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Abstract

In this paper, we introduce some new fixed point theorems in a dislocated quasi-metric space. We present several fixed
point theorems, which generalize and improve some comparable fixed point results. Moreover, we provide some examples to
illustrate our results.
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1. Introduction

The Banach contraction principle in metric space is the first important result in fixed point theory
[4]. Since then, various generalizations have been made in many different forms with different types of
spaces [1-3] and [5-7, 10-15]. Some of the well-known generalizations, with useful applications in logical
programming and electronics engineering [9], are obtained in the framework of dislocated metric spaces
[8], and dislocated quasi-metric spaces [15]. The present paper provides new generalizations of fixed
point theorem in the setting of dislocated quasi-metric spaces, which generalize, improve, and fuse the
results founded in [2, 12-14] by using a new contraction type and without any continuity requirement.

2. Preliminaries
We introduce here some basic concepts of the theory of dislocated quasi-metric spaces [15].

Definition 2.1. Let X be a nonempty set and d : X x X — R™ be a function such that

1. d(x,y) = d(y,x) = 0 implies x =y;
2. d(x,y) < d(x,z) +d(z,y), forall x, y, z € X.

Then, d is called dislocated quasi-metric (or simply dg-metric) on X.
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Clearly, for a dg-metric, the self distance of points need not to be zero necessarily and the usual
property of symmetry is no longer valid. As example for dg-metric space, we can consider the set
X = [0,1] endowed with the following dq-metric

d:XxX—=R", dxy)=x—y|l+x.

Definition 2.2. A sequence {xn} in a dg-metric space (X, d) is called a Cauchy sequence if for every e > 0,
there exists N € IN such that,

d(xm/Xn) < € Or d(XTIIXTﬂ.) < €, V m,n > N
Definition 2.3. A sequence {xn,} is said to be dg-convergent to x in a dq-metric space X, if

Iim d(xn,x) = lim d(x,xn) =0.
n—oo n—,oo

Here, x is called dg-limit of sequence {x,,} and we write x,, — x, as n — oo.

Definition 2.4. Let (X,d;) and (Y, d2) be two dg-metric spaces, the function f : X — Y is said to be
continuous if for each sequence {x,} C X which dg-converges to x in X, the sequence {f(x)} is dg-
converges to f(x) in Y.

Definition 2.5. A dg-metric space (X, d) is called complete if every Cauchy sequence in X is dg-convergent.
We remark here that, in dg-metric space, the dg-limit is unique and a Cauchy sequence which pro-
cesses a dg-convergent subsequence, is also dg-converges. In the sequel, for simplicity, we omit the prefix
“dq” to indicate the limit and convergence.
3. Main results
First, we start with the following lemma which we will use in the sequel.
Lemma 3.1. If x is a limit of some sequence {x,} in a dq-metric space (X, d), then
d(x,x) =0.
Proof. Let x € X, and {xn} C X a sequence which converges to x. Then
d(x,x) < d(x,xn) +d(xn,x), ¥VneNN.
Passing to limit, when n — oo, we obtain d(x,x) < 0, and therefore
d(x,x) =0. O

Next, we state and prove our main fixed point result in complete dg-metric spaces. Unlike various
papers which impose the contraction continuity condition [2], the following result provides the same
result without continuity condition and under less restrictive condition.

Theorem 3.2. Let (X, d) be a complete dg-metric space and T a self-mapping of X such that

2d(x,y), 2 d("'f;;,l,g‘gy'Ty) , ld(x, Tx) + d(y, Ty)l,
d(Tx, Ty) <A max { [ATuHaWITI g0 Tx) + d(x, y)], , (3.1)

2[d(x,Ty)+d(xy)]
[d(y, Ty) +d(x,y)], ==L =>4

orall x, y € X with d(x,y) # 0, and A € [0, 1. Then, T has a unigue fixed point in X.
2 q p
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Proof. Assume T : X — X verifies the condition (3.1), we consider

2d(x,y), 24N d(x, Tx) + d(y, Ty),

M(x,y) = max { 20eTWHdWT) “q(x Tx) 4+ d(x,y),

Then, we distinguish the following different cases.

o Casel: If M(x,y) = 2d(x’£’(‘iigy’w), then

2d(x, Tx) d(y, Ty)
d(x,y) ’

Taking y = Tx, respectively x = Ty, in the previous inequality, we find

d(Tx, Ty) <A VxyeX

d(Tx, T>x) <22 d(Tx, T%x), Vx e X, (3.2)
2d(Ty, T?y) d(y, Ty)

d(T?y, Ty) < A , YyeX 3.3

(T7y, Ty) Ty, y) y (3.3)

Since 2A € [0, 1), the inequality (3.2) implies that d(Tx, T%x) = 0, for all x € X, which leads also, by taking
y = x in the inequality (3.3) to d(T?x, Tx) = 0, for all x € X. Therefore, we conclude that T?x = Tx and
thus the mapping T has a fixed point.

o Case 2: If M(x,y) =2d(x,y), then
d(Tx, Ty) <2Ad(xy), VxyeX (3.4)

We consider a Picard sequence xy 1 = Tx,, with initial guess xg € X. We will show that {x, } is a Cauchy
sequence in X. For that, let n € IN* and use (3.4) to get

d(xn/ Xn+1) = d(TXn—lz Txn) <2A d(xn—ll Xn) =hd(xn_1, Xn)-

We reiterate this process to find d(xn,xn41) < h™d(xp,x;) and then we conclude

d(Xn, Xm) < d(Xn, Xn+1) + d(XnJrl/ Xn+2) +-+ d(xmflz Xm)
< (W +h™ 4 h™ ) d(xg, x1) (3.5)
hn '
< .
XX 1_h d(XO/Xl)

Since h = 2A € [0,1), it follows from (3.5) that {x,} is a Cauchy sequence in a complete dg-metric space,
and therefore there exists u € X such that

Iim xp, =u and Iim Tx, =u.
n—,oo n—,oo

From the inequality (3.4), we deduce
d(Txn, Tu) <2Ad(xn,u), ¥YnelN.
Then, since d(-, Tu), d(-,u) : X = R are continuous, we deduce

dlu, Tu) = Iim d(Txn, Tu) <2A lim d(xn,u) =2Ad(u,u).

n—oo n—oo

From Lemma 3.1, d(u,u) = 0 and thus d(u, Tu) = 0. On the other hand, we have
d(Tu,u) < d(Tu, xn) +d(xn,w) = d(Tw, Txn_1) + d(xn,u)

<2 d(w xXn-1) +d(xn,u) — 0,

which leads to d(Tu,u) = 0 and then d(u, Tu) = d(Tu,u) = 0. Therefore, we conclude that Tu = u and
hence T has a fixed point.
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o Case 3: If M(x,y) = [d(x, Tx) + d(y, Ty)], then
d(Tx, Ty) <A [d(x, Tx) +d(y, Ty)l, VxyeX (3.6)

We consider a sequence xny1 = Txn with initial guess xp € X. We will prove that {x,} is a Cauchy
sequence. For that, we use (3.6) to deduce

d
A [d(xnflr Txnfl) + d(Xn, TXn)]
Ad(xn_1,%n) +Ad(xn,Xn41), formeNN,

which implies

A
d(xn, Xn41) < - d(xn—1,%n), forneN.

Since h = 125 € [0,1), then {x,,} is a Cauchy sequence in the complete space X, and therefore there exists

u € X such that

Iim x, =u and lim Tx, =u.
n—oo n—oo

Next, to prove that u is the fixed point of T, we use (3.6) to obtain

d(Txn, Tu) [d(xm, Txn) + d(u, Tu)]

<A
<A [dxn,uw)+d(u, Txn) +d(u, Tu)l, VnelN.
Then, by passing to limit for in the above inequality, we find

2\
< — .
dl, Tw) < £ d(w )

Using Lemma 3.1, we get d(u, Tu) = 0. On the other hand, we have

d(Tu,u) (Tw, xn) + d(xn,w) = d(Tu, Txn_1) + d(xn,u)
[d(w, Tw) + d(xn—1, Txn_1)] + d(xn, 1)

[d(xn—lr ‘LL) + d(u/ TXn—l)] + d(xn/ u)
[

d(xn_1,u) + d(u/ Xn)] +d(xp,u) — 0,
n—oo

which implies that d(Tu,u) = 0 and then d(u, Tu) = d(Tu,u) = 0. Therefore, we conclude that Tu = u
and hence T has a fixed point.

o Cased: If M(x,y) = d(X’Ty)gd(y’TX), then

d(Tx, Ty) < =z [d(x, Ty) +d(y, Tx)], VxyeX (3.7)

N >

We consider a sequence xn+1 = Tx,, with initial guess xy € X. Then, we have

d(xnranrl) = d(Txn—1, Txn) < 7 [d(xn—1, Txn) + d(xn, Txn—-1)]

< [d(xnflf Xn+1) + d(Xn, Xn)] (38)

N[> DN >N >

< [d(xn—llx'n) + d(Xn/ Xn—!—l) + d(xnlxn)]/
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for all n € IN*. Moreover, we have

A
2
=A d(xnflzxn) (39)
d(xn_1,%n), VneN*.

—

Then, we combine the two inequalities (3.8) and (3.9) to find

d(x‘ru Xn+1) < [d(XTl*l/ Xn) + d(Xn, Xn+1) + d(anlz Xn”

2d(xn—1,xn) + d(xn/Xn—H)]/ VnelN".

N> DN >

Next, this inequality can be reformulated as follows

A
1—

d(xnlxn+1) < d(xn—1,xn), ¥neIN".

N[>

We can easily see that h = 7 A € 10,1), and then {x,} is a Cauchy sequence in the complete space X.

2
Therefore, there exists u € X such that
Iim xp, =u and Im Tx, =u.

n—oo n—oo

From the inequality (3.7), we deduce

d(Txn, Tu) <

N >

[d(xn, Tu) +d(uw, Txn)], VnelN*.

Passing to limit, as n — oo, we obtain

d(u, Tu) <

N >

[d(u, Tu) + d(uw,u)]. (3.10)

Using Lemma 3.1, it follows from (3.10) that
A
d(u, Tu) < 5 d(u, Tu),

which implies that d(u, Tu) = 0, since % € [0,1). On the other hand, we have
d(Tu,u) (Tw, xn) + d(xn,w) = d(Tu, Txn—1) + d(xn,u)

<d
A

< > [d(w, Txn—1) + d(xn—1, TW)] + d(xn,u)
A

< > [d(w, xn) + d(xn—1,u) + d(u, Tu)] + d(xn,u)
A

= [d(w, xn) + d(xn—1,w)] 4+ d(xn,u) j 0,

n—oo

N

which implies that d(Tu,u) = 0 and then d(u, Tu) = d(Tu,u) = 0. Therefore, we conclude that Tu = u
and hence T has a fixed point.

o Case 5: If M(x,y) = d(x, Tx) + d(x,y), then

d(Tx, Ty) < Ald(x, Tx)+d(x,y)l, Vx,yeX
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We define a sequence xy+1 = Txn, with initial guess x¢ € X. Then, we have

Xn—1, TXn—l) + d(Xn—ll Xn)]
Xn—1,Xn) + d(Xn—1,%n)]
2Ad(xn—1,%n), VnelN*

d(xn, Xn+1) =d(Txn—1, Txn) <A

[d(
[d(

Since 2A € [0,1), {xn} is a Cauchy sequence in the complete space X. Then, there exists u € X such that
{xn} and {Txn} converge to u in X. Next, for all n € IN*, we have

A(Txn, Tu) < Ald(xn, Txn) + d(xn, u)] 311
<A [d(xn,w) + d(w, Txn) 4 d(xn, w)], (G.11)
d(Tu, Txn) < Ald(u, Tu) +d(u, xn)]. (3.12)

We pass to limit in (3.11) to get d(u, Tu) = 0 and then in (3.12) to conclude
d(w, Tu) = d(Tuw,u) =0.

Therefore, we have Tu = u and thus u is a fixed point of T.

o Case 6: If M(x,y) =d(y, Ty) + d(x,y), then
d(Tx, Ty) < Ald(y, Ty) +d(x,y)l, Vx,yeX
We consider a sequence xn+1 = Tx,, with a given xg € X. Then, we have

<A [d(xn, Txn) + d(xn—1,%n)]
< A [d(xn/ XTL+1) + d(Xn—lleL)] s

for all m € N*. Then, for h = % € [0,1), we conclude that
d(Xn/ XT\.—O—l) < hd(xn—llxn)l Vne N

Therefore, {x,} is a Cauchy sequence in the complete space X, and then there exists u € X such that {x}
and {Txn} converge to u in X. Furthermore, we have

d(Tul TXTL) g A [d(Xn/ TXTL) + d(ul XTL)] 3 13
<A [d(xp,uw) +d(w, Txn) +d(w,xn)], (3.13)
d(Txn, Tu) <Ald(u, Tu) + d(xn,uw)]. (3.14)

We pass to limit in (3.13) to get d(Tu, u) =0, and then in (3.14) to conclude
d(u, Tu) < Ad(uw, Tu).
Therefore, since A € [0,1), we deduce that d(u, Tu) = 0. Finally, we conclude that
d(Tu,u) =d(u,Tu) =0,
which leads to Tu = u and thus the self-mapping T has a fixed point w.

o Case7: If M(x,y) = 5 [d(x, Ty) + d(x,y)], then

d(Tx, Ty) < é—}\ [d(x, Ty)+d(x,y)l, VxyeX (3.15)
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Let xo € X given, we consider a sequence x,, 1 = Txn, then from (3.15), it follows

d(xn/ xn+1) = d(Tanlr Txn)

2\

< 3 1dna1, Txn) + d(xn—1,xn )]
2\

= 3 [d(xn—1,%n+1) + d(xn—1,%n)]
2\

< 3 [d(xn—1,%Xn) + d(Xn, Xn+1) + d(xn—1,%xn)],

for all x, y € X and n € IN*. This inequality implies that
aA
d(xnlxn—l—l) < ﬁ d(Xn—lzxn)/ v X,y € X. (316)

3

4N
Since h = é € [0,1), the inequality (3.16) implies that {x,} is a Cauchy sequence in the complete space
X. Therefore, there exists u € X such that,

lim x, =u and lim Tx, =u. (3.17)
n—oo n—oo

Thus, the continuity of d(-,u), d(-, Tu) : X = R and (3.15) lead to
d(u, Tu) = Iim d(Txp, Tu)
n—oo

2\ 2A

< lim [d(xn, Tu) + d(xn, W] = —d(u, Tu),
n=—oo 3

which implies that d(u, Tu) = 0, since % € [0,1). Moreover, we have

d(Tu, Txn) < % [, Txn) + (i, xn )]

Keeping in mind (3.17), we deduce that d(Tu,u) = 0 and finally, we conclude that
d(u, Tu) =d(Tu,u) =0,

which implies that Tu = u, and hence u is a fixed point of T. Therefore, the existence part of Theorem 3.2
has been established. For the uniqueness part, we consider two fixed points u, v € X of a self-mapping T
where u is the unique limit of the Picard sequence x, 1 = Tx,, with a given initial guess xo € X. Then, it
comes from (3.1) that

2d(u,v), Zd(u’;ﬂ’s}(“w), d(u, Tu) + d(v, Tv),

d(Tu, Tv) < A max d(u’T"];d(V’Tu), d(u, Tu) + d(uw,v), ,

d(V,TV)+d(u,V), Z[d(u,TvE)))—l-d(u,v)}

Using Lemma 3.1 and the fact A € [0,1/2), we deduce the following results.
¢ Case 1: Recalling that 1 —2A > 0, then we have

dlu,v) =d(Tu, Tv) < 2Ad(w,v) = (1—2A)d(u,v) <0
= d(u,v) =0.

o Case 2: Keeping in mind that d(u, u) = 0, then we have

2 d(u, Tu) d(v, Tv)  2Ad(u,u)d(v,v)
d(u,v) B d(w,v)
= d(u,v) =0.

d(u,v) =d(Tu, Tv) < =0
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o Case 3: Keeping in mind that d(u,u) =0and 1 —A > 0, then we have
d(u,v) =d(Tu, Tv) < Ald(w, Tu) +d(v, Tv)] = A[d(u,u) +d(u,v)] =0

= (1—-A)d(u,v) <0
= d(u,v) =0.

o Case 4 : Recalling that I )‘;\2/2 € [0,1), then we have

dlwv) = d(Tu, Tv) < A d W +dv T o dwv)+dvu)

2 2
= d(u,v) < 1 i/)\z/z d(v,u)
= d(u,v) < (1i/}\2/2)2d(u,v)
= d(u,v) =0.
o Case 5: Since d(u,u) =0and 1 —A > 0, then we have
d(u,v) = d(Tu, Tv) < Ald(u, Tu) + d(u,v)] = Ald(u,u) + d(u,v)]

= (1—-A)d(u,v) <0
= d(u,v) =0.

¢ Case 6: Recalling that ﬁ € [0,1), then we have

[d(v, Tv) +d(u,v)] = Ald(v,v) + d(u,v)]
[d(v,u) +d(w,v) + d(u,v)]

dlu,v) =d(Tu, Tv) <A
<A

= d(u,v) < d(v,u)

A
1—2X\
A\ 2
= d(u,v) < <1 27\) d(u,v)
= d(u,v) =0.

o Case 7: Keeping in mind that 1 — % > 0, then we have

d(u,v) = d(Tu, Tv) < % A(at, TV) + dlu,v)]) = 2 d(u,v) + d(w,v)]
= (1 — 4?)\) d(u,v) <0
= d(u,v) =0.

Hence, we have proved that in all the cases, that d(u,v) = 0. In addition, by using the same techniques,
we can show that d(v,u) = 0, and therefore, we can conclude that u = v. O

Now, we illustrate our result by the following example.
Example 3.3. Consider the set X = {0, 10, %} endowed with the metric d defined by
dix,y) =x+2y, Vx,yeX

We construct a self-mapping T by T(0) =0, T(10) = L and T( ) =0. For A = %, we can easily see that all
the assumptions of Theorem 3.2 are satisfied, and then 0 is the unique fixed point of a mapping T .
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As a consequence of Theorem 3.2, we may state the following corollary.

Corollary 3.4 ([12, Theorem 3.1]). Let (X, d) be a complete dq-metric space and T : X — X a continuous self-
mapping. If the following condition holds

d(x, Tx) d(y, Ty)
d(x,y)
+ ag[d(x, Ty) + d(y, Tx)] + as [d(x, Tx) + d(x,y)]

d(Tx, Ty) < a1 d(xy) + a2 +az [d(x, Tx) +d(y, Ty)l

+ ag [d(y, Ty) + d(x, y)l + a7 [d(x, Ty) + d(y, Tx)],
forall x, y € X with d(x,y) # 0, and where {a;}i—1,... 7 C R satisfying

0<a;+ay+2as3+4a4+2a5+2a¢+3ay < 1,
then, the self-mapping T has a unique fixed point.

Note here that the above corollary requires continuity of a mapping T. In the next theorem, we provide
a comparable result without any the continuity condition.

Theorem 3.5. Let (X, d) be a complete dg-metric space and T : X — X a self-mapping. If

d(x, Tx) d(y, Ty)
d(x,y)
+aq [d(x, Ty) + d(y, Tx)] + as [d(x, Tx) + d(x,y)] (3.18)

d(Tx, Ty) < a1 d(x,y) + a2 + a3 [d(x, Tx) + d(y, Ty)]

+ ag [d(y, Ty) + d(x,y)l + ay [d(x, Ty) + d(y, Tx)],
holds for all x, y € X with d(x,y) # 0, and where {ai}i—1,... 7 C R satisfying

0<ai+ay+2as3+4a4+2a5+2a+3ay <1,
then, the self-mapping T has a unique fixed point.

Proof. Let T be self-mapping of X verifying assumptions of Theorem 3.5 and consider

2d(x,y), W, d(x, Tx) +d(y, Ty),

M(x,y) = max d(X’TU);d(y’TX), d(x, Tx) + d(x,y), : (3.19)
d(y, Ty) + d(x, y), 2Hatxtu)rdl. Do

Using the inequality (3.18) and the definition (3.19) of M, we find
adl a2
2 2

3
+2asM(x,y) + asM(x,y) + agM(x,y) + %M(x,y)

3
< <‘;+C;2+a3+2a4+a5+a6+(217> M(x,y).

d(TX/TU) < M(le)+ M(le)+a3M(le)

We set A = % + % +as+2a4+ a5+ ag + % e [0, %), then, the previous inequality implies
d(Tx, Ty) < AM(x,y), with A €0,1).

Hence, Theorem 3.2 concludes the proof of Theorem 3.5.
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We now provide another result, which generalizes our main result stated Theorem 3.2.

Theorem 3.6. Let (X, d) be a complete dq-metric space and T a self-mapping of X such that

od(x,y), "‘d("';"gj}(y'T”), d(x, Tx) +d(y, Ty),

d(Tx, Ty) < A max { 4xTwrd ) g Tx) + d(x,y), ,

[0 8
d(y, Ty) + d(x,y), aTulrdly Tx)]

forall x, y € X with d(x,y) #0, A € [0, %) and o« > 2. Then, T has a unique fixed point in X.

Proof. Theorem 3.6 can be proved in a similar way to the proof of Theorem 3.2.

Here, an illustrative example for which our main result Theorem 3.6 is applicable.

Example 3.7. Consider the set X = {0, %, 30} endowed with the following dg-metric
dix,y) =x+2y, VxyeX

Next, we construct a self-mapping T given by T(0) =0, T(30) = % and T(%) =0. For A = % and o« = 3, we
can see that all the assumptions of Theorem 3.6 are satisfied, and hence 0 is the unique fixed point of the
mapping T.

4. Conclusion

In this paper, we gave some new results of fixed point theorems in complete dislocated quasi-metric
space. These results generalize the results founded in [12]. However, their proof of their results seems not
to be correct, see page 4698. More precisely, the authors have considered the inequality

d(En, an) < d(anflr an) + d(‘inr ‘En+1)/

which is not always true in dg-metric spaces. As example, we consider the set X = {0,1,2} and the
mapping d : X x X — R defined by

d(0,0) =0, d(1,1)=7, d(2,2) =6,
d(0,1) =5, d(1,0)=2, d(1,2) =3,
d(2,1) =4, d(0,2) =1, d(2,0) =5.

We can easily verify that d is a dg-metric on X for which the previous inequality is not always valid, as
wecansee for é, 1 =2, &, =1and &,,1 =0.
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