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Abstract

This paper proposes, designs, and analyses a novel nonlinear feedback controller that realizes fast, and oscillation free
convergence of the synchronization error to the equilibrium point. Oscillation free convergence lowers the failure chances of a
closed-loop system due to the reduced chattering phenomenon in the actuator motion, which is a consequence of low energy
sm ooth control signal. The proposed controller has a novel structure. This controller does not cancel nonlinear terms of the
plant in the closed-loop; this attribute improves the robustness of the loop. The controller consists of linear and nonlinear parts;
each part executes a specific task. The linear term in the controller keeps the closed-loop stable, while the nonlinear part of the
controller facilitates the fast convergence of the error signal to the vicinity of the origin. Then the linear controller synthesizes
a smooth control signal that moves the error signals to zero without oscillations. The nonlinear term of the controller does not
contribute to this synthesis. The collaborative combination of linear and nonlinear controllers that drive the synchronization
errors to zero is innovative. The paper establishes proof of global stability and convergence behavior by describing a detailed
analysis based on the Lyapunov stability theory. Computer simulation results of two numerical examples verify the performance
of the proposed controller approach. The paper also provides a comparative study with state-of-the-art controllers.
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1. Introduction

The terminology chaos synchronization represents the tracking of oscillatory trajectories of two or
more chaotic systems. Chaotic systems are vulnerable to the initial conditions and can produce singular-
ities in the system. The response of such systems is random, unpredictable, and complex. Pecora and
Carroll introduced the notion of chaos synchronization [18], as a consequence of the successful develop-
ment of an experiment for the synchronization of Rossler and Lorenz chaotic systems using a feedback
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Table 1: Notation and symbols.
Symbols Description
T Transpose of a vector (matrix)
Rn n-dimensional Euclidean space
Rm m-dimensional Euclidean space
u (t)=[u1 (t) ,u2 (t) , . . . ,un (t)]T ∈ Rn×1 Control input vector
χm (t) =

[
χm1 (t) ,χm2 (t) , . . . , χmn (t)

]T ∈ Rn×1 State vectors of the master system
χs (t) =

[
χs1 (t) ,χs2 (t) , . . . , χsn (t)

]T ∈ Rn×1 State vectors of the slave system
F (χm (t)) = [ f1 (χ

m(t)), f2 (χm(t)), . . . , fn (χm(t)]T ∈ Rn×1 The nonlinear continuous-time function of the state-vector
for the master system

F (χs (t)) = [ f1 (χ
s(t)), f2 (χs(t)), . . . , fn (χs(t)]T ∈ Rn×1 The nonlinear continuous-time function of the state-vector

for the slave system
F (χ (t)) :Rn×1×Rn×1 → Rn×1 Nonlinear smooth continuous function
Ξ (t)=χm (t)−χs (t) ∈ Rn×1 The state-error vector of master and slave systems
a= [a1,a2, . . . , αn ]T∈Rn×1 Parameters vector of the master system
b=[b1,b2, . . . , bn ]T ∈ Rn×1 Parameters vector of the slave system
A ∈ Rn×n n×n matrix consisting of elements from a

B ∈ Rn×n n×n matrix consisting of elements from b

control algorithm. Since then, researchers show immense interest in studying the synchronization of
chaotic systems and developing controllers due to their widespread applications.

Tracking trajectories is one of the control strategies that realizes the synchronization of chaotic systems.
These control techniques include the nonlinear control (NLC) methods [8, 11], finite-time control strategies
(FTS) [5, 23, 26] active control approach [1], adaptive control techniques [3, 21], sliding mode controllers
[9, 15], quantized control algorithms [29], switching control strategies [20], backstopping control methods
[22], intermittent control scheme [28], and the fuzzy control techniques [19], among others.

The synchronization of chaotic systems has successful applications in natural science and engineer-
ing, such as secure communication systems [4], neural network systems [26], aerospace technology [10],
and chemical reactors [13], etc. Extensive applications of chaotic synchronization have motivated many
researchers to study and develop efficient algorithms. [11] proposes a nonlinear control strategy and in-
vestigates the synchronization of two identical and two non-identical chaotic systems. Based on the Lya-
punov stability theory [11], the authors design a nonlinear state-feedback controller to cancel all nonlinear
terms of the plant and synchronize two identical Lu chaotic systems and two non-identical Lur’e-like sys-
tem and Genesio system. Similarly, [17] achieves synchronization for two identical chaotic systems based
on the Lyapunov stability theory. It improves the performance in terms of the oscillation amplitude and
rate of the convergence error to the steady-state. Reduction in energy consumption is another challenge
in the controller design. [30] proposes a methodology that achieves better energy utilization than [17],
and shows that the closed-loop is exponential stable. [27] develops an FTS controller for synchronization
of unified chaotic systems with uncertainties and use the Lyapunov theory to prove the stability. [24]
investigates the NLC strategy for the synchronization and anti-synchronization of Lu chaotic systems and
Bhalekar-Gejji chaotic system. To reduce the oscillation amplitude of the error signals, [25] applies a sin-
gle input sliding mode control that accomplishes synchronization between uncertain Lu identical chaotic
(hyperchaotic) systems. [6] introduces an NLC technique that investigates synchronization between two
non-identical hyperchaotic systems.

Most of the above synchronization control strategies eliminate the nonlinear terms in the closed-loop
system. The presence of the nonlinear terms in the closed-loop enhances the speed of convergence and
strengthens the security of the information signal in secure communication systems [14]. Therefore, it is
challenging to retain the nonlinear terms and show the closed-loop system stability in the synchronization
of chaotic systems [2]. One of the core issues in the synchronization of chaotic systems is the slow rate
of convergence [16]. The synchronization error with large oscillations is another problem that creates
chattering and makes the system noisy. Penalization of these oscillations by incorporating nonlinear
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cancellation terms in the controller synthesizes substantial control effort, which consumes high energy
[7].

The above discussion poses a challenge to design an energy-efficient controller for quality synchro-
nization. Quality synchronization refers to the fast and oscillation free trajectories in the steady-state.

This paper proposes an NLC feedback controller that expedites the convergence of the synchroniza-
tion error without eliminating nonlinear terms in the closed-loop. The nonlinear part of the proposed
controller decreases the amplitude of oscillations in the error signals and increases the pace of synchro-
nization convergence. The linear part keeps the closed-loop system stable; it assures the convergence of
the state error to zero. The proposed controller synthesizes an adequate control signal to penalize the
large errors rapidly.

The rest of the paper is composed as follows. Section 2 describes the challenge, and 3 proposes a gen-
eralized methodology for the synchronization of two identical chaotic(hyperchaotic) systems. Sections 4
and 5 present the numerical simulations and a comparative study for the synchronization of two identi-
cal chaotic Lu systems and two identical hyperchaotic Lu systems, respectively. The paper concludes in
Section 6 with some remarks.

2. Description of the challenge

Consider the following master and slave systems arrangement:

Master system: χ̇m (t)=Aχm (t) + F(χm (t)), (2.1)
Slave system: χ̇s (t)=Bχs (t)+F (χs (t))+u (t) . (2.2)

Definition 2.1. Let Ξ (t) = χs (t) − χm (t) ∈ Rn×n , then the error system for the master and slave
systems (2.1)-(2.2) is defined as follows:

Ξ̇ (t)=Bχs (t)−Aχm (t)+F (χs (t))−F (χm (t))+u (t)

=Bχs (t)−Bχm (t)+Aχs (t)−Aχm (t)+F (χs (t))−F (χm (t))+Bχm (t)−Aχm (t) + u (t)

=BΞ (t)+AΞ (t) +Q (χm (t) ,χs (t))Ξ (t) + u (t)
=CΞ (t) +Q (χm (t) ,χs (t))Ξ (t) + u (t) ,

(2.3)

where C = A+B is a coefficient matrix, CΞ (t) and

Q (χm (t) ,χs (t))Ξ (t) = Bχm (t)− Aχm (t)+F (χs (t))−F (χm (t))

represent the linear and nonlinear parts of the error dynamics system.

Objective: The objective of this article is to design a controller that accomplishes synchronization between
the master-slave systems described in (2.1) and (2.2) rapidly with reduced oscillations in the transient
phase and suppressed oscillations in the steady-state. This paper proposes a novel controller that synthe-
sizes a control signal u (t) that keeps the closed-loop dynamical system (2.3) globally asymptotic stable at
the origin. The global asymptotic stable closed-loop assures,

lim
t→∞ ‖Ξ (t)‖=0.

3. Propose controller to address the challenge

This section describes the structure of the proposed controller and proves the closed-loop stability.
The analysis establishes the proof of the closed-loop stability based on Assumption 3.1.
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Assumption 3.1. The chaotic attractors evolve in a region M ⊂ Rn, because the chaotic master-slave
systems (2.1) and (2.2) owe bounded trajectories. Therefore, the chaotic attractors of the error system in
(2.3) do not leave or overlap this region. As a consequent, there exist positive constants Mχm ,Mχs ∈ R
such that [7],

χm (t)6Mχm , and χs (t)6Mχs .

Theorem 3.2. If the Assumption 3.1 is satisfied, then relationship (2.3) synthesizes a control signal u (t) that
accomplishes the objective.

u (t)= −K
(

1 − e−ρ|Ξ(t)|
)

tanh (βΞ (t))−LΞ (t) , (3.1)

where the diagonal matrices K ∈ Rn×n and L ∈ Rn×n represent the feedback control gains, |tanh (γΞ (t)) | 6 1
∀ Ξ (t) 6= 0, |tanh (Ξ (t)) | = 0, for Ξ (t) = 0, and ρ > 0 and γ > 0 are two real positive constants.

Proof. Using (3.1) into (2.3) yields:

Ξ̇ (t) = CΞ (t)+Q (χm (t) , χs (t))Ξ (t)−K
(

1 − e−ρ|Ξ(t)|
)

tanh (γΞ (t))−LΞ (t) . (3.2)

Consider the following Lyapunov candidate function:

V (Ξ (t)) =
1
2
(
ΞT (t)Ξ (t)

)
> 0. (3.3)

Taking the time derivative of (3.3) and using (3.2) give:

V̇ (Ξ (t))=ΞT (t)CΞ (t)+ΞT (t)Q (χm (t) , χs (t)) (t)Ξ (t)

− ΞT (t)K
(

1 − e−ρ|Ξ((t)|
)

tanh (γΞ (t))−ΞT (t)LΞ (t)

=−ΞT (t) (−C−Q+L)Ξ (t)−ΞT (t)K
(

1 − e−ρ|Ξ((t)|
)

tanh (γΞ (t))

6−ΞT (t) (−C−Mx −Mχs+L)Ξ (t)−Ξ
T (t)K

(
1 − e−ρ|Ξ((t)|

)
tanh (γΞ (t)) .

If (−C−Mχm −Mχs+L) and K are positive definite then V̇ (Ξ (t))6 0.

4. Numerical example-1

This section presents the synchronization between two identical chaotic Lu systems.

4.1. Dynamics of the unified Lu chaotic system

Equation (4.1) gives the dynamics of the unified chaotic system.
χ̇1 (t) = (25α+ 10) (χ2 (t) − χ1 (t)) ,
χ̇2(t) = (28 − 35α)(χ1(t) − χ1(t)χ3(t) + (29α− 1)χ2(t),
χ̇3 (t) = χ1 (t)χ2 (t) −

(8+α)χ3(t)
3 ,

(4.1)

where χ1 (t), χ2 (t), and χ3 (t) are the state variables, and α ∈ [0, 1] represents the parameter. The dynamic
system (4.1) represents the Lu chaotic system for 0.8 < α 6 1. Figures 1 and 2 show the 2D and 3D
dynamic behaviors of the Lu chaotic system.
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Figure 1: Behavior of the state variables.

Figure 2: 3D phase portrait.

4.2. Synchronization of two identical Lu chaotic systems
This subsection presents a numerical example investigating the synchronization of two non-identical

Lu chaotic systems using the master and slave systems synchronization organization. The state of the
master system is denoted by χm (t)=

[
χm1 (t) ,χm2 (t) ,χm3 (t)

]T , and the slave system is represented by
χs (t)=

[
χs1 (t) , χs2 (t) , χs3 (t)

]T . The master-slave system arrangement is given in (4.2) and (4.3).

Master system:


χ̇m1 (t) = (25α+ 10)

(
χm2 (t) − χm1 (t)

)
,

χ̇m2 (t) = (28 − 35α)(χm1 (t) − χ1 (t)χ
m
3 (t) + (29α− 1)χm2 (t),

χ̇m3 (t) = χm1 (t)χm2 (t) −
(8+α)χm3 (t)

3 ,
(4.2)

Slave system:


χ̇s1 (t) = (25α+ 10)

(
χs2 (t) − χ

s
1 (t)

)
+ u1 (t) ,

χ̇s2 (t) = (28 − 35α)χs1 (t) − χ
s
1 (t)χ

s
3 (t) + (29α− 1)χs2 (t) + u2 (t) ,

χ̇s3 (t) = χ
s
1 (t)χ

s
2 (t) −

(8+α)χs3(t)
3 + u3 (t) ,

(4.3)

where u (t) = [u1 (t) ,u2 (t) , u3 (t)] is the control input vector. Let Ξi (t) = χsi (t) − χ
m
i (t) , i = 1, 2, 3

denote the corresponding state error, then the error dynamical system for the master and slave systems
(4.2) and (4.3) is given in (4.4).

Ξ̇1 (t) = (25α+ 10) (Ξ2 (t) − Ξ1 (t)) + u1 (t) ,
Ξ̇2 (t) = (28 − 35α)Ξ1 (t) − χ

s
1 (t)χ

s
3 (t) + χ

m
1 (t)χm3 (t) + (29α− 1)Ξ2 (t) + u2 (t) ,

Ξ̇3 (t) = χ
s
1 (t)χ

s
2 (t) − χ

m
1 (t)χm2 (t) −

(8+α)Ξ3(t)
3 + u3 (t) .

(4.4)
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It is easy to show that:{
χs1 (t)χ

s
2 (t) − χ

m
1 (t)χm2 (t) = χs2 (t)Ξ1 (t) + χs1 (t)Ξ2 (t) − Ξ1 (t)Ξ2 (t) ,

χs1 (t)χ
s
3 (t) − χ

m
1 (t)χm3 (t) = χs3 (t)Ξ1 (t) + χ

s
1 (t)Ξ3 (t) − Ξ1 (t)Ξ3 (t) . (4.5)

Substituting (4.5) in (4.4) gives that:
Ξ̇1 (t) = (25α+ 10) (Ξ2 (t) − Ξ1 (t)) + u1 (t) ,
Ξ̇2 (t) = (28 − 35α)Ξ1 (t)−χ

s
3 (t)Ξ1 (t)−χ

s
1 (t)Ξ3 (t)+Ξ1 (t)Ξ3 (t) + (29α−1)Ξ2 (t)+u2 (t) ,

Ξ̇3 (t) = χ
s
2 (t)Ξ1 (t)+ χ

s
1 (t)Ξ2 (t)−Ξ1 (t)Ξ2 (t)−

(8+α)Ξ3(t)
3 +u3 (t) .

(4.6)

4.3. Numerical simulations and comparative study
This subsection discusses the efficiency and performance of the proposed NLC (3.1). It provides com-

parative analysis in terms of synchronization time and amplitude of the oscillation with the state-of-the art
feedback control laws (4.6) [17] and (4.7) [27]. The initial conditions for the master and slave systems (4.2)
and (4.3) are set as

[
χm1 (0) ,χm2 (0) , χm3 (0)

]T
= [−1, −2, 1]T , and

[
χs1 (0) , Øs2 (0) ,χs3 (0)

]T
=[4,−4, 4]T , re-

spectively. This paper uses Simulink & Matlab software in the 64-bit windows ten environment for all
the numerical examples. The numerical solution of the dynamic systems is based on the fourth-order
Runge-Kutta method with step size 0.001.

The control signals ui (t) , i = 1, 2, 3, given in (4.7) and (4.8) is synthesized by the feedback control
strategy [17, 27], then these control signals in the error system (4.6) establish the synchronization of the
master and slave systems (4.2) and (4.3).

The feedback control technique [17]:


u1 (t) = − (β1 +β2 − zm (t))Ξ2 (t) ,
u2(t) = − (β3 + k)Ξ2 (t) ,
u3 (t) = −ym (t)Ξ2 (t) ,

(4.7)

The feedback control technique [27]:


u1 (t)= − (25 + 10α) e1 (t)+e

β
1 (t) ,

u2 (t)= −Ke2 (t)−e
β
2 (t) ,

u3 (t)= −eβ3 (t) .
(4.8)

Table 2 summarizes the comparative analysis of the simulation results. Results in Figure 3 (a)-(c) illus-
trate that the proposed feedback controller (3.1) accomplishes faster synchronization with a low amplitude
of oscillations of the error signals compared to the controllers reported in [17, 27].

Table 2: Comparative analysis of the simulation results.
NLC Controller Convergence Closed-loop system

controller parameters time oscillation interval
K = 500[1; 1; 0.05]

u (t) ρ = [500; 10; 10] t = 0.2 s [−2, 0.2]
(Proposed) γ = 0.1

L = 20
β = 0.75

u (t) [17] K = 29 (0.8) − 1 t = 0.4 s [−2, 1.4]
K = 20

u (t) [27] β1 = (25α+ 10) > 0 t = 1.5 s [−2, 1.3]
β2 = 28 − 35α
β3 = 29α+ 1

Figure 4 (a)-(c) show the control inputs of the proposed controller are oscillation free, while the con-
trollers in [17, 27] synthesize oscillatory control signals. The oscillatory error synchronization behavior is
the consequence of these oscillations. The large amplitude oscillation in the input signals increases the
time of convergence and use more energy.
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Figure 3: Transient behavior of the error signal, (a) Ξ1 (t), (b) Ξ2 (t), and (c) Ξ3 (t).

5. Numerical example-2

This section illustrates the synchronization between two identical hyperchaotic Lu systems.

5.1. Dynamics of the hyperchaotic Lu system

Equation (5.1) demonstrates the dynamics of the hyperchaotic Lu system.
χ̇1 (t) = a (χ2 (t) − χ1 (t)) + χ4 (t) ,
χ̇2 (t) = −χ1 (t)χ3 (t) + bχ2 (t) ,
χ̇3 (t) = χ1 (t)χ2 (t) − cχ3 (t) ,
χ̇4 (t) = x1 (t)χ3 (t) + dχ4 (t) ,

(5.1)

where χ1 (t) ,χ2 (t) ,χ3 (t), and χ4 (t) are the state-variable, and a = 36, b = 3, c = 20, and d = −0.35 6
ρ 6 1.2 are the parameters. Figure 5 depicts the behavior of the state variables, and Figure 6 (a-d) shows
the phase portraits of the hyperchaotic system (5.1).



M. Haris, M. Shafiq, A. Ibrahim, M. Misiran, J. Math. Computer Sci., 23 (2021), 124–135 131

Figure 4: Comparative performance of the control inputs, (a) u1 (t) , (b) u2(t), and (c) u3 (t).

Figure 5: Behavior of the state variables of the hyperchaotic Lu system.
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Figure 6: 3D phase portraits of the hyperchaotic Lu system, (a) χ1 (t) ,χ2 (t) ,χ3 (t), (b) χ1 (t) ,χ3 (t) ,χ4 (t) (c) χ1 (t) ,χ2 (t) ,χ4 (t),
and (d) χ2 (t) ,χ3 (t) ,χ4 (t)).

5.2. Synchronization of two identical hyperchaotic Lu systems
Consider a master-slave system arrangement given in (5.2) and (5.3). The state vector of the master

system is denoted by χm (t)=
[
χm1 (t) ,χm2 (t) ,χm3 (t) ,χm4 (t)

]
, and the slave system is represented by

χs (t)=
[
χs1 (t) ,χs2 (t) ,χs3 (t) ,χs4 (t)

]
with the feedback control input u (t) = [u1 (t) ,u2 (t) , u3 (t) ,u4 (t)] .

Master system:


χ̇m1 (t)=a

(
χm2 (t)−χm1 (t)

)
+χm4 (t) ,

χ̇m2 (t)= −χm1 (t)χm3 (t) + bχm2 (t) ,
χ̇m3 (t)=χm1 (t)χm2 (t)−cχm3 (t) ,
χ̇m4 (t)=χm1 χ

m
3 (t)+dχm4 (t) ,

(5.2)

Slave system :


χ̇s1 (t) = a

(
χs2 (t) − χ

s
1 (t)

)
+ χs4 (t) + u1 (t) ,

χ̇s2 (t) = −χs1 (t)χ
s
3 (t) + bχ

s
2 (t) + u2 (t) ,

χ̇s3 (t) = χ
s
1 (t)χ

s
2 (t) − cχ

s
3 (t) + u3 (t) ,

χ̇s4 (t) = χ
s
1 (t)χ

s
3 (t) + dχ

s
4 (t) + u4 (t) .

(5.3)

The error dynamics in (5.4) is the difference of (5.2) and (5.3),
Ξ̇1 (t) = a (Ξ2 (t) − Ξ1 (t)) + Ξ4 (t) + u1 (t) ,
Ξ̇2 (t) = − χs1 (t)χ

s
3 (t) + χ

m
1 (t)χm3 (t) + bΞ2 (t) + u2 (t) ,

Ξ̇3 (t) = χ
s
1 (t)χ

s
2 (t) − χ

m
1 (t)χm2 (t) − cΞ3 (t) + u3 (t) ,

Ξ̇4 (t) = χ
s
1 (t)χ

s
3 (t) − χ

m
1 (t)χm3 (t) + dΞ4 + u4 (t) .

(5.4)

Substituting (4.5) in (5.4) gives (5.5),
Ξ̇1 (t) = a (Ξ2 (t) − Ξ1 (t)) + Ξ4 (t) + u1 (t) ,
Ξ̇2 (t) = − χs3 (t)Ξ1 (t) − χ

s
1 (t)Ξ3 (t) + Ξ1 (t)Ξ3 (t) + bΞ2 (t) + u2 (t) ,

Ξ̇3 (t) = χ
s
2 (t)Ξ1 (t) + χ

s
1 (t)Ξ2 − Ξ1 (t)Ξ2 (t) − cΞ3 (t) + u3 (t) ,

Ξ̇4 (t) = χ
s
3 (t)Ξ1 (t) + χ

s
1 (t)Ξ3 (t) − Ξ1 (t)Ξ3 (t) + dΞ4 (t) + u4 (t) .

(5.5)

The control signal in (3.1) globally asymptotically stabilizes the error dynamical system (5.5) at the
origin.
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5.3. Numerical simulations and comparative study

This subsection demonstrates the performance of the control law (3.2) in terms of synchronization error
to zero, and time of convergence and describes the comparative analysis with the feedback controller [12].

The initial conditions for the master and slave hyperchaotic Lu systems are chosen as

[χm1 (0) ,χm2 (0) ,χm3 (0) ,χm4 (0)]T = [5, 8, −1,−3]T and [χs1 (0) ,χs2 (0) ,χs3 (0) ,χs4 (0)]
T = [3, 4, 5 , 5]T ,

respectively. The feedback gains K and L are such that K=diag [500;500;25;25] and L=diag [20;20;20;20].
The controller parameters ρ and γ are set as ρ = 0.01 and γ = 0.1.

The control signals ui (t) , i = 1, 2, 3, 4, given in (5.6) are synthesized by the feedback control strategy
[12], then these control signals in the error system (5.5) establish the synchronization of the master and
slave systems (5.2) and (5.3).

The feedback control technique [12]:
u1 (t) = −αΞ2 (t) − Ξ4 (t) ,
u2 (t) = χs3 (t)Ξ1 (t) + χ

s
1 (t)Ξ3 (t) − Ξ1 (t)Ξ3 (t) −βΞ2 (t) − Ξ2 (t) ,

u3 (t) = −χs2 (t)Ξ1 (t) − χ
s
1 (t)Ξ2 + Ξ1 (t)Ξ2 (t) ,

u4 (t) = −χs3 (t)Ξ1 (t) − χ
s
1 (t)Ξ3 (t) + Ξ1 (t)Ξ3 (t) − ρΞ4 (t) − Ξ4 (t) .

(5.6)

Figures 7 and 8 illustrate the transient behavior of the errors in the current work and by [12], respec-
tively. Figures 7 and 8 illustrate that the current work accomplishes the synchronization behavior after
t = 0.3 seconds, while the controller in [12] achieves the synchronization behavior after t = 4 seconds.
Fast synchronization is vital in secure communication; it improves the response time that reduces the
hacking risk during the data encryption W9988W10210.

Figure 7: Transient behavior of the errors in the current work.

Figure 8: Transient behavior of the errors in [12].
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6. Conclusions

This paper proposes a novel nonlinear feedback controller that accomplishes fast and oscillation free
convergence of the synchronization errors to zero. The paper describes a detailed mathematical analysis
of the proposed nonlinear control strategy, which shows that the synchronization error is oscillation free,
and the time of convergence is less. The Lyapunov second theorem proves the global asymptotic stability
of the closed-loop system at the origin. The paper also discusses computer simulation results and compare
them with state-of-the-art controllers.
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