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Abstract
In this paper, it is tried to describe Hardy-type inequalities with certain kernels by using Jackson Nörlund integrals. In

order to obtain the desired Hardy type inequalities, firstly, we prove Jensen’s inequality involving super quadratic function
and Jackson Nörlund integrals. Further, we discuss Hardy-type inequalities by choosing special kernels. Polya-Knopp type
inequalities are also deduced to find applications.

Keywords: Hahn integral operators, superquadratic function, Hardy-type inequalities.

2020 MSC: 26D10, 26D15, 39B62, 26A51.

c©2021 All rights reserved.

1. Introduction

1.1. Hahn operators
The Hahn differential operator (introduced in 1949), which is a beginner guitar for building orthogonal

polynomial families and researching some issues of approximation, unifies (in the limit) the two most
well-known and used Jackson q-difference operators namely the Jackson q-difference derivative Dq, for
q ∈ ]0, 1[ given in [5] and the forward difference ∆w, where w > 0. In [9] Hahn difference operator Dq,ω
has been introduced in the following way:

Dq,ω ζ(t) : =
ζ(q t+ω) − ζ(t)

t(q− 1) +ω
, t 6= ω

1 − q
, q ∈]0, 1[ ω > 0.

It can be observed:

Dq,ω ζ (t) = ∆ω ζ (t), whenever q = 1,
Dq,ω ζ (t) = Dq ζ (t), whenever ω = 0, and
Dq,ω ζ (t) = ζ ′ (t), whenever q = 1, ω→ 0.
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However, in 2012 the construction of a proper inverse of Dq,w or the associated integral (namely Jackson
Nörlund integral) has been introduced by Aldwoah et al. [3]. [16] addresses the basic ideas of Hahn
variational calculus, such as the equations of Euler Lagrange for isoperimetric problems, as well as optimal
control issues. In [15] in order to generalize the Hahn calculus of differences, Malinowska and Martins
had used Hahn variation calculus and got circumstances of transversality.

1.2. Hardy inequalities
“The discrete Hardy inequality asserts that if p 6 1 and {A$}∞1 is a sequence of nonnegative real

number, then ∞∑
n=1

(
1
n

n∑
$=1

A$

)p
6

(
p

p− 1

)p ∞∑
n=1

apn

holds”. The classical Hardy inequality states that if g(z1) > 0 is integrable over any finite interval (0, z1)
and ζp is integrable and convergent over (0,∞) and p > 1, then for G(z1) =

∫z1
0 g (t)dt, the following

holds: ∫∞
0

(
1
z1
G(z1)

)p
6

(
p

1 − p

)p ∫∞
0
gp(z1)dz1 p > 1, (1.1)

unless g ≡ 0, the constant appeared in (1.1) is best possible. Hardy inequality has been generalized by
Hardy himself. He showed that, “for any m 6= 1,p > 1, and any integrable function g(z1) > 0 on (0,∞),
the following holds: ∫∞

0
z1

−mGp(z1) 6

(
p

|m− 1|

)p ∫∞
0
z1

−m[z1g(z1)]
pdz1, (1.2)

unless g ≡ 0, where the constant is also best possible”. These inequalities can be found in [10]. Because of
fundamental importance of Hardy type inequalities in the discipline, there has been a great deal of effort
and time over the years to improve and generalize the inequalities of Hardy [7, 8, 11–14]. Whereas one of
Hardy inequalities for superquadratic function, denoted by Υ, proved in [2] is

Υ

(∫
Ω

ζdµ

)
6
∫
Ω

(Υζ(s)) −Υ(|ζ(s) −

∫
Ω

fdµ|)dµs

for all non-negative probability measure µ, and integrable function ζ. However in time scales settings
Hardy inequalities for superquadratic functions are established in [6].

Hardy type inequalities for convex functions by using Jackson Nörlund integrals can be seen in [4].
Now we extend the results of [4] for superquadratic function by using Jackson Nörlund integrals.

2. Preliminaries

2.1. Superquadratic function
A function Υ : [0,∞) → R is said to be superquadratic [1] provided that for all z1 > 0 there exists a

canstant c (z1) ∈ R such that

Υ(z2) −Υ(z1) −Υ(|z2 − z1|) > c(z1)(z2 − z1) (2.1)

holds for all z2 > 0.

2.2. Properties of superquadratic functions
Let Υ be a superquadratic function with c (z1) ∈ R, then

1. Υ(0) 6 0;
2. if Υ(0) = Υ ′(0) = 0, then c(z1) = Υ

′(z1), whenever Υ is differentiable at z1 > 0;
3. if Υ 6 0, then Υ is convex and Υ(0) = Υ ′(0) = 0.
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2.3. Jackson Nörlund integration
“Let I = [a,a ′] be a closed interval of R. The q,w integral [3] of g1 : I→ R is defined by∫a ′

a

g1(t)dq,w(t) :=

∫a ′
w0

g1(t)dq,w(t) −

∫a
w0

g1(t)dq,w(t), (2.2)

and ∫z1

w0

g1(t)dq,w(t) = (z1(1 − q) −w)

∞∑
$=0

q$g1(z1q$ +w[$]q,w), (2.3)

where w0 = w
1−q , [$]q,w =

w(1−q$)
1−q , and the series on the right hand side are convergent at z1 = a and

z1 = a ′”.

2.4. Properties of Jackson Nörlund integrals
“Let g1,g2 : I1 → R be q,w integrable on I1, c ∈ R and a,a ′,b, c ∈ I1, then

1.
∫a ′
a g1(t)dq,wt = 0;

2.
∫a ′
a cg1(t)dq,wt = c

∫a ′
a g1(t)dq,wt;

3.
∫a ′
a g1(t)dq,wt = −

∫a
a ′ g1(t)dq,wt;

4.
∫a ′
a g1(t)dq,wt =

∫b
a g1(t)dq,wt+

∫a ′
b g1(t)dq,wt;

5.
∫a ′
a g1(t)± g2(t)dq,wt =

∫a ′
a g1(t)dq,wt±

∫a ′
a g1(t)dq,wt.”

3. Main results

3.1. Jensen’s inequality
Theorem 3.1. Let I = [a,a ′] ⊂ R be an interval. Assume that Υ ∈ C(I, R) is superquadratic. Moreover, ζ : I→ R

is q,w-integrable such that
∫a ′
a |ζ(l)|dq,w(l) > 0, then the following holds:∫a ′

a

(
Υ(ζ(l)) −Υ|ζ(l) −

∫a ′
a

ζ(l)dq,wl|

)
dq,wl > Υ

(∫a ′
a

ζ(l)dq,wl

)
.

Proof. Let

z1 =
1

a ′ − a

∫a ′
a

ζ(l)dq,wl. (3.1)

By using (3.1) in (2.1) with z2 = ζ(l) for fixed l ∈ I , we have

Υ(ζ(l)) > Υ

(
1

a ′ − a

∫a ′
a

ζ(l)dq,wl

)
+ c(z1)

(
ζ(l) −

1
a ′ − a

∫a ′
a

ζ(l)dq,wl

)

+Υ

(
|ζ(l) −

1
a ′ − a

∫a ′
a

ζ(l)dq,wl|

)
.

(3.2)

Integrate (3.2) from a to a ′ to get∫a ′
a

(
Υ(ζ(l)) −Υ|ζ(l) −

1
a ′ − a

∫a ′
a

ζ(l)dq,wl|

)
dq,wl−

∫a ′
a

Υ

(
1

a ′ − a

∫a ′
a

ζ(l)dq,wl

)
dq,wl

=

∫a ′
a

Υ(ζ(l))dq,wl−

∫a ′
a

Υ

(
|ζ(l) −

1
a ′ − a

∫a ′
a

ζ(l)dq,wl|

)
dq,wl−

∫a ′
a

Υ

(
1

a ′ − a

∫a ′
a

ζ(l)dq,wl

)
dq,wl
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> c(z1)

∫a ′
a

(
|ζ(l) −

1
a ′ − a

∫a ′
a

ζ(l)dq,wl|

)
dq,wl

= c(z1)

[∫a ′
a

ζ(l)dq,wl−

∫a ′
a

(
1

a ′ − a

∫a ′
a

ζ(l)dq,wl

)
dq,wl

]
= c(z1)

[∫a ′
a

ζ(l)dq,wl− (a ′ − a)z1

]
= 0.

3.2. Hardy Inequalities with general kernels
Theorem 3.2. Let

I1 = [a,a ′] and I2 = [b,b ′] a,a ′,b,b ′ ∈ R (3.3)

be two intervals. Define

A$ζ(z1) =
1

W̄(z1)

∫b ′
b

$(z1, z2)ζ(z2)dq,wz2 z1 ∈ I1, (3.4)

where $ : I1 × I2 → R, is such that

W̄(z1) =

∫b ′
b

$(z1, z2) dq,w <∞, z1 ∈ I1. (3.5)

Also, η : I1 → R is such that

ω(z2) =

∫a ′
a

$(z1, z2)η(z1)

W̄(z1)
dq,wz1 <∞, z2 ∈ I2. (3.6)

If Υ ∈ C (I1, R) is superquadratic where I1 ⊂ R is an interval, then∫a ′
a

Υ (A$ζ(z1))η(z1)dq,w(z1) +

∫b ′
b

∫a ′
a

Υ (|ζ(z2) −A$ζ(z1)|)
η (z1) W̄(z1)

W̄ (z1)
dq,w(z1)dq,w(z2)

6
∫b ′
b

Υ (ζ(z2))w(z2)dq,w(z2)

(3.7)

holds for all q,w-integrable ζ : I2 → R such that ζ (I2) ⊂ I1.

Proof. Theorem 3.1 gives∫a ′
a

Υ (A$ ζ(z1))η(z1)dq,w(z1) =

∫a ′
a

η(z1)Υ

(
1

W̄(z1)

∫b ′
b

$ (z1, z2) ζ(z2)dq,w(z2)

)
dq,w(z1)

6
∫a ′
a

η (z1)

W̄ (z1)

(∫b ′
b

$ (z1, z2)Υ(ζ(z2))dq,w(z2)

)
dq,w(z1)

−

∫a ′
a

η (z1)

W̄ (z1)

∫b ′
b

$(z1, z2)Υ (|ζ(z2) −A$ ζ(z1)|) dq,w(z2)dq,w(z1).

By using (2.3), it can be written as

=

∫a ′
a

η (z1)

W̄ (z1)

(∫b ′
wo

$ (z1, z2)Υ(ζ(z2))dq,w(z2) −

∫b
wo

$ (z1, z2)Υ(ζ(z2))dq,w(z2)

)
dq,w(z1)

−

∫a ′
a

η (z1)

W̄ (z1)

(∫b ′
wo

$ (z1, z2)Υ(|ζ (z2) − A$ ζ (z1)|)dq,w(z2)
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−

∫b
wo

$ (z1, z2)Υ (|ζ (z2) − A$ ζ (z1)|)dq,w(z2)

)
dq,w (z1)

=

∫a ′
wo

η (z1)

W̄ (z1)

(∫b ′
wo

$ (z1, z2)Υ(ζ(z2))dq,w(z2) −

∫b
wo

$ (z1, z2)Υ(ζ(z2))dq,w(z2)

)
dq,w(z1)

−

∫a
wo

η (z1)

W̄ (z1)

(∫b ′
wo

$ (z1, z2)Υ(ζ(z2))dq,w(z2) −

∫b
wo

$ (z1, z2)Υ(ζ(z2))dq,w(z2)

)
dq,w(z1)

−

∫a ′
wo

η (z1)

W̄ (z1)

(∫b ′
wo

$ (z1, z2)Υ(|ζ (z2) − A$ ζ (z1)|)dq,w(z2)

−

∫b
wo

$ (z1, z2)Υ (|ζ (z2) − A$ ζ (z1)|)dq,w(z2)

)
dq,w (z1)

−

∫a
wo

η (z1)

W̄ (z1)

(∫b ′
wo

$ (z1, z2)Υ(|ζ (z2) − A$ ζ (z1)|)dq,w(z2)

−

∫b
wo

$ (z1, z2)Υ (|ζ (z2) − A$ ζ (z1)|)dq,w(z2)

)
dq,w (z1)

= a ′
∞∑
m=o

qm
η(a ′m)

W̄(a ′m)

(
b ′

∞∑
n=0

qn$ (a ′m,b ′n)Υ (ζ (b ′n)) − b

∞∑
n=0

qn$ (a ′m,bn)Υ (ζ(bn))

)

− a

∞∑
m=o

qm
η (am)

W̄(am)

(
b ′

∞∑
n=0

qn$ (am,b ′n)Υ (ζ (b ′n))b

∞∑
n=0

qn$(am,bn)Υ (f(bn))

)

− a ′
∞∑
m=o

qm
η(a ′m)

W̄(a ′m)

(
b ′

∞∑
n=0

qn$(a ′m,b ′n)Υ (|ζ (b ′n) − A$ (a ′m)|)

−b

∞∑
n=0

qn$(a ′m,bn)Υ (|ζ (bn) − A$ (a ′m)|)

)

− a

∞∑
m=o

qm
η(am)

W̄(am)

(
b ′

∞∑
n=0

qn$(am,b ′n)Υ (|ζ (b ′n) − A$ (am)|)

−b

∞∑
n=0

qn$(am,bn)Υ (|ζ (bn) − A$ (am)|)

)
.

Switch the sums to get

= b ′
∞∑
n=0

qn
(
a ′
∑∞
m=0 q

m$(a ′m,b ′n)η(a ′m)

W̄(a ′m)
−
a
∑∞
m=0 q

m$(am,b ′n)η(am)

W̄(am)

)
Υ (ζ (b ′n))

− b

∞∑
n=0

qn
(
a ′
∑∞
m=0 q

m$(a ′m,bn)η(a ′m)

W̄(a ′m)
−
a
∑∞
m=0 q

m$(am,bn)η(am)

W̄(am)

)
Υ (ζ (bn))

− b ′
∞∑
n=0

qn
(
a ′
∑∞
m=0 q

m η (a ′m)$(a ′m,b ′n)Υ(|ζ (b ′n) − Ak ζ (a
′
m)|)

W̄(a ′m)

−
a
∑∞
m=0 q

m η (am)$(am,b ′n)Υ(|ζ (b ′n) − Ak ζ (am)|)

W̄(an)

)
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− b

∞∑
n=0

qn
(
a ′
∑∞
m=0 q

m η (a ′m)$(a ′m,bn)Υ(|ζ (bn) − Ak ζ (a
′
m)|)

W̄(a ′m)

−
a
∑∞
m=0 q

m η (am)$(am,bn)Υ(|ζ (bn) − Ak ζ (am)|)

W̄(an)

)
=

∫b ′
b

Υ (ζ(z2))

(∫a ′
a

$ (z1, z2)η (z1)

W̄(z1)

)
dq,w (z2)

−

∫b ′
b

∫a ′
a

Υ (|ζ(z2) − A$ ζ(z1)|)
η (z1)$ (z1, z2)

W̄ (z1)
dq,w(z1) dq,w(z2)

=

∫b ′
b

Υ (ζ(z2))w (z2)dq,w(z2) −

∫b ′
b

∫a ′
a

Υ (|ζ(z2) − A$ ζ(z1)|
η (z1)$ (z1, z2)

W̄ (z1)
dq,w(z1) dq,w(z2),

which gives (3.7).

Remark 3.3. If the function Υ is subquadratic, then the Jensen’s inequality for superquadratic function is
reversed, which means that reversed sign in (3.7) holds.

Corollary 3.4. Assume (3.3)-(3.6) hold. If p > 2, then∫a ′
a

A
p
$ ζ (z1)η (z1)dq,w (z1) +

∫b ′
b

∫a ′
a

|ζ (z1) − A$ ζ (z1)|
pη (z1)$ (z1, z2)

W̄ (z1)
dq,w(z1)dq,w(z2)

6
∫b ′
b

ζp (z2)w (z2)dq,w(z2)

holds for all q,w integrable g1 : I2 → R+. If 0 < p 6 2, then above inequality holds in reversed direction.

Proof. Put Υ (z1) = z1
p in Theorem 3.2.

Remark 3.5. In particular, if, p = 2 in Corollary 3.4, the following identity is obtained∫a ′
a

A2
$ ζ (ζ)η (z1)dq,w (z1) +

∫b ′
b

∫a ′
a

|ζ (z1) − A$ ζ (z1)|
2η (z1)$ (z1, z2)

W̄ (z1)
dq,w(z1)dq,w(z2)

6
∫b ′
b

ζ2 (z2)w (z2)dq,w(z2).

Corollary 3.6. Assume (3.6)-(3.7) hold. If P > 1, then∫a ′
a

η (z1) exp (A$ g (x))dq,w (a) + I 6
∫b ′
b

gp (z2)w (z2)dq,w (z2)

holds for all q,w integrable g : I2 → (0,∞) with

A$ g (z1) :=
P

W̄ (z1)

∫b ′
b

$(z1, z2) lng (z2)dq,w (z2)

and

I =

∫b ′
b

∫a ′
a

e
| lng (z2)−A$ f (z1)|

p η (z1)$ (z1,z2)
W̄ (z1) dq,w (z1)dq,w (z2).

Proof. Use Υ (z1) = ez1 − z1 − 1 and f = ln (gp) in Theorem 3.2.
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Corollary 3.7. Assume (3.6)-(3.7) hold, then∫a ′
a

η (z1) exp(A$ g (z1))dq,w (z1) + I 6
∫b ′
b

g (z2)w (z2)dq,w (z2)

holds for all q,w integrable g : I2 → (0,∞) with

A$ g (z1) :=
1

W̄ (z1)

∫b ′
b

$(z1, z2) lng (z2)dq,w (z2)

and

I =

∫b ′
b

∫a ′
a

e
| lng (z2)−A$ ζ (z1)|

η (z1)$ (z1,z2)
W̄ (z1) dq,w (z1)dq,w (z2).

Proof. Use p = 1 in Corollary 3.6.

Corollary 3.8. Let (3.3)-(3.7) hold and denote
∫a ′
a dq,ωz2 = |a ′ − a|,

∫b ′
b dq,ωz2 = |b ′ − b|, such that |a ′ −

a|, |b ′ − b| <∞. If Υ ∈ C(I,R) is superquadratic, then∫a ′
a

Υ

(
1

|b ′ − b|

∫b ′
b

ζ(z2)dq,ωz2

)
dq,ωz1

+
1

|b ′ − b|

∫b ′
b

∫a ′
a

Υ

(
ζ(z2) −

1
|b ′ − b|

∫b ′
b

ζ(z2)dq,ω

)
dq,ωz1 dq,ωz2 6

a ′ − a

b ′ − b

∫b ′
b

Υ (ζ(z2))dq,ωz2

holds for all d,ω-integrable ζ : I2 → R such that ζ (I2) ⊂ I1. If function Υ is subquadratic, then above inequality
is reversed.

Proof. It follows form Theorem 3.2 by taking $(z1, z2) = 1 and η(z1) = 1, in this case W̄(b) =
∫b ′
b dq,ωz2 =

|b ′ − b| and ωz2 =
∫a ′
a

1
|a ′−a|dq,ωz1 =

|a ′−a|
b ′−b .

3.3. Hardy inequalities with special kernels
In this section we assume

I = I1 = I2 = [a,a ′), 0 6 a < a ′ 6∞. (3.8)

Theorem 3.9. Suppose η : I→ R+ is a q,ω-integrable function and denote

ω̃ (z2) =

∫a ′
z2

η (z1)

((qz1 +ω) − a)
dq,ωz1.

If Υ ∈ C(I,R), I ⊂ R, is superquadratic function, then∫a ′
a

η (z1)Υ (Ã$ ζ (z1))dq,ωz1 +

∫a ′
a

∫a ′
z2

η (z1)

((q z1 +ω) − a)
Υ
(
ζ (z2) − Ã$ ζ (z1)

)
dq,ωz1 dq,ωz2

6
∫a ′
a

ω̃ (z2)Υ (ζ (z2))dq,ωz2

(3.9)

holds for all q,ω-integrable ζ : I→ R such that ζ(I) ⊂ I, where

((Ã$)ζ) (z1) =
1

((qz1 +ω) − a)

∫ (qz1 +ω)

a

ζ (z2)dq,ωz2.

If Υ is subquadratic, then (3.9) is reversed.
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Proof. Statement follows from Theorem 3.2 by using

$(z1, z2) =

{
1, if a 6 z2 < qz1 +ω 6 a ′,
0, otherwise,

}
since in this case

W̄(z1) =

∫qx+ω
a

dq,ωz2 = ((qz1 +ω) − a),

and thus A$ = Ã$,ω = ω̃.

Corollary 3.10. In (3.8) if we take a = 0 and Υ ∈ C(I,R) is superquadratic for I ⊂ R, then∫a ′
0
Υ (A$ ζ (z1))

dq,ωz1

z1
+

∫a ′
0

∫a ′
z2

Υ (|ζ (z2) − A$ ζ (z1)|)
dq,ωz1

z1(qz1 +ω)
dq,ωz2

6
∫a ′

0
ω (z2)Υ (ζ (z2))dq,ωz2

(3.10)

holds for all q,ω-integrable ζ : I→ R such that ζ(I) ⊂ I, where

(A$ζ) (z1) =
1

(qz1 +ω)

∫qz1+ω

0
ζ (z2)dq,ωz2.

Proof. Use η(z1) =
1
z1

in Theorem 3.9, since in this case

ω(z2) =

∫a ′
z2

1
z1 (qz1 +ω)

dq,ωz1 =

(
1
z2

−
1
a ′

)
.

Remark 3.11. If b =∞, then inequality (3.10) takes the form∫∞
0
Υ (A$ ζ (z1))

dq,ωz1

z1
+

∫∞
0

∫∞
z2

Υ (|ζ (z2) − A$ ζ (z1)|)
dq,ωz1

z1 (qz1 +ω)
dq,ωz2 6

∫∞
0
Υ (ζ (z2))

dq,ωz2

z2
.

If Υ is subquadratic then above inequality is reversed.

Theorem 3.12. Let us take a > 0,a ′ =∞ in (3.8) and let ϕ : I→ R+ be defined by

ϕ(z2) =
1

(qz2 +ω)

∫qz2+ω

a

dq,ωz1 =

(
1 −

a

(qz2 +ω)

)
.

If Υ ∈ C(I, R) is superquadratic, then∫∞
a

Υ

(
z1

∫∞
z1

ζ (z2)

z2(qz2 +ω)
dq,ωz2

)
dq,ωz1

z1

+

∫∞
a

∫qz2+ω

a

Υ

(
| ζ (z2) − z1

∫∞
z1

ζ (z2)

z2(qz2 +ω)
dq,ωz2|

)
dq,ωz1

dq,ωz2

z2(qz2 +ω)
6
∫∞
a

ϕ (z2)Υ (z2)
dq,ωz2

z2

holds for all q,ω-integrable ζ : I → R such that ζ(I) ⊂ I. If Υ is subquadratic, then above inequality is reversed.

Proof. Statement follows from Theorem 3.9, by using

$(z1, z2) =

{
1

z2 (qz2+ω) , for z2 > z1,
0, otherwise,

}

since in this case W̄(z1) =
1
z1

, and replace η(z1) with 1
z1

, to obtain ω(z2) =
ϕ(z2)
z2

.

Remark 3.13. Let Υ(v) = vp in Theorems 3.9 and 3.12, then for p > 2 the corresponding inequalities are
reversed. However, for p ∈ (0, 2] the corresponding inequalities will be preserved.
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3.4. Polya-Knopp type inequalities
Corollary 3.14. Assume the hypothesis (3.8) with a > 0 and a ′ =∞. If Υ ∈ C(I,R) is superquadratic, then∫∞

a

η (z1)Υ

(
1

(qz1 +ω) − a

∫ (qz1 +ω)

a

ζ (z2)dq,ω z2

)
dq,ωz1 +

∫∞
a

∫∞
z2

η (z1)

((q z1 +ω) − a)

×Υ

(
|ζ (z2) −

(
{

1
(qz1 +ω) − a

∫ (qz1 +ω)

a

ζ (z2)dq,ω z2|

))
dq,ωz1 dq,ωz2

6
∫∞
a

ω̃ (z2)Υ (ζ (z2))dq,ωz2

(3.11)

holds for all q,ω-integrable g1 : I→ R.

Proof. The statement follows from Theorem 3.9.

Example 3.15. Use Υ = z1
p, p > 1 in (3.11), to get the inequality∫∞

a

η (z1)

(
1

(qz1 +ω) − a

∫ (qz1 +ω)

a

ζ (z2) d̃q,ω z2

)p
dq,ωz1

+

∫∞
a

∫∞
z2

η (z1)

((q z1 +ω) − a)

(
|ζ (z2) −

(
1

(qz1 +ω) − a

∫ (qz1 +ω)

a

ζ (z2)dq,ω z2|

))p
dq,ωz1 dq,ωz2

6
∫∞
a

ω̃ (z2) (ζ (z2))
p dq,ωz2.

Example 3.16. Use Υ = ez1 − z1 − 1 and ζ(z1) = ln g(z1) for p > 1 in (3.11), to get∫∞
a

η (z1) e
1

(qz1 +ω)−a

∫(qz1 +ω)
a ζ (z2)dq,ω z2 dq,ωz1

+

∫∞
a

∫∞
z2

η (z1)

((q z1 +ω) − a)
e
|ζ (z2)−

(
1

(qz1 +ω)−a

∫(qz1 +ω)
a ζ (z2)dq,ω z2

)
|
dq,ωz1 dq,ωz2

6
∫∞
a

ω̃ (z2) (ζ (z2))
p dq,ωz2.

Remark 3.17. If superquadratic function reduces to convex function, then we get results given in [4].
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[6] J. Barić, A. Nosheen, J. Pečarić, Time scale Hardy-type inequalities with general kernel for superquadratic functions, Proc.

A. Razmadze Math. Inst., 165 (2014), 13–30. 1.2
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