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Abstract
In this paper, we will prove some new generalized weighted dynamic inequalities of Hardy’s type on a time scale T. The

obtained results contain as special cases some published results when the time scale T = R and when T = N. The results, to the
best of the authors’ knowledge, are essentially new.

Keywords: Hardy type inequality, monotonic functions, time scales, dynamic inequalities.

2020 MSC: 26D10, 26D15, 34N05, 47B38, 39A12.

c©2021 All rights reserved.

1. Introduction

In 1920, Hardy [22] proved that if p > 1, and an > 0 for n > 1, then

∞∑
n=1

(
1
n

n∑
k=1

ak

)p
6

(
p

p− 1

)p ∞∑
n=1

apn, p > 1. (1.1)

In 1925, Hardy [23] proved the continuous version of the inequality (1.1) via calculus of variations, which
states that: If p > 1, f > 0 over interval (0,∞) and

∫∞
0 f

p(x)dx <∞, then∫∞
0

(
1
x

∫x
0
f(t)dt

)p
dx 6

(
p

p− 1

)p ∫∞
0
fp(x)dx. (1.2)

The constant (p/(p− 1))p in (1.1) and (1.2) is the best possible. Also in 1925 [23, Theorem B] Hardy
generalized (1.1) and proved that if p > 1, f(n) > 0, w(n) > 0 and Λ(n) =

∑n
k=1w(k), then

∞∑
n=1

w(n)

(
1

Λ(n)

n∑
k=1

w(k)f(k)

)p
6

(
p

p− 1

)p ∞∑
n=1

w(n)fp(n). (1.3)
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For more generalizations, extensions and applications of these inequalities, we refer the reader to the
papers [8–10, 18, 26, 28, 32, 33] and the books [24, 25]. In 1928, Copson [19] generalized (1.3) and proved
that if p > c > 1, f(n) > 0 and w(n) > 0 for n > 1, then

∞∑
n=1

w(n)

Λc(n)

(
n∑
k=1

w(k)f(k)

)p
6

(
p

c− 1

)p ∞∑
n=1

w(n)Λp−c(n)fp(n). (1.4)

In 1976, Copson [20] established the continuous version of (1.4) and proved that if p > 1, c > 1, then∫b
0

w(x)Fp(x)

Λc(x)
dx 6

(
p

c− 1

)p ∫b
0
w(x)Λp−c(x)fp(x)dx, (1.5)

where
Λ(x) =

∫x
0
w(t)dt, and F(x) =

∫x
0
w(t)f(t)dt.

In 1990, Mohapatra and Vajravelu [27] proved new extensions of Copson’s type inequality (1.5). In par-
ticular, they proved that if w (x) is positive and continuous in [0,∞) and there exist positive constants A
and B such that

x
∣∣∣w′ (x)∣∣∣ 6 Aw (x) , and xw (x) 6 BΛ(x), for all x > 0, (1.6)

then ∫∞
0
w (x)

(
F(x)

Λ(x)

)p
dx 6 (A+B)p

∫∞
0

(
1
x

∫x
0
w

1
p (t) f (t)dt

)p
dx (1.7)

for f (x) > 0 and p > 1. Also, in [27] they proved that if (1.6) holds and w1/p (t) f (t) /t ∈ L1 (x,∞) for all
x > 0, then ∫∞

0
w (x)

(∫∞
x

w (t) f (t)

Λ(t)
dt

)p
dx 6 (B+ pC)p

∫∞
0

(∫∞
x

w
1
p (t)f(t)

t
dt

)p
dx, (1.8)

where C = 1 +A+B.
In the last decades some authors have been interested in finding some discrete results on lp(N)-

analogues to Lp(R)-bounds in different fields in analysis and as a result this subject becomes a topic of
ongoing researches. One reason for this upsurge of interest in discrete case is also due to the fact that
discrete operators may even behave differently from their continuous counterparts (see [17, 36]). So it
is natural to look for the discrete versions of the inequalities (1.7) and (1.8) which is one of our aims.
On the other hand, the study of dynamic inequalities on time scales has received a lot of attention in
recent years and becomes a major field in pure and applied mathematics. The time scale T is an arbitrary
nonempty closed subset of the real numbers R. These results contain the classical continuous and discrete
inequalities as special cases when T = R and T = N and can be extended to different inequalities on
different time scales such as T = hN, h > 0, T = qN for q > 1, etc. For more details about the dynamic
inequalities on time scales, we refer the reader to the books [2, 3, 13] and the papers [1, 6, 7, 10, 11, 35].

However a lot of results have been written for dynamic inequalities on time scales, there are few results
have been written for the weighted dynamic inequalities of Hardy’s type on time scales. So, we confine
ourselves in this paper in proving some new weighted inequalities on a time scale T, which contain the
discrete versions of inequalities of (1.7) and (1.8) as special cases. For completeness, in the following, we
present some related results of dynamic inequalities on time scales. In [29] Saker proved that if p > 1 and
λ, g ∈ Crd([a,∞)T, R+), then∫∞

a

λ(t) (Φσ(t))p∆t 6 pp
∫∞
a

λ1−p(t)Λp(t)gp(t)∆t,

where

Λ(t) =

∫∞
t

λ(s)∆s, and Φ(t) =

∫t
a

g(s)∆s, for t ∈ [a,∞)T.
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In [30] Saker, O’Regan and Agarwal proved that if a ∈ [0,∞)T, p > 1 and λ, g ∈ Crd([a,∞)T, R+),
then ∫∞

a

λ(t)Φp(t)∆t 6 pp
∫∞
a

λ(t)gp(t)∆t,

where

Λ(t) =

∫t
a

λ(s)∆s, and Φ(t) =

∫∞
t

λ(s)g(s)

Λσ(s)
∆s, for t ∈ [a,∞)T.

Also, the authors [30] proved that if a ∈ [0,∞)T and p > 1, then∫∞
a

λ(t)Φp(t)∆t 6 pp
∫∞
a

Λσ(t)

Λ(t)
λ(t)gp(t)∆t,

where

Λ(t) =

∫t
a

λ(s)∆s and Φ(t) =

∫∞
t

λ(s)g(s)

Λ(s)
∆s, for t ∈ [a,∞)T.

Also in [30] they proved that if a ∈ [0,∞)T, p > 1 and λ(s) > 0, f(s) > 0 ∀s ∈ [a,∞)T, then∫∞
a

λ(t)

(Λσ(t))p
(Ψσ(t))p∆t 6

(
p

p− 1

)p ∫∞
a

(
Λσ(t)

Λ(t)

)p(p−1)

λ(t)fp(t)∆t,

where

Ψ(t) =

∫t
a

λ(s)f(s)∆s and Λ(t) =
∫t
a

λ(s)∆s, for t ∈ [a,∞)T,

with Λ(∞) = ∞. In [31] Saker, O’Regan and Agarwal proved that if a ∈ [0,∞)T, p > c > 1 and λ,
g ∈ Crd([a,∞)T, R+), then∫∞

a

λ(t)
(Φσ(t))p

(Λσ(t))c
∆t 6

(
p

c− 1

)p ∫∞
a

(Λσ(t))(p−1)c

(Λ(t))p(c−1) λ(t)g
p(t)∆t,

where

Λ(t) =

∫t
a

λ(s)∆s, and Φ(t) =

∫t
a

λ(s)g(s)∆s, for t ∈ [a,∞)T.

Also, the authors [31] proved that if a ∈ [0,∞)T, p > 1, 0 6 c < 1 and λ, g ∈ Crd([a,∞)T, R+), then∫∞
a

λ(t)

(
Φ(t)

)p
(Λσ(t))c

∆t 6

(
p

1 − c

)p ∫∞
a

(Λσ(t))p−c λ(t)gp(t)∆t,

where

Λ(t) =

∫t
a

λ(s)∆s and Φ(t) =

∫∞
t

λ(s)g(s)∆s, for t ∈ [a,∞)T.

In [33] Saker et al. proved that if a ∈ [0,∞)T, 1 < γ 6 p and λ, q, f ∈ Crd ([a,∞)T, R+) such that q(t) is
an increasing function on [a,∞)T, furthermore, if there exists a constant K > 0 such that

γ− 1 +
q∆(t)Λσ(t)Φp(t)

λ(t) [qσ(t)]2 (Φσ(t))p
>
p

K
, for t ∈ [a,∞)T,

then ∫∞
a

λ(t)

(Λσ(t))γ
(Φσ(t))p∆t 6 Kp

∫∞
a

(Λσ(t))γ(p−1)

(Λ(t))(γ−1)p λ(t)f
p(t)∆t,

where

Λ(t) =

∫t
a

λ(s)qσ(s)∆s and Φ(t) =

∫t
a

λ(s)q(s)f(s)∆s, for t ∈ [a,∞)T.
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Also, the authors in [33] proved that if a ∈ [0,∞)T, p > 1, 0 6 γ < 1 and q(t) is an increasing function on
[a,∞)T, furthermore, if there exists a constant K > 0 such that

1 − γ−
q∆(t)Λσ(t)

λ(t)q2(t)
>
p

K
, for t ∈ [a,∞)T,

then ∫∞
a

λ(t)

(Λσ(t))γ
(
Φ(t)

)p
∆t 6 Kp

∫∞
a

(Λσ(t))p−γ λ(t)fp(t)∆t,

where Λ(t) =
∫t
a λ(s)q(s)∆s and Φ(t) =

∫∞
t λ(s)q(s)f(s)∆s, for t ∈ [a,∞)T.

Following this trend and to develop the study of dynamic inequalities, we will prove some new
weighted dynamic inequalities of Hardy’s type on time scales. Our results when T = R give the charac-
terizations of the inequalities (1.7) and (1.8) proved by Mohapatra and Vajravelu [27] and when T = N

our results are essentially new. The paper is organized as follows. In Section 2, we present some prelim-
inaries concerning the theory of time scales and present the basic lemmas that will needed to prove the
main results. In Section 3, we prove the main results and derive the discrete versions of the inequalities
(1.7) and (1.8) which, to the best of the authors’ knowledge are essentially new.

2. Preliminaries and basic lemmas

In this section, we recall the following concepts related to the notions of time scales. For more details of
time scale analysis, we refer the reader to the two books by Bohner and Peterson [12, 13] which summarize
and organize much of the time scale calculus. A time scale T is an arbitrary nonempty closed subset of
the real numbers R. We define the time scale interval [a,b]T by [a,b]T := [a,b]∩T.

Definition 2.1. Let T be a time scale. For t ∈ T, we define the forward jump operator σ : T→ T by

σ(t) := inf{s ∈ T : s > t},

while the backward jump operator ρ : T→ T is defined by

ρ(t) := sup{s ∈ T : s > t}.

A point t ∈ T is said to be right-dense if σ(t) := t, right-scattered if σ(t) > t, left-dense if ρ(t) := t

and is left-scattered if ρ(t) < t. The points that are right-scattered and left-scattered at the same time are
called isolated and the points that are simultaneously right-dense and left-dense are called dense. The
graininess µ for on time scale T is defined by µ(t) := σ(t) − t, and for a function f : T → R the notation
fσ(t) denotes f(σ(t)).

A function f : T → R is said to be right-dense continuous (rd-continuous) provided f is right con-
tinuous at right dense points and there exists a finite left limit at all left-dense points. The set of all
such rd-continuous functions is denoted by Crd(T) = Crd(T, R). We assume throughout that T has the
topology that it inherits from the standard topology on the real numbers R.

In this paper, we will refer to the Cauchy (delta) integral of g is defined by
∫t
a g(x)∆x := G(t) −G(a).

It can be shown (see [15]) that if g ∈ Crd(T), then the Cauchy integral G(t) :=
∫t
t0
g(x)∆x exists, t0 ∈ T,

and satisfies G∆(t) = g(t), t ∈ T. An infinite integral is defined as
∫∞
a f(x)∆x := limb→∞ ∫ba f(x)∆x. In

case T = R, we have σ (t) = ρ (t) = t, µ (t) = 0, f∆ = f′, and∫b
a

f (t)∆t =

∫b
a

f (t)dt

and in case T = Z, we have σ (t) = t+ 1, ρ (t) = t− 1, µ (t) = 1, f∆ = ∆f, and∫b
a

f (t)∆t =

b−1∑
t=a

f (t) .
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The product and quotient rules for the derivative of the product fg and the quotient f/g (where ggσ 6= 0,
here gσ = g ◦ σ) of two delta differentiable functions f and g are (fg)∆ = fg∆ + f∆gσ = f∆g+ fσg∆,(

f
g

)∆
= f∆g−fg∆

g gσ .

Let f : R→ R be continuously differentiable and suppose that g : T→ R is delta differentiable. Then
f ◦ g : T→ R is delta differentiable and the the next formula

(f ◦ g)∆ (t) =

(∫ 1

0
f′
(
g (t) + hµ (t)g∆ (t)

)
dh

)
g∆ (t) ,

holds. A special case of the chain rule is

[
uλ (t)

]∆
= λ

∫ 1

0
[huσ(t) + (1 − h)u(t)]λ−1 u∆ (t)dh. (2.1)

The integration by parts formula on time scale is given by∫b
a

u(t)v∆(t) ∆t = u(t)v(t)|ba −

∫b
a

u∆(t)vσ(t)∆t.

Hölder inequality on time scale is given by

∫b
a

|f(t)g(t)|∆t 6

(∫b
a

|f(t)|p∆t

) 1
p
(∫b
a

|g(t)|q∆t

) 1
q

, (2.2)

where p > 1, 1/p+ 1/q = 1 and f, g ∈ Crd ([a,b]T, R). The inequality (2.2) is reversed for 0 < p < 1 or
p < 0. Minkowiski’s inequality on time scale is given by(∫b

a

|h(x)| |f(x) + g(x)|p∆x

) 1
p

6

(∫b
a

|h(x)| |f(x)|p∆x

) 1
p

+

(∫b
a

|h(x)| |g(x)|p∆x

) 1
p

, (2.3)

where p > 1 and f, g, h ∈ Crd ([a,b]T, R) . We need the following lemmas to prove our results.

Lemma 2.2 ([32]). Let T be a time scale with a, x ∈ T such that x > a. If p > 1, then(∫σ(x)
a

h(t)∆t

)p
6 p
∫σ(x)
a

h(t)

(∫σ(t)
a

h(z)∆z

)p−1

∆t.

Lemma 2.3 ([32] ). Let T be a time scale with b, x ∈ T such that b > x. If p > 1, then(∫b
x

h(t)∆t

)p
6 p
∫b
x

h(t)

(∫b
t

h(z)∆z

)p−1

∆t.

Lemma 2.4 ([34] ). Let T be a time scale with a, b ∈ T and h, H be nonnegative and rd-continuous function
defined on [a,b]T . Then ∫b

a

H(t)

(∫b
t

h(x)∆t

)
∆x =

∫b
a

h(t)

(∫σ(t)
a

H(x)∆x

)
∆t.

The results obtained in this paper have numerous applications in the study of the oscillation of various
classes of dynamic equations on time scales; see, for instance, [14, 16].
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3. Main results

In this section, we will state and prove our main results. Throughout this paper, we will assume
that the functions in the statements of the theorems are rd-continuous nonnegative functions defined
on I = [a,∞)T and the integrals considered are assumed to exist and finite and assume for the sake of
conventions that 0 ·∞ = 0 and 0/0 = 0. For any function φ : I→ R+, we will define p

′
by 1/p+ 1/p

′
= 1,

for p > 1. Also the operator Φ : I→ R+ by

Φ(x) =

∫x
a

φ(t)∆t.

Theorem 3.1. Let p > 1 and T be a time scale with a ∈ [0,∞)T . Let φ(x) be a positive and nondecreasing such
that

σ(x)
∣∣φ∆ (x)

∣∣ 6 Aφ(x), and σ(x)φσ(x) 6 BΦσ(x), for all x ∈ I. (3.1)

Then ∫∞
a

φ(x)

(
1

Φσ(x)

∫σ(x)
a

φ(t)f(t)∆t

)p
∆x 6 (A+B)p

∫∞
a

(
1
σ(x)

∫σ(x)
a

φ
1
p (t)f(t)∆t

)p
∆x, (3.2)

where A and B are positive constants and Φ(∞) =∞.

Proof. For simplicity, we define g(x) =
∫x
aφ

1/p(t)f(t)∆t. This gives

g∆(x) = φ
1
p (x)f(x),

and then f(x) = g∆(x)φ−1/p(x). The left hand side of (3.2) now can be written in terms of g in the form

∫∞
a

φ(x)

(
1

Φσ(x)

∫σ(x)
a

φ(t)f(t)∆t

)p
∆x =

∫∞
a

φ(x)

(
1

Φσ(x)

∫σ(x)
a

φ(t)g∆(t)φ− 1
p (t)∆t

)p
∆x

=

∫∞
a

φ(x)

(
1

Φσ(x)

∫σ(x)
a

g∆(t)φ
1
p
′
(t)∆t

)p
∆x,

(3.3)

where p
′

is the conjugate of p such that 1/p + 1/p
′
= 1; for p > 1. Also integrating the term∫σ(x)

a g∆(t)φ1/p
′
(t)∆t by parts with u(t) = φ1/p

′
(t) and v∆(t) = g∆(t), we obtain

∫σ(x)
a

g∆(t)φ
1
p
′
(t)∆t = g(t)φ

1
p
′
(t)|

σ(x)
a −

∫σ(x)
a

gσ(t)

(
φ

1
p
′
(t)

)∆
∆t

= gσ(x)(φσ(x))
1
p
′
−

∫σ(x)
a

gσ(t)

(
φ

1
p
′
(t)

)∆
∆t.

(3.4)

By (3.3) and (3.4), we have

∫∞
a

φ(x)

(
1

Φσ(x)

∫σ(x)
a

φ(t)f(t)∆t

)p
∆x

=

∫∞
a

φ(x)

(
1

Φσ(x)

[
gσ(x)(φσ(x))

1
p
′
−

∫σ(x)
a

gσ(t)

(
φ

1
p
′
(t)

)∆
∆t

])p
∆x.
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Applying Minkowski’s inequality (2.3), we see(∫∞
a

φ(x)

[
1

Φσ(x)

∫σ(x)
a

φ(t)f(t)∆t

]p
∆x

) 1
p

6

∫∞
a

φ(x)

gσ(x)(φσ(x)) 1
p
′

Φσ(x)

p∆x


1
p

+

(∫∞
a

φ(x)

[
1

Φσ(x)

∫σ(x)
a

gσ(t)

∣∣∣∣∣
(
φ

1
p
′
(t)

)∆∣∣∣∣∣∆t
]p
∆x

) 1
p

.

(3.5)

Applying the chain rule (2.1) (noting that φ(x) is nondecreasing function), we see(
φ

1
p
′
(t)

)∆
=

1
p
′

(∫ 1

0
[hφσ(t) + (1 − h)φ(t)]

1
p
′ −1

dh

)
φ∆ (t)

=
1
p
′

∫ 1

0

dh

(hφσ(t) + (1 − h)φ(t))
1− 1

p
′
φ∆ (t)

6
1
p
′

∫ 1

0

dh

(hφ(t) + (1 − h)φ(t))
1− 1

p
′
φ∆ (t)

=
1
p
′φ

1
p
′ −1

(t)φ∆ (t) =
1
p
′φ

− 1
p (t)φ∆ (t) .

(3.6)

Now by using (3.5), we have(∫∞
a

φ(x)

[
1

Φσ(x)

∫σ(x)
a

φ(t)f(t)∆t

]p
∆x

) 1
p

6

∫∞
a

φ(x)

gσ(x)(φσ(x)) 1
p
′

Φσ(x)

p∆x


1
p

+
1
p
′

(∫∞
a

φ(x)

[
1

Φσ(x)

∫σ(x)
a

gσ(t)φ− 1
p (t)

∣∣φ∆ (t)
∣∣∆t]p∆x) 1

p

.

(3.7)

Since φ(x) is nondecreasing we have by using (3.1), that

∫∞
a

φ(x)

gσ(x)(φσ(x)) 1
p
′

Φσ(x)

p∆x 6 ∫∞
a

φσ(x)

Bgσ(x)(φσ(x)) 1
p
′

σ(x)φσ(x)

p∆x
=

∫∞
a

φσ(x)

(
Bgσ(x)(φσ(x))−

1
p

σ(x)

)p
∆x = Bp

∫∞
a

(
gσ(x)

σ(x)

)p
∆x.

(3.8)

Let
ω(t) = gσ(t)φ(t)−

1
p
∣∣φ∆ (t)

∣∣ and Ω(x) =

∫x
a

ω(t)∆t. (3.9)

From the definition (3.9), Lemma 2.2, and Lemma 2.4, we get∫∞
a

φ(x)

(
1

Φσ(x)

∫σ(x)
a

gσ(t)φ− 1
p (t)

∣∣φ∆ (t)
∣∣∆t)p∆x

6
∫∞
a

φ(x)

(
1

Φσ(x)

∫σ(x)
a

gσ(t)φ− 1
p (t)

∣∣φ∆ (t)
∣∣∆t)p∆x
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=

∫∞
a

φ(x)

(
1

Φσ(x)

∫σ(x)
a

ω(t)∆t

)p
∆x (3.10)

6 p
∫∞
a

φ(x) (Φσ(x))−p

∫σ(x)
a

ω(t)

(∫σ(t)
a

ω(z)∆z

)p−1

∆t

∆x
= p

∫∞
a

φ(x) (Φσ(x))−p
∫σ(x)
a

ω(t) (Ω(σ(t)))p−1∆t∆x

6 p
∫∞
a

ω(t) (Ω(σ(t)))p−1
∫∞
t

φ(x)

(Φσ(x))p
∆x∆t.

Since Φ(x) 6 Φσ(x), then

1
(hΦσ(x) + (1 − h)Φ(x))p

>
1

(hΦσ(x) + (1 − h)Φσ(x))p
,

and since p > 1,
(1 − p)

(hΦσ(x) + (1 − h)Φ(x))p
6

(1 − p)

(hΦσ(x) + (1 − h)Φσ(x))p
.

Applying the chain rule (2.1), we get

(
Φ(x)1−p)∆ = (1 − p)

∫ 1

0
(hΦσ(x) + (1 − h)Φ(x))−p dh (Φ(x))∆

6 (1 − p)

∫ 1

0

dh (Φ(x))∆

(hΦσ(x) + (1 − h)Φσ(x))p
= (1 − p)φ(x) (Φσ(x))−p .

Integrating the last inequality from t to∞, we obtain∫∞
t

φ(x) (Φσ(x))−p∆x 6
1

(p− 1)
(Φ(t))1−p .

Substituting into (3.10), we obtain∫∞
a

φ(x)

{
1

Φσ(x)

∫σ(x)
a

gσ(t)φ(t)−
1
p
∣∣φ∆ (t)

∣∣∆t}p∆x
6

p

(p− 1)

∫∞
a

ω(t) (Ω(σ(t)))p−1Φ(t)1−p∆t =
p

(p− 1)

∫∞
a

ω(t)

(
Ω(σ(t))

Φ(t)

)p−1

∆t.

Thus by (3.9), we have∫∞
a

φ(x)

(
Ω(σ(x))

Φ(x)

)p
∆x 6

p

p− 1

∫∞
a

ω(t)

(
Ω(σ(t))

Φ(t)

)p−1

∆t. (3.11)

Next, writing ω(t) =
(
ω(t)φ−1/p

′
(t)
)
φ1/p

′
(t) and applying Hölder’s inequality (2.2) with exponents p

and p
′
, we have∫∞
a

ω(t)

(
Ω(σ(t))

Φ(t)

)p−1

∆t 6

(∫∞
a

[
ω(t)φ

− 1
p
′
(t)

]p
∆t

) 1
p
(∫∞
a

φ(t)

[
Ω(σ(t))

Φ(t)

]p
∆t

) 1
p
′

. (3.12)

We can obtain from (3.11) and (3.12) that∫∞
a

φ(x)

(
Ω(σ(x))

Φ(x)

)p
∆x 6

p

p− 1

(∫∞
a

[
ω(t)φ

− 1
p
′
(t)

]p
∆t

) 1
p
(∫∞
a

φ(t)

[
Ω(σ(t))

Φ(t)

]p
∆t

) 1
p
′

. (3.13)
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By combining (3.9) and (3.1), we see

ω(t)φ
− 1
p
′
(t) = gσ(t)φ− 1

p (t)
∣∣φ∆ (t)

∣∣φ− 1
p
′
(t) = gσ(t)

∣∣φ∆ (t)
∣∣φ−1(t) 6 A

gσ(t)

σ(t)
.

Substituting into (3.13) and dividing by the last term, we get(∫∞
a

φ(x)

[
Ω(σ(x))

Φ(x)

]p
∆x

) 1
p

6
p

p− 1

(∫∞
a

[
A
gσ(t)

σ(t)

]p
∆t

) 1
p

.

So ∫∞
a

φ(x)

[
Ω(σ(x))

Φ(x)

]p
∆x 6 Ap

(
p

p− 1

)p ∫∞
a

[
gσ(t)

σ(t)

]p
∆t. (3.14)

Substituting (3.14) and (3.8) into (3.7), we get(∫∞
a

φ(x)

[
1

Φσ(x)

∫σ(x)
a

φ(t)f(t)∆t

]p
∆x

) 1
p

6

(
Bp
∫∞
a

[
gσ(x)

σ(x)

]p
∆x

) 1
p

+
1
p
′

(
Ap
(

p

p− 1

)p ∫∞
a

[
gσ(x)

σ(x)

]p
∆x

) 1
p

= (B+A)

(∫∞
a

[
gσ(x)

σ(x)

]p
∆x

) 1
p

,

which is the desired inequality (3.2). The proof is complete.

Remark 3.2. As a special case of Theorem 3.1 when T = R , we have the inequality (1.7).

In the following, we consider the case when T = N, and formulate the discrete version of (1.7).
If p > 1, (n+ 1) |∆φ (n)| 6 Aφ(n), and (n+ 1)φ(n+ 1) 6 BΦ(n+ 1), then

∞∑
n=1

φ(n)

(
1

Φ(n+ 1)

n∑
k=1

φ(k)f(k)

)p
6 (A+B)p

∞∑
n=1

(
1

n+ 1

n∑
k=1

φ
1
p (k)f(k)

)p
.

To prove the following theorem, we will assume that there exists a constant m > 1 such that Φσ(t) 6
mΦ(t).

Theorem 3.3. Let T be a time scale with a ∈ [0,∞)T and p > 1. Let φ(x) be a positive and nondecreasing
function. Then ∫∞

a

φ(x)

(∫∞
σ(x)

φ(t)f(t)

Φ(t)
∆t

)p
∆x 6 (B+Cpm)p

∫∞
a

(∫∞
x

φ
1
p (t)f(t)

t
∆t

)p
∆x, (3.15)

where C = 1 +A+B.

Proof. Set Λ(x) =
∫∞
x φ

1/p(t)f(t)/t∆t. Hence Λ∆(x) = −φ1/p(x)f(x)/x < 0, and consequently f(x) =

−xφ−1/p(x)Λ∆(x). This implies that

∫∞
σ(x)

φ(t)f(t)

Φ(t)
∆t = −

∫∞
σ(x)

tφ
1
p
′
(t)

Φ(t)
Λ∆(t)∆t.

Integrating by parts with u(t) = tφ1/p
′
(t)/Φ(t) and v∆(t) = Λ∆(t), we get

∫∞
σ(x)

φ(t)f(t)

Φ(t)
∆t =

σ(x) (φ(σ(x)))
1
p
′

Φσ(x)
Λσ(x) +

∫∞
σ(x)

tφ 1
p
′
(t)

Φ(t)

∆Λσ(t)∆t
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6
σ(x) (φ(σ(x)))

1
p
′

Φσ(x)
Λσ(x) +

∫∞
σ(x)

∣∣∣∣∣∣∣
tφ 1

p
′
(t)

Φ(t)

∆
∣∣∣∣∣∣∣Λσ(t)∆t.

This implies that∫∞
a

φ(x)

(∫∞
σ(x)

φ(t)f(t)

Φ(t)
∆t

)p
∆x

6
∫∞
a

φ(x)

σ(x) (φ(σ(x))) 1
p
′

Φσ(x)
Λσ(x) +

∫∞
σ(x)

∣∣∣∣∣∣∣
tφ 1

p
′
(t)

Φ(t)

∆
∣∣∣∣∣∣∣Λσ(t)∆t


p

∆x.

Applying Minkowski’s inequality (2.3), we see

(∫∞
a

φ(x)

[∫∞
σ(x)

φ(t)f(t)

Φ(t)
∆t

]p
∆x

) 1
p

6

∫∞
a

φ(x)

σ(x) (φ(σ(x))) 1
p
′

Φσ(x)
Λσ(x)

p∆x


1
p

+

∫∞
a

φ(x)

∫∞
σ(x)

∣∣∣∣∣∣∣
tφ 1

p
′
(t)

Φ(t)

∆
∣∣∣∣∣∣∣Λσ(t)∆t


p

∆x


1
p

.

(3.16)

Since φ(x) is nondecreasing, Λ(x) is nonincreasing so Λσ(x) 6 Λ(x) and by (3.1), we get

∫∞
a

φ(x)

σ(x) (φ(σ(x))) 1
p
′

Φσ(x)
Λσ(x)

p∆x 6 ∫∞
a

φσ(x)

Bσ(x) (φ(σ(x))) 1
p
′

σ(x)φσ(x)
Λσ(x)

p∆x
=

∫∞
a

φσ(x)
[
B (φ(σ(x)))−

1
p Λσ(x)

]p
∆x

= Bp
∫∞
a

[Λσ(x)]p∆x 6 Bp
∫∞
a

[Λ(x)]p∆x.

(3.17)

By using the quotient and product rules (2.1) and (3.6), we have

tφ 1
p
′
(t)

Φ(t)

∆ =

Φ(t)

(
tφ

1
p
′
(t)

)∆
− tφ

1
p
′
(t)Φ∆(t)

Φ(t)Φσ(t)

=

Φ(t)φ
1
p
′
(t) + σ(t)Φ(t)

(
φ

1
p
′
(t)

)∆
− tφ

1
p
′ +1

(t)

Φ(t)Φσ(t)

6
φ

1
p
′
(t)

Φσ(t)
+
σ(t)φ∆(t)φ

1
p
′ −1

(t)

p
′
Φσ(t)

−
tφ

1
p
′ +1

(t)

Φ(t)Φσ(t)

=
tφ

1
p
′
(t)

Φσ(t)

[
1
t
+
σ(t)φ∆(t)

tφ(t)
−
φ(t)

Φ(t)

]
.

Thus, we have∣∣∣∣∣∣∣
tφ 1

p
′
(t)

Φ(t)

∆
∣∣∣∣∣∣∣ 6

tφ
1
p
′
(t)

Φ
σ
(t)

[
1
t
+
σ(t)

∣∣φ∆ (t)
∣∣

p
′
tφ(t)

+
φ(t)

Φ(t)

]
6
tφ

1
p
′
(t)

Φ
σ
(t)

[
1
t
+
σ(t)

∣∣φ∆ (t)
∣∣

p
′
tφ(t)

+
φσ(t)

Φ(t)

]
.
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Since φ(t) is nondecreasing and by the assumption (3.1), we have∣∣∣∣∣∣∣
tφ 1

p
′
(t)

Φ(t)

∆
∣∣∣∣∣∣∣ 6

tφ
1
p
′
(t)

Φ
σ
(t)

(
1
t
+
A

p
′
t
+
B

t

)
< C

φ
1
p
′
(t)

Φ
σ
(t)

6 C
φ

1
p
′
(t)

Φ(t)
,

where C = 1 +A+B. Since Λ(t) is nonincreasing, we get

∫∞
a

φ(x)

∫∞
σ(x)

∣∣∣∣∣∣∣
tφ 1

p
′
(t)

Φ(t)

∆
∣∣∣∣∣∣∣Λσ(t)∆t


p

∆x 6 C
∫∞
a

φ(x)

∫∞
σ(x)

φ
1
p
′
(t)

Φ(t)
Λ(t)∆t

p∆x. (3.18)

Let

ψ(t) =
φ

1
p
′
(t)

Φ(t)
Λ(t) and Ψ(t) =

∫∞
t

ψ(z)∆z. (3.19)

Then

Ψ∆(t) = −ψ(t) = −
φ

1
p
′
(t)

Φ(t)
Λ(t) < 0.

Now, from (3.19) and since Ψ(t) is nonincreasing we have Ψ(σ(t)) 6 Ψ(t), we get

∫∞
a

φ(x)

∫∞
σ(x)

φ
1
p
′
(t)

Φ(t)
Λ(t)∆t

p∆x = ∫∞
a

φ(x)(Ψ(σ(x)))p∆x 6
∫∞
a

φ(x)(Ψ(x))p∆x.

Applying Lemma (2.3), we get∫∞
a

φ(x)(Ψ(x))p∆x 6 p
∫∞
a

φ(x)

(∫∞
x

ψ(t)(Ψ(x))p−1∆t

)
∆x.

Integrating by parts with u∆(x) = φ(x), v(x) =
∫∞
x ψ(t) (Ψ(t)

p−1∆t and by using the assumption Φσ(x) 6
mΦ(x), we get∫∞

a

φ(x)

(∫∞
x

ψ(t)Ψ(t)p−1∆t

)
∆x = Φ(x)

∫∞
x

ψ(t)Ψ(t)p−1
∣∣∣∣∞
a

+

∫∞
a

Φσ(x)

(
−

∫∞
x

ψ(t)Ψ(t)p−1∆t

)∆
∆x

=

∫∞
a

Φσ(x)ψ(x)(Ψ(x))p−1∆x 6 m
∫∞
a

Φ(x)ψ(x)(Ψ(x))p−1∆x.

Thus∫∞
a

φ(x)(Ψ(x))p∆x 6 pm
∫∞
a

Φ(x)ψ(x)(Ψ(x))p−1∆x = pm

∫∞
a

Φ(x)ψ(x)φ
− 1
p
′
(x)φ

1
p
′
(x)Ψp−1(x)∆x.

Applying Hölder inequality (2.2) with exponents p and p
′
, we obtain

∫∞
a

φ(x)(Ψ(x))p∆x 6 pm

(∫∞
a

[
Φ(x)ψ(x)φ

− 1
p
′
(x)

]p
∆x

) 1
p
(∫∞
a

φ(x)(Ψ(x))p∆x

) 1
p
′

.

From the definition (3.19) and dividing by the last term, we have∫∞
a

φ(x) (Ψ(t))p∆x 6 (pm)p
∫∞
a

Λ(x)p∆x. (3.20)
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Substituting (3.18) and (3.19) into (3.20), we see

∫∞
a

φ(x)

∫∞
σ(x)

∣∣∣∣∣∣∣
tφ 1

p
′
(t)

Φ(t)

∆
∣∣∣∣∣∣∣Λσ(t)∆t


p

∆x 6 (Cpm)p
∫∞
a

Λ(x)p∆x. (3.21)

Substituting (3.17) and (3.21) into (3.16), we see(∫∞
a

φ(x)

[∫∞
σ(x)

φ(t)f(t)

Φ(t)
∆t

]p
∆x

) 1
p

6

(
Bp
∫∞
a

Λ(x)p∆x

) 1
p

+

(
(Cpm)p

∫∞
a

Λ(x)p∆x

) 1
p

= (B+Cpm)

(∫∞
a

Λ(x)p∆x

) 1
p

,

which is the desired inequality (3.15). The proof is complete.

Remark 3.4. As a special case of Theorem 3.3 when T = R and m = 1, we have the inequality (1.8).

In the following we consider the case when T = N, and formulate the discrete version of (1.8).

Corollary 3.5. If p > 1, (n+ 1) |∆φ (n)| 6 Aφ(n), (n+ 1)φ(n+ 1) 6 BΦ(n), then

∞∑
n=1

φ(n)

( ∞∑
k=n+1

φ(k)f(k)

Φ(k)

)p
6 (Cpm+B)p

∞∑
n=1

( ∞∑
k=n

φ(k)1/pf(k)

k

)p
,

where C = 1 +A+B.

4. Conclusion

In the context of this article, we presented generalizations of weighted dynamic inequalities of Hardy’s
type on time scales. From these inequalities, as particular cases, we formulated some integral and new
discrete inequalities. The technique is based on the applications of well-known inequalities and tools
from time scale calculus. For future work, we can present such inequalities by using Rieman-Liouville
type fractional integrals and fractional derivatives on time scales. It will also be very interesting to present
such inequalities on quantum calculus.
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