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Abstract

In this paper, we will prove some new fractional dynamic inequalities on time scales of Opial’s type. The results will be
proved by employing the chain rule and Holder’s inequality on fractional time scales. As a special case of our results, when
o =1, we will obtain several well-known dynamic Opial inequalities on time scales.
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1. Introduction

In 2001, Bohner and Kaymakcalan [9] proved some dynamic inequalities of Opial type on time scales.
One of the inequalities proved in [9] is given by

a

JO y(t) +y (0] [yB ()] At < “L AP at,

where y : [0,a] N T — R is delta differentiable with y(0) = 0. Also Bohner and Kaymakcalan in [9]

proved that if p and g are positive functions on [0,bly, |, (l; (At/p(t)) < oo, q is non-increasing, and
y:[0,b]NT — R is delta differentiable with y(0) = 0, then

b - o A b&
L q°(1) |(y(t) +y (1))y “”AKL p(t)

Karpuz et al. [17] replaced q°(t) with q(t) and proved an inequality similar to (1.1) of the form

b 2
|, ptoate 2w 1)

b b 5
J q(t)|(y(t)+y“(t))yA(t>yAt<Kq(a,b)j WAt

a a
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where q is a positive function on [a, blT, y : [a,b] N T — R is delta differentiable with y(0) =0, and

b 1/2
Kq(a,b) = <2J qz(u)(o(u) - a)Au) .

a

Wong et al. [33] and Srivastava et al. [31] proved that if q is a positive and non-increasing function on
[a,b] N'T, then
b b A4y
J Aty [yA )" At < ﬁ(b— a)AJ a®) [yt ()| At (1.2)
where y : [a,b]N'T — R is delta differentiable with y(a) = 0. Saker [24] generalized (1.2) and proved
some new dynamic inequalities with two weighted functions p and ¢. In particular, he proved that if p
and q are nonnegative functions on [a, blt such that

b
J p VYU (1) At < o0,
a

and y : [a,b]NT — R is delta differentiable with y(a) = 0, then

Ay

b b
J q(0) y(1) |yA(t)\VAt<K1(a,b,A,wJ p® [y 0 at,

a a

where

(I ([Pla e A
Ki(a, b,Ay) = <7\+y> (L TP (LP( )(S)AS> At .

In recent years, some authors studied the fractional inequalities by using the fractional Caputo and
Riemann-Liouville derivative, we refer to the papers [7, 15, 34] for these results. In [1, 18] the authors
extended the calculus of fractional order to conformable calculus. Recently, some authors have extended
classical inequalities by using conformable fractional calculus such as Opial’s inequality [27, 28], Hermite-
Hadamard’s inequality [13, 19], Chebyshev’s inequality [5], and Steffensen’s inequality [29].

Our aim in this paper is prove some new fractional dynamic inequalities of Opial’s type on time scales
which contain the classical Opial dynamic inequalities proved in [24]. The paper is divided into two
sections. Section 2 is an introduction of basics of fractional calculus on time scales, and Section 3 contains
the main results.

2. Preliminaries and basic lemmas

In this section, we present the basics of fractional calculus on time scales that will be needed through-
out the paper. The results are adapted from [6, 11, 12, 21]. A time scale T is an arbitrary nonempty closed
subset of the real numbers R. We assume throughout that T has the topology that it inherits from the
standard topology on IR. We define the forward jump operator o: T — T, as

o(t):=inf[se T:s > t},
while the backward jump operator p : T — T, is defined by:
p(t):=sup{s e T:s < t},

where sup @ = infT, and inf ® = sup T (® is the empty set), for any t € T the notation f°(t) refers to
f(o(t)), i.e., f° = f o 0. Finally, the graininess function p: T — [0, oo) is defined by

u(t) :=o(t) —t.
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Definition 2.1 (Conformable «-fractional derivative). Let the function f: T — R and « € (0, 1]. Then, for
t > 0, we define T{f(t) to be the number (provided it exists) with the property that, given any € > 0,
there is a neighborhood U of t such that for all t € U,

|[FO (1) — F()It' ™ * = TRf(t)(a(t) —s)| < elo(t) —s)I.

T2 (f(t)) is called the conformable «-fractional derivative of f of order « at t on T, and we define the
conformable fractional derivative on T at 0 as

T2F(0) = lim T2 f(t).
t—0
The conformable fractional derivative has the following properties.

Theorem 2.2. Let u, v : T — R be conformable fractional derivative of order « € (0,1]. Then the following
properties are hold:

(i) theu+v: T — R is conformable fractional derivative and
TS (u+v) = Ta(w) + T4 (v);
(ii) forany A € R, then Au: T — R is o-fractional differentiable and
Toe () = AT (w);
(iif) if wand v are «-fractional differentiable, then the product uv : T — R is «-fractional differentiable and
TA(w) = TR (W + (Lo o) TL (v) = TR (W) (vo o) + uTL (v);

(iv) if wis o-fractional differentiable, then 1/u is «-fractional differentiable with
“\u u(uoo)’

(v) if wand v are «-fractional differentiable, then w/v is o-fractional differentiable with

A TRy —uT2(v)
T (w/v) = Vv ool p

valid at all points t € kaor which v(t)(v(o(t)) # 0.

Lemma 2.3 (Chain rule A). Let v: T — R be continuous and o-fractional differentiable at t € T, for « € (0,1],
and u : R — R be continuously differentiable. Then there exists d € [t, o(t)] with

T2 (wov)(t) = u (v(d) TE (v(t). 2.1)

Lemma 2.4 (Chain rule B). Let u : R — R be continuously differentiable, and v : T — R be «-fractional
differentiable for o« € (0,1]. Then (wov) : T — R is also a-fractional differentiable, and we have

1
T2 (uov)(s) = (Ju (v(s) 4+ hu(s)s* T2 (v(s))) dh) T2 (v(s)).

0

Definition 2.5 (Conformable fractional integral ). For 0 < o < 1, then the x-fractional integral of f, is
defined by

Jf(s)A(xs = Jf(s)s“‘lAs.
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The conformable fractional integral satisfies the following properties.
Theorem 2.6. Let a,b,c € T, A€ Randlet u,v: T — R. Then
(i) fz[u(s) +v(s)]Ayxs = IZ u(s)Axs + fz V(s)Aqs;
(ii) fz AML(s)Ags = A IZ u(s)Aqs;
(iii) fz u(s)Ags = — [p ul(s)Aqs;
(iv) fz u(s)Ags = ¢ u(s)Ags + fl’ u(s)Ays;

a

W) [ou(s)Ags =0.

Lemma 2.7 (Holder’s inequality). Let T be time scale, a, b € T and o € (0, 1] and let u, v: T — R. Then

¥ [eb
U v(s)|9Aus

a

q

b
J lu(s)[PAxs , (2.2)

a

b
J u(s)v(s)lAxs <

a

wherep >1land 1/p+1/q =1.

3. Main results

In this section, we will prove our main results, the basic idea in proving the results is by using
Holder’s inequality, chain rule for fractional on time scales. Throughout this paper (without mentioning
it) we assume that the functions «-fractional differentiable and integrals in the statements of the theorems
are assumed to exist.

Theorem 3.1. Let T be a time scale with a, T € T, vy > 1, and v be a nonnegative nonincreasing on [a, tlr. If
g:[a,tlr = Rwith g(a)=0,and o € (0,1], then for A > 0

T & __ . x\A T
[ rtwtgior g ases (5215 ) (F5) [ el aw @

Proof. Let u(t) = jz rﬁ(s) ‘To%g (s)‘Y Ays, for t € [a, T]7. Then u(a) =0 and
TAu(t) = o7 (1) [Teg ()] > 0. (3.2)

Applying Holder’s inequality (2.2) with indices y and y/(y — 1), so that

t t
g (8)] = J TAg (s) Aas <j T2 (5)| As

t —
:J % (5)155 (5) [T2g (5)| Aacs
a
y-1 1 (3.3)

< (Jt (T@(s))vyl Aas> i <Jt rﬁ(s) |T£g (s)|yA(xs> i

a

< rﬁ(t) <Jt Aocs> N (Jt rﬁ(s) |T£g (s)|Y A(xs> '

a

Since T4 (£°) > 1, this implies that

t t g g
J Aasgj T‘Q()Aas:
a a 08 x

- (3.4)
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Substituting (3.4) into (3.3), we see that

y—1 1 y—1

t Y 7 t v Yy _ X _ A%\ Ty
g0l < (J (5 (s)) ™ Aas> (J w55 (5) [T (3)]” Aas> < v () (t e ) W),
which yields that
. (g A(vyfl) R
3+ (s) |g (1)} < < " > uv (t). (3.5)

By applying the chain rule (2.1), we obtain

TA (uHTY (t)) - }‘tyui(d)wu(t), where d € [t, o (t)].

Since T{u(t) = rry (1) ‘T@g (t)‘y >0, and d > t, we see that

Aty

T8 (W W) >

wy () TAu(t). (3.6)
Now, from (3.2), (3.5), and (3.6), we have that

J r(t) g (OP [T2g (1)]” Agt =J 525 () 1g (O 155 (1) [T29 (0] At

a

Toa > i r wy (OTAu(t) At (3.7)

< (r A(Xt) w (JT Qﬁ (1) [T2g (1) W) A A“t) v (3.8)

From (3.7) and (3.8), we have

T o _ L\ T
| g r rég ] Axt < <Aly> (T a ) [“riv g ] A,

which is the desired inequality (3.1). The proof is complete. O
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Remark 3.2. As a special case of Theorem 3.1, when « = 1, then T{g(t) = g# (t), and we obtain the
inequality

T B A .
J r(©1g (V1 [g* O At < MJ r(1) [o® (1)) At

which is the inequality (1.2).

Theorem 3.3. Let T be a time scale with a, T € T, and v € Cyq(la, tlr,RT) and v be a nonnegative and
nonincreasing on [a, tlt. If g : [a, Tl — R with g (a) =0, and « € (0,1], then for A > 0

T o _ ax\A T
[rosor memlas< () (C55) o maeto) ax 39)

Proof. Let u(t) = f; r?\%l(s) ‘To‘}g (s)‘ Ays, for t € [a, TlT. Then u(a) =0 and

t t
g () <J T2 (s)| Aus <J PR () (5) [T2g ()] Aucs
a a (3.10)
<A (t J TR (s (s)[T2g(s)| Aas < A (t)u(t).

By applying the chain rule (2.1), we obtain
Te (WM (b)) = A+ DuM(d)TRu(t), whered € [t, o (t)].

1

Since TAu(t) = 7+ (t) !Tﬁg (t)’ >0, and d > t, we see that

T2 (WM (1) = A+ DuM@)TEu(t) = A+ Du (O TEu(t). (3.11)

X

Now, from (3.10) and (3.11) we have that

jr(mg(tm T2 (8)] At < [ +21(6) g (O 1551 (1) [T2g (8)] Aat

(3.12)

T
WM TAU(t) At < )\~1+1 JT@ (WM (1) Axt =
a

L oan ().

A+1
By applying Holder’s inequality (2.2) with indices (A +1) and (A +1)/A, and (3.4), we see that

u(T) :J T3+ (1) ‘TA ‘A(Xt

A 1 (3.13)

From (3.12) and (3.13), we have

[ & x\A T
[rg ot g wlase < (57 ) (T2 [Cromae o an

which is the desired inequality (3.9). The proof is complete. O
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Remark 3.4. As a special case of Theorem 3.3, when « = 1, then T{g(t) = g (t), and we obtain the
inequality

[ relgor g® st < (17 ) r- 0 rw g 0 (314

a a

Note that when A = 1, then the inequality (3.14) becomes

J r(1)lg (v]]g* (0] at < Y J (1) |g® (1 At.

a

Theorem 3.5. Let T be a time scale with T,b € T, v > 1, and r be nonnegative and nondecreasing on [t, b]y. If
g:[t,blr = Rwith g(b) =0,and « € (0,1], then for A > 0

b N }\b
Jr(ng WP g0 aar< (1) (U57) [romeaw A @)

T
Proof. Let u(t f T7‘+V (s) ’To%g (s)]Y Agys, for t € [1,bly. Then u(b) =0 and
TAu(t) = — o7 (1) [Teg (1) <. (3.16)

Applying Holder’s inequality (2.2) with indices v and v/(y — 1), and (3.4), we see that

b b
(1) = J TAg(s) Aas| < j T2 (s)] Aas

b —
= J PRy (s)r“v ‘TA )‘ Ays
t

which yields that

5 (t) g (DI < (ba_t(x>yu¢(t). (3.17)

By applying the chain rule (2.1), we obtain

Since TAu(t) = T (1) ‘To%g (t)‘y <0, and o(t) > d, this implies that
—u (o(t)TAult) < —uv () TAu(t) < —ud (HDTEu(t)
and we see that

T8 (wV ) 2 Y (b o) TRu) (318)
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Now, from (3.16), (3.17), and (3.18) we have that
b b
J r(t) g% (O [T2g (O] Aat = | 755 (1) g% (O 75 (1) [T2g (1) At

J

b
< |7 (0(1) g (O 177 (1) [T2g (1] At

VAN
7N\
o
R
o
i
N~
<2
/—l\
e
2>
2
=t
=
>
£
=
N—
>
R
—

x (3.19)

bE T\ T Ay
:?\—T—y< o > wy (7).

By applying Holder’s inequality (2.2) with indices (A 4 vy)/A and (A +v)/v, and (3.4), we see that

b
u(t) = jrﬁv(t) T2 (0" Aat

< (JAat) (J (rﬁ(t) }To%g(t)y)yAat> (3.20)

v

A b Ay
b&* — 1*\ Ay A Aty
< ( = > (Jr(t) T2 g (1) A“t) .

From (3.19) and (3.20), we have

2 P -
J 1) 1g° O TLg (1)]" At < (?\Iy) (b “T ) Jr(t) T2 ()M Aut,

T T

which is the desired inequality (3.15). The proof is complete. O

Remark 3.6. As a special case of Theorem 3.5, when « = 1, then To%g (t) = g (t), and we obtain the
inequality

r(t) [g® (1) At.

b
(b—T)”J
Aty

b
jr(tng 0P g2 (1] At <

Theorem 3.7. Let T be a time scale with T,b € T, and v € Crq4([t, bly, R") be such that r is nondecreasing on
T-1f g: [T, bl — R with g (b) =0, and « € (0,1], then for A > 0

i 1\ (b% e\ M|
[rnge P g o]ant < (57 ) (55 ) [romeamf act 621

T T
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Proof. Let u(t) = ﬁ) M%l(s) !To%g (s)| Ays, for t € [t,b]t. Then u(b) =0 and
b b
g0l =|[ TR (5)aus| < | (129 ()] Aus
t t
b A (3.22)
= | r™I(s)r*1(s) ‘Tag(s)‘A(xs :
t
b
< nfl(t)J T3 (5) [T2 g (5)| As < 777 (H)u(t).
t
By applying the chain rule (2.1), we obtain
Te (WM (b)) = A+ DuM(d)Teu(t), where d € [t, o (t)].
Since T2u(t) = e (1) ]T@g (t)‘ <0, and o(t) > d, this implies that
—u)‘(c(t))T(fu(t) < —u}‘(d)Tﬁu(t) < —u)‘(t)T(fu(t)
and we see that
T2 (WM () = =N+ DuMA) TRu(t) = —(A+ Dut(o(t) TRu(t). (3.23)
Now, from (3.22) and (3.23) we have that
b b
[rterige WP 129 (0] Aat = | 1741197 (07 1741 ) T2 (0] Ant
T T
b
< [ reten g (0P (0 [18g ()] At
T
b
< —Ju)‘(c(t))Tﬁu(t)Aat (3.24)
T
b
< —Ju)‘(d)Tﬁu(t)Ao‘t
T
1 0 1
_ A (A1 _ A1
_7\+1JT°‘ (w7 (1) Aat Ar1s (
T
By applying Holder’s inequality (2.2) with indices (A +1) and (A +1)/A, and (3.4), we see that
b
w(n) = | 7 (0)[T8g (1] At
i A 1
b A+ b A+
A+1
< (JAJ) (J (w%l (t)[T2q (1) \) A“t) (3.25)
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From (3.24) and (3.25) we have that

f 1 (b*—1\*
[rtenige 129 (0] Ant < 7\+1< _~ > [rom2e P A,

T
which is the desired inequality (3.21). The proof is complete. O

Remark 3.8. As a special case of Theorem 3.7, when « = 1, then T{g(t) = g (t), and we obtain the
inequality

b b
b _ )\
[rwg w92 ] at < BT ot g 0 a, (3:26)

note that when A =1, then the inequality (3.26) becomes

b b
[[rt0ig7 wr1e® ] av < B2 o) g (0 e

Theorem 3.9. Let T be a time scale with a, T € T,y > 1, and s € C,q(la, Tlt,R") be such that s(t) is
nonincreasing on [a, tly, and let v be a nonnegative function on (a, t)y such that [ 1=/ MY ({)Ayt < co. If
g:la,tlr > Rwith g(a) =0, and « € (0,1], then for A > 0

T

J s(t)|g(t)|A\T£g(t)WAat<Kl(a,m,wj r(t) [TAg (1)

a a

« g\ (i oA\
K1(01T/7\/Y):<7\Iy> (T oca ) (J <TS'E3> Aat) '

Proof. Let u(t) = j(tl sﬁ(x) |T£g (x) ‘Y Axx, for t € [a,T]y. Then u(a) =0 and

MY Agt, (3.27)

where

TAu(t) = s%7 (1) [T2g (1) > 0. (3.28)

Applying Holder’s inequality (2.2) with indices vy and v/(y — 1), so that

g (t)] = <J T2 g (x)]| Aax

a

t
J T£9 (X) Axx
a

1

o
:J sPY (x)s%Y (%) [ TR g (x)| Aax (3.29)

v—1
v

< (Jt (s%bc)) v Acxx> N <Jt %7 (x) [T2g (x)|" Aax> '

a a

Since T4 (%) > 1, this implies that

t t x [o
J A(xxgj TA <X>A“x:"
a a x 0.4

Substituting (3.30) into (3.29), we see that

= (3.30)

v—1

9(1)l < <J (s 0) ™ Aax)y (J S5 (x) [ TR (x)!on«x)

a a
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< % (1) (Jt ch)y (Jt ¥ (x) [T2g (x)|" Aocx)Y < % (1) (ta;a“> T (),

which yields that

7 () |g (D) < (t — > T, (3:31)
By applying the chain rule (2.1), we obtain

TA< Xy (t)) A‘;Y ¥(d) TRu(t), where d € [t, o (t)].

Since T{u(t) = rry (t) ’To%g (t)‘y >0, and d > t, we see that
TA< A (t)) > MY oTAuw), (3.32)
Y
Now, from (3.28), (3.31), and (3.32), we have that

T

j s(t) g (D1 [T2g (1) A“tzjsmmg(t)psmt)yng(t),u“t

a a
Aly—1)

<[ (t“‘““) W OTAU) AL
(04
( o W OTAubA
( Y
Ay
N

(%+v

By applying Holder’s inequality (2.2) with indices (

x
t ) TA uﬁyfﬂ>Aat

)5
)

Y)/A and (A +v)/v, and (3.30), we see that

Aly=1)
Y

[Cstulgor g st < (1) (F55) 7w
Aly—1) - >
~(5) (555) 7 ([

xrﬁﬂﬂﬁﬁyﬂﬂAﬂ>y

Aly=1) Ay
Y T —a®*\ ~ T /s(t)\ Y/
() () (L) A

X JTr(t) ‘Tﬁg (t)|?\+y Ayt

a

:Kl(a,T,A,Y)J r(t) [Teg (t)]

where
Aly— Ay

X _ 4 #l] T /A
o (122) (22) ([ ()"0

which is the desired inequality (3.27). The proof is complete. O
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Remark 3.10. As a special case of Theorem 3.9, when s(t) = r(t), then we get

T x . x\A T
| wlg 0P g 0] ant < <7\1v> (T ¢ ) [ mae 0] aut,

and when o = 1, then T{g (t) = g (t), and we obtain the inequality

* _ A [T
J, e P o? (WAKMJ r() g% @M At

Theorem 3.11. Let T be a time scale with a, T € T, and s € Crq(la, tlT, RT) be such that s(t) is nonincreasing
on la, Tly, and let v be a nonnegative function on (a, )y such that [T~V P+ ()Ayt < co. If g: [a,Tlr — R
with g (a) =0, and « € (0,1], then for A > 0

T T
| stolg (0 189 0] Aat < Ka (o0 | v(0) [T (0] At (333)
where N
1 ([ /s
K](a,T )\) )\+1 (J' <‘r(‘t)> A(Xt
Proof. Let u(t j sHl x) }To%g (x)| Axx, for t € [a,T]y. Then u(a) =0 and
t o
g (1) < J T2 g (x)| Aax < J 7T (x)s 7 (x) [ T2 g (x)] Aax
L . L . o (3.34)
< s™I(t) J x¥ ‘T ‘ Axx < s™I(t)ult).
By applying the chain rule (2.1), we obtain
Te (WM (1) = A+ DuM(d)Teu(t), where d € [t, o (t)].
Since T2u(t) = AT (t) |T&g(t)] >0, and d > t, we see that
Te (WM (1) = A+ DuM(@)TEut) = A+ Du (1) TEu(t). (3.35)
Now, from (3.34) and (3.35) we have that
[sterig 0P 129 (0] axt < [ 351019 (0P 555 (0)[129 (0] At
) ;
< UM TAu(t) At (3.36)
r 1 r 1
< | A < A (L A1 _ A ()
< uM(d)TEu(t)Agt < AT J'To( (u (t)) Ayt T 1u (1)

By applying Holder’s inequality (2.2) with indices (A +1) and (A +1)/A, we see that

u(T):JTAl (t) |T2g (1)] Axt
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= J 3T (D)3 ()3 (1) [T2g (1)] At (3.37)

* t 1/A A+l T %H
<<Ja (iEtD A“t> (LT(U \Tﬁg(t)\mzxat> ,

From (3.36) and (3.37), we have

T
1 * A+1

Js(t) 9 (O [TRg ()] Aat < 57w (1) < Kl(a,m)J r(t) [TRg (O] Aat,

o a
where

1 sy L)
K - 2\
1((1,"[,}\) 7\+ 1 (Ja <T(t)> ACXt> 7

which is the desired inequality (3.33). The proof is complete. O

Remark 3.12. As a special case of Theorem 3.11, when s(t) = r(t), then we get

T & _ A x\A T
R }To%g(tJ\Aam( ! )(T a ) [“rtomee ]

a A1 o

and when o = 1, then T{g (t) = g (t), and we obtain the inequality

T _ AT
[ v tor 1ot o ac< B85 o2 (o] ac (338)

Note that when A = 1, then the inequality (3.38) becomes

| g wile? wjac< TS [rw]et P ac

Theorem 3.13. Let T be a time scale with t,b € T, v > 1, and s € C,q([t,blt, R™) be such that s(t) is

nondecreasing on [t,blt, and let v be a nonnegative function on (t,b)t such that IS r /A ()ALt < oo. If
g:[t,blr = Rwith g(b) =0, and « € (0,1], then for A > 0

b b
Js(t) g7 (DM TEg (1] Axt < Ka(T,b,A,y) Jr(t) T2 (D] " Aat, (3.39)

where

Aly=1) Ay
v b* — % 5 b S(t) Y/A
- (1) (57) 7 () )

Proof. Let u(t) = ﬁ) sXy (x) ‘To%g (x)‘y Ayx, for t € [1,blr. Then u(b) = 0 and

TAu(t) = —s*v (1) [TRg (1] < 0.
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Applying Holder’s inequality (2.2) with indices v and v/(y — 1) so that
b b
901 =|[ TR0 Aax| < [ [T29 ] Aax
t t
b —1 1
= J SAHY (x)sA+Y (x) ‘Tﬁg (x)‘ Agx
t
b e \S L e
< (J (SW(X)) B Aax) (J s™ (x) }To%g (x)!YA(XX>
t t
y-—1 1
. b Y b v v Y
< s™v (t) J Axx J s™Y (x) ‘Tﬁg(x)} Axx | .
t t
Since Tﬁ (%) > 1, this implies that
b b o «|b X _ 1
J Agx gJ TA <X> A= | 2bEt (3.41)
t t x x|t x
Substituting (3.41) into (3.40), we see that
R b“>ft“ MnJ) R
sHwlgof < (U 0) T W 642)
By applying the chain rule (2.1), we obtain
A Aty )\+Y A A
TS (u Y (t)) = Tuv(d)Tau(t), where d € [t, o (t)].
Since T2u(t) = —s%v (t) IT2g (’c)}y <0, and o(t) > d, this implies that
—u (0(1) TAu(t) < —u¥ (d)TAu(t) < —u¥ (O TEu(t)
and we see that
i (u“TV (t)) - —A:;Vu?(dnﬁu(t) > —Ayui(c(tmgu(t). (3.43)

Now, from (3.42) and (3.43) we have that

b
Js(t) 19 (o) T2 (0] At = [ 757 (1) g (o) 757 (1) [TAg (1)]” Aut

b

< | ¥ (o(t) Ig (o(t)} 0 ‘To%g (t)‘y Aat
T
b Aly—1)

N

N\
N
og
R
QR

A
R
N~

2



A. G. Sayed, S. H. Saker, A. M. Ahmed, J. Math. Computer Sci., 22 (2021), 363-380 377

b
bX — X\ v
<A1Y< ocT> Y JT"%(_uW(tDA“t
T

bE— T\ Y iy
:A?i/—y< x > w (@)

By applying Holder’s inequality (2.2) with indices (A +y)/A and (A +v)/v, and (3.41), we see that

Aty

b bX — 1o )\h;,fl) b %
[ stog ool g ax= 1 (1) (J sm(t)]Tﬁg(t)‘yA“t)

b o Aly=1) b

Y —T Y J Y —y

< SAY (t)r Ay (t)
Aty < x ) ( T

Aty

x TR (1) |[TAg (1) Aat) v

Aly=1) Ay
v b _ Y b s(t) Y/A
S A < x ) (L <r(t)> A“t>

x Jbr(t) TAg ()Y

At
b A Ay

- KZ(T/ b/ A/'Y) J T(t) ‘Toc g (t)} AO(t/
T

where

v b‘x—To‘ nyfl)
Ka(t,b,A,y) = Aty ( " > (

which is the desired inequality (3.39). The proof is complete. O

Remark 3.14. As a special case of Theorem 3.13, when s(t) = r(t), then we get

b bX — 1o A b
|| ritilg™ 0P T2g (0] Agt < AIy( _~ ) [t meg ) au

and when « = 1, then T{g (t) = g® (t), and we obtain the inequality

Jb y(b—1)" Jb MY

r(t) g% (0" |g” (1] At < r(t) [g* (1)
T ‘ { )\ +y T }
Theorem 3.15. Let T be a time scale with t,b € T, and s € Cyq([t, bl, R") be such that s(t) is nondecreasing

on [T, bly, and let v be a nonnegative function on (t,b)t such that f: T/ AHY) () Agt < o0. Ifg:[t,blr = R
with g (b) =0, and « € (0,1], then for A > 0

b
s(t)1g° (DM T2 g (1)] Axt < Ka(T,b,A) Jr(t) T2 (0] At (3.44)

A
b s(t)\ »
J. G) A“) |

A—c

where

-

1
Ka(T,b,A) = m (
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Proof. Let u(t) = ﬁ) s (x) ‘To%g (x)‘ Ayx, for t € [1,b]r. Then u(b) = 0 and

b b
J Tﬁg (x) Agx| < J }Tﬁg (x)! Axx
t

t

lg (t) =

b
= | s s 0 [T29 ()] A (3.45)
t

b
< wamj s771 (%) [TAg ()] Aax < s71 (D)uft).

By applying the chain rule (2.1), we obtain
TAUMT (1) = A+ D)uM(d)TRu(t), where d € [t, o (t)].
Since TAu(t) = % (t) ITRg(t)| <0, and o(t) > d, this implies that
—uMo (1) Teu(t) < —uMd)TLu(t) < —u (O Teu(t)
and we see that

—TAUML (1) = — A+ DuMA)TRu(t) > —(A+ DuM(o (1) TR u(t). (3.46)

Now, from (3.45) and (3.46) we have that

b
js(t) 1% (1) [T2g (1)| Aat = | s¥T(1) [g° (1)) 7T (1) [TEg (1)] Aat

1
7u?\+1 (T) )

b
1
=— J (—TEuM (1) Axt = 1
T

By applying Holder’s inequality (2.2) with indices (A +1) and (A +1)/A, we have

b
1
[st1g° O 129 (0] Aat < g 0
T
b A+1
1 1
A+l sx (t) ‘To%g (t)‘ Aoct)
T
b A+1
1 _
=351 e ()™ (£)rae () ‘fokg (t)\ A(Xt)
T
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Ao
1 S(t) A J A A+1
<33T J <T(t)) Axt ] [T |TEg (D) Aqt
T
b
~ Kalt,b, ) [1(0) T2 (0] At
T
where
WHZOUAY
s(t)\*
KZ(T, b,)\) = m J <T(t)> Aoct ’
T
which is the desired inequality (3.44). The proof is complete. O

Remark 3.16. As a special case of Theorem 3.15, when s(t) = r(t), then we get

b 1 bx — g\ (b A+1
[ roigr r r2g (] ant < | o e P ant
- A+1 o4 -

and when « = 1, then T{g (t) = g® (t), and we obtain the inequality

b W b
[ vioige o Jo® ] ac< ST [t fo 0 A (347)

Note that when A = 1, then the inequality (3.47) becomes

b b
[rt0g7 wrle® ] av < B o) g (0 A
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