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Abstract

Using a certain combinatorial interpretation in terms of set partition, a g-analogue of generalized translated Whitney
numbers of the second kind is defined in this paper. Some properties such as the recurrence relation, explicit formula, and
certain symmetric formula are obtained. Moreover, a g-analogue of generalized translated Whitney numbers of the first kind is
introduced to obtain a g-analogue of the orthogonality and inverse relations of the two kinds of generalized translated Whitney
numbers.
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1. Introduction

Several generalizations of Stirling numbers have already appeared in the literature starting from the
twentieth century. Hsu and Shiue [19] have listed almost all the generalizations of Stirling numbers which
belong to their unified generalization. One of these is the r-Stirling numbers of the first and second kind
which are defined, respectively, by Broder [3] as follows

[E] :=number of permutations of the set {1,2,...,n} into k nonempty
-

disjoint cycles, such that the numbers 1,2,...,r are in distinct cycles,

{Tkl} :=number of partitions of the set {1,2,...,n} into k nonempty
.

disjoint classes (or blocks), such that the numbers 1,2, ..., r are in distinct classes (or blocks).
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Detailed discussions on r-Stirling numbers and some related works can be found in the papers [3, 25-27].
Just recently, the r-Stirling numbers of the second kind have been generalized further in [28, Mihoubi and
Maamra] by replacing the condition

the numbers 1,2, ..., are in distinct classes (or blocks)

with the condition

for given subsets Ry, ...,R; of {1,2,...,n} where [Ri| = r; and
RiNRj =0, foralli,j=1,...,71#j, the elements of each
subsets Ri, 1 =1,...,r are in distinct classes (or blocks).

This generalization of r-Stirling numbers of the second kind is called the (ry,..., r;)-Stirling numbers of
the second kind.

Moreover, Benoumhani [2] introduced another interesting generalization of Stirling numbers which
is the pair of Whitney numbers, the Whitney numbers of the first and second kind. They are defined,
respectively, by means of the following recurrence relations

wa(m k) =wen—1,k—1)+ (x(n—1) + Dwy(n—1,k),
Wa(n k) = Wen—1,k—1) + (ak + 1)Wq(n —1, k).

These numbers are also known as the Whitney numbers of Dowling lattices, which have their origin in a
class of lattices, based on a finite group G of order m, introduced by Dowling [17]. Numerous properties
on both kinds of Whitney numbers have been established [2] including the horizontal generating functions

n n

(x+1o)n =D (=) HFwa kx5, xM =) Waln,k)(x—1]— a).
k=0 k=0

With the introduction of Whitney numbers coupled by the motivation from the work of Broder [3],
Belbachir and Bousbaa [1] defined combinatorially certain generalization of Whitney numbers by intro-

ducing new parameter . These numbers are called the generalized translated Whitney numbers of the
() ()
first and second kinds and are denoted by T]j and {2} . For brevity, we use GTWN to abbre-

T T
viate the phrase “generalized translated Whitney numbers”. More precisely, these numbers are defined

respectively as follows

()
n
[ } :=number of permutations of n elements with k cycles such that the

first r elements are in distinct cycles and the elements of each cycle

can mutate in & ways, except the dominant one,

(o)
{n} :=number of partitions of n elements with k parts such that the

first r elements are in distinct parts and the elements of each part

can mutate in « ways, except the dominant one.

The concept of mutation and domination of the elements in the definition above were introduced by
Belbachir and Bousbaa in [1]. The occurrence of more than one element in a certain part displays the
situation of domination, one element dominates the other, and the dominated one can mutate in « ways
to another color, for example. Mutation of elements occurs when it is allowed to change its color, for
example, thereby contributing one permutation or partition.
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The GTWN reduce to both kinds of r-Stirling numbers when o = 1. Furthermore, several properties
of these numbers have been established in [1] including the recurrence relations

n+r (“)_ ntr—1] nr—1]®
k+r k+r—1 k+r |,

() (x) ()
+ +r—1 n+r—1
T " +a(k+T1) ,
k+r), k+r—1 k+r—1

T T

7

+oc(n+r—1)[

T T

the horizontal generating functions

n (o)
(x+oar) =3 {“”} (x] — i, (1.1)

and certain explicit formulas

IR S O [l P (e

ig+i1+...in_1=n—k
i €{0,1}

n| ' T el i — i — i)
P S A s

ig+i14+min_1=n—k j=0 )
i;€{0,1}

This paper aims to develop further extension of GTWN using the concept of g-analogue.

2. A g-analogue of GTWN of the second kind

In [7], the classical Stirling numbers of the second kind S(n, k) were defined as the cardinality of set B
of partitions of {0,1,2,...,n — 1} into k nonempty disjoint subsets. With this definition, Cigler [5] defined
a g-analogue of S(n, k) to be the following sum

Y wim), wim) = qZient,
meB

where By is a subset in partition 7t which contains 0. At this point, we can now restate the above definition
()
n
of GTWN of the second kind {k} as follows:

T

()
{2} :=number of partitions 7t of {0, 1, ..., n — 1} into k nonempty subsets
T
B(()(x] , Bg“), eee, B(oi)l such that the r first elements are in distinct

subsets and the elements of each subset can mutate in o« ways, except the dominant one.
In this section, a g-analogue of GTWN of the second kind will be defined parallel to the work of Cigler.
First, we choose Bé“) so that the number 0 € Bé“). Then, let us define the following notations.
1. The weight of partition 7

i =), 5 (57 - ¥

ieB(
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2. The weight of each set of partitions A

= > wm

TTEA

3. Afﬁi . := the set of all partitions of {0, 1, ..., n — 1} into k nonempty parts such that the first r elements
are in distinct partitions and the elements of each subset can mutate in o ways, except the dominant

one.
We now have the following definition.

(«)
Definition 2.1. A g-analogue of GTWN of the second kind denoted by {2} , is defined by
q,r

kS g

01 (@ ) () (o)
where { } = dpx, { } =don, N, k>0, and { } =0, when k <.
k q,r O q,r k q,r

n) ' (o)
{ } ::w(An‘i‘krr) nk=>1 n>k>r,

Remark 2.2. The above weight functions are chosen so that, when q =1,

{n}(“) |A o {n}(oc)
k Lr nkr k . :

Moreover, the above weight function is a kind of variation of the weight function corresponding to the
g-Stirling numbers of the second kind by [4, 18] resulting to a new g-analogue of second kind Stirling-
type numbers. One may also try to define a g-analogue of GTWN of the second kind using the weight
function in terms of non-inversion numbers.

When n =4,k =3, r =2, and « = 1, we have the following partitions of {0, 1,2, 3}:

432 = {0H1K2, 3}}, {{0, 2H{1 K3}, {{0K1, 2{3}}, {{0, {1 H2}}, {{0H1, 3K2}}.
Then

(1)
4
{3} =q"+q""?+q°+q"P+q"=3+q*+ ¢ 2.1)
q,2
To compute quickly the first values of the g-analogue, let us consider the following recurrence relation.
n) (&)
Theorem 2.3. The numbers {k} satisfy the following recurrence relation
q,r

1 () (o) (o)
R e Tt A
kK Jqr k=1f, LY

= C; U Co U C3 such that

wheren >k >1>0.

Proof. We write An kor

1. Ciisthesetofall me Al
2. Cyis thesetof all e Al
3. C3is the set of all w € Al

such that {n} is one of the nonempty parts of 7.
such that n € Bg“), i#£0, and Bgo‘)\{n} £ ¢.
such that n € B\

n+1kr

n+1kr

n+1kr
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Then we have

O

Using this recurrence relation, we can generate the first values of the g-analogue. For instance, Tables
()
1 and 2 contain the values of {E} forn=0,1,2,3,4withr=2and « =1, 2.
q,r

(x)
Table 1: Table of Values for {2} when o = 1.

q,T
n\k [0]1 2 3 4
0 [1]0
1 [0]1
2 [0]o0 1
3 [0]0 q°+1 1
4 10[0[+qP+q’+1 | ®+q°+3 1

Table 2: Table of Values for {2} when o = 2.

q,r
n\k[0][1 2 3 4
0 [1]0
1 [0]1
2 (o]0 1
3 [ofo 2q%+2 1
4 [0]0]49°+49°+49°+4]29°+29°+6] 1

(1)
Note that the value of {;L} as computed in (2.1) coincides with that in Table 1.

q,2
By applying the triangular recurrence relation twice, we can have

n+1 () n (o) n ()
Ut g, ety
k qr k—1 qr k qr
()

(e)
fmn B n fn—1 20 N noi,jmn—2
_{k_l}q,r+a(k 1+q ){k_l}q,r+a(k 1+q™)(k—1+q ){k—l}

—92 ()
+<x3(k—1+q“)(k—1+q“1)(k—1+q“2){“k } .
q,T

()

qr

It can be observed easily that, if we continue applying the triangular recurrence relation up ton —k+1
times, we get

() (x) (o) ()
1 -1 -2
{n: } :{knl} —|—oc(k—1~|—qn){z 1} +ocz(k—l+q“)(k—1+q“‘1){Ll 1}
q,r T qr ) qr ) qr
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) (x)
+cx3(k—1+q“)(k—1+q“1)(k—1+q“2){“ }

k a7
n—k k—1 () n—k+1 k—1 ()
n—k+1 n—i - n—k+2 n—i -
. —1 k—1 .
ot H(k +q ){k—l} + o H ( +q ){ y }
i=0 qr i=0 q,r
k—1 (o) n ()
Now, using the fact that { } = 0, we have the following vertical recurrence relation for {k}
qr qr

n

Theorem 2.4. The q-analogue of GTWN of the second kind {k

} satisfies the following vertical recurrence
q,r

relation

nti () m—k+1 j-1 (] (o)
{ . } = > od]Jk-1+q ){k_i} (2.2)

qr j=0 i=0 qr

For example, when o« = 2,n = 3,k = 3, using equation (2.2) and Table 2, we obtain

Nn? (3@ 2) @
{ } :{ } +2(3—1+q3){2} = (24* +2) +28-1+¢°) =2¢° +2¢” +6,

3)qr 2) qr qr

(2)

4

which is exactly the value of { 3} that appeared in Table 2.
qr

n
Another form of recurrence relation can also be established for { } , which is classified as horizon-

qr
tal recurrence relation. The following theorem contains the said recurrence relation.

Theorem 2.5. The q-analogue of GTWN of the second kind {2} satisfies the following horizontal recurrence
q,r

() m—k n (o)
n _ ~ lq _1)k+j+l{ n+1 } 23
{k}q,T ).%( Y (™ =Dy (k+j+1) . 23)

relation

Proof. Using the triangular recurrence relation in Theorem 2.3, the right-hand side (RHS) of (2.3) gives

n—k () mn—k n (o)
@M=Dy [ T L § P . n
RHS = ) (—1)od ——= o Y (o w(k+j+q™) ,
5—0 (™ =Disr (k4] gr )20 (g™ = D41 )4 k+j+1f,
—k n “x
Y Ly —1)k+5+1{ n'}“")j (_1W~+l(q“—1)k+j+z{ n }(“J
i=0 (qn_l)k+1 k+] q,r j=0 (qn_l)k+1 k+]+1 qr
—k —x
:{n}(“)+TLZ(_1)j“j(qn—1)k+j+1{ n }(“)_FTLZ(_l)i1“j(qn—1)k+j+1{ n }(0‘)
Kar S (™ =11 k+j) g S (@™ =Dy (k+j) gqr
j j
f
k g
O

()
The next theorem contains an explicit formula for {E} , which is analogous to certain identity of

q,Tr
[3]. But before that, let us consider first the following lemma from [10].
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Lemma 2.6 ([10, Corcino-Fernandez]). The following relation holds

Srbjatetg _ (M T idsien
2 = (") e
q

T<j1<e<-<jisn

((x)l K1 in the form

Writing m€ A/

m=10,i1,32, ..., i) ®)/BI®) /. /B,

where j1 #1,2,...,v—1, therefore we get

((X) n . . . —.
iy SETUCUREN SRRV S ST I RN b

q.r () 1i=0 r<jr1<<ji<n
TEA L Lkt St s

(o)

= i Z ociq51+i2+~"+ii{n]:i}

i=0 <1< <ji<n 1

Thus, using Lemma 2.6, we obtain the following explicit formula.

1 (o)
Theorem 2.7. The explicit formula for n is given by
k+1])qr

(@) m i . ()
n+1 n—r+1 i i) (n—1i
= E 2 . 2.4
{k+1} ( i >q“q { k } 24

q,7 i=0 r—1

Remark 2.8. Equation (2.4) is a g-analogue of the following identity

{n—&—l}(“)_i(xi<n—r+1>{n—i}(°‘)
k+1), = i S

which, by taking o = 1, coincides to the identity by [3]
n n—r\[n—-p—k K
mf, Z k m—p P
T k T—p
Remark 2.9. The horizontal generating function for GTWN of the second kind in (1.1) can be expressed as

n () n (o)
n n+r k<§> n_ n+r X
(x+ar)™ = E {k—i—r} o o/ (ax 4+ ar)™ = E Kt o (X)),

k=0 T k=0 T

withp =1.

where (x), = (x)(x —1)(x —2) - - - (x —k + 1). Using Newton’s interpolation formula, we obtain
(o) k
n+r 1 i (KY, .
=—— ¥ (—1)kT n,
{k+r}r ockk!j;)( ) (j)(“]“‘”
This formula can also be written as

n+r () o‘nfk k (kN . n
{k+r} T Z(_l)k]<j>(3+r)- (2.5)

T : j:0
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Thus, using (2.5), the explicit formula in (2.4) can be rewritten as

ntl i kirl )kfrJrl—j (k—jrﬂ) (n—{ﬂ) . aiqw (r—1+ j)n—r+1—i
k+1 ok—n+i(k —r41)!
i=0 j=0
O(“_k

k—r+1
ry1—i (k=741 e
“ e X 0 (T e
|

X{nil <n_T—|—1) q1(121]< qr )1}
< 1 T—14j
i=0 q

Applying a g-identity in the book by [7], which is given by

n " n—1
> <T> g 7 x =[] (1+xd"),
q

i=0 i=0

we obtain

T

() n—k k—r+1

n+1 o K1 r+1 ' B

{k—i—l}qr :m Z (=< ) H (r—1+j+q™). (2.6)
, i—0

i=0
This identity is a kind of g-analogue of that identity in (2.5) since, when q =1, (2.6) reduces immediately
to (2.5).

()
. . n . . .
The next theorem contains a symmetric formula for { } which is analogous to the horizontal

q,r
generating function of Stirling numbers of the second kind.

Theorem 2.10. A q-analogue of GTWN of the second kind {2} satisties the following relation
q,v

n-1 ()
n
Z {k+ 1} (x —o(r—1lo) g = (x+ag")(x+ ocq”l) e (x+ ocq“fl).
k=0 qr

Proof. From the well-known formula

we get

W E e ey
+ qr s 1 q r—1

i(i—1+42r)

atq 7 falx+r—1I" Yo

>
-
4
+
AR
3
AR
VR
3
|
-

A=l T . i(i—142r) .
< > a'q 7 (x4 — 1T .
q
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It is known that, for a positive integer n, a real number q # 1, and an indeterminate z, we have

n

[Tlata =3 @ q > ek,
q

i=1 k=0

With z = q" and a = x+ 1 —1, we obtain

n () Ak—TH+1 . - -
{k—l—l} :m(ocq +a(x+1r—1))(xq +oa(x+r—1)) - (g +a(x+1—1))|x=0.

The well-known formula for higher order difference operator yields

n—1 n ()
S{ ) e

k=0 qr

n—1 Ak r+1 n—l

=2\ ooy Ll ed Fabetr=)heo o fe—alr =Dl
k=0 Pl

1 e (k—T+1 ,

= k—rt 1)1 Z (—1)kTH ]< . >H(ocql+oc(r—l—)—1)) (x—o(r— 1))}y iq
k=0 ' j=0 ) l=r
—1 k—r+1

=Y b X e (e
oo (k= +1)! j=0 )

y { S atqit it (4 1)]“Ti}} (x—or =1y, 4q

i=0 r<ii<ip<--<iyn—1

n—1

1 . .

= Z (k—7+1)! Z Z otqt
k=0

i=0 r<ii<--<iy<n—1
k—r+1
g1 (k—T+1 . i
x{ Z (—1)k-T+1 1< : )[oc(r—k;—l)]“ ‘}(xcx(rl)o@krﬂ.
j=0

Using the explicit formula for (v, 3)-Stirling numbers in (2.5) which also appears in the paper by [8], we
have

n—1 n ()
Z{k—i—l} (x —o(r =)o)y i1

Z Z o(iqi1+iz+"'+ii{
i=0 r<ii<ipg<---<ijn—1

> <2::I> B <X—06(r—1)|cx>k_r+1},

A relation in [8] implies that

n—1 n—r

(o) o . .
Z {ki 1} <X— OC(T— 1)|(x>k—r+1 — Z Z (xlq11+12+---+1-lxn7r71
q,r

k=0 i=0 r<iy<ip<--<ij<n—1

T‘—l—l) .

=(x+aq")(x+ «q ~(x—|—ocq“_1).
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For example, when n =4, x =2 and r = 2, we have

3 (2) (2) (2) )
Z {kj—l} (x—=2R2)y 4 = {i} + {:} (x—=2)+ {i} (x —2)(x —4)

k=0 q,2 q,2 q,2 q,2
= (4+4q%>+4q> +4q°) + (6 +2¢*> +2¢°) (x —2) + (x —2)(x — 4)
= x> 4+2¢°x +2¢°x +4q° = (x +2¢%) (x +2¢°).
It is worth mentioning that [27] considered certain generalization of Bell numbers, called r-Bell num-
bers, and obtained several interesting properties of these numbers. These numbers were first defined in
[8] as the sum of r-Stirling numbers of the second kind. It will then be interesting to define a g-analogue

of r-Bell numbers in terms of the above g-analogue of r-Stirling numbers of the second kind and establish
some properties analogous to those obtained by Mez6 for r-Bell numbers.

3. A g-analogue of GTWN of the first kind

The inverse relation for generalized translated Whitney numbers has not been established in [1]. How-
ever, one can derive this relation by making use of the horizontal generating function of GTWN. For
example, the classical Stirling numbers satisfy the following inverse relation

n

fo=) m gk <= gn = Z(—l)“k{g}fk,

k=0 k=0

which can be obtained using the following horizontal generating functions

wa=3 [ =3 (e

k=0 k=0

This motivates the authors to define a g-analogue of GTWN of the first kind to possibly establish the
inverse relation for the g-analogue of GTWN.

Definition 3.1. A g-analogue of GTWN of the first kind is defined by

n (o)
(x—alr—1lo)y_, =Y m (D)™ (x + g ) (x+ aq" ) - (x4 ag< ) (3.1)
k=0 qr
n () n () n ()
with r < k — 1. By convention, =]1lwhenr=kand n > K, =1whenn =0, =0
k q,r O q,7v O q,r

n(oc)
] =0whenn<korn,k<0.

when n > 0 and [k

q,r
Using the relation in Theorem 2.10, we have

L P D) k k) (™)
(x—o(r—1)|e),,_, = Z [k] (—nk Z {m} (x—ar—1)fe))
k

k=0 -"- AT m=1 qr
n n n (o) (o)
= Z (=™K [k] { } (x —o(r—1)|ot) ;y_ye -
m=1 (k=m qr (M gr
Comparing the coefficients of (x — «(r —1)|«),,_,, we obtain

n () (o)
nokm k B
§ (_1) |:k:| {m} - 6‘m‘ru

k=m q.r q,r
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where 6.1, is the Kronecker delta. On the other hand, the relation in Theorem 2.10 can be written as

LI () k k (x)
(x+ocqr)'~(x+ocq“1)=z{ } Z[ } (15 ™t ) - (x+ g™ )

o g il
k n ()
n k
- {Z(—l)k—m{k} M }(x+ocq*)---(x+ocqm—1).
m=1 L{k=m qrLlMlgr

Thus, we can state formally these results in the following theorem.

Theorem 3.2. The q-analogue of GTWN of the first kind satisfies the following orthogonality relations

n (o) () n (x) (o)
nek|m k _ yk—m M k B
k_Zm(—n [k] {m} = Smn, 3 (-1 {k} M — S,

q,r q,r k=m q,r q,r

Remark 3.3. This theorem immediately implies that

1 (o) (T
- L1 1
<(_1)1 J|::| ) ({} ) :ITL+1/
Mar/ocijan \ Va7 ocijcn

where I, 11 is the identity matrix of order n + 1. That is

(0 ! N
((—1)ij H ) = ({1} >
Mar ) ocijen 1 ar ) ocijcn
() oy (0 T
det ((—1)1—1 H ) ({1} ) = 1.
Mar 0<ij<n ) ar 0<ijsn

As a direct consequence of this theorem, we have the following inverse relations of g-analogue of
GTWN.

and

Theorem 3.4. The q-analogue of GTWN of the first kind satisfies the following inverse relations

n L () L ()
fn = E (=" gk <= gn = E i,
k k
k=0 q.r k=0 q,r
00 (o) 00 (o)
_x|n n
fo=> (-1~ °F gn = g = ) fa.
k k
n=0 q.r n=0 q,r

Remark 3.5. When q — 1, the orthogonality and inverse relations in Theorems 3.2 and 3.4 will reduce to
the following orthogonality relation

n () () n () (o)
n—%k n k . . k—m n k _
P M {m} — S, S (1) {k} [m] — S

T T k=m

and inverse relation

n

L [n] noey (@) 0 ) o oy ()
_ n— _ _ n— _
fn—E (—1) MT 9k<=>9n—§ {k} i, fk—E (—1) MT 9n<=>9k—§ {k} fn

k=0 k=0 T n=0

for GTWN.
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(«)
To compute quickly the first values of [n} , we need the following triangular recurrence relation.
q,r

Theorem 3.6. The q-analogue of GTWN of the first kind [2] satisfies
q,v

() () (x)
[““} :[“] +a(n—1+q‘<)m . (3.2)

Kk lqr k=1gr qr

Proof. Equation (3.1) implies that

Il
=
|
2
=
|
—_
|
2
B
|
2
=
|
2
=
|
=
2
3
|

o Klgr
n ()
n — T T
Ly [k ()™ (—aq — a(n— 1)+ q)(x+ g7 ) (x g5 )
k=0 ar
n+1 n
D M R I TR TR L BT
k—1
k=0 ar
# Y (g n =101 U ok aT e ok ),
k=0 q.7
By comparing the coefficients, we obtain the desired recurrence relation. O

We observe that the g-Stirling numbers [E] in [5] satisfy the relation
q

= qc) ,
[ kg [k—1], k] 4

which is analogous to the recurrence relation in Theorem 3.6. This recurrence relation has been used to

*
give combinatorial interpretation of [k] in terms of the weight of permutations in {1,2,...,n} with k

q
nonempty cycles. Hence, we can also use the recurrence relation in Theorem 3.6 to give combinatorial

interpretation for { k] by following the same argument in constructing the combinatorial interpretation

q,r

of [n} .

k q

To sketch the construction, first, we let P, be the set of all permutations of {1,2,...,n}, U’L‘Xr) be the set
of all permutations of {1,2,...,n} such that elements 1,2,...,r are in different cycles and the elements of
each cycle can mutate in o ways, except the dominant one. Also, we let w(7) be the weight of m € P;,. As
defined in [5], the decomposition into nonempty cycles Co, Cy, ..., Cx—_1 of a permutation 7 € P, is called
a natural decomposition if the ordering is according to decreasing largest elements of the cycles, the natural
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ordering. Since max(Cp) = n, the natural decomposition of Cy is given by {n}, Co1, Co2, ..., Coi. Also, by
[5], for m= [C01|C02| s |C01|TL}C1|C2| . |Ck,1 S fpn, we define

where j; = m if Cy; lies between C,,_1 and Cy, in the natural ordering of cycles and j; = k if max(Cp) <
()
max(Ck_1). Then the g-analogue [ﬂ of GTWN of the first kind can be interpreted as the sum of the
q,r
weights of all permutations 7t € TT(l“r) such that the natural decomposition has exactly k cycles.
One can easily observe that, by repeated application of the triangular recurrence relation in Theorem
3.6, we can have

[n—i— 1} (o)

k ar
(x) ()
- {knl] +oc(n—1+qk)[2]
- q,r q,r
() (o) () (o)
—1 -2 -2
:{ m ] —i—oc(n—l—l—qk)l[n } +oc2(n—1+qk)2{TL ] +oc3(n—1+qk)3[n ]
k—1 ar k—1 ar k—1 ar k ar
() () (o)
—1 -2
:{ n ] +oc(n1+qk)1[n } +oc2(n1+qk)z[n ]
k—1 ar k—1 ar k—1 ar

n—3](°¢) {k—l}“")

+a(n—1+4qg"); {k—l o™ M =14 gk
q,T

k—1]
+ oMM =14 ) [ } :
k
q,T
k—1] ] ()
Since [ ] = 0, we have the following vertical recurrence relation for [ }
q,v q.r

Theorem 3.7. The q-analogue of GTWN of the first kind [T]j satisfies the following vertical recurrence relation
q,r

n+11® ko ke [m—j (o)
o el

q,r j=0 q,r

Theorem 3.8. The q-analogue of GTWN of the first kind [2] satisfies the following horizontal recurrence
q,r
relation
(@) 1 j ()
n i i n+1
M =Y (~a) k{ 11 (n—1+q)}[j+1} . (3.3)
ar =k i=k+1 ar
Proof. By making use of (3.2), the right-hand side (RHS) of (3.3) gives

n j ()
RHS =) (—a) ™" { [T n-1+ qi)} [’;:ﬂ
j=k

i=k+1 q.r



R. B. Corcino, J. C. Fernandez, M. A. R. P. Vega, ]. Math. Computer Sci., 24 (2022), 82-96 95

(_(X))'k{ liI (n_1+q1)}{|:n:|(°‘)+o((n_1+q]+1)|:TL :|(CX)}
j j+1

n
j=k i=k+1 q.7 ar
n . j n () n . 1 j+1 n ()
_ j— i j—k o j—k+ i
=3 (o {.H (n—1+q)}[j] +3 () {H (n—1+q)}[j+1]
j=k i=k+1 ar =k i=k+1 q,r
(o) n j (o)
[ — . n
£ gl
a7 j=k+1 i=k+1 qr
n ) () ()
)itk ik BT NG L] R L
£ ) U {_H (n 1+q)}H M
j=k+1 i=k+1 qr qr
which is exactly the left-hand side of (3.3). O

4. Conclusion

A new g-analogue of generalized translated Whitney numbers of the second kind was introduced by
means of a certain combinatorial interpretation in terms of set partition. This q-analogue possessed three
forms of recurrence relation: the triangular, horizontal and vertical recurrence relations. Moreover, explicit
formula and a horizontal generating function of the g-analogue were obtained, which are analogous to
those of the generalized translated Whitney numbers of the second kind. Furthermore, a gq-analogue of
generalized translated Whitney numbers of the first kind was defined by means of a horizontal generating
function. With this, the orthogonality and inverse relations of the g-analogues of both kinds of generalized
translated Whitney numbers were established, which consequently give certain matrix relation. The
g-analogue of generalized translated Whitney numbers of the first kind also possessed three forms of
recurrence relations.

For future research work, it would be interesting to investigate a q-analogue of Qi-type formula [13]
for translated r-Dowling numbers by introducing a g-analogue of generalized translated Whitney-Lah
numbers. Moreover, it would also be interesting to obtain the Hankel transform of the g-analogue of
translated r-Dowling numbers [11, 12, 14-16].
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