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Abstract
In this paper, we will prove some new fractional dynamic inequalities on time scales of Opial’s type. The results will be

proved by employing the chain rule and Hölder’s inequality on fractional time scales. As a special case of our results, when
α = 1, we will obtain several well-known dynamic Opial inequalities on time scales.
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1. Introduction

In 2001, Bohner and KaymakÇalan [9] proved some dynamic inequalities of Opial type on time scales.
One of the inequalities proved in [9] is given by∫a

0
|y(t) + yσ(t)|

∣∣y∆(t)∣∣∆t 6 a ∫a
0

∣∣y∆(t)∣∣2∆t,
where y : [0,a] ∩ T→ R is delta differentiable with y(0) = 0. Also Bohner and KaymakÇalan in [9]
proved that if p and q are positive functions on [0,b]T,

∫b
0 (∆t/p(t)) < ∞, q is non-increasing, and

y : [0,b]∩T→ R is delta differentiable with y(0) = 0, then∫b
0
qσ(t)

∣∣(y(t) + yσ(t))y∆(t)∣∣∆t 6 ∫b
0

∆t

p(t)

∫b
0
p(t)q(t)

∣∣y∆(t)∣∣2∆t. (1.1)

Karpuz et al. [17] replaced qσ(t) with q(t) and proved an inequality similar to (1.1) of the form∫b
a

q(t)
∣∣(y(t) + yσ(t))y∆(t)∣∣∆t 6 Kq(a,b)

∫b
a

∣∣y∆(t)∣∣2∆t,
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where q is a positive function on [a,b]T, y : [a,b]∩T→ R is delta differentiable with y(0) = 0, and

Kq(a,b) =

(
2
∫b
a

q2(u)(σ(u) − a)∆u

)1/2

.

Wong et al. [33] and Srivastava et al. [31] proved that if q is a positive and non-increasing function on
[a,b]∩T, then ∫b

a

q(t) |y(t)|λ
∣∣y∆(t)∣∣γ∆t 6 γ

λ+ γ
(b− a)λ

∫b
a

q(t)
∣∣y∆(t)∣∣λ+γ∆t, (1.2)

where y : [a,b] ∩T→ R is delta differentiable with y(a) = 0. Saker [24] generalized (1.2) and proved
some new dynamic inequalities with two weighted functions p and q. In particular, he proved that if p
and q are nonnegative functions on [a,b]T such that∫b

a

p−1/(λ+γ−1)(t)∆t <∞,

and y : [a,b]∩T→ R is delta differentiable with y(a) = 0, then∫b
a

q(t) |y(t)|λ
∣∣y∆(t)∣∣γ∆t 6 K1(a,b, λ,γ)

∫b
a

p(t)
∣∣y∆(t)∣∣λ+γ∆t,

where

K1(a,b, λ,γ) =
(

γ

λ+ γ

) γ
λ+γ

(∫b
a

(q(t))(λ+γ)/λ

(p(t))γ/λ

(∫t
a

p
−1

(λ+γ−1) (s)∆s

)(λ+γ−1)

∆t

) λ
λ+γ

.

In recent years, some authors studied the fractional inequalities by using the fractional Caputo and
Riemann-Liouville derivative, we refer to the papers [7, 15, 34] for these results. In [1, 18] the authors
extended the calculus of fractional order to conformable calculus. Recently, some authors have extended
classical inequalities by using conformable fractional calculus such as Opial’s inequality [27, 28], Hermite-
Hadamard’s inequality [13, 19], Chebyshev’s inequality [5], and Steffensen’s inequality [29].

Our aim in this paper is prove some new fractional dynamic inequalities of Opial’s type on time scales
which contain the classical Opial dynamic inequalities proved in [24]. The paper is divided into two
sections. Section 2 is an introduction of basics of fractional calculus on time scales, and Section 3 contains
the main results.

2. Preliminaries and basic lemmas

In this section, we present the basics of fractional calculus on time scales that will be needed through-
out the paper. The results are adapted from [6, 11, 12, 21]. A time scale T is an arbitrary nonempty closed
subset of the real numbers R. We assume throughout that T has the topology that it inherits from the
standard topology on R. We define the forward jump operator σ : T→ T, as

σ(t) := inf{s ∈ T : s > t},

while the backward jump operator ρ : T→ T, is defined by:

ρ(t) := sup{s ∈ T : s < t},

where supΦ = inf T, and infΦ = sup T (Φ is the empty set), for any t ∈ T the notation fσ(t) refers to
f(σ(t)), i.e., fσ = f ◦ σ. Finally, the graininess function µ : T→ [0, ∞) is defined by

µ(t) := σ(t) − t.
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Definition 2.1 (Conformable α-fractional derivative). Let the function f : T→ R and α ∈ (0, 1]. Then, for
t > 0, we define T∆α f(t) to be the number (provided it exists) with the property that, given any ε > 0,
there is a neighborhood U of t such that for all t ∈ U,∣∣[fσ(t) − f(s)]t1−α − T∆α f(t)(σ(t) − s)

∣∣ 6 ε |σ(t) − s)| .
T∆α (f(t)) is called the conformable α-fractional derivative of f of order α at t on T, and we define the

conformable fractional derivative on T at 0 as

T∆α f(0) = lim
t→0

T∆α f(t).

The conformable fractional derivative has the following properties.

Theorem 2.2. Let u, v : T→ R be conformable fractional derivative of order α ∈ (0, 1]. Then the following
properties are hold:

(i) the u+ v : T→ R is conformable fractional derivative and

T∆α (u+ v) = T∆α (u) + T
∆
α (v);

(ii) for any λ ∈ R, then λu : T→ R is α-fractional differentiable and

T∆α (λu) = λT
∆
α (u);

(iii) if u and v are α-fractional differentiable, then the product uv : T→ R is α-fractional differentiable and

T∆α (uv) = T
∆
α (u)v+ (u ◦ σ)T∆α (v) = T∆α (u)(v ◦ σ) + uT∆α (v);

(iv) if u is α-fractional differentiable, then 1/u is α-fractional differentiable with

T∆α

(
1
u

)
= −

T∆α (u)

u(u ◦ σ)
;

(v) if u and v are α-fractional differentiable, then u/v is α-fractional differentiable with

T∆α (u/v) =
T∆α (u)v− uT

∆
α (v)

v(v ◦ σ)
,

valid at all points t ∈ Tk for which v(t)(v(σ(t)) 6= 0.

Lemma 2.3 (Chain rule A). Let v : T→ R be continuous and α-fractional differentiable at t ∈ T, for α ∈ (0, 1],
and u : R→ R be continuously differentiable. Then there exists d ∈ [t,σ(t)] with

T∆α (u ◦ v)(t) = u
′
(v(d))T∆α (v(t)). (2.1)

Lemma 2.4 (Chain rule B). Let u : R→ R be continuously differentiable, and v : T→ R be α-fractional
differentiable for α ∈ (0, 1]. Then (u ◦ v) : T→ R is also α-fractional differentiable, and we have

T∆α (u ◦ v)(s) =

 1∫
0

u
′ (
v(s) + hµ(s)sα−1T∆α (v(s))

)
dh

 T∆α (v(s)).
Definition 2.5 (Conformable fractional integral ). For 0 < α 6 1, then the α-fractional integral of f, is
defined by ∫

f(s)∆αs =

∫
f(s)sα−1∆s.
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The conformable fractional integral satisfies the following properties.

Theorem 2.6. Let a, b, c ∈ T, λ ∈ R and let u, v : T→ R. Then

(i)
∫b
a[u(s) + v(s)]∆αs =

∫b
a u(s)∆αs+

∫b
a v(s)∆αs;

(ii)
∫b
a λu(s)∆αs = λ

∫b
a u(s)∆αs;

(iii)
∫b
a u(s)∆αs = −

∫a
b u(s)∆αs;

(iv)
∫b
a u(s)∆αs =

∫c
a u(s)∆αs+

∫b
c u(s)∆αs;

(v)
∫a
a u(s)∆αs = 0.

Lemma 2.7 (Hölder’s inequality). Let T be time scale, a, b ∈ T and α ∈ (0, 1] and let u, v : T→ R. Then

∫b
a

|u(s)v(s)|∆αs 6

[∫b
a

|u(s)|p∆αs

] 1
p
[∫b
a

|v(s)|q∆αs

] 1
q

, (2.2)

where p > 1 and 1/p+ 1/q = 1.

3. Main results

In this section, we will prove our main results, the basic idea in proving the results is by using
Hölder’s inequality, chain rule for fractional on time scales. Throughout this paper (without mentioning
it) we assume that the functions α-fractional differentiable and integrals in the statements of the theorems
are assumed to exist.

Theorem 3.1. Let T be a time scale with a, τ ∈ T, γ > 1, and r be a nonnegative nonincreasing on [a, τ]T. If
g : [a, τ]T → R with g (a) = 0, and α ∈ (0, 1] , then for λ > 0∫τ

a

r(t) |g (t)|λ
∣∣T∆α g (t)∣∣γ∆αt 6 ( γ

λ+ γ

)(
τα − aα

α

)λ ∫τ
a

r(t)
∣∣T∆α g (t)∣∣λ+γ∆αt. (3.1)

Proof. Let u(t) =
∫t
a r

γ
λ+γ (s)

∣∣T∆α g (s)∣∣γ∆αs, for t ∈ [a, τ]T. Then u(a) = 0 and

T∆α u(t) = r
γ
λ+γ (t)

∣∣T∆α g (t)∣∣γ > 0. (3.2)

Applying Hölder’s inequality (2.2) with indices γ and γ/(γ− 1), so that

|g (t)| =

∣∣∣∣∫t
a

T∆α g (s)∆αs

∣∣∣∣ 6 ∫t
a

∣∣T∆α g (s)∣∣∆αs
=

∫t
a

r
−1
λ+γ (s)r

1
λ+γ (s)

∣∣T∆α g (s)∣∣∆αs
6

(∫t
a

(
r

−1
λ+γ (s)

) γ
γ−1
∆αs

)γ−1
γ
(∫t
a

r
γ
λ+γ (s)

∣∣T∆α g (s)∣∣γ∆αs) 1
γ

6 r
−1
λ+γ (t)

(∫t
a

∆αs

)γ−1
γ
(∫t
a

r
γ
λ+γ (s)

∣∣T∆α g (s)∣∣γ∆αs) 1
γ

.

(3.3)

Since T∆α
(
sα

α

)
> 1, this implies that∫t

a

∆αs 6
∫t
a

T∆α

(
sα

α

)
∆αs =

sα

α

∣∣∣∣t
a

=
tα − aα

α
. (3.4)
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Substituting (3.4) into (3.3), we see that

|g (t)| 6

(∫t
a

(
r

−1
λ+γ (s)

) γ
γ−1
∆αs

)γ−1
γ
(∫t
a

r
γ
λ+γ (s)

∣∣T∆α g (s)∣∣γ∆αs) 1
γ

6 r
−1
λ+γ (t)

(
tα − aα

α

)γ−1
γ

u
1
γ (t),

which yields that

r
λ
λ+γ (s) |g (t)|λ 6

(
tα − aα

α

)λ(γ−1)
γ

u
λ
γ (t). (3.5)

By applying the chain rule (2.1), we obtain

T∆α

(
u
λ+γ
γ (t)

)
=
λ+ γ

γ
u
λ
γ (d)T∆α u(t), where d ∈ [t,σ (t)].

Since T∆α u(t) = r
γ
λ+γ (t)

∣∣T∆α g (t)∣∣γ > 0, and d > t, we see that

T∆α

(
u
λ+γ
γ (t)

)
>
λ+ γ

γ
u
λ
γ (t)T∆α u(t). (3.6)

Now, from (3.2), (3.5), and (3.6), we have that∫τ
a

r(t) |g (t)|λ
∣∣T∆α g (t)∣∣γ∆αt = ∫τ

a

r
λ
λ+γ (t) |g (t)|λ r

γ
λ+γ (t)

∣∣T∆α g (t)∣∣γ∆αt
6

∫τ
a

(
tα − aα

α

)λ(γ−1)
γ

u
λ
γ (t)T∆α u(t)∆αt

6

(
τα − aα

α

)λ(γ−1)
γ

∫τ
a

u
λ
γ (t)T∆α u(t)∆αt

6

(
γ

λ+ γ

)(
τα − aα

α

)λ(γ−1)
γ

∫τ
a

T∆α

(
u
λ+γ
γ (t)

)
∆αt

=

(
γ

λ+ γ

)(
τα − aα

α

)λ(γ−1)
γ

u
λ+γ
γ (τ) .

(3.7)

By applying Hölder’s inequality (2.2) with indices (λ+ γ)/λ and (λ+ γ)/γ, and (3.4), we see that

u (τ) =

∫τ
a

r
γ
λ+γ (t)

∣∣T∆α g (t)∣∣γ∆αt
6

(∫τ
a

∆αt

) λ
λ+γ

(∫τ
a

(
r
γ
λ+γ (t)

∣∣T∆α g (t)∣∣γ)λ+γγ ∆αt

) γ
λ+γ

6

(
τα − aα

α

) λ
λ+γ
(∫τ
a

r(t)
∣∣T∆α g (t)∣∣λ+γ∆αt) γ

λ+γ

.

(3.8)

From (3.7) and (3.8), we have∫τ
a

r(t) |g (t)|λ
∣∣T∆α g (t)∣∣γ∆αt 6 ( γ

λ+ γ

)(
τα − aα

α

)λ ∫τ
a

r(t)
∣∣T∆α g (t)∣∣λ+γ∆αt,

which is the desired inequality (3.1). The proof is complete.
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Remark 3.2. As a special case of Theorem 3.1, when α = 1, then T∆α g (t) = g∆ (t) , and we obtain the
inequality ∫τ

a

r(t) |g (t)|λ
∣∣g∆ (t)

∣∣γ∆t 6 γ (τ− a)λ

λ+ γ

∫τ
a

r(t)
∣∣g∆ (t)

∣∣λ+γ∆t,
which is the inequality (1.2).

Theorem 3.3. Let T be a time scale with a, τ ∈ T, and r ∈ Crd([a, τ]T, R+) and r be a nonnegative and
nonincreasing on [a, τ]T. If g : [a, τ]T → R with g (a) = 0, and α ∈ (0, 1] , then for λ > 0∫τ

a

r(t) |g (t)|λ
∣∣T∆α g (t)∣∣∆αt 6 ( 1

λ+ 1

)(
τα − aα

α

)λ ∫τ
a

r(t)
∣∣T∆α g (t)∣∣λ+1

∆αt. (3.9)

Proof. Let u(t) =
∫t
α r

1
λ+1 (s)

∣∣T∆α g (s)∣∣∆αs, for t ∈ [a, τ]T. Then u(a) = 0 and

|g (t)| 6
∫t
a

∣∣T∆α g (s)∣∣∆αs 6 ∫t
a

r
−1
λ+1 (s)r

1
λ+1 (s)

∣∣T∆α g (s)∣∣∆αs
6 r

−1
λ+1 (t)

∫t
a

r
1
λ+1 (s)

∣∣T∆α g (s)∣∣∆αs 6 r −1
λ+1 (t)u(t).

(3.10)

By applying the chain rule (2.1), we obtain

T∆α
(
uλ+1 (t)

)
= (λ+ 1)uλ(d)T∆α u(t), where d ∈ [t,σ (t)].

Since T∆α u(t) = r
1
λ+1 (t)

∣∣T∆α g (t)∣∣ > 0, and d > t, we see that

T∆α
(
uλ+1 (t)

)
= (λ+ 1)uλ(d)T∆α u(t) > (λ+ 1)uλ(t)T∆α u(t). (3.11)

Now, from (3.10) and (3.11) we have that
τ∫
a

r(t) |g (t)|λ
∣∣T∆α g (t)∣∣∆αt 6 τ∫

a

r
λ
λ+1 (t) |g (t)|λ r

1
λ+1 (t)

∣∣T∆α g (t)∣∣∆αt
6

τ∫
a

uλ(t)T∆α u(t)∆αt 6
1

λ+ 1

τ∫
a

T∆α
(
uλ+1 (t)

)
∆αt =

1
λ+ 1

uλ+1 (τ) .

(3.12)

By applying Hölder’s inequality (2.2) with indices (λ+ 1) and (λ+ 1)/λ, and (3.4), we see that

u (τ) =

∫τ
a

r
1
λ+1 (t)

∣∣T∆α g (t)∣∣∆αt
6

(∫τ
a

∆αt

) λ
λ+1
(∫τ
a

(
r

1
λ+1 (t)

∣∣T∆α g (t)∣∣)λ+1
∆αt

) 1
λ+1

6

(
τα − aα

α

) λ
λ+1
(∫τ
a

(
r

1
λ+1 (t)

∣∣T∆α g (t)∣∣)λ+1
∆αt

) 1
λ+1

=

(
τα − aα

α

) λ
λ+1
(∫τ
a

r(t)
∣∣T∆α g (t)∣∣λ+1

∆αt

) 1
λ+1

.

(3.13)

From (3.12) and (3.13), we have
τ∫
a

r(t) |g (t)|λ
∣∣T∆α g (t)∣∣∆αt 6 ( 1

λ+ 1

)(
τα − aα

α

)λ ∫τ
a

r(t)
∣∣T∆α g (t)∣∣λ+1

∆αt,

which is the desired inequality (3.9). The proof is complete.
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Remark 3.4. As a special case of Theorem 3.3, when α = 1, then T∆α g (t) = g∆ (t) , and we obtain the
inequality ∫τ

a

r(t) |g (t)|λ
∣∣g∆ (t)

∣∣∆t 6 ( 1
λ+ 1

)
(τ− a)λ

∫τ
a

r(t)
∣∣g∆ (t)

∣∣λ+1
∆t. (3.14)

Note that when λ = 1, then the inequality (3.14) becomes∫τ
a

r(t) |g (t)|
∣∣g∆ (t)

∣∣∆t 6 (τ− a)

2

∫τ
a

r(t)
∣∣g∆ (t)

∣∣2∆t.
Theorem 3.5. Let T be a time scale with τ,b ∈ T, γ > 1, and r be nonnegative and nondecreasing on [τ,b]T. If
g : [τ,b]T → R with g (b) = 0, and α ∈ (0, 1] , then for λ > 0

b∫
τ

r(t) |gσ (t)|λ
∣∣T∆α g (t)∣∣γ∆αt 6 ( γ

λ+ γ

)(
bα − τα

α

)λ b∫
τ

r(t)
∣∣T∆α g (t)∣∣λ+γ∆αt. (3.15)

Proof. Let u(t) =
∫b
t r

γ
λ+γ (s)

∣∣T∆α g (s)∣∣γ∆αs, for t ∈ [τ,b]T. Then u(b) = 0 and

T∆α u(t) = −r
γ
λ+γ (t)

∣∣T∆α g (t)∣∣γ < 0. (3.16)

Applying Hölder’s inequality (2.2) with indices γ and γ/(γ− 1), and (3.4), we see that

|g (t)| =

∣∣∣∣∣
∫b
t

T∆α g (s)∆αs

∣∣∣∣∣ 6
∫b
t

∣∣T∆α g (s)∣∣∆αs
=

∫b
t

r
−1
λ+γ (s)r

1
λ+γ (s)

∣∣T∆α g (s)∣∣∆αs
6

(∫b
t

(
r

−1
λ+γ (s)

) γ
γ−1
∆αs

)γ−1
γ
(∫b
t

r
γ
λ+γ (s)

∣∣T∆α g (s)∣∣γ∆αs
) 1
γ

6 r
−1
λ+γ (t)

(∫b
t

∆αs

)γ−1
γ
(∫b
t

r
γ
λ+γ (s)

∣∣T∆α g (s)∣∣γ∆αs
) 1
γ

6 r
−1
λ+γ (t)

(
bα − tα

α

)γ−1
γ

u
1
γ (t),

which yields that

r
λ
λ+γ (t) |g (t)|λ 6

(
bα − tα

α

)λ(γ−1)
γ

u
λ
γ (t). (3.17)

By applying the chain rule (2.1), we obtain

T∆α

(
u
λ+γ
γ (t)

)
=
λ+ γ

γ
u
λ
γ (d)T∆α u(t), where d ∈ [t,σ (t)].

Since T∆α u(t) = −r
γ
λ+γ (t)

∣∣T∆α g (t)∣∣γ < 0, and σ(t) > d, this implies that

−u
λ
γ (σ(t))T∆α u(t) 6 −u

λ
γ (d)T∆α u(t) 6 −u

λ
γ (t)T∆α u(t)

and we see that
−T∆α

(
u
λ+γ
γ (t)

)
>
λ+ γ

γ

(
−u

λ
γ (σ(t))T∆α u(t)

)
. (3.18)



A. G. Sayed, S. H. Saker, A. M. Ahmed, J. Math. Computer Sci., 22 (2021), 363–380 370

Now, from (3.16), (3.17), and (3.18) we have that

b∫
τ

r(t) |gσ (t)|λ
∣∣T∆α g (t)∣∣γ∆αt = b∫

τ

r
λ
λ+γ (t) |gσ (t)|λ r

γ
λ+γ (t)

∣∣T∆α g (t)∣∣γ∆αt
6

b∫
τ

r
λ
λ+γ (σ(t)) |gσ (t)|λ r

γ
λ+γ (t)

∣∣T∆α g (t)∣∣γ∆αt
6

b∫
τ

(
bα − (σ(t))α

α

)λ(γ−1)
γ (

−u
λ
γ (σ(t))T∆α u(t)

)
∆αt

6

(
bα − τα

α

)λ(γ−1)
γ

b∫
τ

(
−u

λ
γ (σ(t))T∆α u(t)

)
∆αt

6
γ

λ+ γ

(
bα − τα

α

)λ(γ−1)
γ

b∫
τ

−T∆α

(
u
λ+γ
γ (t)

)
∆αt

=
γ

λ+ γ

(
bα − τα

α

)λ(γ−1)
γ

u
λ+γ
γ (τ) .

(3.19)

By applying Hölder’s inequality (2.2) with indices (λ+ γ)/λ and (λ+ γ)/γ, and (3.4), we see that

u (τ) =

b∫
τ

r
γ
λ+γ (t)

∣∣T∆α g (t)∣∣γ∆αt
6

b∫
τ

∆αt


λ
λ+γ
b∫
τ

(
r
γ
λ+γ (t)

∣∣T∆α g (t)∣∣γ)λ+γγ ∆αt


γ
λ+γ

6

(
bα − τα

α

) λ
λ+γ

b∫
τ

r(t)
∣∣T∆α g (t)∣∣λ+γ∆αt


γ
λ+γ

.

(3.20)

From (3.19) and (3.20), we have

b∫
τ

r(t) |gσ (t)|λ
∣∣T∆α g (t)∣∣γ∆αt 6 ( γ

λ+ γ

)(
bα − τα

α

)λ b∫
τ

r(t)
∣∣T∆α g (t)∣∣λ+γ∆αt,

which is the desired inequality (3.15). The proof is complete.

Remark 3.6. As a special case of Theorem 3.5, when α = 1, then T∆α g (t) = g∆ (t) , and we obtain the
inequality

b∫
τ

r(t) |gσ (t)|λ
∣∣g∆ (t)

∣∣γ∆t 6 γ (b− τ)λ

λ+ γ

b∫
τ

r(t)
∣∣g∆ (t)

∣∣λ+γ∆t.
Theorem 3.7. Let T be a time scale with τ,b ∈ T, and r ∈ Crd([τ,b]T, R+) be such that r is nondecreasing on
[τ,b]T. If g : [τ,b]T → R with g (b) = 0, and α ∈ (0, 1] , then for λ > 0

b∫
τ

r(t) |gσ (t)|λ
∣∣T∆α g (t)∣∣∆αt 6 ( 1

λ+ 1

)(
bα − τα

α

)λ b∫
τ

r(t)
∣∣T∆α g (t)∣∣λ+1

∆αt. (3.21)
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Proof. Let u(t) =
∫b
t r

1
λ+1 (s)

∣∣T∆α g (s)∣∣∆αs, for t ∈ [τ,b]T. Then u(b) = 0 and

|g (t)| =

∣∣∣∣∣
∫b
t

T∆α g (s)∆αs

∣∣∣∣∣ 6
∫b
t

∣∣T∆α g (s)∣∣∆αs
=

∫b
t

r
−1
λ+1 (s)r

1
λ+1 (s)

∣∣T∆α g (s)∣∣∆αs
6 r

−1
λ+1 (t)

∫b
t

r
1
λ+1 (s)

∣∣T∆α g (s)∣∣∆αs 6 r −1
λ+1 (t)u(t).

(3.22)

By applying the chain rule (2.1), we obtain

T∆α
(
uλ+1 (t)

)
= (λ+ 1)uλ(d)T∆α u(t), where d ∈ [t,σ (t)].

Since T∆α u(t) = −r
1
λ+1 (t)

∣∣T∆α g (t)∣∣ < 0, and σ(t) > d, this implies that

−uλ(σ(t))T∆α u(t) 6 −uλ(d)T∆α u(t) 6 −uλ(t)T∆α u(t)

and we see that

−T∆α
(
uλ+1 (t)

)
= −(λ+ 1)uλ(d)T∆α u(t) > −(λ+ 1)uλ(σ(t))T∆α u(t). (3.23)

Now, from (3.22) and (3.23) we have that

b∫
τ

r(t) |gσ (t)|λ
∣∣T∆α g (t)∣∣∆αt = b∫

τ

r
λ
λ+1 (t) |gσ (t)|λ r

1
λ+1 (t)

∣∣T∆α g (t)∣∣∆αt
6

b∫
τ

r
λ
λ+1 (σ(t)) |gσ (t)|λ r

1
λ+1 (t)

∣∣T∆α g (t)∣∣∆αt
6 −

b∫
τ

uλ(σ(t))T∆α u(t)∆αt

6 −

b∫
τ

uλ(d)T∆α u(t)∆αt

=
1

λ+ 1

b∫
τ

T∆α
(
−uλ+1 (t)

)
∆αt =

1
λ+ 1

uλ+1 (τ) .

(3.24)

By applying Hölder’s inequality (2.2) with indices (λ+ 1) and (λ+ 1)/λ, and (3.4), we see that

u (τ) =

b∫
τ

r
1
λ+1 (t)

∣∣T∆α g (t)∣∣∆αt
6

b∫
τ

∆αt


λ
λ+1
b∫
τ

(
r

1
λ+1 (t)

∣∣T∆α g (t)∣∣)λ+1
∆αt


1
λ+1

6

(
bα − τα

α

) λ
λ+1

b∫
τ

r(t)
∣∣T∆α g (t)∣∣λ+1

∆αt


1
λ+1

.

(3.25)



A. G. Sayed, S. H. Saker, A. M. Ahmed, J. Math. Computer Sci., 22 (2021), 363–380 372

From (3.24) and (3.25) we have that

b∫
τ

r(t) |gσ (t)|λ
∣∣T∆α g (t)∣∣∆αt 6 1

λ+ 1

(
bα − τα

α

)λ b∫
τ

r(t)
∣∣T∆α g (t)∣∣λ+1

∆αt,

which is the desired inequality (3.21). The proof is complete.

Remark 3.8. As a special case of Theorem 3.7, when α = 1, then T∆α g (t) = g∆ (t) , and we obtain the
inequality

b∫
τ

r(t) |gσ (t)|λ
∣∣g∆ (t)

∣∣∆t 6 (b− τ)λ

λ+ 1

b∫
τ

r(t)
∣∣g∆ (t)

∣∣λ+1
∆t, (3.26)

note that when λ = 1, then the inequality (3.26) becomes

b∫
τ

r(t) |gσ (t)|
∣∣g∆ (t)

∣∣∆t 6 (b− τ)

2

b∫
τ

r(t)
∣∣g∆ (t)

∣∣2∆t.
Theorem 3.9. Let T be a time scale with a, τ ∈ T, γ > 1, and s ∈ Crd([a, τ]T, R+) be such that s(t) is
nonincreasing on [a, τ]T, and let r be a nonnegative function on (a, τ)T such that

∫τ
a r

−1/(λ+γ)(t)∆αt < ∞. If
g : [a, τ]T → R with g (a) = 0, and α ∈ (0, 1] , then for λ > 0∫τ

a

s(t) |g (t)|λ
∣∣T∆α g (t)∣∣γ∆αt 6 K1 (a, τ, λ,γ)

∫τ
a

r(t)
∣∣T∆α g (t)∣∣λ+γ∆αt, (3.27)

where

K1(a, τ, λ,γ) =
(

γ

λ+ γ

)(
τα − aα

α

)λ(γ−1)
γ

(∫τ
a

(
s(t)

r(t)

)γ/λ
∆αt

)λ/γ
.

Proof. Let u(t) =
∫t
a s

γ
λ+γ (x)

∣∣T∆α g (x)∣∣γ∆αx, for t ∈ [a, τ]T. Then u(a) = 0 and

T∆α u(t) = s
γ
λ+γ (t)

∣∣T∆α g (t)∣∣γ > 0. (3.28)

Applying Hölder’s inequality (2.2) with indices γ and γ/(γ− 1), so that

|g (t)| =

∣∣∣∣∫t
a

T∆α g (x)∆αx

∣∣∣∣ 6 ∫t
a

∣∣T∆α g (x)∣∣∆αx
=

∫t
a

s
−1
λ+γ (x)s

1
λ+γ (x)

∣∣T∆α g (x)∣∣∆αx
6

(∫t
a

(
s

−1
λ+γ (x)

) γ
γ−1
∆αx

)γ−1
γ
(∫t
a

s
γ
λ+γ (x)

∣∣T∆α g (x)∣∣γ∆αx) 1
γ

.

(3.29)

Since T∆α
(
xα

α

)
> 1, this implies that∫t

a

∆αx 6
∫t
a

T∆α

(
xα

α

)
∆αx =

xα

α

∣∣∣∣t
a

=
tα − aα

α
. (3.30)

Substituting (3.30) into (3.29), we see that

|g (t)| 6

(∫t
a

(
s

−1
λ+γ (x)

) γ
γ−1
∆αx

)γ−1
γ
(∫t
a

s
γ
λ+γ (x)

∣∣T∆α g (x)∣∣γ∆αx) 1
γ
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6 s
−1
λ+γ (t)

(∫t
a

∆αx

)γ−1
γ
(∫t
a

s
γ
λ+γ (x)

∣∣T∆α g (x)∣∣γ∆αx) 1
γ

6 s
−1
λ+γ (t)

(
tα − aα

α

)γ−1
γ

u
1
γ (t),

which yields that

s
λ
λ+γ (t) |g (t)|λ 6

(
tα − aα

α

)λ(γ−1)
γ

u
λ
γ (t). (3.31)

By applying the chain rule (2.1), we obtain

T∆α

(
u
λ+γ
γ (t)

)
=
λ+ γ

γ
u
λ
γ (d) T∆α u(t), where d ∈ [t,σ (t)].

Since T∆α u(t) = r
γ
λ+γ (t)

∣∣T∆α g (t)∣∣γ > 0, and d > t, we see that

T∆α

(
u
λ+γ
γ (t)

)
>
λ+ γ

γ
u
λ
γ (t)T∆α u(t). (3.32)

Now, from (3.28), (3.31), and (3.32), we have that∫τ
a

s(t) |g (t)|λ
∣∣T∆α g (t)∣∣γ∆αt = ∫τ

a

s
λ
λ+γ (t) |g (t)|λ s

γ
λ+γ (t)

∣∣T∆α g (t)∣∣γ∆αt
6

∫τ
a

(
tα − aα

α

)λ(γ−1)
γ

u
λ
γ (t)T∆α u(t)∆αt

6

(
τα − aα

α

)λ(γ−1)
γ

∫τ
a

u
λ
γ (t)T∆α u(t)∆αt

6

(
γ

λ+ γ

)(
τα − aα

α

)λ(γ−1)
γ

∫τ
a

T∆α

(
u
λ+γ
γ (t)

)
∆αt

=

(
γ

λ+ γ

)(
τα − aα

α

)λ(γ−1)
γ

u
λ+γ
γ (τ) .

By applying Hölder’s inequality (2.2) with indices (λ+ γ)/λ and (λ+ γ)/γ, and (3.30), we see that∫τ
a

s(t) |g (t)|λ
∣∣T∆α g (t)∣∣γ∆αt 6 ( γ

λ+ γ

)(
τα − aα

α

)λ(γ−1)
γ

u
λ+γ
γ (τ)

=

(
γ

λ+ γ

)(
τα − aα

α

)λ(γ−1)
γ
(∫τ
a

s
γ
λ+γ (t)r

−γ
λ+γ (t)

× r
γ
λ+γ (t)

∣∣T∆α g (t)∣∣γ∆αt)λ+γγ
6

(
γ

λ+ γ

)(
τα − aα

α

)λ(γ−1)
γ

(∫τ
a

(
s(t)

r(t)

)γ/λ
∆αt

)λ/γ
×

∫τ
a

r(t)
∣∣T∆α g (t)∣∣λ+γ∆αt

= K1(a, τ, λ,γ)
∫τ
a

r(t)
∣∣T∆α g (t)∣∣λ+γ∆αt,

where

K1(a, τ, λ,γ) =
(

γ

λ+ γ

)(
τα − aα

α

)λ(γ−1)
γ

(∫τ
a

(
s(t)

r(t)

)γ/λ
∆αt

)λ/γ
,

which is the desired inequality (3.27). The proof is complete.
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Remark 3.10. As a special case of Theorem 3.9, when s(t) = r(t), then we get∫τ
a

r(t) |g (t)|λ
∣∣T∆α g (t)∣∣γ∆αt 6 ( γ

λ+ γ

)(
τα − aα

α

)λ ∫τ
a

r(t)
∣∣T∆α g (t)∣∣λ+γ∆αt,

and when α = 1, then T∆α g (t) = g∆ (t) , and we obtain the inequality∫τ
a

r(t) |g (t)|λ
∣∣g∆ (t)

∣∣γ∆t 6 γ(τ− a)λ

λ+ γ

∫τ
a

r(t)
∣∣g∆ (t)

∣∣λ+γ∆t.
Theorem 3.11. Let T be a time scale with a, τ ∈ T, and s ∈ Crd([a, τ]T, R+) be such that s(t) is nonincreasing
on [a, τ]T, and let r be a nonnegative function on (a, τ)T such that

∫τ
a r

−1/(λ+1)(t)∆αt <∞. If g : [a, τ]T → R

with g (a) = 0, and α ∈ (0, 1] , then for λ > 0∫τ
a

s(t) |g (t)|λ
∣∣T∆α g (t)∣∣∆αt 6 K1 (a, τ, λ)

∫τ
a

r(t)
∣∣T∆α g (t)∣∣λ+1

∆αt, (3.33)

where

K1(a, τ, λ) =
1

λ+ 1

(∫τ
a

(
s(t)

r(t)

)1/λ

∆αt

)λ
.

Proof. Let u(t) =
∫t
a s

1
λ+1 (x)

∣∣T∆α g (x)∣∣∆αx, for t ∈ [a, τ]T. Then u(a) = 0 and

|g (t)| 6
∫t
a

∣∣T∆α g (x)∣∣∆αx 6 ∫t
a

s
−1
λ+1 (x)s

1
λ+1 (x)

∣∣T∆α g (x)∣∣∆αx
6 s

−1
λ+1 (t)

∫t
a

s
1
λ+1 (x)

∣∣T∆α g (x)∣∣∆αx 6 s −1
λ+1 (t)u(t).

(3.34)

By applying the chain rule (2.1), we obtain

T∆α
(
uλ+1 (t)

)
= (λ+ 1)uλ(d)T∆α u(t), where d ∈ [t,σ (t)].

Since T∆α u(t) = s
1
λ+1 (t)

∣∣T∆α g (t)∣∣ > 0, and d > t, we see that

T∆α
(
uλ+1 (t)

)
= (λ+ 1)uλ(d)T∆α u(t) > (λ+ 1)uλ(t)T∆α u(t). (3.35)

Now, from (3.34) and (3.35) we have that

τ∫
a

s(t) |g (t)|λ
∣∣T∆α g (t)∣∣∆αt 6 τ∫

a

s
λ
λ+1 (t) |g (t)|λ s

1
λ+1 (t)

∣∣T∆α g (t)∣∣∆αt
6

τ∫
a

uλ(t)T∆α u(t)∆αt

6

τ∫
a

uλ(d)T∆α u(t)∆αt 6
1

λ+ 1

τ∫
a

T∆α
(
uλ+1 (t)

)
∆αt =

1
λ+ 1

uλ+1 (τ) .

(3.36)

By applying Hölder’s inequality (2.2) with indices (λ+ 1) and (λ+ 1)/λ, we see that

u (τ) =

∫τ
a

s
1
λ+1 (t)

∣∣T∆α g (t)∣∣∆αt
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=

∫τ
a

s
1
λ+1 (t)r

−1
λ+1 (t)r

1
λ+1 (t)

∣∣T∆α g (t)∣∣∆αt (3.37)

6

(∫τ
a

(
s

1
λ+1 (t)r

−1
λ+1 (t)

)λ+1
λ
∆αt

) λ
λ+1
(∫τ
a

(
r

1
λ+1 (t)

∣∣T∆α g (t)∣∣)λ+1
∆αt

) 1
λ+1

6

(∫τ
a

(
s(t)

r(t)

)1/λ

∆αt

) λ
λ+1 (∫τ

a

r(t)
∣∣T∆α g (t)∣∣λ+1

∆αt

) 1
λ+1

.

From (3.36) and (3.37), we have

τ∫
a

s(t) |g (t)|λ
∣∣T∆α g (t)∣∣∆αt 6 1

λ+ 1
uλ+1 (τ) 6 K1(a, τ, λ)

∫τ
a

r(t)
∣∣T∆α g (t)∣∣λ+1

∆αt,

where

K1(a, τ, λ) =
1

λ+ 1

(∫τ
a

(
s(t)

r(t)

) 1
λ

∆αt

)λ
,

which is the desired inequality (3.33). The proof is complete.

Remark 3.12. As a special case of Theorem 3.11, when s(t) = r(t), then we get∫τ
a

r(t) |g (t)|λ
∣∣T∆α g (t)∣∣∆αt 6 ( 1

λ+ 1

)(
τα − aα

α

)λ ∫τ
a

r(t)
∣∣T∆α g (t)∣∣λ+1

∆αt,

and when α = 1, then T∆α g (t) = g∆ (t) , and we obtain the inequality∫τ
a

r(t) |g (t)|λ
∣∣g∆ (t)

∣∣∆t 6 (τ− a)λ

λ+ 1

∫τ
a

r(t)
∣∣g∆ (t)

∣∣λ+1
∆t. (3.38)

Note that when λ = 1, then the inequality (3.38) becomes∫τ
a

r(t) |g (t)|
∣∣g∆ (t)

∣∣∆t 6 (τ− a)

2

∫τ
a

r(t)
∣∣g∆ (t)

∣∣2∆t.
Theorem 3.13. Let T be a time scale with τ,b ∈ T, γ > 1, and s ∈ Crd([τ,b]T, R+) be such that s(t) is
nondecreasing on [τ,b]T, and let r be a nonnegative function on (τ,b)T such that

∫b
τ r

−1/(λ+γ)(t)∆αt < ∞. If
g : [τ,b]T → R with g (b) = 0, and α ∈ (0, 1] , then for λ > 0

b∫
τ

s(t) |gσ (t)|λ
∣∣T∆α g (t)∣∣γ∆αt 6 K2(τ,b, λ,γ)

b∫
τ

r(t)
∣∣T∆α g (t)∣∣λ+γ∆αt, (3.39)

where

K2(τ,b, λ,γ) =
(

γ

λ+ γ

)(
bα − τα

α

)λ(γ−1)
γ

(∫b
τ

(
s(t)

r(t)

)γ/λ
∆αt

)λ/γ
.

Proof. Let u(t) =
∫b
t s

γ
λ+γ (x)

∣∣T∆α g (x)∣∣γ∆αx, for t ∈ [τ,b]T. Then u(b) = 0 and

T∆α u(t) = −s
γ
λ+γ (t)

∣∣T∆α g (t)∣∣γ < 0.
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Applying Hölder’s inequality (2.2) with indices γ and γ/(γ− 1) so that

|g (t)| =

∣∣∣∣∣
∫b
t

T∆α g (x)∆αx

∣∣∣∣∣ 6
∫b
t

∣∣T∆α g (x)∣∣∆αx
=

∫b
t

s
−1
λ+γ (x)s

1
λ+γ (x)

∣∣T∆α g (x)∣∣∆αx
6

(∫b
t

(
s

−1
λ+γ (x)

) γ
γ−1
∆αx

)γ−1
γ
(∫b
t

s
γ
λ+γ (x)

∣∣T∆α g (x)∣∣γ∆αx
) 1
γ

6 s
−1
λ+γ (t)

(∫b
t

∆αx

)γ−1
γ
(∫b
t

s
γ
λ+γ (x)

∣∣T∆α g (x)∣∣γ∆αx
) 1
γ

.

(3.40)

Since T∆α
(
xα

α

)
> 1, this implies that∫b

t

∆αx 6
∫b
t

T∆α

(
xα

α

)
∆αx =

xα

α

∣∣∣∣b
t

=
bα − tα

α
. (3.41)

Substituting (3.41) into (3.40), we see that

s
λ
λ+γ (t) |g (t)|λ 6

(
bα − tα

α

)λ(γ−1)
γ

u
λ
γ (t). (3.42)

By applying the chain rule (2.1), we obtain

T∆α

(
u
λ+γ
γ (t)

)
=
λ+ γ

γ
u
λ
γ (d)T∆α u(t), where d ∈ [t,σ (t)].

Since T∆α u(t) = −s
γ
λ+γ (t)

∣∣T∆α g (t)∣∣γ < 0, and σ(t) > d, this implies that

−u
λ
γ (σ(t))T∆α u(t) 6 −u

λ
γ (d)T∆α u(t) 6 −u

λ
γ (t)T∆α u(t)

and we see that

−T∆α

(
u
λ+γ
γ (t)

)
= −

λ+ γ

γ
u
λ
γ (d)T∆α u(t) > −

λ+ γ

γ
u
λ
γ (σ(t))T∆α u(t). (3.43)

Now, from (3.42) and (3.43) we have that

b∫
τ

s(t) |g (σ(t))|λ
∣∣T∆α g (t)∣∣γ∆αt = b∫

τ

s
λ
λ+γ (t) |g (σ(t))|λ s

γ
λ+γ (t)

∣∣T∆α g (t)∣∣γ∆αt
6

b∫
τ

s
λ
λ+γ (σ(t)) |g (σ(t))|λ s

γ
λ+γ (t)

∣∣T∆α g (t)∣∣γ∆αt
6

b∫
τ

(
bα − (σ(t))α

α

)λ(γ−1)
γ (

−u
λ
γ (σ(t))T∆α u(t)

)
∆αt

6

(
bα − τα

α

)λ(γ−1)
γ

b∫
τ

(
−u

λ
γ (σ(t))T∆α u(t)

)
∆αt
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6
γ

λ+ γ

(
bα − τα

α

)λ(γ−1)
γ

b∫
τ

T∆α

(
−u

λ+γ
γ (t)

)
∆αt

=
γ

λ+ γ

(
bα − τα

α

)λ(γ−1)
γ

u
λ+γ
γ (τ) .

By applying Hölder’s inequality (2.2) with indices (λ+ γ)/λ and (λ+ γ)/γ, and (3.41), we see that

∫b
τ

s(t) |g (σ(t))|λ
∣∣T∆α g (t)∣∣γ∆αt = γ

λ+ γ

(
bα − τα

α

)λ(γ−1)
γ

(∫b
τ

s
γ
λ+γ (t)

∣∣T∆α g (t)∣∣γ∆αt
)λ+γ

γ

6
γ

λ+ γ

(
bα − τα

α

)λ(γ−1)
γ

(∫b
τ

s
γ
λ+γ (t)r

−γ
λ+γ (t)

× r
γ
λ+γ (t)

∣∣T∆α g (t)∣∣γ∆αt)λ+γγ
6

γ

λ+ γ

(
bα − τα

α

)λ(γ−1)
γ

(∫b
τ

(
s(t)

r(t)

)γ/λ
∆αt

)λ/γ

×
∫b
τ

r(t)
∣∣T∆α g (t)∣∣λ+γ∆αt

= K2(τ,b, λ,γ)
∫b
τ

r(t)
∣∣T∆α g (t)∣∣λ+γ∆αt,

where

K2(τ,b, λ,γ) =
γ

λ+ γ

(
bα − τα

α

)λ(γ−1)
γ

(∫b
τ

(
s(t)

r(t)

)γ/λ
∆αt

)λ/γ
,

which is the desired inequality (3.39). The proof is complete.

Remark 3.14. As a special case of Theorem 3.13, when s(t) = r(t), then we get∫b
τ

r(t) |gσ (t)|λ
∣∣T∆α g (t)∣∣γ∆αt 6 γ

λ+ γ

(
bα − τα

α

)λ ∫b
τ

r(t)
∣∣T∆α g (t)∣∣λ+γ∆αt,

and when α = 1, then T∆α g (t) = g∆ (t) , and we obtain the inequality∫b
τ

r(t) |gσ (t)|λ
∣∣g∆ (t)

∣∣γ∆t 6 γ (b− τ)λ

λ+ γ

∫b
τ

r(t)
∣∣g∆ (t)

∣∣λ+γ∆t.
Theorem 3.15. Let T be a time scale with τ,b ∈ T, and s ∈ Crd([τ,b]T, R+) be such that s(t) is nondecreasing
on [τ,b]T, and let r be a nonnegative function on (τ,b)T such that

∫b
τ r

−1/(λ+γ)(t)∆αt <∞. If g : [τ,b]T → R

with g (b) = 0, and α ∈ (0, 1] , then for λ > 0

b∫
τ

s(t) |gσ (t)|λ
∣∣T∆α g (t)∣∣∆αt 6 K2(τ,b, λ)

b∫
τ

r(t)
∣∣T∆α g (t)∣∣λ+1

∆αt, (3.44)

where

K2(τ,b, λ) =
1

λ+ 1

(∫b
τ

(
s(t)

r(t)

) 1
λ

∆αt

)λ
.
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Proof. Let u(t) =
∫b
t s

1
λ+1 (x)

∣∣T∆α g (x)∣∣∆αx, for t ∈ [τ,b]T. Then u(b) = 0 and

|g (t)| =

∣∣∣∣∣
∫b
t

T∆α g (x)∆αx

∣∣∣∣∣ 6
∫b
t

∣∣T∆α g (x)∣∣∆αx
=

∫b
t

s
−1
λ+1 (x)s

1
λ+1 (x)

∣∣T∆α g (x)∣∣∆αx
6 s

−1
λ+1 (t)

∫b
t

s
1
λ+1 (x)

∣∣T∆α g (x)∣∣∆αx 6 s −1
λ+1 (t)u(t).

(3.45)

By applying the chain rule (2.1), we obtain

T∆α u
λ+1 (t) = (λ+ 1)uλ(d)T∆α u(t), where d ∈ [t,σ (t)].

Since T∆α u(t) = −s
1
λ+1 (t)

∣∣T∆α g (t)∣∣ < 0, and σ(t) > d, this implies that

−uλ(σ (t))T∆α u(t) 6 −uλ(d)T∆α u(t) 6 −uλ(t)T∆α u(t)

and we see that

−T∆α u
λ+1 (t) = −(λ+ 1)uλ(d)T∆α u(t) > −(λ+ 1)uλ(σ (t))T∆α u(t). (3.46)

Now, from (3.45) and (3.46) we have that

b∫
τ

s(t) |gσ (t)|λ
∣∣T∆α g (t)∣∣∆αt = b∫

τ

s
λ
λ+1 (t) |gσ (t)|λ s

1
λ+1 (t)

∣∣T∆α g (t)∣∣∆αt
6

b∫
τ

s
λ
λ+1 (σ(t)) |gσ (t)|λ s

1
λ+1 (t)

∣∣T∆α g (t)∣∣∆αt
6

b∫
τ

(
−uλ(σ (t))T∆α u(t)

)
∆αt 6

b∫
τ

(
−uλ(d)T∆α u(t)

)
∆αt

=
1

λ+ 1

b∫
τ

(
−T∆α u

λ+1 (t)
)
∆αt =

1
λ+ 1

uλ+1 (τ) .

By applying Hölder’s inequality (2.2) with indices (λ+ 1) and (λ+ 1)/λ, we have

b∫
τ

s(t) |gσ (t)|λ
∣∣T∆α g (t)∣∣∆αt 6 1

λ+ 1
uλ+1 (τ)

=
1

λ+ 1

b∫
τ

s
1
λ+1 (t)

∣∣T∆α g (t)∣∣∆αt
λ+1

=
1

λ+ 1

b∫
τ

s
1
λ+1 (t)r

−1
λ+1 (t)r

1
λ+1 (t)

∣∣T∆α g (t)∣∣∆αt
λ+1

=
1

λ+ 1

b∫
τ

(
s(t)

r(t)

) 1
λ+1

r
1
λ+1 (t)

∣∣T∆α g (t)∣∣∆αt
λ+1
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6
1

λ+ 1

b∫
τ

(
s(t)

r(t)

) 1
λ

∆αt

λ b∫
τ

r(t)
∣∣T∆α g (t)∣∣λ+1

∆αt

= K2(τ,b, λ)

b∫
τ

r(t)
∣∣T∆α g (t)∣∣λ+1

∆αt,

where

K2(τ,b, λ) =
1

λ+ 1

b∫
τ

(
s(t)

r(t)

) 1
λ

∆αt

λ ,

which is the desired inequality (3.44). The proof is complete.

Remark 3.16. As a special case of Theorem 3.15, when s(t) = r(t), then we get∫b
τ

r(t) |gσ (t)|λ
∣∣T∆α g (t)∣∣∆αt 6 1

λ+ 1

(
bα − τα

α

)λ ∫b
τ

r(t)
∣∣T∆α g (t)∣∣λ+1

∆αt,

and when α = 1, then T∆α g (t) = g∆ (t) , and we obtain the inequality∫b
τ

r(t) |gσ (t)|λ
∣∣g∆ (t)

∣∣∆t 6 (b− τ)λ

λ+ 1

∫b
τ

r(t)
∣∣g∆ (t)

∣∣λ+1
∆t. (3.47)

Note that when λ = 1, then the inequality (3.47) becomes

b∫
τ

r(t) |gσ (t)|
∣∣g∆ (t)

∣∣∆t 6 (b− τ)

2

b∫
τ

r(t)
∣∣g∆ (t)

∣∣2∆t.
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