
J. Math. Computer Sci., 23 (2021), 213–229

Online: ISSN 2008-949X

Journal Homepage: www.isr-publications.com/jmcs

Error bounds associated with different versions of
Hadamard inequalities of mid-point type

Muhammad Raeesa,∗, Matloob Anwara, Ghulam Faridb

aSchool of Natural Sciences, National University of Sciences and Technology, Islamabad, Pakistan.
bDepartment of Mathematics, COMSATS University Islamabad, Attock Campus, Attock, Pakistan.

Abstract
In this paper, we establish the error bounds of different versions of mid-point type inequalities. At first, we prove two

identities for fractional integrals involving the extended generalized Mittag-Leffler function and generalized exponential frac-
tional integrals, and then we establish the corresponding error bound inequalities. Furthermore, we find a generalized inequality
for error bound inequalities using a generalized identity. Also, we find some inequalities which formulate all error bound in-
equalities for various versions of Hadamard inequality. Finally, we present some examples of the central moment of a random
variable.
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1. Preliminaries and introductory remarks

Recall that a function g : K ⊂ R→ R is called convex on K, if the inequality

g(rc+ (1 − r)d) 6 rg(c) + (1 − r)g(d),

holds for all c,d ∈ K and r ∈ [0, 1].
The first fundamental inequality for convex functions is Hadamard inequality. The Hadamard in-

equality is one of the most fascinating inequality which can be stated as: If g : K ⊂ R → R is a convex
function on K and c,d ∈ K with c < d, then

g

(
c+ d

2

)
6

1
d− c

d∫
c

g(x)dx 6
g(c) + g(d)

2
.

The Hadamard inequality due to its applications and geometric interpretation has attracted the attention
of researchers. Due to which, various extensions of this inequality have been made by the researchers
using innovative and new ideas, see [8, 9, 14–16, 18, 20, 21].
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The classical fractional integral operator is known as Riemann-Liouville fractional integrals. They are
most studied operators due to their natural occurrence in half order differential equations. The Riemann-
Liouville fractional integral model of a function g of order γ > 0 is given by [10, 19]:

γIp+g (x) =
1

Γ (γ)

∫x
c

g(τ)

(x− τ)1−γdτ, x > c. (1.1)

The natural extension of Riemann-Liouville fractional integral (1.1) called generalized Riemann-Liouville
fractional integral is given by [10, 19]:

γ
µIc+g (x) =

1
Γ (γ)

∫x
c

µ′(τ)g(τ)

(µ(x) − µ(τ))1−γdτ, x > c. (1.2)

Kang et al. [9] generalized the integral (1.1) by adjoining an extended generalized Mittage-Leffler
function as follows:

wΥδ,r,s,c
β,γ,ν,c+g (x;q∗) =

∫x
c

Eδ,r,s,c
β,γ,ν (w(x− τ)β;q∗)g(τ)

(x− τ)1−γ dτ, x > c, (1.3)

where

Eδ,r,s,c
β,γ,ν (u;q∗) =

∞∑
m=0

Bq∗(δ+ms, c− δ)(c)sm
B(δ, c− δ)Γ(βm+ γ)(ν)rm

um,

is the extended generalized Mittag-leffler function with B(u, v) is the well known Beta function and
Bq∗(u, v) is the generalized Beta function defined by

Bq∗(u, v) =

1∫
0

τu−1(1 − τ)v−1e
−q∗
τ(1−τ)dτ.

Recently, Farid [6] gave an integral formulation for various fractional integral operators as follows.

Definition 1.1. Let g,µ : [c,d] → R, 0 < c < d, be the functions such that g be positive and g ∈ L1[c,d]
and µ be differentiable and increasing. Also let ρ be a positive function such that ρx is increasing on [c,∞).
Then for x ∈ [c,d] the left-sided integral operators is defined by

ρ
µFc+g (x) =

∫x
c

ρ (µ(x) − µ(τ))g(τ)µ′(τ)

µ(x) − µ(τ)
dτ, x > c. (1.4)

It is worth mentioning that we can deduce different fractional integral operators by some suitable
settings of functions ρ and µ.

(i) If ρ(u) = 1
kΓk(γ)

u
γ
k , then we have k-analogue of generalized Riemann-Liouville fractional integral [13]

as follows:
γ
µI
k
c+g(x) =

1
kΓk(γ)

∫x
c

µ′(τ)g(τ)

(µ(x) − µ(τ))1−γ
k

dτ, x > c.

For k = 1, we get the generalized Riemann-Liouville fractional integral (1.2).

(ii) If we take ρ(u) = u
γ exp

(
−1−γ

γ u
)

,γ ∈ (0, 1), then we get the generalized exponential fractional
integral [5] as following:

γ
µEc+g (x) =

1
γ

∫x
c

exp
(
−

1 − γ

γ
(µ(x) − µ(τ))

)
µ′(τ)g (τ)dτ, x > c. (1.5)
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(iii) If ρ(u) = u
γ
kFσ,k
ρ,γ(w(u)

ρ) in (1.4), then we obtain the generalized k-fractional integral operator [22] as
follows:

σ
ρζ
k,µ
γ,c+;wg (x) =

x∫
c

µ′(τ)Fσ,k
ρ,γ (w (µ(x) − µ(τ))ρ)g(τ)

(µ(x) − µ(τ))1−γ
k

dτ, x > c, (1.6)

where

Fσ,k
ρ,γ (x) :=

∞∑
n=0

σ(n)

kΓk(ρkn+ γ)
xn, (ρ,γ > 0; |x| < R) with R > 0,

and the coefficients σ(n) (n ∈N∪ {0}) form a bounded sequence of positive real numbers.

(iv) If we choose ρ(u) = uγEδ,r,s,c
β,γ,ν (w(u)β;q∗), then we get a natural extension of the fractional integral

operator (1.3) as follows:

w
µΥ

δ,r,s,c
β,γ,ν,c+g (x) =

x∫
c

µ′(τ)Eδ,r,s,c
β,γ,ν

(
w (µ(x) − µ(τ))β ;q∗

)
g(τ)

(µ(x) − µ(τ))1−γ dτ, x > c. (1.7)

Some more operators can be deduced from (1.4). For a detailed study of fractional and conformable
integral operators which can be obtained from (1.4), we refer to [7].

Kang et al. [9] established a generalized version of Hadamard inequality utilizing operator (1.3).

Theorem 1.2. Let g : [c,d]→ R be a positive function with 0 6 c < d and g ∈ L1[c,d]. If g is a convex function
on [c,d], then the following inequality for the fractional integral (1.3) holds:

g

(
c+ d

2

)
w′Υδ,r,s,c

β,γ,ν,c+1 (d;q∗) 6
w′Υδ,r,s,c

β,γ,ν,c+g (d;q∗) +w
′
Υδ,r,s,c
β,γ,ν,d−g (c;q∗)

2

6
g(c) + g(d)

2

w′

Υδ,r,s,c
β,γ,ν,p+1 (c;q∗) ,

where w′ = w
(d−c)γ .

Set et al. [21] introduced a generalized version of Hadamard inequality via fractional integral operator
(1.6).

Theorem 1.3. Let k, ρ,γ ∈ R+,w ∈ R+
0 and σ(m) ∈ R+(m ∈N0) be a bounded sequence. Also, let µ : [c,d]→

R be a an increasing function on [c,d] having continuous derivative µ′(x) on (c,d). If g is a convex function on
[c,d], then following Hermite-Hadamard type inequalities for generalized k-fractional integral (1.6) hold:

g

(
c+ d

2

)
6

1
2k

[
σ
ρζ
k,µ
γ, c+d2

+
;w
G (d) +σρ ζ

k,µ
γ, c+d2

−
;w
G (c)

]
6
g(c) + g(d)

2
,

where G(x) = g(x) + g(c+ d− x).

Motivated by these papers, we present the following work whose purpose is to develop some gener-
alized error bound inequalities for the aforementioned fractional integrals. We have organized the paper
as follows.

In Section 2, we prove two identities for fractional integral operators (1.5) and (1.7) and establish cor-
responding error bound inequalities. In Section 3, we develop some generalized error bound inequalities
via generalized integral operator (1.4). In Section 4, we construct some new inequalities for central mo-
ment of the random variable. In Section 5, we conclude our results. Through out this paper, we consider
G(x) = g(x) + g̃(x), where g is a convex function and g̃(x) = g(c+ d− x) for all x ∈ [c,d].
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2. Some fractional Hadamard inequalities at midpoint

In this section, we give some error estimates for Hadamard inequalities associated to the fractional
integral operators (1.5) and (1.6). We start with the following identity.

Lemma 2.1. Let µ : [c,d]→ R be a positive monotone increasing function with continuous derivative µ′ on (c,d).
Let g : [c,d]→ R be a differentiable function on (c,d) with 0 6 c < d. If g′ ∈ L1[c,d], then the following identity
holds for operator (1.7):

µRδ,r,s,c
β,γ,ν (1)g

(
c+ d

2

)
−

1
d− c

[
w
µΥ

δ,r,s,c
β,γ,ν, c+d2

+G(d) +
w
µ Υ

δ,r,s,c
β,γ,ν, c+d2

−G(c)

]

=
d− c

4

1∫
0

µRδ,r,s,c
β,γ,ν (r)

[
g′
(
r

2
d+

2 − r

2
c

)
− g′

(
r

2
c+

2 − r

2
d

)]
dr,

where

µRδ,r,s,c
β,γ,ν (r) =

[
µ(d) − µ

(
r

2
c+

2 − r

2
d

)]γ
Eδ,r,s,c
β,γ+1,ν

([
µ(d) − µ

(
r

2
c+

2 − r

2
d

)]β
;q∗
)

+

[
µ

(
r

2
d+

2 − r

2
c

)
− µ(c)

]γ
Eδ,r,s,c
β,γ+1,ν

([
µ

(
r

2
d+

2 − r

2
c

)
− µ(c)

]β
;q∗
)

.

Proof. We have

1∫
0

µRδ,r,s,c
β,γ,ν (r)

[
g′
(
r

2
d+

2 − r

2
c

)
− g′

(
r

2
c+

2 − r

2
d

)]
dr

=

1∫
0

µRδ,r,s,c
β,γ,ν (r)g′

(
r

2
d+

2 − r

2
c

)
dr−

1∫
0

µRδ,r,s,c
β,γ,ν (r)g′

(
r

2
c+

2 − r

2
d

)
dr.

Integrating by parts, we have

1∫
0

µRδ,r,s,c
β,γ,ν (r)g′

(
r

2
d+

2 − r

2
c

)
dr =

2
d− c

µRδ,r,s,c
β,γ,ν (r)g

(
r

2
d+

2 − r

2
c

) ∣∣∣∣1
0

−
2

d− c

∞∑
m=0

Bq∗(δ+ms, c− δ)(c)sm
B(δ, c− δ)Γ(βm+ γ)(ν)rm

1∫
0

µ′
(
r
2c+

2−r
2 d

)
g
(
r
2d+

2−r
2 c
)[

µ(d) − µ
(
r
2c+

2−r
2 d

)]1−γ−βmdr
−

2
d− c

∞∑
m=0

Bq∗(δ+ms, c− δ)(c)sm
B(δ, c− δ)Γ(βm+ γ)(ν)rm

1∫
0

µ′
(
r
2d+

2−r
2 c
)
g
(
r
2d+

2−r
2 c
)[

µ
(
r
2d+

2−r
2 c
)
− µ(c)

]1−γ−βmdr
=

2
d− c

µRδ,r,s,c
β,γ,ν (1)g

(
c+ d

2

)

−
2

d− c

1∫
0

µ′
(
r
2c+

2−r
2 d

)
Eδ,r,s,c
β,γ,ν

([
µ(d) − µ

(
r
2c+

2−r
2 d

)]γ ;q∗
)
g
(
r
2d+

2−r
2 c
)

[
µ(d) − µ

(
r
2c+

2−r
2 d

)]1−γ dr

−
2

d− c

1∫
0

µ′
(
r
2d+

2−r
2 c
)
Eδ,r,s,c
β,γ,ν

([
µ
(
r
2d+

2−r
2 c
)
− µ(c)

]γ ;q∗
)
g
(
r
2d+

2−r
2 c
)

[
µ
(
r
2d+

2−r
2 c
)
− µ(c)

]1−γ dr.

(2.1)
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Similarly,

1∫
0

µRδ,r,s,c
β,γ,ν (r)g′

(
r

2
c+

2 − r

2
d

)
dr = −

2
d− c

µRδ,r,s,c
β,γ,ν (1)g

(
c+ d

2

)

+
2

d− c

1∫
0

µ′
(
r
2c+

2−r
2 d

)
Eδ,r,s,c
β,γ,ν

([
µ(d) − µ

(
r
2c+

2−r
2 d

)]γ ;q∗
)
g
(
r
2c+

2−r
2 d

)
[
µ(d) − µ

(
r
2c+

2−r
2 d

)]1−γ dr

+
2

d− c

1∫
0

µ′
(
r
2d+

2−r
2 c
)
Eδ,r,s,c
β,γ,ν

([
µ
(
r
2d+

2−r
2 c
)
− µ(c)

]γ ;q∗
)
g
(
r
2c+

2−r
2 d

)
[
µ
(
r
2d+

2−r
2 c
)
− µ(c)

]1−γ dr.

(2.2)

Applying (1.7) in (2.1) and (2.2), we respectively have

1∫
0

µRδ,r,s,c
β,γ,ν (r)g′

(
r

2
d+

2 − r

2
c

)
dr =

2
d− c

µRδ,r,s,c
β,γ,ν (1)g

(
c+ d

2

)
−

4
(d− c)2

w
µΥ

δ,r,s,c
β,γ,ν, c+d2

+ g̃(d)

−
4

(d− c)2
w
µΥ

δ,r,s,c
β,γ,ν, c+d2

−g(c).

(2.3)

and

1∫
0

µRδ,r,s,c
β,γ,ν (r)g′

(
r

2
c+

2 − r

2
d

)
dr = −

2
d− c

µRδ,r,s,c
β,γ,ν (1)g

(
c+ d

2

)
+

4
(d− c)2

w
µΥ

δ,r,s,c
β,γ,ν, c+d2

+g(d)

−
4

(d− c)2
w
µΥ

δ,r,s,c
β,γ,ν, c+d2

− g̃(c).

(2.4)

Equations (2.3) and (2.4) give the required identity.

Lemma 2.2. Let µ : [c,d] → R be a positive and monotone increasing function with continuous derivative µ′ on
(c,d). Let g : [c,d] → R be a differentiable function on (c,d) with 0 6 c < d. If g′ ∈ L1[c,d], then the following
identity holds for the fractional integral operator (1.5):

Nµγ(1)g
(
c+ d

2

)
−

1 − γ

2

[
γ
µE c+d

2
−G(c) +γµ E c+d

2
+G(d)

]
=
d− c

4

1∫
0

Nµγ(r)

[
g′
(
r

2
d+

2 − r

2
c

)
− g′

(
r

2
c+

2 − r

2
d

)]
dr,

where

Nµγ(r) : = 2 − exp
(
−A

((
µ(d) − µ

(
r

2
c+

2 − r

2
d

))))
− exp

(
−A

((
µ

(
r

2
d+

2 − r

2
c

)
− µ(c)

)))
,

and A = 1−γ
γ ,γ ∈ (0, 1).

Proof. Integrating by parts, we have

1∫
0

Nµγ(r)g
′
(
r

2
d+

2 − r

2
c

)
dr
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=
2

d− c
Nµγ(r)g

(
r

2
d+

2 − r

2
c

) ∣∣∣∣1
0

−A

1∫
0

exp
(
−A

(
µ(d) − µ

(
r

2
c+

2 − r

2
d

)))
µ′
(
r

2
c+

2 − r

2
d

)
g

(
r

2
d+

2 − r

2
c

)
dr (2.5)

−A

1∫
0

exp
(
−A

(
µ

(
r

2
d+

2 − r

2
c

)
− µ(c)

))
µ′
(
r

2
d+

2 − r

2
c

)
g

(
r

2
d+

2 − r

2
c

)
dr

=
2

d− c
Nµγ(1)g

(
c+ d

2

)
−

2A
d− c

d∫
c+d

2

exp (−A (µ(d) − µ(x)))µ′(x)g̃(x)dx

−
2A
d− c

c+d
2∫
c

exp (−A (µ(x) − µ(c)))µ′(x)g(x)dx.

Similarly,

1∫
0

Nµγ(r)g
′
(
r

2
c+

2 − r

2
d

)
dr = −

2
(d− c)

Nµγ(1)g
(
c+ d

2

)

+
2A
d− c

d∫
c+d

2

exp (−A (µ(d) − µ(x)))µ′(x)g(x)dx

+
2A
d− c

c+d
2∫
c

exp (−A (µ(x) − µ(c)))µ′(x)g̃(x)dx.

(2.6)

By applying (1.5) to (2.5) and (2.6), we have

1∫
0

Nµγ(r)g
′
(
r

2
d+

2 − r

2
c

)
dr =

2
(d− c)

Nµγ(1)g
(
c+ d

2

)
−

2(1 − γ)

d− c
γ
µE
γ
c+d

2
+ g̃(d)

−
2(1 − γ)

d− c
γ
µE c+d

2
−g(c),

(2.7)

and

1∫
0

Nµγ(r)g
′
(
r

2
c+

2 − r

2
d

)
dr = −

2
(d− c)

Nµγ(1)g
(
c+ d

2

)
+

2(1 − γ)

d− c
γ
µE c+d

2
+g(d)

+
2(1 − γ)

d− c
γ
µE c+d

2
− g̃(c).

(2.8)

Equations (2.7) and (2.8) lead to the required identity.

Now, we give some Hadamard inequalities for fractional integrals (1.7) and (1.5).

Theorem 2.3. Let µ : [c,d] → R be a positive monotone increasing function with continuous derivative µ′ on
(c,d). Let g : [c,d] → R be a differentiable function on (c,d) with 0 6 c < d such that g′ ∈ L1[c,d]. If |g′| is
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convex, then the following inequality holds for the fractional integral (1.7):∣∣∣∣µRδ,r,s,c
β,γ,ν (1)g

(
c+ d

2

)
−

1
d− c

[
w
µΥ

δ,r,s,c
β,γ,ν, c+d2

+G(d) +
w
µ Υ

δ,r,s,c
β,γ,ν, c+d2

−G(c)

]∣∣∣∣
6

(d− c) [|g′(c)|+ |g′(d)|]

4

1∫
0

∣∣∣µRδ,r,s,c
β,γ,ν (r)

∣∣∣dr.
Proof. By Lemma 2.1, and property of modulus, we have∣∣∣∣µRδ,r,s,c

β,γ,ν (1)g
(
c+ d

2

)
−

1
d− c

[
w
µΥ

δ,r,s,c
β,γ,ν, c+d2

+G(d) +
w
µ Υ

δ,r,s,c
β,γ,ν, c+d2

−G(c)

]∣∣∣∣
6

(d− c)

4

1∫
0

∣∣∣µRδ,r,s,c
β,γ,ν (r)

∣∣∣ [∣∣∣∣g′( r2d+ 2 − r

2
c

)∣∣∣∣+ ∣∣∣∣g′( r2c+ 2 − r

2
d

)∣∣∣∣]dr. (2.9)

By convexity of |g′| , we get∣∣∣∣g′( r2d+ 2 − r

2
c

)∣∣∣∣+ ∣∣∣∣g′( r2c+ 2 − r

2
d

)∣∣∣∣
6
r

2

∣∣g′(d)∣∣+ 2 − r

2

∣∣g′(c)∣∣+ r

2

∣∣g′(c)∣∣+ 2 − r

2

∣∣g′(d)∣∣ = ∣∣g′(c)∣∣+ ∣∣g′(d)∣∣ . (2.10)

Using (2.10) in (2.9), we obtain the required inequality.

Theorem 2.4. Let µ : [c,d]→ R be a positive and monotone increasing function with continuous derivative µ′ on
(c,d). Let g : [c,d] → R be a differentiable function on (c,d) with 0 6 c < d such that g′ ∈ L1[c,d]. If |g′| is
convex, then the following inequality holds for the fractional integral operator 1.5:∣∣∣∣Nµγ(1)g(c+ d2

)
−

1 − γ

2

[
γ
µE c+d

2
−G(c) +γµ E c+d

2
+G(d)

]∣∣∣∣
6

(d− c) [|g′(c)|+ |g′(d)|]

4

1∫
0

∣∣Nµγ(r)∣∣dr.
Proof. By Lemma 2.2 and following the steps in the proof of Theorem 2.3, we obtain the required inequal-
ity.

Theorem 2.5. Let µ : [c,d] → R be a positive monotone increasing function with continuous derivative µ′ on
(c,d). Let g : [c,d] → R be a differentiable function on (c,d) with 0 6 c < d such that g′ ∈ L1[c,d]. If
|g′|q ,q > 1 is convex, then the following inequality holds for the fractional integral (1.7):∣∣∣∣µRδ,r,s,c

β,γ,ν (1)g
(
c+ d

2

)
−

1
d− c

[
w
µΥ

δ,r,s,c
β,γ,ν, c+d2

+G(d) +
w
µ Υ

δ,r,s,c
β,γ,ν, c+d2

−G(c)

]∣∣∣∣
6

(d− c)

4

 1∫
0

∣∣∣µRδ,r,s,c
β,γ,ν (r)

∣∣∣p dr


1
p {[

|g′(d)|q + 3 |g′(c)|q

4

] 1
q

+

[
|g′(c)|q + 3 |g′(d)|q

4

] 1
q

}
,

where 1
p + 1

q = 1,q > 1.
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Proof. From Lemma 2.1, we have

∣∣∣∣µRδ,r,s,c
β,γ,ν (1)g

(
c+ d

2

)
−

1
d− c

[
w
µΥ

δ,r,s,c
β,γ,ν, c+d2

+G(d) +
w
µ Υ

δ,r,s,c
β,γ,ν, c+d2

−G(c)

]∣∣∣∣
6

(d− c)

4


1∫
0

∣∣∣µRδ,r,s,c
β,γ,ν (r)

∣∣∣ ∣∣∣∣g′( r2d+ 2 − r

2
c

)∣∣∣∣dr+
1∫
0

∣∣∣µRδ,r,s,c
β,γ,ν (r)

∣∣∣ ∣∣∣∣g′( r2c+ 2 − r

2
d

)∣∣∣∣dr
 .

(2.11)

Now by the Hölder’s inequality, we have

1∫
0

∣∣∣µRδ,r,s,c
β,γ,ν (r)

∣∣∣ ∣∣∣∣g′( r2d+ 2 − r

2
c

)∣∣∣∣dr 6
 1∫

0

∣∣∣µRδ,r,s,c
β,γ,ν (r)

∣∣∣p dr


1
p
 1∫

0

∣∣∣∣g′( r2d+ 2 − r

2
c

)∣∣∣∣q dr


1
q

, (2.12)

and

1∫
0

∣∣∣µRδ,r,s,c
β,γ,ν (r)

∣∣∣ ∣∣∣∣g′( r2c+ 2 − r

2
d

)∣∣∣∣dr 6
 1∫

0

∣∣∣µRδ,r,s,c
β,γ,ν (r)

∣∣∣p dr


1
p
 1∫

0

∣∣∣∣g′( r2c+ 2 − r

2
d

)∣∣∣∣q dr


1
q

. (2.13)

Since |g′|q ,q > 1 is convex, so we have

1∫
0

∣∣∣∣g′( r2d+
(

2 − r

2

)
c

)∣∣∣∣q dr 6 |g′(d)|q + 3 |g′(c)|q

4
, (2.14)

and
1∫
0

∣∣∣∣g′( r2c+
(

2 − r

2

)
d

)∣∣∣∣q dr 6 |g′(c)|q + 3 |g′(d)|q

4
. (2.15)

Utilizing (2.12), (2.13), (2.14), and (2.15) in inequality (2.11), we obtain the desired inequality.

Theorem 2.6. Let µ : [c,d] → R be a positive and monotone increasing function with continuous derivative µ′

on (c,d). Let g : [c,d] → R be a differentiable function on (c,d) with 0 6 c < d such that g′ ∈ L1[c,d]. If
|g′|q ,q > 1 is convex, then the following inequality holds for the fractional integral operator (1.5):∣∣∣∣Nµγ(1)g(c+ d2

)
−

1 − γ

2

[
γ
µE c+d

2
−G(c) +γµ E c+d

2
+G(d)

]∣∣∣∣
6

(d− c)

4

 1∫
0

∣∣Nµγ(r)∣∣p dr


1
p {[

|g′(d)|q + 3 |g′(c)|q

4

] 1
q

+

[
|g′(c)|q + 3 |g′(d)|q

4

] 1
q

}
,

where 1
p + 1

q = 1,q > 1.

Proof. The required inequality is obtained by Lemma 2.2 and application of the Hölder’s inequality.

3. Generalized integral identity

Now and onward we consider,

∆ρ,µ(r) =

r∫
0

ωρ,µ(s)dr,
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where

ωρ,µ(s) =
ρ
(
µ
(
s
2d+

2−s
2 c
)
− µ(c)

)
µ
(
s
2d+

2−s
2 c
)
− µ(c)

µ′
(
s

2
d+

2 − s

2
c

)
+
ρ
(
µ(d) − µ

(
s
2c+

2−s
2 d

))
µ(d) − µ

(
s
2c+

2−s
2 d

) µ′
(
s

2
c+

2 − s

2
d

)
.

Lemma 3.1. Let g,µ : [c,d] → R, 0 < c < d, be the functions such that g be a differentiable and positive with
g ∈ L1[c,d] and µ be differentiable and increasing. Also let ρ be a positive function such that ρx is increasing on
[c,∞). If g′ ∈ L1[c,d], then the following identity holds for the generalized integral operator (1.4):

∆ρ,µ(1)g
(
c+ d

2

)
−

1
d− c

[
ρ
µF( c+d2 )

+G(d) +ρµ F( c+d2 )
−G(d)

]

=
d− c

4

1∫
0

∆ρ,µ(r)

[
g′
(
r

2
d+

2 − r

2
c

)
− g′

(
r

2
c+

2 − r

2
d

)]
dr.

Proof. Here,

1∫
0

∆ρ,µ(r)

[
g′
(
r

2
d+

2 − r

2
c

)
− g′

(
r

2
c+

2 − r

2
d

)]
dr

=

1∫
0

∆ρ,µ(ξ)g
′
(
r

2
d+

2 − r

2
c

)
dr−

1∫
0

∆ρ,µ(ξ)g
′
(
r

2
c+

2 − r

2
d

)
dr.

By integrating by parts, we have

1∫
0

∆ρ,µ(r)g
′
(
r

2
d+

2 − r

2
c

)
dr =

2
d− c

∆ρ,µ(r)g

(
r

2
d+

2 − r

2
c

) ∣∣∣∣1
0

−
2

d− c

1∫
0

ωρ,µ(r)g

(
r

2
d+

2 − r

2
c

)
dr

=
2

d− c
∆ρ,µ(1)g

(
c+ d

2

)
−

4
(d− c)2

c+d
2∫
c

ρ (µ(x) − µ(c))µ′(x)g(x)

µ(x) − µ(c)
dx

−
4

(d− c)2

d∫
c+d

2

ρ (µ(d) − µ(x))µ′(x)g̃(x)

µ(d) − µ(x)
dx.

(3.1)

Similarly,

1∫
0

∆ρ,µ(r)g
′
(
r

2
c+

2 − r

2
d

)
dr = −

2
d− c

∆ρ,µ(1)g
(
c+ d

2

)

+
4

(d− c)2

c+d
2∫
c

ρ (µ(x) − µ(c))µ′(x)g̃(x)

µ(x) − µ(c)
dx

+
4

(d− c)2

d∫
c+d

2

ρ (µ(d) − µ(x))µ′(x)g(x)

µ(d) − µ(x)
dx.

(3.2)
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Applying (1.4) in (3.1) and (3.2), we have, respectively,
1∫
0

∆ρ,µ(r)g
′
(
r

2
d+

2 − r

2
c

)
dr =

2
d− c

∆ρ,µ(1)g
(
c+ d

2

)
−

4
(d− c)2

ρ
µF( c+d2 )

−g(c)

−
4

(d− c)2
ρ
µF( c+d2 )

+ g̃(d),

(3.3)

and

1∫
0

∆ρ,µ(r)g
′
(
r

2
c+

2 − r

2
d

)
dr = −

2
d− c

∆ρ,µ(1)g
(
c+ d

2

)
+

4
(d− c)2

ρ
µF( c+d2 )

− g̃(c)

+
4

(d− c)2
ρ
µF( c+d2 )

+g(d).

(3.4)

Equations (3.3) and (3.4) lead to required equality.

Remark 3.2. We can deduce associated identities for aforementioned fractional and conformable integrals
from Lemma 3.1.

(i) If µ is the identity function, then we have [3, Lemma 3].

(ii) If ρ(u) = u
γ
k

kΓk(γ)
, then we have,

A
γ,k
1 (1)g

(
c+ d

2

)
−
Γk(γ+ k)

2

[
γ
µI
k

( c+d2 )
+G(d) +γµ I

k

( c+d2 )
−G(c)

]

=
d− c

4

1∫
0

A
γ,k
1 (ξ)

(
g′
(
r

2
d+

2 − r

2
c

)
− g′

(
r

2
c+

2 − r

2
d

))
dr,

where

A
γ,k
1 (ξ) =

[
µ

(
r

2
d+

2 − r

2
c

)
− µ(c)

]γ
k

+

[
µ(d) − µ

(
r

2
c+

2 − r

2
d

)]γ
k

.

Moreover, if k = 1, then it coincides to [21, Corollary 4].
(iii) If ρ(u) = u

γ
k Fσ,k
ρ,γ (w(x)

ρ) , then we get [21, Lemma 2]. Furthermore, if k = 1, then we obtain [21,
Corollary 3].

(iv) If we choose ρ(u) = uγEδ,r,s,c
β,γ,ν (w(u)β;q∗), then we obtain Lemma 2.1.

(v) If ρ(u) = u
γ exp(−Au), where A = 1−γ

γ , γ ∈ (0, 1), then we have Lemma 2.2.

Theorem 3.3. In addition to the conditions of Lemma 3.1, if |g′| is convex on [c,d], then the following inequality
for the generalized integral operator (1.4) holds:∣∣∣∣∆ρ,µ(1)g

(
c+ d

2

)
−

1
d− c

[
ρ
µF( c+d2 )

+G(d) +ρµ F( c+d2 )
−G(d)

]∣∣∣∣ 6 (d− c) [|g′(c)|+ |g′(d)|]

4

1∫
0

|∆ρ,µ(r)|dr.

Proof. From Lemma 3.1, we have∣∣∣∣∆ρ,µ(1)g
(
c+ d

2

)
−

1
d− c

[
ρ
µF( c+d2 )

+G(d) +ρµ F( c+d2 )
−G(d)

]∣∣∣∣
6

(d− c)

4

1∫
0

|∆ρ,µ(r)|

[∣∣∣∣g′( r2d+ 2 − r

2
c

)∣∣∣∣+ ∣∣∣∣g′( r2c+ 2 − r

2
d

)∣∣∣∣]dr. (3.5)

Now utilizing (2.10) in (3.5), we get the required inequality.
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Remark 3.4. We can deduce associated inequalities for various fractional and conformable integrals from
Theorem 3.3.

(i) If µ is identity function, then we have [3, Theorem 4].

(ii) If ρ(u) = u
γ
k

kΓk(γ)
, then we have,∣∣∣∣Aγ,k

1 (1)g
(
c+ d

2

)
−
Γk(γ+ k)

2

[
γ
µI
k

( c+d2 )
+G(d) +γµ I

k

( c+d2 )
−G(c)

]∣∣∣∣
6

(d− c)[|g′(c)|+ |g′(d)|]

4

1∫
0

∣∣∣Aγ,k
1 (r)

∣∣∣dr,
where Aγ,k

1 (r) is same as in Remark 3.2. Moreover, if k = 1, then it coincides to [21, Corollary 5].
(iii) If ρ(u) = u

γ
k Fσ,k
ρ,γ (w(x)

ρ) , then we obtain [21, Theorem 3].

(iv) If we choose ρ(u) = uγEδ,r,s,c
β,γ,ν (w(u)β;q∗), then we get Theorem 2.5.

(v) If ρ(u) = u
γ exp(−Au), where A = 1−γ

γ , γ ∈ (0, 1), then we have Theorem 2.6.

Theorem 3.5. In addition to the conditions of Lemma 3.1, if |g′|q ,q > 1 is convex on [c,d], then the following
inequality for the generalized integral operator (1.4) holds:∣∣∣∣∆ρ,µ(1)g

(
c+ d

2

)
−

1
d− c

[
ρ
µF( c+d2 )

+G(d) +ρµ F( c+d2 )
−G(d)

]∣∣∣∣
6

(d− c)

4

 1∫
0

|∆ρ,µ(r)|
p dξ


1
p [(

|g′(d)|q + 3 |g′(c)|q

4

) 1
q

+

(
|g′(c)|q + 3 |g′(d)|q

4

) 1
q

]
,

where 1
p + 1

q = 1.

Proof. By using the property of modulus in Lemma 3.1, we have

∣∣∣∣∆ρ,µ(1)g
(
c+ d

2

)
−

1
d− c

[
ρ
µF( c+d2 )

+G(d) +ρµ F( c+d2 )
−G(c)

]∣∣∣∣
6

(d− c)

4


1∫
0

|∆ρ,µ(r)|

∣∣∣∣g′( r2d+ 2 − r

2
c

)∣∣∣∣dr+
1∫
0

|∆ρ,µ(r)|

∣∣∣∣g′( r2c+ 2 − r

2
d

)∣∣∣∣dr
 .

(3.6)

By applying the Hölder’s inequality, we get

1∫
0

|∆ρ,µ(r)|

∣∣∣∣g′( r2d+ 2 − r

2
c

)∣∣∣∣dr 6
 1∫

0

|∆ρ,µ(r)|
p dr


1
p
 1∫

0

∣∣∣∣g′( r2d+ 2 − r

2
c

)∣∣∣∣q dr


1
q

. (3.7)

and

1∫
0

|∆ρ,µ(r)|

∣∣∣∣g′( r2c+ 2 − r

2
d

)∣∣∣∣dr 6
 1∫

0

|∆ρ,µ(r)|
p dr


1
p
 1∫

0

∣∣∣∣g′( r2c+ 2 − r

2
d

)∣∣∣∣q dr


1
q

. (3.8)

Inequality (3.6) together with (2.14), (2.15), (3.7), and (3.8) leads to the required inequality.
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Remark 3.6. We deduce some inequalities for aforementioned fractional and conformable integrals from
Theorem 3.5.

(i) If µ is identity function, then we have [3, Theorem 5].

(ii) If ρ(u) = u
γ
k

kΓk(γ)
, then we obtain,∣∣∣∣Aγ,k

1 (1)g
(
c+ d

2

)
−
Γk(γ+ k)

2

[
γ
µI
k

( c+d2 )
+G(d) +γµ I

k

( c+d2 )
−G(c)

]∣∣∣∣
6

(d− c)

4

 1∫
0

∣∣∣Aγ,k
1 (r)

∣∣∣p dξ


1
p [(

|g′(d)|q + 3 |g′(c)|q

4

) 1
q

+

(
|g′(c)|q + 3 |g′(d)|q

4

) 1
q

]
,

where Aα,k
1 (r) is same as in Remark 3.2. Moreover, if k = 1, then it will gives [21, Corollary 6].

(iii) If ρ(u) = u
γ
k Fσ,k
ρ,γ (w(x)

ρ) , then we get [21, Theorem 4].

(iv) If we choose ρ(u) = uγEδ,r,s,c
β,γ,ν (w(u)β;q∗), then we obtain Theorem 2.5.

(v) If ρ(u) = u
γ exp(−Au), where A = 1−γ

γ , γ ∈ (0, 1), then we have Theorem 2.6.

4. Applications

Density functions and distribution functions give complete descriptions of the distribution of proba-
bility for a given random variable. However, they do not permit us to make comparisons between two
different distributions easily. The set of moments are useful in making comparison under reasonable
conditions. Recently, some researchers obtained error estimates for the moments of random variables by
using mathematical inequalities, see for example [1, 2, 4, 11, 12, 17]. Let X be a random variable whose
probability function is ψ : I ⊂ R → R+. The mth moment about any arbitrary point x of the random
variable X is denoted and defined as follows:

Mm(x) =

d∫
c

(t− x)mψ(t)dt, m=0,1,2,. . . .

Now we give some applications of our results for central moment. Now and onward we will use
M̂m(u) :=Mm(u) +Mm(c+ d− u) for all u ∈ [c,d] and m > 2s+ 1, s = 0, 1, 2, 3, . . . .

Proposition 4.1. Let X be a random variable whose probability function is ψ : I ⊂ R→ R+, where ψ is a convex
function on the interval of real numbers I such that c,d ∈ I with c < d, then the following identity holds for the
generalized integral operator (1.4):

∆ρ,µ(1)Mm

(
c+ d

2

)
−

1
d− c

[
ρ
µF( c+d2 )

−M̂m(c) +ρµ F( c+d2 )
+M̂m(d)

]

=
m(d− c)

4

1∫
0

∆ρ,µ(r)

[
Mm−1

(
r

2
d+

2 − r

2
c

)
−Mm−1

(
r

2
c+

2 − r

2
d

)]
dr.

(4.1)

Proof. Required identity is obtained by setting g(u) =Mm(u) in Lemma 3.1.

Remark 4.2. We can deduce associated identities for aforementioned fractional and conformable integrals
from (4.1).
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(i) If ρ(u) = u
γ
k

kΓk(γ)
, then

A
γ,k
1 (1)Mm

(
c+ d

2

)
−
Γk(γ+ k)

2

[
γ
µI
k

( c+d2 )
−M̂m(c) +γµ I

k

( c+d2 )
+M̂m(d)

]

=
m(d− c)

4

1∫
0

A
γ,k
1 (r)

[
Mm−1

(
r

2
d+

2 − r

2
c

)
−Mm−1

(
r

2
c+

2 − r

2
d

)]
dr,

where Aγ,k
1 (r) is same as in Remark 3.2.

(ii) If ρ(u) = u
γ
kFσ,k
ρ,γ(w(u)

ρ), then

µC
γ,σ
ρ,k (1)M

m

(
c+ d

2

)
−

1
2k

[
σ
ρζ
k,µ
γ, c+d2

−
;w
M̂m(c) +σρ ζ

k,µ
γ, c+d2

+
;w
M̂m(d)

]

=
m(d− c)

4

1∫
0

µC
γ,σ
ρ,k (r)

[
Mm−1

(
r

2
d+

2 − r

2
c

)
−Mm−1

(
r

2
c+

2 − r

2
d

)]
dr,

where

µC
γ,σ
ρ,k (r) =

[
µ(d) − µ

(
r

2
c+

2 − r

2
d

)]γ
k

Fσ,k
ρ,γ+k

(
w

[
µ(d) − µ

(
r

2
c+

2 − r

2
d

)]ρ)
+

[
µ

(
r

2
d+

2 − r

2
c

)
− µ(c)

]γ
k

Fσ,k
ρ,γ+k

(
w

[
µ

(
r

2
d+

2 − r

2
c

)
− µ(c)

]ρ)
.

(4.2)

(iii) If we choose ρ(u) = uγEδ,r,s,c
β,γ,ν (w(u)β;q∗), then

µRδ,r,s,c
β,γ,ν (1)Mm

(
c+ d

2

)
−

1
d− c

[
w
µΥ

δ,r,s,c
β,γ,ν, c+d2

−M̂m(c) +wµ Υ
δ,r,s,c
β,γ,ν, c+d2

+M̂m(d)

]

=
m(d− c)

4

1∫
0

µRδ,r,s,c
β,γ,ν (r)

[
Mm−1

(
r

2
d+

2 − r

2
c

)
−Mm−1

(
r

2
c+

2 − r

2
d

)]
dr.

(iv) If ρ(u) = u
γ exp(−Au), where A = 1−γ

γ , γ ∈ (0, 1), then

Nµγ(1)M
m

(
c+ d

2

)
−

1 − γ

2

[
γ
µE c+d

2
−M̂m(c) +γµ E c+d

2
+M̂m(d)

]
=
m(d− c)

4

1∫
0

Nµγ(r)

[
Mm−1

(
r

2
d+

2 − r

2
c

)
−Mm−1

(
r

2
c+

2 − r

2
d

)]
.

Proposition 4.3. Let X be a random variable whose probability function is ψ : I ⊂ R→ R+, where ψ is a convex
function on the interval of real numbers I such that c,d ∈ I with c < d. If |ψ| is bounded, then the following
inequality holds for the generalized integral operator (1.4):∣∣∣∣∆ρ,µ(1)Mm

(
c+ d

2

)
−

1
d− c

[
ρ
µF( c+d2 )

−M̂m(c) +ρµ F( c+d2 )
+M̂m(d)

]∣∣∣∣
6

(1 − (−1)m)(d− c)m+1‖ψ‖∞
4

1∫
0

|∆ρ,µ(r)|

[( r
2

)m
+

(
2 − r

2

)m]
dr.
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Proof. From Proposition 4.1, we have∣∣∣∣∆ρ,µ(1)Mm

(
c+ d

2

)
−

1
d− c

[
ρ
µF( c+d2 )

−M̂m(c) +ρµ F( c+d2 )
+M̂m(d)

]∣∣∣∣
6
m(d− c)

4

1∫
0

|∆ρ,µ(r)|

[∣∣∣∣Mm−1
(
r

2
d+

2 − r

2
c

)∣∣∣∣+ ∣∣∣∣Mm−1
(
r

2
c+

2 − r

2
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The required estimate is obtained by evalauting the integrals on the right side of the inequality.

Remark 4.4. We now deduce new inequalities involving central moment of a random variable for different
fractional and conformable integrals from Proposition 4.3.

(i) If ρ(u) = u
γ
k

kΓk(γ)
, then∣∣∣∣Aγ,k
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where Aγ,k

1 (r) is same as in Remark 3.2.
(ii) If ρ(u) = u

γ
kFσ,k
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where µCγ,σ
ρ,k (r) is given in (4.2).

(iii) If we choose ρ(u) = uγEδ,r,s,c
β,γ,ν (w(u)β;q∗), then∣∣∣∣µRδ,r,s,c
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(iv) If ρ(u) = u
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Proposition 4.5. Let X be a random variable whose probability function is ψ : I ⊂ R→ R+, where ψ is a convex
function on the interval of real numbers I such that c,d ∈ I with c < d and ψ ∈ Lp[c,d],p > 1. If |ψ| is bounded,
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then ∣∣∣∣∆ρ,µ(1)Mm
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Proof. From Proposition 4.1, we get∣∣∣∣∆ρ,µ(1)Mm
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By the Hölder’s inequality, we have
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(4.4)

Inequalities (4.3) and (4.4) give the required estimate.

Remark 4.6. We deduce associated inequalities from Proposition 4.5 for central moment of a random
variable via different fractional and conformable integrals.
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1 (r) is same as in Remark 3.2.

(ii) If ρ(u) = u
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where µCγ,σ
ρ,k (r) is same as in (4.2).
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(iii) If we choose ρ(u) = uγEδ,r,s,c
β,γ,ν (w(u)β;q∗), then∣∣∣∣µRδ,r,s,c
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(iv) If ρ(u) = u
γ exp(−Au), where A = 1−γ
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5. Concluding remarks

In this paper, we developed some generalized inequalities of mid-point type via generalized k-fractional
integral and generalized exponential fractional integral for differentiable convex functions. We obtained
some new generalized inequalities via the generalized integral operator and deduced some new inequal-
ities for the various fractional integrals. We have applied our results to construct new inequalities for the
moments of a continuous random variable. Lastly, we conclude that our results would provide gener-
alizations of those given in previous works. We feel that some generalized inequalities can be obtained
by using different kinds of convex functions via generalized integral operator (1.4). We hope that this
work will attract the attention of the researchers working in fractional calculus, mathematical analysis,
and other related fields.
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