)
1
5t(t) + 1€tt = 0, (516)
Ye(x,t) —vxx(x,t) =0,
integrating the equations (5.14), (5.15), and (5.16) with respect to t we get
€tt = Bl, (517)
€= %tz + Bot + Bg, (5.18)
ot (t) = By, (5.19)
o(t) = B4t + Bs, (5.20)
1
o(t) = _EBlt + Bg, (5.21)
substituting equations (5.17), (5.19), (56.21) into equation (5.10) we get
-1, , 1 1
(= —B1x"— =Byx—-B1t+Bg | u+v(x,1), (5.22)

8 2 4
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now put 31 = 71 Br = Bz ,B3 = B3,B4 = B4, 5 = Bs and B¢ = Bg, then the equation (5.22) and (5.18)
become

—1 1
= Bit? + 2Bt + B3, (= mezu— %xu— S Brtut Beut+v(x t).

From equation (5.18), we get
€r = Bt + By, (5.23)

substituting equations (5.23) and (5.20) into equation (5.5) we get

1 B B
= 5(Bit+Ba)x + Byt +Bs = Tlxt—i- 72X+B4t+B5 = Bixt + Box + Bat + Ps.

In the end we arrive the infinitesimal

e=PBit? + 2Bt + B3, p=Pixt+Pox+Pat+Ps, = *le u— %Xu— “Bitu+ Beu+y(x, t).
Since the generator
x=el il 2 (5.24)
o Mot T Saw :

substituting the infinitesimal in equation (5.24) we get

0 0 0 0 0
X ﬁltzf +2f52t* + f33 + let + BzX + f54t* + f55

ot
a By d d a
- f31 -5 uau - (31 Uz Beus +ylxt)o -,
therefore the symmetries are given by
2 0 0,0 1, 1.9

e =5 o =Xt e T Ty
0 0 o 1 0
= X— 2 = R = 1{— — — R 00 — , R
AR T 5= Xo=tor — MMau X Ty,

5.2. Two-dimensional heat equation [19]

We use a Lie symmetry group generator and a generalized form of Manale’s formula for solving
second order ordinary differential equations, we determine new symmetries for the two dimensional heat
equations. The two dimension heat equation is given

Ut — Uxx —Uyy =0,

in which u is dependent variable and t, x are independent variables. The infinitesimal generator is

0
+ C(XI y/ t/ 'LL) A/

- (5.25)

0 0 0
X - e(X/y/t/u)aix + @(X/y/t/u)@ + H(X/ylt/u)a

where X?) is the second extended operator of X given by

X2 Xy 0 L ew) Ow O e Oy O
ou, ouy oug Oy y Ouyy
pe 9 e 9 ey Oy O
6utt auxy auxt auyt

with the symmetry condition

X2 (g = e — yy) gy —rei—we) = 0, (5.26)
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then we get

where

¢=fu+tg, (5.27)
(") = Dy () —uxDx(€) —utDy (1) — uy Dx (o)
= Dx(fu+ g) —uxDx(€e) —utDx(n) —uyDx (o)
= gx +ufyx +Ux(f—€x) —Utlx — Uy @x,
(0 = Dy (£7)) —urx Dx(€) — Uyt Dx (1) — Uny D (@)
= Dy (gx +ufx +ux(f — €x) — Uthx — Uy @x) — Uxx Ex — Uxtlx — Uxy Ox
= gxx + UxTx + Ufyxx + UxFx + Upx T — Uy €xx — Uxx Ex — UxtHx — Ut Pxx (5.28)
T Uy Pxx — Uxy Px — Uxx €x — Uxtx — Uxy Px
= Oxx + Ufxx T Ux[2fx — €xx] — Uy @xx — Wilxx + Unx [f — 2€5x] — 22Uy @x — 2Ux iy,
('Y = D¢(¢) —ueDy(e) — Uy D) —wDi(p)
= D¢(fu+g) —uxDi(e) —uyDi(@) —uDe (1) (5.29)
= wef +ufy + gr —Uxer — Uy @t — Uiy = g +ufy +we[f — el — ey —uy @y,
(W) = Dy (¢) —uxDy(e) —uyDy (@) —utDy (1) = gy +ufy +uylf — @yl —uxey —upy,
(WY =Dy (Y) — uxy Dy (€) — uyy Dy (@) — 1wyt Dy (1)
= Gyy T ufyy T uyfy +uy fy +uyy f —uy @yy —Uyy oy
T Ux€yy — Uxy €y — Utlyy — UytHy — Uxy €y — Uyy Py — Uytly (5.30)
= gyy + ufyy +uy2fy — @yyl —Uxeyy —Uhyy + Uyy [F —20y] —2uyxy ey — 2uyipy.

Now substituting Egs. (5.29), (5.28), (5.30) in Eq. (5.26) and using heat equation to replace uyy by uy —uxx
yields

gt +ufe +ue[f — pe] — equy — Uy Pt
= gxx + Ufxx + Ux[2fx — €xx] — Uy Qxx — Wt Pxx + Uxx [f —2ex] — Zuxy Ox — 2Uxtlx
+ gyy + ufyy +uy2fy — @yyl —Uxeyy —Uihyy + (Ue —Ux ) [f —20y] —2uyyey — 2uy ey,

more simplifying the equation above yields

(gt — gxx — gyy) Fu(fy —fxx — fyy) g (—He + Hyx + Hyy +2(Py)
FuUx(—€t + exx + €yy +2fx) Fuy (@yy — @t + @xx — 2fy)
+ uxx(zex _z@y) +uxy (z@x + zey) + 2uxtux + Zuytuy =0,

separating coefficients in Eq. (5.30) we get

C:gt_gxx_gyy =0,
w:fy—fox —fyy =0, (5.31)
Ug @ e — Pxx — Hyy — 29y =0, (5.32)
Uy : €t — Exx — Eyy +2fx =0, (5.33)
Uy D @t — @xx — Qyy +2fy =0, (5.34)
Uxx (€x — @y =0, (5.35)
Uxy : @x T €y =0, (5.36)
Uyt - Ux =0, (5.37)
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Uyt - by = 0,
integrating Eq. (5.37) with respect to x we get
b= o(t),

since pxx = 0 and pyy = 0, then from Eq. (5.32) we get

1
P = Eocty + B(X/t)/
differentiating Eq. (5.38) with respect to x and y twice yields

Pxx = Bxx(x, 1), Pyy = 0.

Differentiating Eq. (5.38) with respect to t and y we get

1 1
Pt = 5%ty +Bilx,t), @y = 5%t

Substituting ¢y into Eq. (5.35) yields

integrating Eq. (5.39) we get
1
€= joux +v(y,t),

differentiating Eq. (5.40) with respect to t we get

1
€t = E‘Xttx +vi(y, t).

Differentiating Eq. (5.40) with respect to x and y twice yields

exx =0, €yy = 'Yyy(yz t).

Differentiating Eq. (5.36) with respect to x and y, respectively we get
Oxx =0 =Pxx(x,1),  eyy =0="vyyly,t),
integrating Eq. (5.41) twice yields
B(x,t) =Bix+By, 7v(y,t) =Bsy+Ba.

Substituting €, €xx, €yy into Eq. (5.33) we obtain

1
E(xtt(t)x +vily, t) +2fx =0,

then
fo = -1 _1 (y,t)
x =7y KttX ZYt y,t),

integrating Eq. (5.42) with respect to x yields
—1

1
f = ?attXZ - E’Yt (y/ t)x + 6(y/ t)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)
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Substituting €, exx, €yy into Eq. (5.34) we obtain
—1
f= ?octtyz - Eﬁt(xlt)y +k(x, t). (5.43)
From Egs. (5.43) and (5.42) we obtain
1 , 1 , 1
f= T XX — gy — Evt(y/t) - EBt(XIt)y +k(x,t) +8(y, t). (5.44)
Differentiating Eq. (5.43) with respect to t and twice with respect to x and y we get
1, 1 , 1 1
fr = g XrttXT — gy — Evtt(y,t) — Eﬁtt(x,t)y + ke (x,t) +6¢(y, t), (5.45)
fxx = _fott + Kxx (X, 1), fyy = E‘Xtt + 5yy (y, 1), (5.46)
substituting Eqs. (5.45) and (5.46) into Eq. (5.31) yields
1, 1 , 1 1 1
*g“tttx - gﬁxttty - EYtt(yrt) - Eﬁtt(X,t)y +Ke(x, 1) +¢(y, t) + E“tt —dyy(y,t) — kxx(x,1) = 0. (547)
Splitting Eq. (5.47) we get
xee(t) =0, (5.48)
Kxx (X, 1) =0, (5.49)
5yy (U/ t) = 0/ (550)
Kt (X/ t) = 0/
6t(y/ t) = 0/

integrating with respect to t, x, y in Egs. (5.48), (5.49), (5.50), respectively yields

1
aft) = 5359 +Bet+By, «k(x,t) =Bgx+Bog, 5(y,t) =By + Bq1.

Since
w=o(t),
then
= %85’(2 + Bt + By

Substituting «(t) and y(y, t) into Eq. (5.40) we obtain

1 1
= —Bsxt+ =
€ 5 5X +2

Substituting «(t) and B(x,t) in Eq. (5.38) we get

Bex + B3y + By.

1 1
Q= §B5yt + §B6y + B1X + Bz.
Since

Kt = B5/ Yt (U/t) = 0/ Bt(X/ t) = O/ Kt (X/ t) = B8X+ B9/ St(y/ t) = BlOy + Bll/

then the Eq. (5.44) becomes

1 1
f = —=Bsx?> — =Bsy? + Bgx + By + Bioy + B11.

8 8
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Now we put B1 = 1Bs, B2 = 3Bs, B3 = By, Bs = B3, B5 = By, Ps = By, B7 = By, Bs = Bs, Bo = By,
10 = Bg + B11. Then we get infinitesimals:

b= B1t® +2Bat + B3, € = Pixt+ Pox + Bay + Bs,
1 (5.51)
¢ = Pryt+ Bay + Bex + Bz, F=—7B1(x"+y7) + Bsx + Boy + Bro.
From Eq. (5.27), then ( becomes
1 2 2
€= = uP1( +y7) + Bexu + Boyu + Brou +g.
Since the generator X in Eq. (5.25) is
X = €6yt )+ 06 b W)+ Y, )+ oy, )
=€ex,y,Lu)— XYy, Lu)— XYy, Lu)— XYy, Lu)—,
Yt Wg Tem Y LG, TR R e Yt WaL
substituting infinitesimals Eq. (5.51) in generator X yields
0 0 o 1 0 0 0 0
X=(t— +xt—+ty— —-ulx*+ (2t +x— + +
( ot T TWay T ( U) B1 ot T ox TYay P2 t(53
0 0 0 0 0 0 a 0
+Bayy + By x 6674‘577"‘687( +Boyug -+ Prouz -+ 97
x u u dy’
therefore the symmetries are given by
0 0 0
X — A X — N 7 X - N/
T 27 ax 37V
0 0 0
Xy =%x—, X5 = —, X = xu—,
4 oy > oy 6 ou
X7 =yu— ngui X9 :t23 +tx— +ty— — - u(x* +y?)
i ou’ ot ox dy 4 ou’
0 0 0 0
X0 =2t +x—+ Xoo = g5
ot “ox Yoy’ =~ 93y
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