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Abstract

In this paper, we first introduce new definition of Mersenne Lucas numbers sequence as, forn > 2, mp =3m,_1 —2mu_»
with the initial conditions mg = 2 and m; = 3. Considering this sequence, we give Binet’s formula, generating function and
symmetric function of Mersenne Lucas numbers. By using the Binet’s formula we obtain some well-known identities such as
Catalan’s identity, Cassini’s identity and d’Ocagne’s identity. After that, we give some new generating functions for products of
(p, q)-numbers with Mersenne Lucas numbers at positive and negative indice.
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1. Introduction and some preliminary properties

In recent years, we have seen so many studies on the different (p, q)-numbers sequences such as
(p, q)-Fibonacci, (p, q)-Lucas, (p, q)-Pell, (p, q)-Pell Lucas, (p, q)-Jacobsthal and (p, q)-Jacobsthal Lucas
sequences, we refer the reader to [6, 13-15]. Now, let we define the generalized (p, q)-Fibonacci sequence
{fp,qn (&, B, V), generalized (p, q)-Pell sequence {1, g n (%, B,¥)}5_o and generalized (p, q)-Jacobsthal
sequence {Cp g,n (0, B,y)}fzo as follows, forn > 2,

fp,a0 = % fpq1=B+vypand fpqn =pfpqn-1+dfpqn—2, (1.1)

g0 =0 lpg1=B+2ypand 1y gn =2ply,qn-1+qlp,qn-2, (1.2)
and

Cpqo=0 Cpq1=B+vpand Cp gn =PCp,qn-1+29Cp gn-2 (1.3)
respectively. Particular cases of the sequences {fy qn (% B,V)h_o, {lpqn (B, V), and
{Cp,an (o, B, V) are as follows.
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Case 1.1. If we take x =y =0and 3 =1in (1.1), (1.2), and (1.3), then we get:

- the (p, q)-Fibonacci sequence
Fpq0 =0, Fpq1=1and Fp gn =pFpgn-1+qFp,qn-—2;
- the (p, q)-Pell sequence
Pp,q0 =0, Ppq1=1and Py gn =2pPp qn-1+qPp,qn-2/
- and the (p, q)-Jacobsthal sequence
Jp,a0=0, Jp,q1=1and Jp,qn =PJp,qn-1+2dJp,qn-2;

respectively.

Case 1.2. If we take x =2,y =1and 3 =0in (1.1), (1.2), and (1.3), then we get:

- the (p, q)-Lucas sequence
Lpgo0=2 Lpg1=pand Ly qn =pLp,gn-1+9Lp,qn—2/
- the (p, q)-Pell Lucas sequence
Qp,a0 =2, Qpq1=2p and Qp,qn =2PQp,qn-1+9Qp,qn-2
- and the (p, q)-Jacobsthal Lucas sequence

Jp,a0 =2, jp,q1 =P and jp,qn = Pjp,qn-1+2djp,qn-2;

respectively.

The Mersenne numbers play a key role in an investigations on the prime numbers. In the references
[7, 9], certain important studies listed. Note that the Mersenne numbers is defined by the recurrence

relation, for n > 2,
Mo=0, My =1and M, =3M,_1 —2M _».

(1.4)

Many important identities such as Catalan’s identity, Cassini’s identity and d’Ocagne’s identity, etc, for
Mersenne numbers are shown in [5]. Few properties that the Mersenne numbers satisfy are summarized

below.

e Binet’s formula for Mersenne numbers:
M, =2"—1.

e Negative extension of Mersenne numbers:

M,
an - 27“.
e Generating function for Mersenne numbers:

> z
— Mozt = =
9() T; n# 1—3z+222

e Complete homogeneous symmetric function of Mersenne numbers:

Mn = hnfl (2/ 1) .

(1.5)
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e D’Ocagne’s identity for Mersenne numbers:

MrMn—i—l - Mr+1Mn = anrfn-

Next, we recall some properties of the symmetric functions that we will need in the sequel.

Definition 1.3 ([8]). Let k and n be two positive integers and {aj, ay, ..., an} are set of given variables the
k-th elementary symmetric function ey (aj, ay, ..., an) is defined by:

et = e (ay,az,...,an) = > aqi'afeealr (0<k<n),

i+ig+-Fin=k
with iy,1,...,in =0 or 1.

Remark 1.4. Set eg (ay, ap, ..., an) =1, by usual convention. For k < 0 or k > n, we set ex (aj, az,...,an) =
0.

Example 1.5. The following lists the n elementary symmetric function for the first three positive values
of n:

Forn=1:e;(a;) = a;.

Forn=2:e1(ay,a2) = a; +ap, e (a,a2) = ajas.

Forn=3:ej(aj,az,a3) =a;+ax+as, e (ay,ax,a3) = aja + ajas + aras, es(ay, a, az) = ajaras.

Proposition 1.6. Given an alphabet A = {a1, ay, ..., an}, the generating function for the elementary symmetric
function is given as:

Z ex(ay, ay, ..., an)z" = H (1+ az).
k=0

acA

Definition 1.7 ([8]). Let k and n be two positive integers and {aj, ay, ..., an} are set of given variables, the
k-th complete homogeneous symmetric function hy (aj, az, ..., an) is defined by:

h]in) =hy (ag,qz,...,an) = Z a}laéz‘--ai{‘, (k> 0), (1.6)
Y HigtoFin=k

with iy, 1, ...,in = 0.

Remark 1.8. Set hg (aj, ap,...,an) = 1, by usual convention. For k < 0, we set hy (a;,ap,...,an) = 0. If
n = 2, the k-th complete homogeneous symmetric function (1.6) gives us

, for all k € Ny,

with
hola;, @) =1, hi(a;, a2) = a1 +az, ha(ay, a2) = a? +ajax + a3,

Proposition 1.9. Given an alphabet A = {ay, ay, ..., an}, the generating function for the complete homogeneous
symmetric function is given as:

1
[[(1—az)

00
k
Z hk(all az,..., an)z =
k=0 acA

There is a fundamental relation between the elementary symmetric functions and the complete homo-

geneous ones:
k

Z(—l)jej (a1, a2,...,an)h_j(as, az,...,an) =0,
i—0

which is valid for all k > 0.
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Definition 1.10 ([2]). Given an alphabet A = {ay, a,}, the symmetrizing operator 5% ,, is defined by:

_aff(a) —a¥f(az)

k
Sq,apflar) = Fa— , for all k € Ny. (1.7)
If f (a1) = aj, the operator (1.7) gives us
k+1 _  k+1
a a
aa,flar) p—— k (a1, a2)

2. The Mersenne Lucas numbers

In this section, we define the Mersenne Lucas sequence, and then we give Binet’s formula and gen-
erating function for this sequence. Moreover, we obtain some results related with the Mersenne Lucas
numbers. Let us now start at the following definition.

Definition 2.1. Let n > 2 be integer, the recurrence relation of Mersenne Lucas numbers {mn },,_, is given
as:
My =3my 1 —2my 2, (2.1)

with the initial conditions mg = 2 and m; = 3.

Now, we show that the first few terms of Mersenne Lucas numbers as: {2, 3, 5, 9, 17, 33, 65, 129,...}.
Recurrence relationship (2.1) involves the characteristic equation

x> —3x+2=0,
which has two characteristic real roots:
x1 =2and x, =1,
so that
X1+x =3, xx2=2, and x; —xp; =1.

The next theorem gives the n-th term of the Mersenne Lucas numbers.

Theorem 2.2. The Binet’s formula for Mersenne Lucas numbers is given by:
my, =2"+1. (2.2)

Proof. From the theory of difference equation we know the general term for Mersenne Lucas numbers can
be expressed in the following form

my = C12™"+ Gy,
Ci+Cr =2,
2C;+Cp =3.
C2 = 1. Therefore ML,, =2™ + 1. This completes the proof. O

where C; and C; are the coefficients. For n = 0, 1, we have { By these equalities, C; =

The negative extension of Mersenne Lucas numbers m_,, even Mersenne Lucas numbers my,, and
odd Mersenne Lucas numbers my, 41 given in the next proposition.

Proposition 2.3. Let n be any positive integer. Then we have

(2.3)

2 +1
2) mpn =my —2",

3) Mony1 =2Mon +3,

where My, is the n-th Mersenne numbers.
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Proof. By the Binet’s formula (2.2), we can write

1 2" +1  mp

Moy = 22n +1= (2“ + 1)2 _2n+1 — mgl _2n+1,

and
Mong1 =22 +1=2(2"" —1) +3 = 2My, +3.

Thus, this completes the proof. O
We now investigate some identities and properties of the Mersenne Lucas sequence.
Proposition 2.4. For n > r, we have

2 n—r
My Mpyr — My =2

m2 —2nF2, (2.4)
which is Catalan’s identity for Mersenne Lucas sequence.
Proof. Using the Binet’s formula (2.2), we easily obtain
Mp Mgy — M2 = (277 4+1) (27 1) — (2" +1)°
=22 T T ) (22 2 4 )
— T pneT gl _gne (927 4 ) Rl _gneyp2 g2

Hence, we obtain the desired result. O

By setting r = 1 in the relation (2.4), we obtain the following corollary which gives Cassini’s identity
of the Mersenne Lucas sequence.

Corollary 2.5. Let n be positive integer, for the sequence {my}, we have
My 1M1 — m%t =1

The following proposition gives d’Ocagne’s identity involving the Mersenne Lucas sequence.

Proposition 2.6. For n,r € IN, the following identity holds true:
MMy — My, =20 =27,
Proof. Once more, using Binet’s formula (2.2), we get
MMy — MMy = (27 +1) (2" +1) — (277 1) 2™ + 1)
= (2rnrlorpontl )  (2rinl gn gl ) — o oT,

As required. O

And we have the following corollary.

Corollary 2.7. The following identity holds true:
MrMn1 — My 1M = — (MTMn+1 - Mr+1Mn) = _2nMT—TL/
where My, is the n-th Mersenne numbers.

We have the following theorem.
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Theorem 2.8. The sum of the Mersenne Lucas numbers is
n
Z my =2 .
k=0

Proof. By using Binet’s formula (2.2), we get

_ _ _ _ on+
D= 2°41=) 24} 1="——+nt+1=2""4n
k=0 k=0 k=0 k=0

As required. O

Now, we aim to give the generating function for Mersenne Lucas numbers. For this purpose, we shall
prove the following theorem.

Theorem 2.9. For n € IN, the new generating function of Mersenne Lucas numbers is given by

ad 2—-3z
_ n __
9(z) _nZ_Om“Z T 1-3z122

Proof. The Mersenne Lucas numbers can be considered as the coefficients of the formal power series

g(z) = Z mpz™.
n=0

Using the initial conditions, we get

(oe] o0
g(z) = Z mnz™ =mgy+mz+ Z mpz™

n=0 n=2

o0
=mg+miz+ Z (Bmp_1 —2mp_2) z™

n=2

o0 o0
=mgy+mz+3z Z Mz — 222 Z mpz"
n=0

n=1

o0 oo
=mg+ (m —3mp)z+3z Z Mmpz™ — 222 Z mpz"™
n=0 n=0

=2—-3z+ (31—222) g(z).

Hence, we obtain
(1-3z+22%) g(z) =23z
Therefore

> 2 -3z
_ no_ ]
g(z)_TIZ_Om“Z 1—_3z+222

Thus, this completes the proof. O

We now investigate some identities of the Mersenne Lucas numbers by using generating function in
the following both theorem and proposition.

Theorem 2.10. Let M, and m,, be n-th Mersenne and Mersenne Lucas numbers, respectively. Then, we get

My =3Mp —4M, 1.
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Proof. Using the generating function of Mersenne Lucas numbers, we get

2—-3z 2 z
_ —2% M _ M,z
Zm“z 1 32122 132322 °1 321222 Z n1z" 3Z nz"

n=0
Therefore - .
> ma Z (2Mn 11 —3Mp) 2™, (2.5)
n=0 n=0
From the recurrence relation (1.4), we can write
Z = Z (BMp —4M,, 1) z"
n=0 n=0
Comparing of the coefficients of z™ we obtain the desired result. O

Proposition 2.11. For n € IN, the complete homogeneous symmetric function of Mersenne Lucas numbers is given
by
Mn = 2hn (2,1) —3hy_1(2,1). (2.6)

Proof. By relationship (1.5), we have
Mn =hn1 (21 1) .

Then, from (2.5) we give
Z mnz" Z (2hn (2,1) =3hn_1(2,1)) 2"

n=0

Hence, comparing of the coefficients of z™ we obtain the desired result. O

3. Complete homogeneous symmetric functions of binary products of (p, q)-numbers with Mersenne
Lucas numbers

The following propositions are key tools of the proof of our main result. They have been proved in
[1, 3, 4].

Proposition 3.1. Given two alphabets £ ={e1, ex} and A = {ay, aa}, then

1—a; (1261 er2?

o
D hnlal, a)hnl(er, e2)z™ = . (3.1)
n=0 H (1—ajeqiz) H (1—ajerz)
i=1 i=1

Note that, based on the relationship (3.1), we get

0 3
z— ajaze ez
E hn-1(a1, ax)hn_1(er, e2)z" = — ! 221 2 : (3.2)
n=0 [T (1—aieiz) [T (1—aiexz)
i=1 i=1

Proposition 3.2. Given two alphabets £ = {e1, ex} and A = {ay, aa}, then

- 1+e)z—ejer(ar +ap)z?
Y hnoilar, ax)hn(er, )z = (2 2) 122( 1)z (3.3)

[T (1—aierz) [] (1— aierz)

i=1 i=1
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Proposition 3.3. Given two alphabets E = {e1,ex} and A ={ay, aa}, then

> a1+ ax)z—ajas(eg +ey)22
Y hn(ay, a)hn_1(er, e)z" = (2 1+ ) 122( 1t ez (3.4)
n=0 [T (1—aieiz) [] (1— aierz)

i=1 i=1

In this part, we are now in a position to provide theorems. Also we derive the new generating functions
for the products of (p, q)-Fibonacci numbers, (p, q)-Lucas numbers, (p, q)-Pell numbers, (p, q)-Pell Lucas
numbers, (p, q)-Jacobsthal numbers and (p, q)-Jacobsthal Lucas numbers with Mersenne Lucas numbers
at positive and negative indices.

This part consists of three cases.

Case 1. For A = {H\/;ZHC', p*\/]292+4q } and E ={2,1} in the relationships (3.1)-(3.4), we have

Zh (p—i—\/ p?idq p- \/ 21 4q ) 1) 1+207
N 142927

D;
= P+ VP2+4q p—+p?r+4q L z+2qz2°
Z hn—l ’ hn—l (2/ 1) == (35)
2 2 D,
n=0
= p+Vp2+dq p— \/ 2 1 4q 3z —2pz?
D hu : n(21)2h == (3.6)
2 D1
n=0
- P+ VPP +4q p—Vp2+4q n _ Pz+3q72
Z hn > s > hn—l (2/ 1) z = T/
n=0

with
Dy = 1—3pz— (59 —2p?) 2> + 6pqz® + 4q%z*
and we deduce the following theorems.

Theorem 3.4. For n € IN, the new generating function of the product of (p, q)-Fibonacci numbers with Mersenne
Lucas numbers is given by

3z — 4pz? — 6q2°
F . 3.7
Z panmnz” " 1—3pz— (5q—2p2) 22 + 6pqz3 + 4q22* 37)

Proof. In [12], we have Fp, g n = hn1 <P+\/1202+4q / p\/]zoz+4q>, and according to the relationship (2.6) we
get

o o
+/p2+4q p—/p2+4
Y Fpanmnz =Y haog (p y -1 P-vP q) (2R (2,1) = 3hy_y (2,1)) 27

n=0
— +V/p2+4 \/ 2 +4q
—2Y hes (p E 9P= ) (2,1) 2"

n=0
0 214 _ 214
~3) has <p+“2’ TPVt q)hnl(z,nz“

by using the relationships (3.5) and (3.6), we obtain

S b e = 20220 320 _ 32— dp2? - 623
pam e D, ~ 1—3pz— (5q —2p?) 22 + 6pqz® + 4q2z*’

which completes the proof. O
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Theorem 3.5. For n € IN, the new generating function of the product of (p, q)-Fibonacci numbers with Mersenne
Lucas numbers at negative indice is given by

= 6z — 4pz* —3qz°
E Fp,q,nTn—nZ‘rL = z L 9z (3.8)
n=0

" 4—6pz— (5q—2p2) 22 + 3pqzd + q2z*

Proof. We use the change of variable z = % in (3.7) and according to relationship (2.3), we get

o) 00 Z\n 32*4]952*6(]53
Z Fpqnm_nz™ = Z Fp,qnmn <§) = - (3) (22) ; (Z)Z . -
n=0 n=0 1-3p (3) — (59 —2p%) (3)" +6pq (3)" +44>(3)
_ 6z — 4pz? —3q2°
4 6pZ— (5q — 2p2) 72 4+ 3pqz3 + q224'

Thus, this completes the proof. O

Theorem 3.6. For n € IN, the new generating function of the product of (p, q)-Lucas numbers with Mersenne
Lucas numbers is given by

4—9pz+2(2p*—5q) 2% + 6pqz>

o0
' "= : 3.9
nZ_O p,qnTMnz 1—3pz— (5q —2p?) 22 + 6pqz3 +4q2z4 (3.9)

Proof. Recall that, we have L, g n = 2h, <p+\/§2+4q , p\/ZpZ+4q> —phn_1 <p+\/§2+4q, p\/52+4q) , (see
[12]).

By the same method given in Theorem 3.4, the proof can be easily made. O

Theorem 3.7. For n € IN, the new generating function of the product of (p, q)-Lucas numbers with Mersenne
Lucas numbers at negative indice is given by

16 —18pz +2 (2p* —5q) z* + 3pqz®

: S : 3.10
nZ—o p,qnM-—_nZ 4 —6pz — (5q —2p?) 22 + 3pqz® + q2z* ( )

Proof. By the same method given in Theorem 3.5, the proof can be easily made. So we omit the proof. [

By putting p = q = 1 in the relationships (3.7), (3.8), (3.9), and (3.10), we obtain Table 1.

Table 1: New generating functions of the products of Fibonacci and Lucas numbers with Mersenne Lucas numbers.

Coefficient of z™ | Generating function
3z—427—62°
Famn 1=32-—327 162 +4z*
6z—4z-—3z
anfn 4—6z—3zz—|5313+3z4
4—9z—6z°+62
Lnmn 182327+ 623 + Az
16—18z—6z“+3z
Lam n 4—62—32243234 74

Case 2. For A = {p +vVP?*+q,p—Vp*+ q} and E ={2,1} in the relationships (3.1)-(3.4), we have

= 1+ 2qz?
3 ha (p+ Vprtaq,p— \/p2+q> hn (2,1) 27 = 292
n=0

D>
S +2 3
> haa (P VP Hap— VP2 ) ha 1 (21)2" = % (3.11)

n=0
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= 3z — 4pz?
> hn (p+\/p2+q,p—\/p2+q> he(21) 20 = 2 P2 (3.12)
n=0

D>

o
2pz +3qz?
D hn (p+ Vp2+aq,p— \/p2+q) hno1(2,1)2" = %,
n=0
with
Dy =1—6pz— (59 —8p?) 2% + 12pqz® + 4q°2*,

and we deduce the following theorems.

Theorem 3.8. For n € IN, the new generating function of the product of (p, q)-Pell numbers with Mersenne Lucas
numbers is given by

3z —8pz? — 6q2°

k T - 3.13

Proof. By referred to [12], we have Pp qn = hn_1 (p +vVP2+aq,p— VPt q), and according to the rela-
tionship (2.6) we can easily see that

o]

(o e]
> Pranmaz’ =3 o (p+ V2T a,p— V21 q) (2ha (21) =3he 1 (2,1)2"
n=0 n=0
23 ha (p VP2t qp—Vpit q) ho (2,1) 2"
n=0
=3 hna(p+ VP Hap— VP Ha) hea(21)2Y,
n=0

by using the relationships (3.11) and (3.12), we obtain

i P mpz™ = 2 (32 —4pz?) 3 (2 +292’) _ 3z —8pz? — 6qz°
=T D T 6pz— (54— 8p7) 22 + 12pq3 + 4q’zt

Hence, we obtain the desired result. O

Theorem 3.9. For n € IN, the new generating function of the product of (p, q)-Pell numbers with Mersenne Lucas
numbers at negative indice is given by

> 6z — 8pz? —3qz®
Y Ppgmmonzt = R (3.14)
n=0

~ 4—12pz— (5q — 8p?) 22 + 6pqz® + q2z*’

Proof. We use the change of variable z = 7 in (3.13) and according to relationship (2.3), we get

i Ppanm-nz" = i Pp,anmmn <§>“ - 3(3) 80 (3)° ~6a(5)
B ™) T (5) - o) (3)7+ 124 () 42 (3)°
_ 62— 8pz2 — 3q2°
T4 12pZ_ (5q — 8-p2) 22 1 6pq23 T q224.

n=0

As required. O
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Theorem 3.10. For n € IN, the new generating function of the product of (p, q)-Pell Lucas numbers with Mersenne
Lucas numbers is given by

Z 4—18pz+2 (8p2 —5q) 22 + 12pqz°
Qp.anmnz" T 1—6pz— (5q —8p2) 22 + 12pqz® + 4q2z*

n=0

Proof. We know that

Qp,qn =2hn (p+\/ﬁp VP2 ) 2phn 1 (p+\/p +q,p—Vp? +q) (see [12]).

By the same method given in Theorem 3.8, the proof can be easily made. O

(3.15)

Theorem 3.11. For n € IN, the new generating function of the product of (p, q)-Pell Lucas numbers with Mersenne
Lucas numbers at negative indice is given by

Z 16 —36pz +2 (8p* —5q) 2% + 6pqz®
Qp.gnm-nz" T 4—12pz— (5q —8p2) 22+ 6pqzd + qzt’

n=0

(3.16)

Proof. By the same method given in Theorem 3.9, the proof can be easily made. So we omit the proof. [

By setting p = q =1 in the relationships (3.13), (3.14), (3.15), and (3.16), we obtain Table 2.

Table 2: New generating functions of the products of Pell and Pell Lucas numbers with Mersenne Lucas numbers.

Coefficientof z™ | Generating function

3z—827—62°

Prnmn 176z+3224512z33+4z4
6z—8z-—3z

Pam_n 4—12243224-6234-2z%

Qnm 4—182+62°4122°

n'm 1—62+3224+1223 4474

Qnm 16—362+62%+62°

n't—m 4—12243224+62342%

2 7

e (NWP m) 2 1) 1402 61

Case 3. For A = {p+\/p2+8q p_\/1232+8q } and E = {2,1} in the relationships (3.1)-(3.4), we have

Dy
n=0
Yty (PEVEEESG POVITESG) ) pn 2 E A (319)
2 2 D;
n=0
a 2 _ 2 — 2pz2
S g (VPSS PO VTREAN (g ) 20T (319)
2 2 D3
n=0
- P+vp?+8q p—p2+8q n _ Pz+6q2°
> hy 5 : 5 Rt (2,1)2" = =5 ==,
n=0

with
D3 =1—3pz—2(5q —p?) 2> + 12pqz’ + 16¢*z*

and we deduce the following theorems.

Theorem 3.12. For n € IN, the new generating function of the product of (p, q)-Jacobsthal numbers with Mersenne
Lucas numbers is given by

o 3z —4pz® —12q2°
n_ . 3.20
2 Tpan e = g (s~ p?) 22 12pa2 + 164750 20
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Proof. Recall that, we have J, gn = hn_1 <P+\/1292+8q’ p—\/§2+8q> (see [12]), and according to the rela-
tionship (2.6) we see that

= - ++/p2+8q p—+/p>+8
le,q,nmnz“zzrtn_l <p PRV q)(2hn(2,1)—3hn_1(2,1))z“

—2Zhn1<p+\/p +8q p V2 +8> (2,1) 2

n—1

_3Zhn_1 <p+\/§ +8q,p_\/§ +8q>h (2/1)211
n—

by using the relationships (3.18) and (3.19), we obtain

i} gt 2(3z—2pz?) —3(z+4q2°) 3z —4pz? —12q2°
pamime D3 ~ 1—3pz—2(5q—p?) 22 +12pqz® + 16q2z*’

which completes the proof. O

Theorem 3.13. For n € IN, the new generating function of the product of (p, q)-Jacobsthal numbers with Mersenne
Lucas numbers at negative indice is given by

ZJ g 6z — 4pz® — 6q2°
Pam e 6pz — 2 (5q — p2) 22 + 6pqz® + 4q2ZE

Proof. We use the change of variable z = Z in (3.20) and according to relationship (2.3), we get

= - z\n 3(3) —4p(3)°—12q9(3)
Jp,qnm_nz" = Jpgnmn (5) =

1-3p (3) ~2(5q - p?) (5)" +12pq (5) + 1642 (5)"
B 6z — 4pz> — 6qz°
 4—6pz—2(5q—p?) 22 +6pqzd +4q2z*

Hence, we obtain the desired result. O

Theorem 3.14. For n € IN, the new generating function of the product of (p, q)-Jacobsthal Lucas numbers with
Mersenne Lucas numbers is given by

(3.21)

Z 4—9pz+4(p?—5q) 2> + 12pqz®
JpanmnZ = s B = I 2+ 12pad + 16472

Proof. Recall that, we have j, qn = 2hn <P+\/1232+8q, P\/;)ZJrSQ) —phn_s <P+\/1232+8q, P\/1232+8<J>, (see
[12]).

By the same method given in Theorem 3.12, the proof can be easily made. O

Theorem 3.15. For n € IN, the new generating function of the product of (p, q)-Jacobsthal Lucas numbers with
Mersenne Lucas numbers at negative indice is given by

16 — 18pz+4 (p* —5q) 2> + 6pqz°
leqnm nz"

. 3.22
T 4—6pz—2(5q—p?) 22+ 6pqz® + 4q2Z* (322)

Proof. By the same method given in Theorem 3.13, the proof can be easily made. So we omit the proof. [

By taking p = q =1 in the relationships (3.20)-(3.22), we obtain Table 3.
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Table 3: New generating functions of the products of Jacobsthal and Jacobsthal Lucas numbers with Mersenne Lucas numbers.

Coefficient of z™ | Generating function
Jam 3z—4z2—1273
n'm 1—32—822+1223+1624
] m 6z—427—62°
n'—mn 4—62—8224623+474
Cm 4—92—1622+122°
JnTn 1 32z 8221127311623
m 16—182z—1622+62°
JnTM-—n 4—62—8224 6231424

4. Conclusion

In this study, we have introduced the concept of the Mersenne Lucas numbers. We also gave some
results, such as generating function and Binet’s formula of these numbers. Moreover, by making use of the
complete homogeneous symmetric function we have obtained the generating functions for the products
of (p, q)-numbers and Mersenne Lucas numbers.
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