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Abstract

The concept of fuzzy star-shaped numbers was initially introduced by Diamond [P. Diamond, Fuzzy Sets and Systems,
37 (1990), 193-199]. In this paper, we define the concepts of convergent, Cauchy, and bounded sequences of fuzzy star-shaped
numbers in R™ with respect to L,-metric and study some properties of these new notions.
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1. Introduction

Let IN be the set of all natural numbers, || - || denotes the Euclidean norm in R™ and K™ denotes the
class of all nonempty compact sets in R™. If A,B € K", then the Hausdorff distance between A and B is
given by

dy(A,B) = inf —b|, inf —b|l}.
H(A, B) max{ilelg [nf fla—bl sup inf la—Dbll}
It is well known that (K™, dy) is a complete and separable space (see [5]).

Recall from [1] that a fuzzy star-shaped number is a fuzzy set u : R™ — [0, 1], satisfying the following
conditions:

(1) uis normal, that is, there exists typ € R™ such that u(ty) = 1;

(2) u is upper semicontinuous;

(3) supp u=cl{t € R™: u(t) > 0}, is compact;

(4) u is fuzzy star-shaped with respect to t, i.e., if there exists t € R™ such that for any s € R™ and

A€ [0,1],
u(As + (1 —A)t) > u(s).
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Let S™ denotes the set of all fuzzy star-shaped numbers in R™. For u € S™ and each « € [0,1], one
defines «-level set of u as follows:

e — fteR™:u(t) > o}, ifxe(0,1],
B supp u, if x = 0.

R™ can be embedded in S™, as any m € R™ can be viewed as the fuzzy star-shaped number

R 1, ift=m,
m(t) = .
0, ift#m.

Then it is obvious that h € S™ for each m € R™; for more details on fuzzy star-shaped numbers and
other related concepts we refer to [2, 6-8]. The linear structure of the set of all fuzzy star-shaped numbers
S™ induces an addition u+v and a scalar multiplication Au, A € R in terms of «-level sets by

w+v]* =¥+ MY, Au]* =Au]”

for each « € [0,1]. It directly follows that u+v,Au € S™. Recall in [10] that for each 1 < p < oo, one
defines

1 b
dp(u,v) = (J dp (], [v]"‘)pdoc>

0

and de(u,v) = sup dp([ul®*, v]¥). Clearly doo(u,v) = limp_, dp(u,v) with d, < dq if p < g, for all
0<akl
u,v € S™, then d,, is called the L,-metric on S™; some related works of L,,-metric can be found in [3, 4, 9].

2. Main results

In this section, we consider the sequence of fuzzy star-shaped numbers and define the notions of
Cauchy, convergence and boundedness for these sequences and study some properties of these new
resulting. A sequence of fuzzy star-shaped numbers u = (uy), is a function u from the set IN into S™.
The fuzzy star-shaped number ;. denotes the value of the function at a point k € IN and is called the
k-th term of the sequence. We denote by w*(S™) the set of all sequences u = (uy) of fuzzy star-shaped
numbers in R™. We construct the following examples of sequences of fuzzy star-shaped numbers with
respect to origin.

Remark 2.1. It is obvious that every fuzzy number is a fuzzy star-shaped number and in the set of real
numbers R the converse is also true. The example given below is a counter example of the remark in R™
forn # 1.

Example 2.1.
1—kt, iftel0,4],
u:RR? = [0,1] such that ui(t,s) =< 1—%ks, ifsc[0, %],
0, otherwise.
Example 2.2.

k

(1—[t5%) =T, ifte[-1,1],

u:R — [0,1] such that ug(t) =
0, otherwise.

Before proceeding with our main results, we rewrite a formal definition of convergence of a sequence
of fuzzy star-shaped numbers defined in paper of Zhao and Wu [10, Lemma 12 (4), Page 3].
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Definition 2.2. A sequence u = (uy) € w*(S™) is convergent to uy € w*(S™) if there exists a positive
integer N = N(e) such that
dp (uk, up) < € for all k > N.

In this case, we write limy_,, dp (Ui, up) = 0 and uy is called the limit of the sequence (uy). If up = 0
then the sequence (uy) is called null sequence. We define

c(S™) = The space of all convergent sequences of fuzzy star-shaped numbers in R™,
co(S™) = The space of all null sequences of fuzzy star-shaped numbers in R™.

Definition 2.3. Consider the metric space (S™,dp,). Let u € S™ and r > 0 then the open ball centered at u
with radius r is defined as B4, (u,7) ={v € S™: dp(v,u) <1}

Definition 2.4. A subset U of a metric space (S™, d,) is said to be bounded if there exists a positive real
number r > 0 such that U C Bq4, (u, 1) for some u € S™.

Definition 2.5. A nonempty subset U of S™ is said to be open if, for all u € U there exists v > 0 such that
Bg,(uw,m) C U ie, {veSt:dplvu) <7} C U

Definition 2.6. A sequence u = (uy) € w*(S™) is said to be bounded if, there exists a positive integer M
such that
dp(uy,0) < Mforall k € N,

or if the set of its terms is bounded. We define
loo(S™) = The space of all bounded sequences of fuzzy star-shaped numbers in R™.

Definition 2.7. A sequence u = (uy) € w*(S™) is said to be Cauchy sequence if, for every € > 0, there
exists a positive integer N = N(¢) such that

dp (Ui, um) < € forall k, m > N.

Definition 2.8. Let u = (ux) € w*(S™) and (ki), i = 1,2,3,... is an increasing sequence of positive
integers, then the sequence (uy,) is called a subsequence of (uy).

Theorem 2.9. The space of all fuzzy star-shaped numbers S™ with L,-metric is a Hausdorff metric space.

Proof. Consider the metric space (S™,d,) and let u,v € S™ such that u # v. Let r = d(u,v) and
U = Bg,(u,3) and V = Bg, (v, 7) such that u € U and v € V. We need to show that UNV = (. Let on
contrary z € UNV, this implies that dp, (u,z) < 5 and dy, (v, z) < 5. Now, by triangle inequality

r=dp(u,v) <dp(w,z) +dp(z,v) < %4-% =,

which is a contradiction. Thus, UNV = ¢. O
Corollary 2.10. A convergent sequence () € w*(S™) has a unique limit.
Theorem 2.11. Every open ball in the metric space (S™, dp ) is an open set.

Proof. Consider Bq, (u, 1) to be an open ball. Let 11 = r—d (u,v). To show that Bq, (v, 71) C Bg, (u,7), let
w € Bg, (v,11) this implies that

dp(w,v) <7t =r—dp(u,v) = dp(u,v) +dp(vyw) <t
= dp(u,w) <7 = we By, (ur).

Thus, Ba, (u, ) is an open set. O



V. A. Khan, et al,, ]. Math. Computer Sci., 23 (2021), 321-327 324

Theorem 2.12. A convergent sequence (uy) of fuzzy star-shaped numbers is bounded but the converse is not true.

Proof. Let limy_,o dp(ui, up) =0and A ={(uyx) : k=1,2,3,...}. Let € = 1, thus by definition there exists
anumber N € IN such that d, (uy, up) < 1forallk > N. Let 6 = max{d, (u, up), dp (uz, up), ..., dp (i, up),
1}. Then dy, (uy, up) < 6 for any k € IN. Since d, is a metric on S™ therefore, by triangle inequality we
have

dp (Wi, W) < dp (wi, wo) + (dp (1o, wy) < 26.

This implies 8(A) < 23, i.e., the sequence (uy) is bounded. We construct the following counter example
to verify our claim.

Example 2.3. Consider the sequence of fuzzy star-shaped numbers uy (t) : R — [0, 1] defined by

&, ifo<t<y,
we(t) =4, Hyst<s

S(t—2), if:<t<2,

0, otherwise.

Thus (uy) € c¢(S™). Let A be the collection of all finite subsets of IN, then there exists a subset K of IN such
that K¢ A and N — K ¢ A, define v = (vi) by

Uy, k e K,
Vk = .
0, otherwise.

Then, the sequence (vi) € lo(S™) but (vi) & c(S™). O

Theorem 2.13. If (ui) € w*(S™) is convergent to wy then any subsequence of (uy) also converges to the same
limit.

Proof. Let limy_, o, dp (ui, up) = 0, then we show that for any subsequence (uy,) of (uy),

lim dp (uy,,ug) =0,

k—o0
that is, for every e > 0, there exists a number Ny € IN such that (uy,) € Ba, (1o, €) for all L > No. Since
limy ;o dp (i, up) = 0, there exists a number N € IN such that (ux) € Bg, (uo, €) for all k > N. Also,
since (ki) is an increasing sequence of positive integers there exists a number Ny € IN such that k; > N
whenever 1 > No. Hence, (uy,) € Bq, (uo, €). O

Theorem 2.14. If dyy is a translation invariant metric, then 1o (S™), c(S™), and co(S™) are linear spaces over the
field R.

Proof. We prove the result for the sequence space co(S™). The result for the other mentioned spaces can
be proved correspondingly. Let u = (uy) and v = (vy) in co(S™), then, for every € > 0 and A, 1 € IR are

scalars, we have
_ €
d,(u,0 and d,(v,0
pl1:0) < g and &y () <

Therefore,

1
du (Auyg + pvi]”, O)pd“> ’

dp(Au+ pv,0) = (J
0
1

T =

= (L dn (A ® + [pvy] “,(_))pd“)
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1 5 1 5
< <J dH(D\uk]a/(_))pd(X) + (J dH([LWk]“,O)deC>
0

0
1 ) 5 1 _ g
< |7\|<L dH([um,O)Pdcx) Tl (L dH([ka“,O)Pdoc)

= [Aldp (1, 0) + Ipldp (v, 0) < 5 + Il

2|7\| | |~

Thus, Au + pv € ¢o(S™). Hence, co(S™) is a linear space. d

Theorem 2.15. The space 1o, (S™) is a complete metric space with the metric p defined by

p(u,v) = sup dp (g, vi).
k

Proof. Let (uk ) fori=1,2,... be a Cauchy sequence in 1o, (S™). Then for every e > 0 there exists N € IN

such that
p (u?,ufj) <eforalli,j >N

so that
dp (ufﬁ,u?) < ef (2.1)

Hence, for each k € IN, we have
dp (u,(g),uk> < €,

ie., (u@) is convergent to (uy). But then by equation (2.1) we infer that

P (u](j),uk) < easj— oo

We have to show that (uy) € 1o (S™). For this
dp (ux,0) < dp (uk,uk > +dp (uk ,()) dp (ug),(—)) +e.
Since <u](j)> is a Cauchy sequence in 1 (S™), therefore d,, (ui, 0) < M. This implies that

dp (uk,0) < M+ e =M (say).

Theorem 2.16. The space c(S™) N1 (S™) is a closed subset of the complete metric space 1oo(S™) .

Proof. Let ( ) be a Cauchy sequence in ¢(S™) N1 (S™) and u,(:) — Uk in 1 (S™). Since (u](j)) €
c(S™) N1s(S™), therefore, there exists a fuzzy star-shaped number (v!) such that

lim u](j) =v(¥),

Since (ufﬁ) is a Cauchy sequence it implies that there exists a positive integer N such that

p (ug),u](:)) < g fori,j > N.

Also, _ '
limul(g] =y,
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Then, we have

p <v(j),vm> <P (u](j), G )) +p (u?,u}f) +p (u](c), (i)> < §+§+§ =E€.

This shows that (v(!)) is a Cauchy sequence in 1,,(S™) and, therefore convergent, say to v, i.e.,
limvt) =wv. (2.2)
Now, it remains to show that (uy) is convergent to v. Since (u@) — Uy, so for each € > 0 there exists

No € N such that

P(u](j),uk) 3 € forall i > No.

Also from equation (2.2) we have for every e > 0 there exists N; € N such that

p(viV v) < 5 for all 1 > Nj.
Furthermore, since ( (i )) — vV for every € > ( there exists No € IN such that
P (u](j),v(i)> < g for all i > Ns.
Let N3 = max{Ng, N1, N,}. Now for ¢ > 0 we have

p(uk,v) <p (ukzu](j)> +p <u](:),v“)) +p (vm,v> < §+ g +§ =€

This shows that (uy) is convergent to v that is, (ux) € ¢(S™) N1l (S™). This shows that the intersection is
closed subset of the complete metric space 1o (S™). O

In view of the above theorem and Example 2.3 we deduce the following result.

Theorem 2.17. The space c(S™) N1 (S™) is nowhere dense in the complete metric space 1o (S™).

Proof. Since c(S™) N1 (S™) is a closed subset of 1,,(S™) therefore c(S™) N1l (S™) = c(S™) N1l(S™). It
suffices to show that

(c(S™)N1lw(S™))° = ¢. Consider an arbitrary point (uy) € c(S™) N1y (S™). Then for any r > 0 there exists
a point (vy) in the neighborhood B, (wk, T) such that (vi) € c(S™) and (vi) € loo(S™). Thus Bg,, (1, T) ¢
c(S™) N1so(S™). Thus an arbitrary (uy) is not an interior point and hence (c(S™) N1 (S™))° = ¢. O

3. Conclusion

In this paper, we have formally defined the notions of convergent, Cauchy and bounded sequences of
fuzzy star-shaped numbers in R™ with respect to L,-metric and introduced new convergent and bounded
sequence spaces, namely c(S™) and 1 (S™), respectively. Furthermore, we proved that 1, (S™) with L,-
metric is complete. Also, we proved that the inclusion ¢(S™) C 1 (S™) holds and is strict in compliance
with Example 2.3. These new results will further help the researchers expand their work in the area of
sequence spaces in view of fuzzy theory.
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