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Abstract

In this paper, the concept of hybrid ideals in BCK/BCI-algebras is introduced, and related properties are investigated.
Further, it is proved that every hybrid ideal is hybrid sub-algebra in BCK/BCl-algebras, but the converse is not valid in general,
and an example is provided in this regard. Some characterizations of hybrid ideals in BCK/BClI-algebras are given. Moreover,
the notion of hybrid closed ideals in BCI-algebras is introduced, and some associated properties are studied. Furthermore, the
hybrid intersection and hybrid union are also discussed.
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1. Introduction and Preliminaries

BCK and BClI-algebras are two classes of non-classical logic algebras which were introduced by Imai
and Iseki in 1966 [16, 17]. They are algebraic formulation of BCK-system and BCI-system in combinatory
logic. Since then a great deal of literature has been produced on the theory of BCK/BClI-algebras, in
particular, emphasis seems to have been put on the ideal theory of BCK/BCl-algebras.

Fuzzy sets, which were introduced by Zadeh [34], deal with possibilistic uncertainty, connected with
imprecision of states, perceptions and preferences. After the introduction of fuzzy sets by Zadeh, fuzzy
set theory has become an active area of research in various fields. These are widely scattered over many
disciplines such as artificial intelligence, computer science, control engineering, expert systems, manage-
ment science, operations research, pattern recognition, robotics, and others. Molodtsov [28] introduced
the concept of soft set as a new mathematical tool for dealing with uncertainties that is free from the
difficulties that have troubled the usual theoretical approaches. Molodtsov pointed out several directions
for the applications of soft sets. Molodtsov successfully applied the soft set theory in several directions,
such as smoothness of functions, game theory, operations research, Riemann integration, Perron integra-
tion, probability, theory of measurement and so on (see [28-31]). Soft set theory is applied to algebraic
structures such as BCK/BCl-algebra ([18, 21, 23]), d-algebras ([20]), ring ([1]), semiring ([9, 14]), group
(see [7]), ordered semigroup ([19]), decision making ([10, 11, 26]) and BL-algebra ([35]).
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By combining the concepts of fuzzy sets and soft sets, Jun et al. [24] introduced the notion of hybrid
structure in a set of parameters over an initial universe set, and investigated several properties. Using
this notion, they introduce the concepts of a hybrid sub-algebra, a hybrid field and a hybrid linear space.
Recently, the notion of hybrid structure and its applications to BCI-algebras and semigroups have been
studied in (see [8, 12, 13, 25] and references there in). Also, more concepts related to our study in different
aspect have been studied in [2-6, 15, 22, 32, 33].

Motivated by a lot of work on ideal theory in BCK/BCl-algebras, in this paper, we studied the ideal
theory of BCK/BClI-algebras based on hybrid structures. In fact, the notions of hybrid ideals and hybrid
closed ideals in BCK/BCl-algebras are introduced and related properties are investigated. Furthermore,
the relations among hybrid closed ideals, hybrid sub-algebras and hybrid ideals are studied. Also, the
hybrid intersection and hybrid union are discussed.

An algebra (P; x,0) of type (2,0) is said to be a BCI-algebra if the following conditions are satisfied:

(K1) ((p+V*(pxq))*(q*1) =0;
(

K2) (px(pxl)*x1=0;

Ks3) pxp=0;

(Ky) px1=0 and lxp=0=p=1forallp,q,l€P.
If a BClI-algebra P satisfies the condition:

(K5) 0+p =0,

then P is a BCl-algebra, for all p € P.
The following is true in any BCK/BCl-algebra P:

(P1) px0=p;

P2) (pxl*xq=(p*q)*L;

P3) p<l=pxqg<lxqgand qxl < q*p;
(Pg) 0% (px1) = (0*p)*(0*1);

(P5) 0% (0 (px1)) =0x*(L*p);

(Pe) (pxq)=*(lxq) < (p*l);

P7) px(px(pxl)) =pxL;

(Pg) 0 (0*((p*xq)*(lxq)))=(0x1)=(0*p);
(Pg) 0% (0% (px1) =(0x1)*(0*p),

where p < lif and only if p*1 =0 for all p, q,1 € P. Note that (P, <) is a partially ordered set.
A nonempty subset S of P is said to be a sub-algebra of Pif px1l < S forall p,1 € S.
A nonempty subset I of P is said to be an ideal of P if:
(Il) 0el;
() Vp,leP,pxlelandlel=pecl
For more details we refer the readers to [27].
Further, we collect some basic notions and results on hybrid structures due to Jun et al. [24]. Let

I, P and *B(U) be the unit interval, a set of parameters and the power set of an initial universe set U,
respectively.

Definition 1.1 ([24]). A hybrid structure in P over U is a mapping
= (BN P = B(W x Lp = (f(p);AD),
where f: P — PB(U) and A: P — I are mappings.

Definition 1.2 ([24]). For hybrid structures fy and gy in P over U, the hybrid intersection denoted by
A M §y is a hybrid structure
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Mgy : P =B <L p= ((fNG)(p), AV Y)(p)),
where
fAg:P—=PBW,p—Tflp)nglp), AVy:P—=Lp= \/AP),vp)

Definition 1.3 ([24]). For hybrid structures f) and gy in P over U, the hybrid union denoted by f\ U gy is
a hybrid structure

AUgy P = PU) <L p~ ((fOF)(p), ANAYI(P)),
where
fOg:P=RUW,p=Tflp)ugp), AAY:P—=Lp= AP vp)

Definition 1.4 ([24]). Let P be a BCK/BClI-algebra. For a hybrid structure fy in P over U, fy is said to be
a hybrid sub-algebra of P if the following statements are valid:

flp+1) 2 flp) N f(L), )
Ap=*1) < V{A(p), AL} /-

Lemma 1.5 ([24]). Every hybrid sub-algebra 5 of a BCK/BCI-algebra P over U satisfies:

(Vp,1€P) (

(Vp € P) (f(0) 2 f(p), M0) < Alp)).

2. Hybrid ideals in BCK/BClI-algebras

Definition 2.1. Let P be a BCK/BCl-algebra. For a hybrid structure f) in P over U, f, is said to be a
hybrid ideal of P if the following statements are valid:
f(0) 2 f(p), )
H;) (VpeP ;
i) (e p) (0250

fp) 2 flp x )N TV,
(Ho) {vp, 1€ P) ( A(p) < VIA(p + 1, A(L)) )

Example 2.2. Let U be the initial universe set given by the doctors as follows:
u= {dlr d2/ d3/ d4/ d5}

Where, d; stands for “cardiologist”, d, stands for “pulmonologist”, d3 stands for “orthopedics”, d4 stands
for “gastroenterologist”, and ds stands for “gynecologist”.

As a set of parameters, we consider P = {h,1, b, s, p} be a status of doctors in which h stands for the
parameter “heart”, 1 stands for the parameter “lungs”, b stands for the parameter “bone”, s stands for
the parameter “stomach”, and p stands for the parameter “pregnancy”.

We define a binary operation on P by Table 1.

Table 1
* h 1 b s p
h h h h s s
1 1 h 1 p s
b b b h s s
s s s s h h
p p s p 1 h

Then (P, %, h) is a BCl-algebra. Let f) be a hybrid structure represented by Table 2.
It is routine to verify that f) is a hybrid ideal of P over U.
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Table 2
P f A
h u 0.2
1 {dy,dy, ds ds} 02
b {dy, dg) 0.5
S {dz, d4} 0.5
1Y {dz, d4} 0.5

Proposition 2.3. Let fy = (f,\) be a hybrid ideal of P. I for all p,q,1 € P, p x 1 < q holds in P, then

f(p) 2 f( N T(q) and Alp) < \/(AQ),

Proof. Assume that for all p, q,1 € P the inequality p * 1 < q holds in P. Then

flpx1) 2 f((p+ V) *q)Nflq) = f(0) N flq) = f(q)

and

Alp 1) < \/(Al(p*1) = q),
It follows from (H7) and (H;) that

flp) 2 flp+ VN FL) 2 f(q) N F(1) and Alp) < VAP 1AL} < \/{A(g)

This completes the prove. 0

| \
>
a
=

Proposition 2.4. For a hybrid ideal fy of P over U, if the inequality p < 1 holds in P, then the following are
equivalent:

Proof. If we take 1 = 0 in (1), then (f(p) 2 f(0) and A(p) < A(0)) for all p € P. Combining this and (Hy),
we have (f(0) = f(p),A(0) = A(p)) for all p € P.
Conversely, assume that (2) is valid. Then, for all p,1 € P

() =f(0)Nf(1) = fip+ )N TV Cfp), AL = \V/MO0),AL}=\/Alp =1, AL} = Alp).

O
Proposition 2.5. Let f\ = (f,A) be a hybrid ideal of P. If for all p,1 € P, p < L holds in P, then
f(p) 2 f(1) and A(p) < A(L).
Proof. Let fa = (fa,A) be a hybrid ideal of P. Then for all p,1 € P, where p < 1, we have
f(p) 2 f(O)NF1) =f(1) and Alp) < \/(AMO), AL} = AV).
O

Theorem 2.6. If f\ = (f,A) be a hybrid ideal of P, then for any p,ay,aa,...,an € P, (- ((p*ay) *ap) *---) *
an = 0, we have,

f(p) 2 fla)) Nf(a) N---Nflan) and Ap) < \/{Alar),Aaz),..., Alan)}.

Proof. The proof is straightforward by using induction on n and also by using Propositions 2.4 and 2.5. O
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Theorem 2.7. Every hybrid ideal of P is a hybrid sub-algebra of P.

Proof. Assume that fA = (f,A) is a hybrid ideal of P. Since p*l < p for all p,1 € P, it follows from
Proposition 2.5 that
flp*1) 2 f(p) and A(p 1) < A(p)

so by (Hy)
flp+ D 2 f(p) 2 fp+x YN 2 f(p) NF(1) and Alpx1) <Alp) < \/(Alp+ 1, AL} < \/(A(p), AL

This shows that fj is a hybrid sub-algebra of P. O
The following example shows that the converse of Theorem 2.7 may not be true.

Example 2.8. Consider the initial universe U and let (P;*, h) be a BCK-algebra where P = {h, b, s, p} is the
set of parameters and the operation * is given by Table 3.

Table 3
*x h b s p
h h h h h
b b h h b
s s b h s
P P p p h

Let fy = (f,A) be a hybrid structure in P over U given by Table 4.

Table 4

P f A
h {di, dy d3,dg,ds} 0.3
b {dy, dy4, ds} 0.6

S {dl/ d3/ d4} 0.8
p {d2, d3, ds} 0.4

Then by routine calculations, fa=(f,A)isa hybrid sub-algebra of a BCK-algebra over U but not a hybrid
ideal of a BCK-algebra as

f(s) = {d1, ds, da} 2 {d1, dg, d5} = f(s x b) N f(b).
The following theorem gives a condition for a hybrid sub-algebra to be a hybrid ideal.
Theorem 2.9. Let fy = (f,A) be a hybrid sub-algebra of P. If f = (f,\) satisfies the following conditions:

f(p) 2 F(L N F(q) and A(p) < \/(A(), 2.1)

forall p,1,q € Pwithp x1 < q, then f\ = (f,\) is a hybrid ideal of P.

Proof. Let fo = (f,A) be a hybrid sub-algebra of P. By Lemma 1.5, we have (f(0) 2 f(p) and A(0) < A(p))
for all p € P. Since p * (p*1) < 1 for all p,1 € P, using (2.1) we have,

f(p) 2 f(p* 1 NF(1) and A(p \/{)\p*l

Thus, fo = (f,A) is a hybrid ideal of P. O
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Theorem 2.10. Let P be a BCK/BClI-algebra. For a hybrid structure 5 in P over U, the following statements are
equivalent:

(1) i is a hybrid ideal of P;
(2) for any o € P(U) and t € 1, the nonempty sets fo(«) :={p € P| o C f(p)}and fA(t) :={p € P [ A(p) < t}
are ideals of P.

Proof. Let f) be a hybrid ideal of P. Let o € B(U) and t € I such that fy(«) # 0 and fA(t) # 0. If
pxL1le fir(x)Nfa(t), then o C f(p x 1), C f(1) and A(p * 1) < t,A(1) < t. It follows from (H,) that

flp) 2 fp*VNfU 2« and Alp) < \/Ap*U, AL} < t.

Hence p € fa(o) Nfa(t), and so fa(«) and fi(t) are ideal of P. Now suppose that the second assertion is
valid. Let p,1 € P be such that f(p 1) = op and fl) = 1. Taking o = o, N o implies that p* 1,1 € fa(x),
and so p € f)(«). Hence,

flp) 2 v =ap Ny = f(p x 1) NF(L).
For any p,1 € P, let t := \/{A(p 1), A(1)}. Then p 1,1 € fA(t), and so p € fi(t). It follows that

Ap) <t=V{QAp 1, AL-
Hence, fy is a hybrid ideal of P over U. O

Theorem 2.11. Let f be a hybrid ideal of P over U. The set
Q:={pePlflp)na#0Ap) <t}
is an ideal of P for all («,t) € P(U) x T with o # () whenever it is nonempty.

Proof. Let (o, t) € P(U) x I be such that Q # () # . Let p* 1,1 € Q. Then f(px1) N # 0 # f(1) N, A(p *
1) < tand A(1) < t. It follows from (H;) that

fp)na2 Fp+xUNf)Na=flp«xHna)n(F)Na) #0

and
Ap) < VAP« D AL} ¢

Hence p € Q, and so Q is an ideal of P. O

Proposition 2.12. In a BCl-algebra P, every hybrid ideal 5 of P over U satisfies the following condition:
(Vp € P)(F(0 % (0% p)) 2 F(p) and A(0* (0+p)) < A(p)).

Proof. Let f) hybrid ideal of P over U. Then

f(0 (0%p)) 2 F((0 (0%p)) xp) N T(p) = F(0) N T(p) = f(p)
and
A0 (0%p)) <\ (0p)) xp), Ap)} = \/{A(0), A(p)} = Alp)
forallp € P. .

Definition 2.13. Let P be a BCl-algebra. A hybrid structure f) in P over U is said to be a hybrid closed
ideal of P if (H;), (H2), and following condition are satisfied:

f(0xp) 2 f(p), >

(Hs) (Vp e P) < A0 p) < A(p)



G. Muhiuddin, D. Al-Kadi, A. Mahboob, J. Math. Computer Sci., 23 (2021), 136-144 142

Theorem 2.14. In a BCl-algebra P, every hybrid closed ideal is a hybrid sub-algebra of P over U.
Proof. Let f) be a hybrid closed ideal of P. Then f(0 xp) 2 f(p) and A(0 xp) < A(p). It follows that

flp«1) 2 f((pxVxp)Nf(p) =F(0x1)Nf(p) 2 f(p)NT(1)

and

Ap 1) < VAP # D+ p), Alp)E = \/A0 1, Ap)} < \/(Ap), AL
for all p,1 € P. Hence, fj is a hybrid sub-algebra of P. O
Theorem 2.15. Let fy be a hybrid ideal of a BCI-algebra P over L. Then it is closed if and only if it satisfies:

(Vp, L€ P)(F(p+1) 2 f(p) N F(L) and Ap +1) < \/{A(p) (2.2)

Proof. Let fj, be closed. Since ((p *1) xp) * (0% 1) = 0, it follows from Proposition 2.3 that
flp+1) 2 f(p)Nf0x1) 2 f(p)Nf(1) and Alp=1) < \/(A(p), A0+ 1)} < \/(A(p), AL

For the converse, assume that fj satisfies (2.2). Since f(0) 2 f(p),A(0) < A(p) for all p € P, the following
is true

f(0+p) 2 F(0)Nf(p) 2 f(p) Nf(p) =f(p) and A(0xp) < \/(A(0),A(P)} < \/IAP), A(p)} = Alp).
Hence, f), is a hybrid closed ideal of P. O

Theorem 2.16. Let P be a BCK/BCl-algebra. If f5 and §- are hybrid ideals of P over U, then the hybrid intersection
of them is also a hybrid ideal.

Proof. Let p,1 € P, then

(FAg)p) =fp)nalp) 2 fFlp+VNFL)N(gp+1HNGL)
= (flp=1)Ng(p 1)) N (FLN (L))
={FAgmE+UN(FAg
and
AV YIE) = V0w, v <\ {V0m 0,200 iy =0,y
=\ {Vam <0,y 1) Vv
= VIAVY)(p 1), AVY)()).
Hence, f M §, is a hybrid ideal of P over U. O

Remark 2.17. The hybrid union of two hybrid ideals is not necessarily a hybrid ideal. For example, it can
be shown that the hybrid structures f5 and §, given in [24, Example 4.3] are hybrid ideals of P but the
hybrid union of them is not an ideal since

(fFOg)(t) = {p2, pa} 2 {p2, p3, P4} = (fOG)(e) N (fOG) (h)

and/or
(AAY)(t) =06 £0.5= \/{(7\ Av)(e), AAY)(h)}
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For any hybrid structure fy in P over U, let f;“\ := (f*,A*) be a hybrid structure in P over U defined by

)\(p)/ lfp € .F}\(t)l
S, otherwise,

f(p), ifp e fi(x),
B3, otherwise,

fN*:P—>‘B(U),p|—>{ and A*:P—)I,p»—>{

where o, 3 € B(U) and s,t € I with B C f(p) and s > A(p).
Theorem 2.18. Let P be a BCK/BCI-algebra. Then 1% is a hybrid ideal of P over U, if f) is.

Proof. Let fy be a hybrid ideal of a BCK/BCl-algebra P. Then f)(x) and fj(t) are ideals of P for all
« € P(U) and t € I provided that they are nonempty by Theorem 2.10. Therefore, if p € fy(c) then
(0) = (0) 2 f(p) = *(p) and A*(0) = A(0) < A(p) = A (p). 1 p & (@) then f*(p) = p and A" (p) = s.
As B C f(p) and s > A(p), it follows that f*(0) = f(0) 2 f(p) D B = f*(p) and A*(0) = A(0) < Alp) < s =
A (p). That is, f~§‘\ satisfies (H;) in both cases.

Also, for p,1 € P,if px 1,1 € fy(«), then p € f(«). Thus,

(p) =f(p) 2 flp+xYNFL) = (p+V)Nf(1).

*(p)

Now, if p x 1,1 € f5(t), then p € f)\(t). Thus,

Ifpxl¢ fa(o) orl ¢ fi(a), then f*(p x1) = B or f*(1) = B. Hence,
)

B =" (px1)nf(l).

A (p) = Alp) < \/Ap + 1AL} = \/(A* (p 1), A" ().
Ifpxl¢fi(t) or L & fa(t), then A*(p*1) = s or A*(1) = s. Hence,
A(p) <s =\ (p 1), A" (1)

Therefore, fN’;\ is a hybrid ideal of P over U. O

3. Conclusion

The main goal of the present paper is to apply the hybrid structure to the ideal theory in BCK/BCI-
algebras. In fact, the ideal theory in BCK/BClI-algebras developed by introducing the concepts of hybrid
ideals and hybrid closed ideals. Further, the relations among hybrid closed ideals, hybrid sub-algebras
and hybrid ideals are studied.

In our furure study, we intend to apply the notions of the present paper to different algebras such as
BL-algebras, MTL-algebras, R0-algebras, MV-algebras, EQ-algebras, and lattice implication algebras, etc.
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