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Abstract

The aim of this study is to show that the Reduced Differential Transform Algorithm (RDTA) can be applied to highly
nonlinear evolution equations appearing in quantitative finance. In particular, we compute exact solutions of nonlinear PDEs
arising by relaxing the transaction-cost assumption in the illiquid Black-Scholes market. Moreover, we also aim to study the
impact of the absence and presence of price slippage impact in the illiquid Black-Scholes model with transaction-cost.
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1. Introduction

The classical assumptions of the Black-Scholes market are randomness of stocks, the constancy of
interest rate and volatility of stocks, no transaction on trading stocks, and liquidity of market (i.e., trading
can be done at any time, in any unit of fractions). Under these assumptions, the euro-type option prices
satisfy the following linear differential equations,

2.2 32
%—?—l—%%—l—rs%—ruza (1.1)
where u is the value of option, o is the volatility of stocks, r is the interest rate. For the investors who
invest with large investments and especially for the incomplete markets (i.e., where not every derivative
cannot be priced) these Black-Scholes assumptions give rise to unrealistic nonlinear models. In such cases
the volatility can be taken as time t-dependent, stock price s, and even on the premium u of the option
and its Greeks.

There have been several attempts to solve and analyze (1.1) analytically and numerically in abstract
and concrete spaces, see for example, Jédar [24]; Rodrigo [31]; Ponsoda [11]; Ankudinova [2]; Bohner
[5]; Cen [9], and Allahviranloo [1]. On assuming the market with friction and non-competitive and with
transaction cost, we will reach an illiquid /rigid market and in such a market, the prices of the derivative
will evolve non linearly. Bakstein [3] studied liquidity as a blend of transaction cost by the trader and the
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impact of price slippage. We aim to study such nonlinear equations involving transaction cost, feed-back
effect, and with & without price slippage impact.

The large trading effects in the illiquid markets have been studied by a number of authors. For
instance, Frey and Stremme in [19], and Frey and Patie in [18] studied these effects on the price and
concluded that the following choice of volatility should be made,

2
(t 5, Ju Ou 2) - 2 (1.2)
a aS pS?\( ) asz

where o is the standard volatility, p € R is a measure of the market liquidity, and A is the market price
of risk quantifying the liquidity profile of the market. In order to solve the nonlinear Black-Scholes
equation with volatility (1.2), Chmakova in [6] took A as a constant. In [17, 19], a generalized version of
Black-Scholes pricing PDE was derived of the form,

3 2.2 2 d
oau G's u —i—rs—u —1V =0, u(s,T)=h(s), where s> 0. (1.3)
ot 321\ 2 0s2 0s

2(1-A(5)%2)

The case h is assumed to be Lipchitz, the well-posedness of the solution have been shown in [28].

On treating the market price A as A(s) = 1, recall the approximation (1% ~ 14 2x+ 0(x%), when x is

sufficiently small. Therefore by assuming that ‘ps is sufficiently small, and usmg the mentioned ap-

proximation we can rewrite the equation (1.3) as following. Financially assuming ps 5 to be sufficiently
small corresponds to the case of low impact of hedging, see for instance A4 in [19],

2

2
ou s 02u 0%u
6t+ (O‘ < + psasz>> 352 0, u(s,T)=h(s), where s>0 (1.4)

An alternate, semi-martingale based derivation of the above problem has been given in [16]. By feed-
back effect in a transaction cost model means that the volatility o+/1+2pSuss depends on the sign of
Greek”Gamma” uss. Moreover, following continuous-time feedback effects equation for illiquid markets
were modeled by Bakstein and Howison in [3],

ou 05?2 0%u 0%u 0%(1—a)o?s* [9%u 3 ou
22" (14 2ps LA ru= 1.
ot T 2 as2< + aZ>+ 2 (652> Frsgs =0 (1.5)

subject to initial condition u(s,0) = f(s), where f is the payoff derivative, p € R —{0} is the measure of the
market liquidity, and « is the measure of the impact of price slippage impact, due to trade, experienced
by participants of market participants. The case when « = 1 corresponds to the no slippage condition
and equation (1.5) reduces to the following model,

ou s20%u 9%u ou
a—i— > a2<1—|—2 az>+rsas—ru—0. (1.6)
The fundamental objective is to study the evolution equations (1.4), (1.5), and (1.6) subject to some concrete
initial conditions using reduced differential transform (RDT) algorithm. The equations (1.1), (1.3), (1.4),
(1.6), and (1.5) are also closely related with several models appearing in natural sciences, for this we refer

to [26, 27, 33]. Moreover, we refer to some recent closely related work to studies done in this paper, see
[8, 21-23, 30, 32].

2. Brief description of reduced differential transform algorithm

This section is aimed to introduce the reduced differential transform algorithm to solve the nonlinear
evolution equation. We will define RDTA and list some of its basic definitions and important properties.
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2.1. Definition and properties of differential transform
Let us start by defining the 1-D reduced differential transform of a smooth (i.e., C*°(IR) function.

Definition 2.1 ([25]). Suppose function u(t,x) be C*°(IR)-function and is analytic, then the differential
transform of u(t, x) is followin,

_16ku

= gW(t,x)\tzo, k=0,1,2,3,...,

uy (x)

where uy (x) can be treated as the the t-dimensional spectrum transformed function.
The differential inverse transform of uy(x) is defined as follows:

Z"" 5 Z‘X’ 1 9ku 5
k=0 ’

k=0

Based on the above we have the following theorem listing the basic properties of reduced differential
transform.

Theorem 2.2 ([25]). For any smooth functions u,v the reduce differential transform of w and v satisfies following
properties.

(i) Linearity: for any linear combination of w and v, i.e.,, w(t,x) = au(t,x) + bv(t,x), where a,b € R, the
reduced differential transform is

Wk(X) = auk(x) + Vk(X), k €N,

where wy, vy, and wy are differential transforms of u,v, and w, respectively.
(i) Ifu(t,x) =x"t", then reduce differential transform of u is uy (x) =x™d(k —n), k € N.
(iif) If v(x,t) = x™t™u(x, t), then reduce differential transform of v is vi.(x) = x™ux_n(x), k € N.
(iv) Ifw(x,t) =ulx, t)v(x,t), then reduce differential transform of w is,

k
Wi(x) = ) Ve(x)Ui—r(x), k€ N.
=0

V) ) Ifvix,t) = %u(x,t), then reduce differential transform of v is,

(k+71)!

Vi(x) = Kl

uk+T(X)r k € IN.

(vi) Space derivative of w is invariant under differential transform, more precisely, if v(t,x) = 2%(x,t), then

ox
reduce differential transform of v is vy (x) = % (x).

2.2. Applications of differential transform to nonlinear evolution equations: a generic algorithm
Consider the following nonlinear evolution equation,

ue(t, x) = Au(t, x) + Bu(t, x) + f(t,u(t,x)), u(0,x)=h(x), (2.1)

where A is linear operator, B is nonlinear linear operator and f is some linear smooth function of x.
Suppose that variables can be separated, i.e., u(t,x) can be written as product of functions of x and t,
ie, u(t,x) = f(x)g(t), where f(x) and g(t) smooth functions of space and time variables, respectively.
Based on the properties of one dimensional differential transform, the function u(t, x) can be represented

as follows: N o o
u(t,x) = (Z F(i)xi> (Z G(j)tj> =) wx¥)tk,
i=0 i=0 k=0
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where uy (x) is called t-dimensional spectrum function of u(t, x). Using Definition 2.1 and suitable proper-
ties from Theorem 2.2 we may take differential transform of problem (2.1) we get the following algorithm
consisting of recursive set of equations,

(k+ Dukr1(x) = Aue(x) + Buye (x) + Fluk(x)), k=1,2,3,..., up(x)=nh(x),

where Auy (x), Bux(x), and F(uy(x)) are the transformations of the functions Au(t, x), Bu(t, x), and f(t, x),
respectively. Using the above relation one can compute the uy from uyx_4, for all k = 1,2,3,... and get
sequence of smooth function (ux(x))%_,. Then the series solution of the evolution equation (2.1) can be
recovered from the following inverse differential transform,

X) = Z w (x)tk
k=0

Hence, taking limit of partial sums will lead to solution of evolution equation,

u(t,x) = nlgrcl)oun (t,x) Zuk . (2.2)
2.3. Convergence of RDT algorithm
We now present some interesting recent results from [29] about the convergence of RDT algorithm.

Theorem 2.3. The solution series ) ., W (x)t5, described in (2.2), converges, if there exists y € (0,1) such that

w1 ()| < yllwe (x)t*]|, for all k € IN U{0}. Moreover, iy v w (x)t* converges to u(t,x), then error
between the truncated sum Y _owy (x)t* and w(t,x) can be controlled by following inequality,

n

n+1
et x) = ) w3tk < Yill |-

k=0

3. Pricing European option with transaction cost and price slippage impact

In this section, we aim to deal with the continuous-time feedback effects equation for illiquid markets
developed by Bakstein and Howison in [3]. Assume that market trades two kinds of assets, namely,
illiquid risky (say stock) asset and liquid risk-free (say bond or money market account). The model that

describes the evolution of the European option satisfies the following initial value problem (see Theorem
3.11in [3, 14]),

u 1, ,0? 2u\ 1 2
o +70252—u 1+42ps— | + =p%(1 — «)?0?s* +Ts—u —ru=0, (3.1)
s2 0s? 2 0s

subject to initial condition

s =3 | (R (0 (2) ) ) -] o

(1—x)?

Here t denotes time, s is the current price of the stock, p > 0 is the measure of the market liquidity, o is
volatility, u(s, t) is the option price, and « is the measure of the impact of price slippage on all participants
of the market. Using Definition 2.1 and properties of differential transform from Theorem 2.2 to equation
(3.1), we arrive at the following recursive Algorithm,

[stz 02wy

(k+Dug =— + po?sAy —|— By +rs—— —ruy |, (3.3)

2 0s

(1_ )2 2 4 auk :|
2  0s2?
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where

%u

9%2u(s, m) %u(s,h —m) d%u(s,h — k)
k—h), Byx= .
(S k= };)mzo ds2 052 ds2

K u
ZT
h—0

Here uy (x) is the transformed function. Ay and By are the transformed functions for nonlinear terms.
Let us move towards computing the solution of the initial value problem by computing the wuy, for all
k=0,1,2,..., from recurrence relation (3.3).

When k = 0: From (3.3), we have,

0252 9%y 3 p%(1 — a)?0?s? oug
u1——[ > 952 —l—pcrzs A0+ZBO+rsaS—ru0]. (3.4)

Now using the initial condition, we get,

oup 1 (S S0 —1+/1—-(1—- azuo_l —1++/1—(1—-«a)?
o)1) (). S n(E).

s p k p (1—«a 0s? (1—
Therefore,
A (Pw)’ 1—1i\/1— — g (Pw) _ (1141w
0=\ 3s2 ) ~\sp (1—« 0=\ 3s2 ) ~\sp (1— )2
Substituting the values of uy, aa—L?, a;:;_o, Ay, and By in (3.4),
= 1141 1— ENEY 1—1i\/1— (1— )2
e 2 sp 1—« (1—«)?
2 25244 14+ \/f + \/f
_p(l ) o 1-1 1—(1— ) TS ln<§)+570+ -1 1
2 sp (1-— o) k k p (1—
1-1++/1—(1-— S S0
T <p (1_ { (k)w}s—%)‘
After simplifications we get,
—14+/1-(1—-
= . 3.5
u = [( (1_ >T8+r80 (3.5)
Now the case when k =1 : Using k = 1 in equation (3.4), we get
292y 2(1 — «)%02%s* ou
2Up = — |~ =L 4 po2s? P B oy, .
Uy [ > as2 +stA1+ > 1+7s 3s U (3.6)

and therefore,

82u0 62u1 62u0 2 62u1
AL =2 =0, B1=2(—+ =0.
! <6sz)<632> ! (652><632>
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Substituting the values of u,, %, aaZ ;*21 , A1, and A; in equation (3.6) we get,
1 |[-1+£4/1—(1—)? 5 250
u = % 1) {r(rs —7rs)}—1°sp| = 20

When k = 2: By putting k = 2, into the equation (3.3) we get

s2 0%uy p?(1 — x)%0?s* ouy }

3 2 1+ po?s3A, +

By +rs— —1uwp| .

Sus = [ 2 0s

By computing A, and B, we get,

0%up 0%up 02wy 02wy 9%uy %y 0. B2 <azu0>2 <62u2> (62u1>2 0%y
= =0, B2=2(—+=

Ar = = —_— =0.
2 0s2 9s? 0s2 9s? 0s2 9s? 0s2 0s2 0s2 0s2

Hence we get,

Next, we claim inductively that,
Ax =B =0, forallk > 2,

and
W T80
KT T
Suppose
A; =B; =0, forallie 2, k—1] NN,
and
ouy o%u . riso .
=0 an d —0, forallie 2,k—1]NN, w =———, forallie [2,k—1]NIN.
0s 0s2 il p
Therefore,
0252 %uy_4 3 1 2 24 OUr_1 k=1 g,
= |— 1— By | = — 20
kuk 5 aSZ +p(YZS Ak 1+2p( ) S k—1+TS TUk 1:| T<(k_1)'p>,
Ux = ——S—O for all k > 2.
k! p’

Finally, we are in a position to write the solution of initial value problem (3.1)-(3.2), which can be given

w(s, ) = ug(s +Zuk :[< 1:I:\/1— — { k+k}s>_SO]_Soi(rt).

(1—«

Thus the exact solution of the problem is rapidly obtained as follows

o= 1| (T (i (7) + 32} ) ) et

(1— k

The above solution obtained through the reduced differential transform algorithm is in a complete agree-
ment with traveling waves solution obtained by Esekon in [14] (Theorem 3.2). The plot of the solution,
for (s,t) € [0,10] x [0,10], and taking p = 0.01, sp =4, k =10, and r = 0.06, is given in Figure 1.
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Figure 1

4. Pricing European option with transaction cost and no slippage impact

In this section, our aim is to study the nonlinear Black-Scholes evolution equations arising as a result
of incorporating the transaction and hence illiquidity of the market, in the absence of impact of price
slippage impact. For further details of the model, we refer to [13] (Theorem 3.0.2). The model leading the
evolution of the price of European option with transaction cost and no slippage leads to the following:

ou  02s20%u

o%u ou
g 1+2 — —ru= 4.1
P + > 242 ( +2p >+Ts Tu =0, 4.1)

S@ 0s

subject to initial condition
NER
u(s,0) =s— Y0 %0,
P 4p
Here s is the running price of the stock, p is a measure of the market liquidity, o is volatility, u(s, t)
is the option price, and « is the measure of the impact of the price slippage experienced by all market
participants.
Using Definition 2.1 and properties of differential transform from Theorem 2.2 to equation (4.1), we
arrive at the following recursive algorithm,

(4.2)

02s2 0%u ou
(k+Dug =— [2 aszk + po?sPAy + Tsa—sk — Tuk] , (4.3)

u(s,k) 0%u(s,h—k)

2
where uy is the transformed function and Ay = ZE:O 2 , is the transformed function

0s2 ) 0s2
for nonlinear terms.
When k = 0: Using k = 0 in equation (4.3), we get
2.2 aZ 0
u =— U—Sﬂ—l—pczs%%—krsﬂ—ruo . (4.4)
2 0s? 0s

From the above initial condition (4.2), we compute the first and the second partial derivatives of (4.2) and
Ap and then we have,

w1 fs w1 fso o (w1 [s)’
s 20V s’ 0s2  aspV s’ 0T \9s2 ) T \aspV s )
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aLLo a o Yo
0s ’/ 9s2 7/

2.2 2 1 e
2 4sp \ s 4sp \ s 20V s p 4p (4.5)

55

Substituting and Ay in equation (4.4), we get

When k = 1: Using k = 1 in equation (4.3), we get

- _ — 4.6
2uy { 5 az—i—pcrsAl—i—rs 3s rul] (4.6)
Now let us compute the first and the second partial derivative of (4.5) with respect to s to obtain the
following,

w1 fso (ot v w1 fso (o v

s  2pV s\ 8 2)7 9s2  4sp\ s \ 8 2/’
and

0%ug 0%y so (o> 1
Al =2 = — 4+ = ]. 4.7
! 0s2 0s2  8s3p? ( g " 2> (4.7)

By substituting the values of %, aaZ ;;1 , and of A; in equation (4.6), we get

e (6 ) (50~ (BEE )
2 \ 2pV s\ 8 2 8s3p2 \ 8 2 20V s \ 8 2
T/sS0 (02 T rsg [ 02
i (8+2)+4p(4+r)1
_\/5%0 <c72+r>2_s[) <02+T>2
2p 8 2 8p

When k =2 : For k = 2 the equation (4.3) becomes,

20%u, 0
2+ poZs3A, + rsﬂ — ruz] (4.8)

3u3:_{2 32 ds

Now using the equation (4.7) to compute,
w1 (e 1\ w1 fs 0 (2,1 i
0s  4p\V s \8 2/)7 2s2  8sp 8 2/ 7

A — %up 0%upy | %ug 0%uy | *up d*up o cri 2
27 352 0s2 0s2 0s? 0s?2 0s2  8s3p2 '

and

By substituting the values of aaiz, aa 2, and A; in (4.8) we get,

S o B A N R AR I N R AN N N A
3772 \sspV s \8 "2 8s2p2s \ 8 ' 2 40V s\8 "2

2 2 2 2
20 \8 "2 8o '\ 4 ‘
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After some simplification, we get

Inductively, it follows that

K K
ssop (0% T sg [ 0%
__ Ty (& ke N. 4
we=—Y20 (G 5) as (T Hr) keN (4.9)

Thus we are in a position to explicitly write the solution of (4.1)-(4.2). Using (4.2) and (4.9) in the inverse
differential transformed, we get

o
u(s, t) =ug (x) + )_ wi(s)t*
k=1
_/5s0 so i /3% 12+I K so Oj . K (
N P 4p = k!p 8§ 2 4klp \ 4
N 2 ) (4.10)
(e} T [}
\/SS 8 "2 S 4
0 ( + ) t ——Oi +T> t
P = k! P k!

The solution obtained above is in a complete agreement with the solution presented in the Theorem 3.0.2
[13].

To illustrate the result numerically, we make some choice for different values of s and t, while treating
all other parameter constant. Hence, for r = 0.06,|p| = 0.01,0 = 0.4, and So = 4. The plot of solution
can be given as Figure 2. Now we compare the our solution ugrpT, i.e., equation (4.10), obtained by

120 .
_140t,

1601

0.00

Figure 2

RDT algorithm with the solution uapm obtained through adomian decomposition method in [20], by
computing the relative error. For this we choose so =4, r =0, 0 = 0.2, p = —0.01. See Figures 3-5.
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s UapMm  URDTM

0 100

0.5 241921 248992 0.0283985 500
1 301 311.000 0.0321543

1.5 346.449 358.696 0.0341431

2 384843 398985 0.0354449

3.5 496374 477666 0.0376893

4 524.000

URDTM —UADM
Uspm

100 0.00

400

45 549977 528.764 0.0385707

5 574574 552214 0.0389158

5 Uspm
0 105127
0.5 249.997
1 312001
1.5 359.698
2 399988
2.5 435.546
3 467.742
3.5 497.390
4 525.022
45 551.005
5 5375608

s Uspm
0 102131
0.5 250.978
1 312941
1.5 360.609
2 400.877
2.5 436.415
3 468.395

300 RDTM
ADM
25 434539 418728  0.0363857 w0
3 466731 44941  0.0371113 100
504 0.0381679 ! ) ’ ! :
Figure 3: Comparison of ugrpT and uapn for t = 0.5 years.
uppTy || MERTMIMADI
101.034  0.0405122
250620 0.00252629
31119 0.00259392
357777 0.0053406
39713 0.00714517 RDTM
431.86  0.00846244 AN
463307 0.00948239
492265  0.010304
519.253  0.0109878 ! 2 3 4 5
544631  0.0115671
568662  0.0120673
Figure 4: Comparison of ugpt and uapn for t =1 years.
UppT || MEREM_MARI
110,517 0.0821102
259680  0.0347082 =
321771 0.0282162 soof-
360525  0.0247248 ook >
400861  0.0224109 ok A,«‘*"&‘é — RDTM
445458 0.0207211 d — ADM
177685 00194048 {'
507.367  0.018343 ey

3.5 498.228
4 525.847
45 551.818
5 576.410

535.026 0.0174556 1

=

561.034 0.0167012
585.66 0.0160476

Figure 5: Comparison of ugpt and uapn for t = 1.5 years.
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5. Pricing European option under relaxed Black-Scholes assumptions

In this section, we aim to study two models proposed by Esekon in [12, 16] which govern the evolution
of the price of the European option under Black-Scholes relaxed assumptions. The key relaxation was the
inclusion of the transaction cost, which leads to the Black-Scholes market into illiquid and a nonlinear
PDE. Let us begin by considering the following model in [16].

ou 1 0%u 0%
—t 0%t (14205 | = 1
ot T27 % ge (1120502 ) =0 61
subject to initial condition
1 c 0%
u(s,0) —Vse? +s(1—1Ins) 1 7)) 1ect ) (5.2)

Keep in view that the market-impact of hedging is directly proportional to the p. If p — 0 or no hedging
demand, the asset’s price follows the standard Black-Scholes model with constant volatility.

For the solution of the equation (5.1), we aim to apply the reduced differential transformed algorithm.
Using Definition 2.1 and properties of differential transform from Theorem 2.2 to equation (5.1), we arrive
at the following recursive algorithm,

22 32
(k+Dugsr = — [028 Wk 2

™ + p0?sPAx |, (5.3)

where

h
0%u(s, k) 0%u(s,h —k)
At = Z 0s2 0s2 '
k=0
Let us now move towards the computation of the solution of the problem, (5.1)-(5.2).

When k = 0 : By putting k = 0 in the recurrence relation (5.3), we obtain

s% 0%y 3
u1:—|: 5 aZ+pO‘SA0:| (5.4)

Now we Compute 2 and Ag by using the initial condition (5.2), as follows,
Quo L1 1 s ps(loc
s p| 2vs 4 o2)]’
Pug 111 & 1(1 ¢
0s2  p |4s3 s\4 o%2/)]’
Ao (Pw) 1 el 141 e
0702 ) p2 | 1683 (3—%) s*\4 o? '
Using the values of aaz > and Ay in equation (5.4), we get
Lo O (et 11 e\ p?P e el (1 e\ 1(1 ¢\’
T2 Mgl s\4 2 p2 \16s3 92¢3 \4 o2 s2\4 o2 ’ 5.5)

1 c2 02ed
[ fez*“’ s(16 04>_16]'
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When k = 1: By putting k =1 in equation (5.3) we get

2 aZ 3
Zuzz—[ B az+p0'25A1:|
Using (5.5) we have,

(5.6)
au] - 1 1 5 C 0_2 2
as_p{ 25 ¢ 2t (6 ot )|’
w171 e
0s2  pl4sy 2]’
A_zauoazlq_g 065 _é l_i
P770s2 0522|3283 g3 \4 o2/ |’
o252 edc 1 s¢ 1 sc(1 ¢
=_ 27 — e e (- — = :
[16 oo {mss w2 (i)
Simplification yields,
1 1 s rc\2  o%elc
u2:p<—2\/§ez (E) ) > (5.7)
When k = 2 : For k = 2 the equation (5.3) becomes,

_ 1 ,,0%w 2.3
3uz = — [2025 FvaG s°As| .
Using (5.7) it follows that,

oup e2 (C)2 *uy e <0)2
ds  4pys \2/ 7 0s2  gps3 \2/
Therefore,
A :aZuo ?u,  0%uy 0%uy  0%uy 02
2 0s?2 0s2 0s? 0s2 0s?2 9s2
2
1fet Hioe) Lef el [1ete Py et Hiog)
p|as3 s \4 o? Pgs3 \2 453 2 p | 8s3 2 plas3 s\4 o2/’
1 0265(6)2_0263 () (g
Cop? | 8% \2 4s3 202/ \4 o2)|’
Usmg uz

5.2 and Az into (5.7), we get

Inductively it can be easily shown that

Uy = 0 ( \/;fg (E) — Gizé <§)kl> , forall k € IN.




J. Hussain, J. Math. Computer Sci., 23 (2021), 263-278 275

Hence we are in a position to obtain the solution of the problem (5.1)-(5.2),

_ 1 (8%et) _ 1 ¢ c? _Lz (84ct)
u(s,t)—p[ sel 2 J4+5(1 lns)<4 >+02t<16 G4> 16ce .

Thus we obtain the following solution which is in an exact agreement with the solution obtained by
Esekon in Theorem 4.1 of [16],

u(s,t) = = [—v/sel"2") + 5(1—1Ins) 1— + o%st e —G—ze(5+°t)
4 16 ot 16¢ '

Let us now move towards the second model derived by Esekon in [12],

ou 1 %u %u
5 t398 5 <1 +2 sa2> =0, (5.8)
subject to initial condition
u(s,0) =s— 7‘:50 — z—g. (5.9)

For the solution of the above equation (5.8), we apply the reduce differential transformed Algorithm to
equation (5.8) and get the following,

0252 0%u
(k+Dugy =— <2 aszk + pGZS3Ak> ’ (5.10)

where

h
0%u(s, k) 0%u(s,h—k)
Ay = .
k Z ds2 0s2
k=0
Let us now move towards the computation of the problem (5.8)-(5.9).

When k = 0: We put k = 0 in the recurrence relation (5.10) and obtain,

U = — 0°s* Oug W0 L h62sPA (5.11)
1 — 2 az P 0 .

2
Now we compute aa ;‘20 and Ay, using initial condition (5.9),

dug 1 fso w1 fso o (Pw) (1 [s0)
ds 20\ s’ 0s2  4sp\ s’ 0=\ 9s2 ) " \aspV s/
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u(]

Using 5.2 and Ap in equation (5.11), we get

B o%s2 [ 1 S0 1 S0 2 B o? VS0s  sp
”“"1:2<%M/>+p Qw¢j>]‘_p<8 +M>' 612

When k = 1: By putting k =1 in equations (5.3), we get

02s? 0%y
2y = — |~ —— +po’sPAq | . 1
w == |5 S eetsal 619
Now let us compute using (5.12),
ouy _ci So 0%y B o2 So B 0%uy 02wy B 0?2 So
os  lep\ s’ 0s2  32sp ! 0s2 0s2  64s2p2 s’
1 o2 [sg % sp ot /\/ssg  so
12 {20 * <32$p Vs >+p <64s2p2 s ﬂ 20 ( 6 64) ©-19)

When k = 2 : For k = 2 the equation (5.3) becomes,
207 U2 a 2.3
3u { 02s2——2 + po’s Az] (5.15)

Using (5.14) it follows that,

oup 1 SO 4 u, 1 s 4

— - = g , 0'

ds  256p ds2  512sp

4

A 0%y 62u2 02wy 02wy 9%uy 0%y o7sg
2 =

0s2 0s2 0s2 0s2 0s2 9s2  512s3p2

Substituting o -7 and A; into (5.15), we get

0252 1 0 otso 1 50s0°  spo®
Sus = — | T S0t 4 po?s? _ Ly 500°)
1 [ 2 <512sp >+p * <5123 >] 6p< 512 256)

We can see inductively that,

<%2>k + Somktk , forall k € N.

Hence we are in a position to explicitly write the exact solution of (5.8)-(5.9). Thus by the inverse RDT
algorithm we get,

u(s,t) =ug(s) + Z u(s)tk
k=1

\/% So 0‘2<\/ﬂ+50> ot <\/530+64>t2_06 <\/§ So>t3_|_...,

- - - t_i R -
o 4 o \Us T16)' 2 60 \ 512 ' 256

2 4 o 2 4 6
\/SS 0- 4/SS o 1 S 0° s o*s o’ s
:s—< 0 Opp V220424 2 ) <0+ 202 0y 7 043 >

4p p 16 2p64 6p 256

— t
p+p8 +2p8 6p 512
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k k
o? k o? k
N .ﬁssoi(s) e e ()
P k=0

K! b= K

1 o2t S0 o2t
u(s,t) =s— 5 (\/sso exp (8> + 7 &P <4>> .

The solution obtained above is in a complete agreement with the solution obtained in [12]. For numerical
illustration, we will consider some examples for different values of s and t, over fixed values for the other

parameters. Hence, for r = 0.06, [p| = 0.01, 0 = 0.4, and S¢ = 4. The plot of solution can be given as Figure
6.
=120 ¢
- I-IU\‘,_
~1601
0.00 ’
Figure 6
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