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Abstract
In this paper, we prove some new fractional dynamic inequalities on time scales of Hardy’s type due to Yang and Hwang.
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1. Introduction

In 1920, Hardy [19] proved the discrete inequality

∞∑
n=1

(
1
n

n∑
i=1

a(i)

)p
6

(
p

p− 1

)p ∞∑
n=1

ap(n), p > 1, (1.1)

where a(n) is a positive sequence defined for all n > 1. In 1925 Hardy [20], by using the calculus of
variations, proved the continuous inequality of (1.1) which has the form∫∞

0

(
1
x

∫x
0
f(s)ds

)p
dx 6

(
p

p− 1

)p ∫∞
0
fp(x)dx, (1.2)

for a given positive function f, which is integrable over (0, x), fp is convergent and integrable over (0,∞)
and p > 1. In (1.1) and (1.2), the constant (p/ (p− 1))p is a sharp constant. The generalizations of (1.2)
have been proved by Hardy [21] who showed that when p > 1, then∫∞

0
x−c

(∫x
0
f(s)ds

)p
dx 6

(
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c− 1

)p ∫∞
0
xp−cfp(x)dx, for c > 1, (1.3)
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and ∫∞
0
x−c

(∫∞
x

f(s)ds

)p
dx 6

(
p

1 − c

)p ∫∞
0
xp−cfp(x)dx, for c < 1. (1.4)

The constants (p/(c− 1))p and (p/(1 − c))p in (1.3) and (1.4) are the best possible. Copson [15] considered
the adjoint operator and proved that if f(x) > 0, p > 1 and fp(x) is integrable on the interval (0,∞), then∫∞
x

(
f(s)
s

)
ds converges if x > 0 and∫∞

0

(∫∞
x

f(s)

s
ds

)p
dx 6 pp

∫∞
0
fp(x)dx,

where pp is the best possible. In [16] Copson extended the inequalities due to Hardy and proved that if
p > 1, a(i) > 0, λ(i) > 0, ∀i > 1, Ω(n) =

∑n
i=1 λ(i), and c > 1, then

∞∑
n=1

λ(n)

Ωc(n)

(
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a(i)λ(i)

)p
6

(
p
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)p ∞∑
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λ(n)Ωp−c(n)ap(n), (1.5)

and if p > 1 and 0 6 c < 1, then

∞∑
n=1

λ(n)

Ωc(n)

( ∞∑
i=n

a(i)λ(i)

)p
6

(
p

1 − c

)p ∞∑
n=1

λ(n)Ωp−c(n)ap(n). (1.6)

The continuous versions of the inequalities of (1.5) and (1.6) were proved by Copson in [17, Theorems 1
and 3]. In particular, he proved that if p > 1, c > 1, and Ω(s) =

∫s
0 λ(t)dt, then∫∞

0

λ(s)

Ωc(s)
Θp(s)ds 6

(
p

c− 1

)p ∫∞
0

λ(s)

Ωc−p(s)
fp(s)ds,

where Θ(s) =
∫s

0 λ(t)f(t)dt, and if p > 1, 0 6 c < 1, then∫∞
0

λ(s)

Ωc(s)
Θ
p
(s)ds 6

(
p

1 − c

)p ∫∞
0

λ(s)

Ωc−p(s)
fp(s)ds,

where Θ(s) =
∫∞
s λ(t)f(t)dt. An interesting variant of Copson inequalities (1.5) and (1.6) was proved by

Leindler in [28] and Bennett in [8]. Leindler proved that if Ω∗(n) =
∑∞
i=n λ(i) <∞, p > 1, and 0 6 c < 1,

then ∞∑
n=1

λ(n)

(Ω∗(n))c

(
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a(i)λ(i)

)p
6

(
p
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)p ∞∑
n=1

λ(n)(Ω∗(n))p−cap(n),

and Bennett in [8] showed that if 1 < c 6 p, then

∞∑
n=1

λ(n)
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a(i)λ(i)

)p
6

(
p
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)p ∞∑
n=1

λ(n)(Ω∗(n))p−cap(n).

Levinson [29] proved that, if φ(u) is a real - valued positive convex function for u > 0, p > 1, f(t) > 0,
λ(t) > 0 for t > 0, and there exists a constant K > 0 such that

p− 1 +
λ′(t)Υ(t)

λ2(t)
>
p

K
, for all t > 0,

then ∫∞
0
φ

(
1
Υ(t)

∫t
0
λ(s)f(s)ds

)
dt 6 Kp

∫∞
0
φ (f(t))dt, (1.7)
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where Υ(t) =
∫t

0 λ(s)ds. Yang and Hwang [41] generalized the inequality (1.7) and proved that, if p > 1,
λ(t), q(t), f(t) are nonnegative functions and there exists a constant K > 0 such that

p− 1 +
q′(t)Υ(t)

q2(t)λ(t)
>
p

K
, for all t > 0,

then ∫∞
0
λ(t)φ

(
Θ(t)

Υ(t)

)p
dt 6 Kp

∫∞
0
λ(t)fp(t)dt, (1.8)

where

Υ(t) :=

∫t
0
λ(s)q(s)ds, and Θ(t) :=

∫t
0
λ(s)q(s)f(s)ds.

In last decades, the study of dynamic equations and inequalities on time scales has become an important
major field in pure and applied mathematics, we refer to the books [4, 31]. The book [4] contains the time
scales versions of several inequalities of Hardy’s type their extensions. The idea of time scales goes back
to Stefan Hilger [22] who begin the study of dynamic equations on time scales. The two books by Bohner
and Peterson in [12, 13] summarized and organized most calculus of time scales. The most three popular
examples of calculus on time scales are difference calculus, differential calculus, and quantum calculus
(see Kac and Cheung [25]), i.e., when T = N, T = R, and T = qN0 = {qt : t ∈N0}, where q > 1.

In recent years, some authors studied the fractional inequalities by using fractional Caputo and
Riemann-Liouville derivatives, we refer the reader to the papers [9, 24, 42] and the references cited
therein. In [1, 26] the authors extended the calculus of fractional order to conformable calculus. Very
recently, some authors have extended classical inequalities by using conformable fractional calculus such
as Opial’s inequality [37, 38], Hermite-Hadamard’s inequality [14, 27, 40], Chebyshev’s inequality [6] and
Steffensen’s inequality [39]. In [1, 26] the authors extended the calculus of fractional order to conformable
calculus and gave new definitions of the derivatives and integrals. In [7, 30], the authors combined a
conformable fractional calculus and a time scale calculus and obtained new fractional calculus on time
scales.

Our aim in this paper is to employ these new theory to prove some fractional dynamic inequalities
on time scales. The new inequalities contain the classical Hardy, Copson, Yang and Hwang inequalities
as special cases. The paper is organized as follows. In Section 2, we present some preliminaries about
fractional calculus on time scales and in Section 3, we will prove the main results.

2. Preliminaries and basic lemmas

In this section, we present the basics of fractional calculus on time scales that will be needed through-
out the paper. The results are adapted from [7, 12, 13, 30]. A time scale T is an arbitrary nonempty closed
subset of the real numbers R. We assume throughout that T has the topology that it inherits from the
standard topology on R. We define the forward jump operator σ : T→ T, as

σ(t) := inf{s ∈ T : s > t},

while the backward jump operator ρ : T→ T, is defined by:

ρ(t) := sup{s ∈ T : s < t},

for any t ∈ T and the notation fσ(t) refer to f(σ(t)), i.e., fσ = f ◦ σ. Finally, the graininess function
µ : T→ [0, ∞) is defined by

µ(t) := σ(t) − t.
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Definition 2.1 (Conformable α-fractional derivative). Let the function f : T→ R and α ∈ (0, 1]. Then, for
t > 0, we define T∆α (f)(t) to be the number (provided it exists) with the property that, given any ε > 0,
there is a neighborhood U of t such that for all t ∈ U,∣∣[fσ(t) − f(s)]t1−α − T∆α (f(t))(σ(t) − s)

∣∣ 6 ε |σ(t) − s)| .
T∆α (f(t)) is called the conformable α-fractional derivative of f of order α at t on T, and we define the

conformable fractional derivative on T at 0 as

T∆α (f(0)) = lim
t→0

T∆α (f(t)).

The conformable fractional derivative has the following properties.

Theorem 2.2. Let u, v : T→ R be conformable fractional derivative of order α ∈ (0, 1]. Then the following
properties are hold.

(i) The u+ v : T→ R is conformable fractional derivative and

T∆α (u+ v) = T∆α (u) + T
∆
α (v).

(ii) For any λ ∈ R, then λu : T→ R is α-fractional differentiable and

T∆α (λu) = λT
∆
α (u).

(iii) If u and v are α-fractional differentiable, then the product uv : T→ R is α-fractional differentiable and

T∆α (uv) = T
∆
α (u)v+ (u ◦ σ)T∆α (v) = T∆α (u)(v ◦ σ) + uT∆α (v).

(iv) If u is α-fractional differentiable, then 1/u is α-fractional differentiable with

T∆α

(
1
u

)
= −

T∆α (u)

u(u ◦ σ)
.

(v) If u and v are α-fractional differentiable, then u/v is α-fractional differentiable with

T∆α (u/v) =
vT∆α (u) − uT

∆
α (v)

v(v ◦ σ)
, (2.1)

valid at all points t ∈ Tk for which v(t)(v(σ(t)) 6= 0.

Lemma 2.3 (Chain rule A). Let v : T→ R be continuous and α-fractional differentiable at t ∈ T, for α ∈ (0, 1],
and u : R→ R be continuously differentiable. Then there exists d ∈ [t,σ(t)] with

T∆α (u ◦ v)(t) = u
′
(v(d))T∆α (v(t)). (2.2)

Lemma 2.4 (Chain rule B). Let u : R→ R be continuously differentiable, and v : T→ R be α-fractional
differentiable for α ∈ (0, 1]. Then (u ◦ v) : T→ R is also α-fractional differentiable, and we have

T∆α (u ◦ v)(s) =

 1∫
0

u
′ (
v(s) + hµ(s)sα−1T∆α (v(s))

)
dh

 T∆α (v(s)).
Definition 2.5 (Conformable fractional integral). For 0 < α 6 1, the α-fractional integral of f is defined by∫

f(s)∆αs =

∫
f(s)sα−1∆s.
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The conformable fractional integral satisfies the following properties.

Theorem 2.6. Let a, b, c ∈ T, λ ∈ R and let u, v : T→ R. Then

(i)
∫b
a[u(s) + v(s)]∆αs =

∫b
a u(s)∆αs+

∫b
a v(s)∆αs;

(ii)
∫b
a λu(s)∆αs = λ

∫b
a u(s)∆αs;

(iii)
∫b
a u(s)∆αs = −

∫a
b u(s)∆αs;

(iv)
∫b
a u(s)∆αs =

∫c
a u(s)∆αs+

∫b
c u(s)∆αs;

(v)
∫a
a u(s)∆αs = 0.

Lemma 2.7 (Integration by parts). Let T be a time scale, a, b ∈ T where b > a. Let u, v be conformable
α-fractional differentiable, α ∈ (0, 1]. Then the formula of integration by parts is given by∫b

a

u(s)T∆α v(s)∆αs = [u(s)v(s)]ba −

∫b
a

vσ(s)T∆α u(s)∆αs. (2.3)

Lemma 2.8 (Hölder’s inequality). Let T be a time scale, a, b ∈ T and α ∈ (0, 1] and let u, v : T→ R. Then

∫b
a

|u(s)v(s)|∆αs 6

[∫b
a

|u(s)|p∆αs

] 1
p
[∫b
a

|v(s)|q∆αs

] 1
q

, (2.4)

where p > 1 and 1/p+ 1/q = 1.

3. Main results

In this section, we will prove our main results by employing Hölder’s inequality, chain rule, and
integration by parts for fractional on time scales. Throughout this paper (without mentioning it) we
assume that the integrals in the statements of the theorems are assumed to exist and finite. For simplicity,
we define the operators

Υ(t) :=

∫t
a

λ(s)qσ(s)∆αs, and Θ(t) :=

∫t
a

λ(s)q(s)f(s)∆αs,

where

Θ(∞) <∞, and
∫∞
a

λ(s)

(Υσ(s))γ−α+1∆αs <∞.

Theorem 3.1. Let T be a time scale with a ∈ [0,∞)T , 1 < γ 6 p, and α ∈ (0, 1] , and q(t) be an increasing
function on [a,∞)T . Furthermore, assume that there exists a constant K > 0 such that

γ−α+
T∆α q(t)Υ

σ(t)Θp(t)

λ(t) (qσ(t))2 (Θσ(t))p
>
p

K
, for t ∈ [a,∞)T . (3.1)

Then ∫∞
a

λ(t)

(Υσ(t))γ−α+1 (Θσ(t))p∆αt 6 K
p

∫∞
a

(Υσ(t))(γ−α+1)(p−1)

Υp(γ−α)(t)
λ(t)fp(t)∆αt. (3.2)

Proof. By employing the formula of integration by parts (2.3) on the term∫∞
a

λ(t)

(Υσ(t))γ−α+1 (Θσ(t))p∆αt,
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with vσ(t) = (Θσ(t))p /qσ(t) and T∆α u(t) =
λ(t)qσ(t)

(Υσ(t))γ−α+1 , we have that∫∞
a

λ(t)

(Υσ(t))γ−α+1 (Θσ(t))p∆αt = u(t)
Θp(t)

q(t)

∣∣∣∣∞
a

+

∫∞
a

−u(t)T∆α

(
Θp(t)

q(t)

)
∆αt, (3.3)

where

−u(t) =

∫∞
t

λ(s)qσ(s)

(Υσ(s))γ−α+1∆αs =

∫∞
t

T∆αΥ(s) (Υ
σ(s))α−γ−1∆αs.

Since T∆αΥ(t) = λ(t)qσ(t) > 0, and by using chain rule (2.2), we obtain that

−T∆α
(
Υα−γ(t)

)
= −(α− γ)Υα−γ−1(d)T∆αΥ(t), where d ∈ [t,σ(t)] =

(γ−α) T∆αΥ(t)

Υγ−α+1(d)
>

(γ−α) T∆αΥ(t)

(Υσ(t))γ−α+1 .

Then we have
T∆αΥ(t) (Υ

σ(t))α−γ−1 6
−1
γ−α

T∆α
(
Υα−γ(t)

)
,

and thus

−u(t) =

∫∞
t

λ(s)qσ(s)

(Υσ(s))γ−α+1∆αs 6
−1
γ−α

∫∞
t

T∆α
(
Υα−γ(s)

)
∆αs 6

Υα−γ(t)

γ−α
. (3.4)

By using the quotient rule (2.1), we see that

T∆α

(
Θp(t)

q(t)

)
=
q(t)T∆αΘ

p(t) −Θp(t)T∆α q(t)

q(t)qσ(t)
, (3.5)

and by using chain rule (2.2), we have that

T∆α (Θp(t)) = pΘp−1(d)T∆αΘ(t), where d ∈ [t, σ(t)],

since T∆αΘ(t) = λ(t)q(t)f(t) > 0 and d 6 σ(t) we have

T∆α (Θp(t)) = pΘp−1(d)T∆αΘ(t) 6 pλ(t)q(t)f(t) (Θ
σ(t))p−1 . (3.6)

From (3.5) and (3.6), we have that

T∆α

(
Θp(t)

q(t)

)
=
q(t)T∆αΘ

p(t) −Θp(t)T∆α q(t)

q(t)qσ(t)
6
pλ(t)q(t)f(t) (Θσ(t))p−1

qσ(t)
−
Θp(t)T∆α q(t)

q(t)qσ(t)
. (3.7)

Since Θ(a) = 0, u(∞) = 0, and from (3.4), (3.7), and (3.3) we have∫∞
a

λ(t)

(Υσ(t))γ−α+1 (Θσ(t))p∆αt 6
∫∞
a

Υα−γ(t)

γ−α

(
pλ(t)q(t)f(t) (Θσ(t))p−1

qσ(t)

Θp(t)T∆α q(t)

q(t)qσ(t)

)
∆αt

6
p

γ−α

∫∞
a

λ(t)q(t)f(t) (Θσ(t))p−1

Υγ−α(t)qσ(t)
∆αt

1
γ−α

∫∞
a

Θp(t)T∆α q(t)

Υγ−α(t)q(t)qσ(t)
∆αt ,

since T∆αΥ(t) = λ(t)qσ(t) > 0, and d 6 σ(t), then we have (note that q(t) is an increasing function on
[a,∞)T)∫∞
a

λ(t)

(Υσ(t))γ−α+1 (Θσ(t))p∆αt 6
p

γ−α

∫∞
a

λ(t)f(t) (Θσ(t))p−1

Υγ−α(t)
∆αt−

1
γ−α

∫∞
a

Θp(t)T∆α q(t)

(Υσ(t))
γ−α

(qσ(t))2∆αt,

hence∫∞
a

λ(t)

(Υσ(t))γ−α+1 (Θσ(t))p
[
γ−α+

T∆α q(t)Υ
σ(t)Θp(t)

λ(t) (qσ(t))2 (Θσ(t))p

]
∆αt 6 p

∫∞
a

λ(t)f(t) (Θσ(t))p−1

Υγ−α(t)
∆αt. (3.8)
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From (3.1), and (3.8), we see that∫∞
a

λ(t)

(Υσ(t))γ−α+1 (Θσ(t))p∆αt 6 K
∫∞
a

λ(t)f(t) (Θσ(t))p−1

Υγ−α(t)
∆αt

= K

∫∞
a

λp−1
p (t) (Θσ(t))p−1

(Υσ(t))
(γ−α+1)(p−1)

p

λ
1
p (t) (Υσ(t))

(γ−α+1)(p−1)
p f(t)

Υγ−α(t)

∆αt,
by applying Hölder’s inequality (2.4) with indices p and p/(p− 1), we have

∫∞
a

λ(t)

(Υσ(t))γ−α+1 (Θσ(t))p∆αt 6 K
∫∞
a

λp−1
p (t) (Θσ(t))p−1

(Υσ(t))
(γ−α+1)(p−1)

p

× λ
1
p (t) (Υσ(t))

(γ−α+1)(p−1)
p f(t)

Υγ−α(t)

∆αt
6 K

(∫∞
a

λ(t)

(Υσ(t))γ−α+1 (Θσ(t))p∆αt

)p−1
p

×

(∫∞
a

λ(t) (Υσ(t))(γ−α+1)(p−1) fp(t)

Υp(γ−α)(t)
∆αt

) 1
p

,

then (∫∞
a

λ(t)

(Υσ(t))γ−α+1 (Θσ(t))p∆αt

) 1
p

6 K

(∫∞
a

λ(t) (Υσ(t))(γ−α+1)(p−1) fp(t)

Υp(γ−α)(t)
∆αt

) 1
p

.

This leads to ∫∞
a

λ(t)

(Υσ(t))γ−α+1 (Θσ(t))p∆αt 6 K
p

∫∞
a

λ(t) (Υσ(t))(γ−α+1)(p−1) fp(t)

Υp(γ−α)(t)
∆αt,

which is the desired inequality (3.2). The proof is complete.

Remark 3.2. In Theorem 3.1 at α = 1, we have the inequality∫∞
a

λ(t)

(Υσ(t))γ
(Θσ(t))p∆t 6 Kp

∫∞
a

(Υσ(t))γ(p−1)

Υp(γ−1)(t)
λ(t)fp(t)∆t,

where

γ− 1 +
q∆(t)Υσ(t)Θp(t)

λ(t) (qσ(t))2 (Θσ(t))p
>
p

K
, for t ∈ [a,∞)T ,

that is the time scales version of inequality (2.7) in [34].

Remark 3.3. In Theorem 3.1 if q(t) = 1, we have the inequality∫∞
a

λ(t)

(Υσ(t))γ−α+1 (Θσ(t))p∆αt 6

(
p

γ−α

)p ∫∞
a

(Υσ(t))(γ−α+1)(p−1)

Υp(γ−α)(t)
λ(t)fp(t)∆αt,

that is the inequality (22) in [33].

Remark 3.4. In Theorem 3.1 at α = q(t) = 1, we have the inequality∫∞
a

λ(t)

(Υσ(t))γ
(Θσ(t))p∆t 6

(
p

γ− 1

)p ∫∞
a

(Υσ(t))γ(p−1)

Υp(γ−1)(t)
λ(t)fp(t)∆t,

which is the time scales version of inequality (2.8) in [35].
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If T = R ( Υσ(t) = Υ(t)), we have the following Copson integral inequality∫∞
a

λ(t)

Υγ(t)

(∫t
a

λ(s)f(s)ds

)p
dt 6

(
p

γ− 1

)p ∫∞
a

Υp−γ(t)λ(t)fp(t)dt,

when λ(t) = 1 and a = 0
(
Υ(t) =

∫t
0 λ(s)ds = t

)
, then we have Hardy integral inequality (1.3),∫∞

0

1
tγ

(∫t
0
f(s)ds

)p
dt 6

(
p

γ− 1

)p ∫∞
0

1
tγ−p

fp(t)dt.

Also if γ = p, we have the inequality∫∞
0

1
tp

(∫t
0
f(s)ds

)p
dt 6

(
p

p− 1

)p ∫∞
0
fp(t)dt,

which is the classical Hardy inequality (1.2).
When T = R, then σ(t) = t and Theorem 3.1 gives us the following results.

Corollary 3.5. Let 1 < γ 6 p, and α ∈ (0, 1] , and q(t) be an increasing function on [a,∞). Furthermore, assume
that there exists a constant K > 0 such that

γ−α+
q′(t)t1−αΥ(t)

λ(t)q2(t)
>
p

K
, for t ∈ [a,∞) ,

then ∫∞
a

λ(t)

Υγ−α+1(t)
(Θ(t))p dαt 6 K

p

∫∞
a

Υ
p−γ+α−1

(t)λ(t)fp(t)dαt, (3.9)

where

Υ(t) :=

∫t
a

λ(s)q(s)dαs, and Θ(t) :=

∫t
a

λ(s)q(s)f(s)dαs,

if α = 1, then the inequality (3.9) becomes∫∞
a

λ(t)

Υγ(t)
(Θ(t))p dt 6 Kp

∫∞
a

Υ
p−γ

(t)λ(t)fp(t)dt,

where
γ− 1 +

q′(t)Υ(t)

λ(t)q2(t)
>
p

K
, for t ∈ [a,∞) ,

and if γ = p, then we have the Yang and Hwang’s inequality (1.8).

In the following, we prove a new inequality with different operators Θ(t) and Υ(t) which are defined
by

Υ(t) :=

∫t
a

λ(s)q(s)∆αs, and Θ(t) :=

∫∞
t

λ(s)q(s)f(s)∆αs,

where

Θ(a) <∞, and
∫∞
a

λ(s)

(Υσ(s))γ−α+1∆αs <∞.

Theorem 3.6. Let T be a time scale with a ∈ [0,∞)T , p > 1, and 0 6 γ < α 6 1, and q(t) be an increasing
function on [a,∞)T . Furthermore, assume that there exists a constant K > 0 such that

α− γ−
T∆α q(t)Υ

σ(t)

λ(t)q2(t)
>
p

K
, for t ∈ [a,∞)T . (3.10)

Then ∫∞
a

λ(t)

(Υσ(t))γ−α+1

(
Θ(t)

)p
∆αt 6 K

p

∫∞
a

(Υσ(t))p−γ+α−1 λ(t)fp(t)∆αt. (3.11)
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Proof. By employing the formula of integration by parts (2.3) on the term∫∞
a

λ(t)

(Υσ(t))γ−α+1

(
Θ(t)

)p
∆αt,

with u(t) =
(
Θ(t)

)p
/q(t) and T∆α v(t) = λ(t)q(t) (Υσ(t))

α−γ−1 , we have that∫∞
a

λ(t)

(Υσ(t))γ−α+1

(
Θ(t)

)p
∆αt = v(t)

Θ
p
(t)

q(t)

∣∣∣∣∣
∞
a

+

∫∞
a

vσ(t)

(
−T∆α

(
Θ
p
(t)

q(t)

))
∆αt, (3.12)

where

v(t) =

∫t
a

λ(s)q(s) (Υσ(s))α−γ−1∆αs =

∫t
a

T∆αΥ(s) (Υ
σ(s))α−γ−1∆αs.

Since T∆αΥ(t) = λ(t)q(t) > 0, and by using chain rule (2.2), we obtain that

T∆α
(
Υα−γ(t)

)
= (α− γ)Υα−γ−1(d)T∆αΥ(t), where d ∈ [t,σ(t)] =

(α− γ)T∆αΥ(t)

Υγ−α+1(d)
>

(α− γ)T∆αΥ(t)

(Υσ(t))γ−α+1 .

Then we have
T∆αΥ(t) (Υ

σ(t))α−γ−1 6
1

α− γ
T∆α
(
Υα−γ(t)

)
,

and thus

vσ(t) =

∫σ(t)
a

T∆αΥ(s) (Υ
σ(s))α−γ−1∆αs 6

∫σ(t)
a

1
α− γ

T∆α
(
Υα−γ(s)

)
∆αs 6

1
α− γ

(Υσ(t))α−γ . (3.13)

By using the quotient rule (2.1), we see that

−T∆α

(
Θ
p
(t)

q(t)

)
=

−q(t)T∆αΘ
p
(t) +Θ

p
(t)T∆α q(t)

q(t)qσ(t)
=

−T∆αΘ
p
(t)

qσ(t)
+
Θ
p
(t)T∆α q(t)

q(t)qσ(t)
, (3.14)

and by using chain rule (2.2), we have that

−T∆α

(
Θ
p
(t)
)
= −pΘ

p−1
(d)T∆αΘ(t), where d ∈ [t, σ(t)],

since T∆αΘ(t) = −λ(t)q(t)f(t) 6 0 and t 6 d we have

−T∆α

(
Θ
p
(t)
)
= −pΘ

p−1
(d)T∆αΘ(t) 6 pλ(t)q(t)f(t)

(
Θ(t)

)p−1 . (3.15)

From (3.14) and (3.15), we have that

−T∆α

(
Θ
p
(t)

q(t)

)
=

−T∆αΘ
p
(t)

qσ(t)
+
Θ
p
(t)T∆α q(t)

q(t)qσ(t)
6
pλ(t)q(t)f(t)

(
Θ(t)

)p−1

qσ(t)
+
Θ
p
(t)T∆α q(t)

q(t)qσ(t)
. (3.16)

Since Θ(∞) = 0, v(a) = 0, and from (3.13), (3.16), and (3.12) we have∫∞
a

λ(t)

(Υσ(t))γ−α+1

(
Θ(t)

)p
∆αt 6

∫∞
a

vσ(t)

(
−T∆α

(
Θ
p
(t)

q(t)

))
∆αt

6
∫∞
a

(Υσ(t))α−γ

α− γ

(
pλ(t)q(t)f(t)

(
Θ(t)

)p−1

qσ(t)

Θ
p
(t)T∆α q(t)

q(t)qσ(t)

)
∆αt,
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since T∆αΥ(t) = λ(t)q(t) > 0, and d 6 σ(t), then we have (note that q(t) be an increasing function on
[a,∞)T) ∫∞

a

λ(t)

(Υσ(t))γ−α+1

(
Θ(t)

)p
∆αt 6

p

α− γ

∫∞
a

λ(t)f(t) (Υσ(t))α−γ
(
Θ(t)

)p−1
∆αt

+
1

α− γ

∫∞
a

Θ
p
(t)T∆α q(t)

(Υσ(t))γ−α q2(t)
∆αt,

hence∫∞
a

λ(t)

(Υσ(t))γ−α+1

(
Θ(t)

)p
∆αt

[
α− γ−

T∆α q(t)Υ
σ(t)

λ(t)q2(t)

]
∆αt 6 p

∫∞
a

λ(t)f(t)
(
Θ(t)

)p−1

(Υσ(t))γ−α
∆αt. (3.17)

From (3.10), and (3.17), we see that∫∞
a

λ(t)

(Υσ(t))γ−α+1

(
Θ(t)

)p
∆αt 6 K

∫∞
a

λ(t)f(t)
(
Θ(t)

)p−1

(Υσ(t))γ−α
∆αt

= K

∫∞
a

λp−1
p (t)

(
Θ(t)

)p−1

(Υσ(t))
(γ−α+1)(p−1)

p

× λ
1
p (t) (Υσ(t))

(γ−α+1)(p−1)
p f(t)

(Υσ(t))γ−α

∆αt,
by applying Hölder’s inequality (2.4) with indices p and p/(p− 1), we have∫∞
a

λ(t)

(Υσ(t))γ−α+1

(
Θ(t)

)p
∆αt 6 K

∫∞
a

λp−1
p (t)

(
Θ(t)

)p−1

(Υσ(t))
(γ−α+1)(p−1)

p

× λ
1
p (t) (Υσ(t))

(γ−α+1)(p−1)
p f(t)

(Υσ(t))γ−α

∆αt
6 K

(∫∞
a

λ(t)
(
Θ(t)

)p
(Υσ(t))γ−α+1∆αt

)p−1
p
(∫∞
a

λ(t) (Υσ(t))(γ−α+1)(p−1) fp(t)

(Υσ(t))p(γ−α) (t)
∆αt

) 1
p

,

then (∫∞
a

λ(t)

(Υσ(t))γ−α+1

(
Θ(t)

)p
∆αt

) 1
p

6 K

(∫∞
a

(Υσ(t))p−γ+α−1 λ(t)fp(t)∆αt

) 1
p

.

This leads to ∫∞
a

λ(t)

(Υσ(t))γ−α+1

(
Θ(t)

)p
∆αt 6 K

p

∫∞
a

(Υσ(t))p−γ+α−1 λ(t)fp(t)∆αt,

which is the desired inequality (3.11). The proof is complete.

Remark 3.7. In Theorem 3.6 at α = 1, we have the inequality∫∞
a

λ(t)

(Υσ(t))γ
(
Θ(t)

)p
∆t 6 Kp

∫∞
a

(Υσ(t))p−γ λ(t)fp(t)∆t,

where

1 − γ−
q∆(t)Υσ(t)

λ(t)q2(t)
>
p

K
, for t ∈ [a,∞)T ,

that is the time scales version of inequality (2.27) in [34].

Remark 3.8. In Theorem 3.6, if q(t) = 1, we have the inequality∫∞
a

λ(t)

(Υσ(t))γ−α+1

(
Θ(t)

)p
∆αt 6

(
p

α− γ

)p ∫∞
a

(Υσ(t))p−γ+α−1 λ(t)fp(t)∆αt,

that is the inequality (26) in [33].
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Remark 3.9. In Theorem 3.6 at α = q(t) = 1, we have the inequality∫∞
a

λ(t)

(Υσ(t))γ
(
Θ(t)

)p
∆t 6

(
p

1 − γ

)p ∫∞
a

(Υσ(t))p−γ λ(t)fp(t)∆t,

which is the time scales version of inequality (2.22) in [35].
If T = R (so that Υσ(t) = Υ(t)), we have the following Copson integral inequality∫∞

a

λ(t)

Υγ(t)

(∫∞
t

λ(s)f(s)ds

)p
dt 6

(
p

1 − γ

)p ∫∞
a

Υp−γ(t)λ(t)fp(t)dt,

when λ(t) = 1 and a = 0
(
Υ(t) =

∫t
0 λ(s)ds = t

)
, then we have Hardy integral inequality (1.4),

∫∞
0

1
tγ

(∫∞
t

f(s)ds

)p
dt 6

(
p

1 − γ

)p ∫∞
0

1
tγ−p

fp(t)dt.

When T = R, then σ(t) = t and Theorem 3.6 gives us the following results.

Corollary 3.10. Let p > 1, and 0 6 γ < α 6 1, and q(t) be an increasing function on [a,∞) . Furthermore,
assume that there exists a constant K > 0 such that

α− γ−
q′(t)t1−αΥ(t)

λ(t)q2(t)
>
p

K
, for t ∈ [a,∞) .

Then ∫∞
a

λ(t)

Υγ−α+1(t)

(
Θ(t)

)p
dαt 6 K

p

∫∞
a

Υ
p−γ+α−1

(t)λ(t)fp(t)dαt, (3.18)

where

Υ(t) :=

∫t
a

λ(s)q(s)dαs, and Θ(t) :=

∫∞
t

λ(s)q(s)f(s)dαs.

If α = 1, then the inequality (3.18) becomes∫∞
a

λ(t)

Υγ(t)

(
Θ(t)

)p
dt 6 Kp

∫∞
a

Υ
p−γ

(t)λ(t)fp(t)dt,

where

1 − γ−
q′(t)Υ(t)

λ(t)q2(t)
>
p

K
, for t ∈ [a,∞) .
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[14] Y.-M. Chu, M. A. Khan, T. Ali, S. S. Dragomir, Inequalities for α-fractional differentiable functions, J. Inequal. Appl.,

2017 (2017), 12 pages. 1
[15] E. T. Copson, Note on series of positive terms, J. London Math. Soc., 2 (1927), 9–12. 1
[16] E. T. Copson, Note on series of positive terms, J. London Math. Soc., 3 (1928), 49–51. 1
[17] E. T. Copson, Some integral inequalities, Proc. Roy. Soc. Edinburgh Sect. A, 75 (1976), 157–164. 1
[18] H. A. Ghany, A.-A. Hyder, M. Zakarya, Exact solutions of stochastic fractional Korteweg de-Vries equation with con-

formable derivatives, Chin. Phys. B, 29 (2020), 1–18.
[19] G. H. Hardy, Notes on a theorem of Hilbert, Math. Z., 6 (1920), 314–317. 1
[20] G. H. Hardy, Notes on some points in the integral calculus, LX. An inequality between integrals, Messenger Math., 54

(1925), 150–156. 1
[21] G. H. Hardy, Notes on some points in the integral calculus LXIV: Further inequalities between integrals, Messenger

Math., 57 (1928), 12–16. 1
[22] S. Hilger, Analysis on measure chains—a unified approach to continuous and discrete calculus, Results. Math., 18 (1990),

18–56. 1
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