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Abstract
In this paper, we will prove some fundamental properties of the power mean operator Hλw

p of order p, which is defined
by

Hλw
p (x) =

1
Λ (x)

∫x
0
λ (s)wp (s)ds, for p ∈ R+,

where λ and w are nonnegative functions and Λ (x) =
∫x

0 λ (s)ds. Then by using these properties we will establish some norm
inequalities of the generalized Muckenhoupt and Gehring weights and prove some fundamental relations between them.
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1. Introduction

We fix an interval I0 ⊂ R and consider subintervals I of I0 and denote by |I| the Lebesgue measure
of I. The weight w is a nonnegative locally integrable function. The classical Hardy operator for a given
weight w reads as (see [15])

Hw =
1
|I|

∫
I

w(s)ds, (1.1)

for every subinterval I of I0. In terms of this operator the known Ap(C)-Muckenhoupt condition (see [28])
for a nonnegative measurable weight function w can be expressed as

(Hw)
(
Hw

1
1−p

)p−1
6 C, (1.2)

for 1 < p <∞ and a constant C <∞. We say that the weight w verifies the A1-Muckenhoupt condition if

Hw 6 C inf
I⊂I0

(w) , (1.3)
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for every subinterval I of I0. Coifman and Fefferman [5] proved that if w satisfies Ap-Muckenhoupt
condition (1.2), then there exists ε = ε (p,C) > 0 such that

(Hw)
(
Hw

1
1−q

)q−1
6 C1,

for all p−ε < q, where the constant C1 = C1 (p,C) . Muckenhoupt in [28] proved that if w is nonincreasing
and satisfies A1-Muckenhoupt condition (1.3), then there exists p ∈ [1, C/(C− 1)] such that

Hwp 6
C

C− p(C− 1)
(Hw)p . (1.4)

Bojarski et al. [4] improved the Muckenhoupt inequality (1.4) by excluding the monotonicity condition
and using rearrangement w∗ of the function w. In particular, they proved that if w satisfies (1.3) with
C > 1, then

Hwp 6
C1−p

C− p(C− 1)
(Hw)p , for p < C/(C− 1). (1.5)

The constant on the right hand side of the inequality (1.5) as well as the upper bounds of p cannot be
improved. In [28] Muckenhoupt introduced the characterization of Ap-condition in connection with the
boundedness of the Hardy-Littlewood maximal operator

Mf := sup
I⊂I0

1
|I|

∫
I

f(s)ds,

in the space of Lpw(I0). In particular, Muckenhoupt proved that if w is nonnegative weight and 1 < p <∞,
then there is a constant K independent of f for which∫

I

(Mf)pw(x)dx 6 K
∫
I

(f(x))pw(x)dx,

holds if and only if there is a constant C independent of I for which (1.2) holds for all subintervals I of I0.
In considering mean convergence problems for various series (see [26, 27, 29]) it was natural to consider
the weighted Hardy-Littlewood maximal operator

Mf (x) := sup
x∈I

1
m(I)

∫
I

f(t)dm(t),

where m(I) is a suitable measure and the quotient is taken as zero if the numerator and the denominator
are both zero or both infinity and m(I) =

∫
I dm(t). In [28] the author proved that if m is a Borel measure

on an interval I0, which is 0 on sets consisting of single points, and 1 < p < ∞, then Mf is bounded, if
and only if (

1
m(I)

∫
I

w(t)dm(t)

)(
1

m(I)

∫
I

w− 1
p−1 (t)dm(t)

)p−1

6 C,

for every subinterval I ⊂ I0, where C is a positive constant independent of w. This condition is a weighted
Muckenhoupt condition in a measure space with a measure m(I). For more related results, also tied to
applications of functional inequalities toward the analysis of various problems, we refer the reader to the
papers [1–3, 6–12, 16, 18–20, 22–25, 30–33] and the references cited therein.

Following this trend, by considering a generalized form of (1.1), we consider the power mean operator

Hλw
p :=

1
Λ(I)

∫
I

λ(t)wp(t)dt,
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where λ andw are nonnegative functions andΛ(I) =
∫
I λ(t)dt. Now, the corresponding Ap,λ-Muckenhoupt

condition for p > 1 and a nonnegative weight w is given by

(Hλw)
(
Hλw

− 1
p−1

)p−1
6 C, for all I ⊂ I0, (1.6)

for some constant C <∞. The smallest constant C satisfying (1.6) is called the Ap,λ-norm and is denoted
by [

Ap,λ (w)
]
= sup
I⊂I0

Hλw
(
Hλw

−1/(p−1)
)p−1

<∞.

For a given fixed constant C > 1 if w is said to belong to Ap,λ(C) then
[
Ap,λ(w)

]
6 C. The weight w is

said to belong to A1,λ, if there exists a constant A > 1, such that

Hλw 6 A inf
t∈I

(w) , for all I ⊂ I0.

We define the A1,λ-norm by the following quantity

[A1,λ (w)] = sup
I⊂I0

Hλw

inft∈I (w(t))
<∞.

The weight w is said to belong to A∞,λ, if

[A∞,λ (w)] = sup
I⊂I0

(Hλw) exp
(

1
Λ (I)

∫
I

λ (s) log
1

w (s)
ds

)
<∞.

Another important class of weights which is related to the Muckenhoupt class is the Gq-class of weights
for 1 < q < ∞ that satisfy the reverse Hölder inequality. This class has been introduced by Gehring in
[13, 14] in connection with local integrability properties of the gradient of quasiconformal mapping. The
weight w is said to belong to Gq,λ for 1 < q <∞, if there exists a constant G > 1, such that

(Hλw
q)1/q 6 GHλw. (1.7)

For q > 1, we define Gq,λ-norm by

[
Gq,λ (w)

]
= sup
I⊂I0

[
(Hλw

q)
1
q

Hλw

]q′
<∞,

where q
′
= q/(q− 1). The function w is said to belong to G1,λ, if

[G1,λ (w)] = sup
I⊂I0

[
exp

(
1
Λ(I)

∫
I

λ (x)w(x)

Hλw (x)
log
(

w (x)

Hλw (x)

)
dx

)]
<∞.

The function w is said to belong to G∞,λ, if

[G∞,λ (w)] = sup
I⊂I0

w

Hλw
<∞.

For the inclusion properties between these two important classes, Bojarski et al. [4] (see (1.5)), showed
that A1(C) ⊂ Gp(K) with

K =

(
C1−p

C− p(C− 1)

)1/p

, and p < C/(C− 1).



S. H. Saker, M. H. Hassan, J. Math. Computer Sci., 24 (2022), 201–215 204

One way of establishing Gehring condition involves exploiting the correspondence between a weighted
Muckenhoupt class and a reverse Hölder class. In fact from (1.7), we get that(

1
|I|

∫
I

wq−
1
p−1 (x)

(
1

w(x)

) −1
p−1

dx

)p−1

6 Kq(p−1)
(

1
|I|

∫
I

w(x)dx

)q(p−1)

. (1.8)

By taking q = p/ (p− 1), we have from (1.8) that (here Λ(I) =
∫
Iw(t)dt)(

1
Λ(I)

∫
I

w(x)

(
1

w(x)

)
dx

)(
1
Λ(I)

∫
I

w(x)

(
1

w(x)

) −1
p−1

dx

)p−1

6 Kq(p−1) |I|p

Λp(I)

(
Λ(I)

|I|

)p
= Kp, for all I ⊂ I0,

which is a weighted Ap,w(K
p) condition for w−1 with respect the weight w and p = q/(q− 1). This shows

that if w ∈ Gq(K), then w−1 ∈ Ap,w(C) with C= K1/p where p = q/(q− 1).
Following this subject, we will prove some fundamental properties of the generalized Muckenhoupt

class Ap,λ and Gehring class Gq,λ with weights. The paper is organized as follows. In Section 2, we
will prove some inequalities involving the generalized Hardy operator of order p, and also prove some
inequalities with positive and negative powers. In Section 3, we will prove some inclusion properties of
the Muckenhoupt weights as well as some norm inequalities. In Section 4, we will prove the same for the
Gehring weights. In Section 5, we generalize the results to Gϕ-spaces.

2. Some basic inequalities

We fix an interval I0 ⊂ R+ = [0,∞) and consider subintervals I of I0 of the form [0, s] for 0 < s < ∞
(or [0,∞)) and assume that λ is a positive integrable function defined on I0. In the following, we state and
prove some inequalities involving the generalized power mean operator

Hλw
p (t) =

1
Λ (t)

∫t
0
λ (s)wp (s)ds, for p ∈ R+,

where Λ (t) =
∫t

0 λ (s)ds. The proof of the following lemma is elementary and will be omitted.

Lemma 2.1. Assume that w is any nonnegative weight. Then following properties hold:

(1) if w is nonincreasing, then Hλw is nonincreasing and Hλw(t) > w(t), for all t ∈ I;
(2) if w is nondecreasing, then Hλw is nondecreasing and Hλw(t) 6 w(t), for all t ∈ I.

The following lemmas are adapted from [15] and [17], respectively.

Theorem 2.2. Assume that p > 1 and λ and w are nonnegative functions. Then

Hλ [Hλw (t)]p 6

(
p

p− 1

)p
Hλw

p (x) . (2.1)

Theorem 2.3. Assume that λ and w are nonnegative functions. Then

Hλ [exp (Hλ logw (t))] 6 eHλw (x) . (2.2)

Now, we prove an inequality of Hardy’s type of negative powers.

Theorem 2.4. Assume that p > q > 0 and λ and w are nonnegative functions such that w is nonincreasing. Then

Hλ [Hλw (t)]−p 6

(
p+ 1
p

)q
Hλ

[
w−q (t) (Hλw (t))−p+q

]
. (2.3)
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Proof. Let

y1 =

(
p

p+ 1

)1+q/p

wq/p (t) (Hλw (t))1−q/p , and y2 =

(
p

p+ 1

)
(Hλw (t)) .

Thus

y
−p
1 =

(
p

p+ 1

)−p−q

w−q (t) (Hλw (t))−p+q , y
−p
2 =

(
p

p+ 1

)−p

(Hλw (t))−p ,

and

y1y
−p−1
2 =

(
p

p+ 1

)−p+q/p

wq/p (t) (Hλw (t))−p−q/p .

Since (see [15])
y
−p
1 + py1y

−p−1
2 − (p+ 1)y−p2 > 0,

then we have that

(p+ 1)
(

p

p+ 1

)−p

(Hλw (t))−p 6

(
p

p+ 1

)−p−q

w−q (t) (Hλw (t))−p+q

+ p

(
p

p+ 1

)−p+q/p

wq/p (t) (Hλw (t))−p−q/p .

So we get

(p+ 1) (Hλw (t))−p 6

(
p+ 1
p

)q
w−q (t) (Hλw (t))−p+q

+ p

(
p

p+ 1

)q/p
wq/p (t) (Hλw (t))−p−q/p .

(2.4)

By integrating (2.4) from 0 to x, we have that

(p+ 1)
∫x

0
λ (t) (Hλw (t))−p dt 6

(
p+ 1
p

)q ∫x
0
λ (t)w−q (t) (Hλw (t))−p+q dt

+ p

(
p+ 1
p

)−q/p ∫x
0
λ (t)wq/p (t) (Hλw (t))−p−q/p dt.

(2.5)

Since w is nonincreasing, we see that w (t) 6 Hλw (t) , and so

wq/p (t) 6 (Hλw (t))q/p , for
q

p
> 1.

By combining the last inequality with (2.5), we obtain that∫x
0
λ (t)wq/p (t) (Hλw (t))−p−q/p dt 6

∫x
0
λ (t) (Hλw (t))−p dt 6

(
p+ 1
p

)q/p ∫x
0
λ (t) (Hλw (t))−p dt.

So we have that

1
Λ (x)

∫x
0
λ (t) (Hλw (t))−p dt 6

(
p+ 1
p

)q 1
Λ (x)

∫x
0
λ (t)w−q (t) (Hλw (t))−p+q dt,

that is,

Hλ [Hλw (t)]−p 6

(
p+ 1
p

)q
Hλ

[
w−q (t) (Hλw (t))−p+q

]
,

which is the desired inequality (2.3). The proof is complete.
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From Theorem 2.4, we get the following result (see also [2]).

Lemma 2.5. Assume that λ and w are nonnegative functions such that w is nonincreasing. Then the following
inequality

Hλ [Hλw (t)]−r dt 6

(
r+ 1
r

)r
Hλw

−r (x) , (2.6)

holds for positive constants r.

3. Norm inequalities on Muckenhoupt classes

In this section, we will prove some inclusion properties of Muckenhoupt classes Ap,λ (w) , and prove
some norm inequalities with weights.

Theorem 3.1. Assume that λ and w are nonnegative functions such that w is nondecreasing and p > 1. Then
(Hλw (t))α ∈ A1,λ, if and only if w ∈ Ap,λ, and[

Ap,λ (w)
]−α

6 A1,λ [(Hλw)
α] 6 p−α

[
Ap,λ (w)

]−α , (3.1)

where α = −1/(p− 1).

Proof. Assume that w ∈ Ap,λ and
[
Ap,λ (w)

]
= C. Then we get

sup
x>0

[Hλw
α (x)]p−1 (Hλw (x)) 6 C.

By applying (2.6) with r = −α = 1/(p− 1) > 0, we see that

Hλ [Hλw (t)]α 6

(
−α+ 1
−α

)−α

(Hλw
α (x)) = p−α (Hλw

α (x)) .

Then

sup
x>0

[Hλ (Hλw (t))α]
p−1

(Hλw (x)) 6
(
p−α

)p−1 sup
x>0

[Hλw
α (x)]p−1 (Hλw (x))

= psup
x>0

[Hλw
α (x)]p−1 (Hλw (x)) 6 Cp.

Since that −α = 1/(p− 1) > 0, so we have

sup
x>0

Hλ [(Hλw (t))α] (Hλw (x))
1
p−1 6 (Cp)

1
p−1 .

Thus

sup
x>0

Hλ [(Hλw (t))α]

[Hλw (x)]α
6 (Cp)−α .

Then we obtain
A1,λ [(Hλw (t))α] 6 p−α

[
Ap,λ (w (t))

]−α ,

which is the right hand side in (3.1). Now, we assume that (Hλw (t))α ∈ A1,λ and A1,λ [(Hλw (t))α] = k.
Thus

sup
x>0

Hλ [(Hλw (t))α] 6 k (Hλw (x))α ,

and then
sup
x>0

[Hλ (Hλw (t))α]
p−1 6 kp−1 (Hλw (x))−1 . (3.2)
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Since w is nondecreasing then by Lemma 2.1, we have that Hλw(t) 6 w(t) and then

[w (t)]
−1
p−1 6 [Hλw (t)]

−1
p−1 .

So, since Hλw is nondecreasing, that

Hλw
α (x) 6 Hλ [(Hλw (t))α] .

Then, we have from (3.2), that

sup
x>0

[Hλw
α (x)]p−1 6 sup

x>0
[Hλ (Hλw (t))α]

p−1 6 kp−1 (Hλw (x))−1 ,

and thus
sup
x>0

(Hλw (x)) [Hλw
α (x)]p−1 6 kp−1,

which gives that [
Ap,λ (w)

]−α
6 A1,λ [(Hλ (w))

α] ,

and thus we obtain the left hand side in (3.1). The proof is complete.

To illustrate the results in Theorem 3.1, we give the following example.

Example 3.2. Set wε (x) = xε(p−1) and λ (x) = x(1−γ)p. By using the definition of the norms of Ap,λ and
A1,λ, we see that [

Ap,λ (wε)
]
=

(1 + p− pγ)p

(1 + p− pγ− ε)p−1 [1 + p− pγ+ ε (p− 1)]
,

and

A1,λ

[(
1

Λ (x)

∫x
0
λ (t)wε (t)dt

)− 1
p−1
]
=

1 + p− pγ

1 + p− pγ− ε
.

This implies that w ∈ Ap,λ and (
1

Λ (x)

∫x
0
λ (t)wε (t)dt

)− 1
p−1

∈ A1,λ.

Then, we have

A1,λ

[(
1

Λ(x)

∫x
0 λ (t)wε (t)dt

)− 1
p−1
]

[
Ap,λ (wε)

] 1
p−1

=
(1 + p− pγ) [1 + p− pγ+ ε (p− 1)]

1
p−1

(1 + p− pγ)
p
p−1

.

As a special case when γ = 1, then λ (x) = 1 and Λ (x) = x. This implies that

A1

[(
1
x

∫x
0
wε (t)dt

)− 1
p−1
]
=

1
1 − ε

, and [Ap (wε)] =
(1 − ε)−(p−1)

1 + ε (p− 1)
,

and thus

A1

[( 1
x

∫x
0 wε (t)dt

)− 1
p−1

]
[Ap (wε)]

1
p−1

= [1 + ε (p− 1)]
1
p−1 .

By assuming that ε = 1, we have that

A1

[(
1
x

∫x
0
w (t)dt

)− 1
p−1
]
= p

1
p−1 [Ap (w)]

1
p−1 ,

which is (3.1) with a sharp constant p
1
p−1 .
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Theorem 3.3. Assume that λ and w are nonnegative functions such that w is nonincreasing. Then, we have

A∞,λ (w) 6 A1,λ [Hλw (t)] 6 eA∞,λ (w) . (3.3)

Proof. Assume that w ∈ A∞,λ and there exists a positive constant C such that [A∞,λ (w)] = C, and

Hλw (t) 6 C exp (Hλ logw (t)) .

So that
sup
x>0

Hλ [Hλw (t)] 6 CHλ [exp (Hλ logw (t))] . (3.4)

By using (2.2), we get that
Hλ [exp (Hλ logw (t))] 6 eHλw (x) .

Then by using (3.4), and (2.2), we obtain

sup
x>0

Hλ [Hλw (t)] 6 CHλ [exp (Hλ logw (t))] 6 CeHλw (x) ,

and thus
sup
x>0

Hλ [Hλw (t)] 6 CeHλw (x) .

Then

sup
x>0

[
Hλ [Hλw (t)]

Hλw (x)

]
6 Ce,

which is the right hand side in (3.3). Now, we assume that Hλw (t) ∈ A1,λ that is A1,λ [Hλw (t)] = k > 0.
So, we have that

sup
x>0

Hλ [Hλw (t)] 6 kHλw (x) .

By the monotonicity of logw, we get that

Hλw (x) 6 Hλ [exp (Hλ logw (t))] ,

and thus
sup
x>0

Hλ [Hλw (t))] 6 kHλw (x) 6 kHλ [exp (Hλ logw (t))] . (3.5)

Then by using (3.5), we obtain that

sup
x>0

Hλw (x) 6 k exp (Hλ logw (x)) ,

which implies that

sup
x>0

[Hλw (x)] exp
(
Hλ log

1
w (x)

)
6 k,

and then [A∞,λ (w)] 6 k, which is the left hand side in (3.3). The proof is complete.

To illustrate the result in Theorem 3.3, we give the following example.

Example 3.4. Assume that wε (x) = x−ε and λ (x) = x−α. So we have that

A∞,λ (w) =
(1 −α)

eε/(1−α) (1 − ε−α)
,

and

A1,λ

[(
1

Λ (x)

∫x
0
λ (t)wε (t)dt

)]
=

(1 −α)

(1 − ε−α)
.
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This implies that
A1,λ

[(
1

Λ(x)

∫x
0 λ (t)wε (t)dt

)]
A∞,λ (w)

= eε/(1−α).

If α = 0, then λ (x) = 1 and Λ (x) = x, and then we have that

A∞ (w) =
1

eε (1 − ε)
, and A1

[(
1
x

∫x
0
wε (t)dt

)]
=

1
1 − ε

,

and thus

A1

[(
1
x

∫x
0
wε (t)dt

)]
= eεA∞ (w) .

If we put ε = 1, we get the (3.3) with a sharp constant e.

The following inequality generates nonincreasing A1- functions related to the generalized power mean
operator Hλw (t) as follows.

Theorem 3.5. Assume that λ and w are nonnegative functions such that w is nonincreasing. If 0 < δ < 1, then

Hλ [Hλw (t)]δ 6
1

1 − δ
[Hλw (x)]δ . (3.6)

Proof. By applying Fubini Theorem, we have that∫x
0

(
λ (t)

Λδ (t)

∫t
0
λ (s)w (s)ds

)
dt =

∫x
0
λ (t)w (t)

(∫x
t

λ (s)

Λδ(s)
ds

)
dt

=

(∫x
0
λ (t)w (t)dt

)[
Λ(1−δ)(x)

(1 − δ)
−
Λ(1−δ)(t)

(1 − δ)

]

6
Λ(1−δ)(x)

(1 − δ)

(∫x
0
λ (t)w (t)dt

)
.

Then we see that ∫x
0

(
λ (t)

Λδ(t)

∫t
0
λ (s)w (s)ds

)
dt 6

Λ(1−δ)(x)

(1 − δ)

∫x
0
λ (t)w (t)dt. (3.7)

By applying the Hölder inequality and using (3.7), we obtain that∫x
0
λ (t) (Hλw (t))δ dt =

∫x
0

λ(1−δ) (t) λδ (t)

Λδ(1−δ) (t)

(
1

Λδ (t)

∫t
0
λ (s)w (s)ds

)δ
dt

6

[∫x
0

λ (t)

Λδ (t)
dt

]1−δ [∫x
0

(
λ (t)

Λδ (t)

∫t
0
λ (s)w (s)ds

)
dt

]δ
=

[
Λ(1−δ) (x)

(1 − δ)

]1−δ [∫x
0

(
λ (t)

Λδ (t)

∫t
0
λ (s)w (s)ds

)
dt

]δ

6
Λ(1−δ)2

(x)

(1 − δ)(1−δ)

[
Λ(1−δ) (x)

(1 − δ)

(∫x
0
λ (t)w (t)dt

)]δ

=
Λ(1−δ) (x)

(1 − δ)

(∫x
0
λ (t)w (t)dt

)δ
.

This implies that

1
Λ (x)

∫x
0
λ (t) (Hλw (t))δ dt 6

1
(1 − δ)

(
1

Λ (x)

∫x
0
λ (t)w (t)dt

)δ
. (3.8)
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Then from (3.8), we have

Hλ [Hλw(t)]
δ 6

1
(1 − δ)

[Hλw(x)]
δ ,

which is desired inequality (3.6). The proof is complete.

We conclude this section by considering another inequality which follows from Theorem 3.1 and
gives us explicit examples of nondecreasing Ap,λ-functions in a similar way as Theorem 3.5 gives us
nonincreasing A1,λ-functions.

Theorem 3.6. Assume that λ and υ are nonnegative functions such that υ is nonincreasing. If p > 1, and
0 < θ < 1, then

Ap,λ

[
(Hλυ)

−θ
]
6

(
p− 1

p− 1 − θ

)p−1

. (3.9)

Proof. Since v is nonincreasing, then we see that Hλv (t) is also nonincreasing. So by setting w (t) =

(Hλυ (t))
−θ , we see that w is nondecreasing. Then for α = −1/(p− 1), we get that

Hλw (t) 6 w (t) =
[
(w (t))−α

]p−1
,

also we have

[Hλw (t)] [Hλw
α (t)]p−1 6

[
[Hλw

α (t)] ((w (t)))−α
]p−1

=
[
Hλw

α (t) [w (t)]
1
p−1

]p−1
. (3.10)

Since w (t) = (Hλυ (t))
−θ, we have from (3.10) that

sup
x>0

Hλ

[
(Hλυ (t))

−θ
] [

Hλ

[
(Hλυ (t))

θ
p−1

]]p−1
6 sup
x>0

Hλ
[
(Hλυ (t))

−αθ
]

(Hλυ (x))
−αθ

p−1

= sup
x>0

[
Hλ

[
(Hλυ (t))

−αθ
]
(Hλυ (x))

αθ
]p−1

,

and so
Ap,λ

[
(Hλυ)

−θ
]
6
[
A1,λ

(
(Hλυ)

−αθ
)]p−1

.

Then by applying (3.6) for −αθ, and letting δ = −αθ = θ/(p− 1) < 1, we see that

A1,λ

[
(Hλυ)

−αθ
]
6

1
1 − δ

=
1

1 +αθ
,

so we obtain

Ap,λ

[
(Hλυ)

−θ
]
6 A1,λ

[
(Hλυ)

−αθ
]p−1

6
1

1 +αθ
=

(
p− 1

p− 1 − θ

)p−1

,

which is desired inequality (3.9). The proof is complete.

4. Norm inequalities on Gehring classes

In this section, we state some properties of weighted Gehring class Gq,λ (w) , and begin with the
connection between Muckenhoupt A1,λ-class and Gq,λ-class.

Theorem 4.1. Assume that λ and w are nonnegative functions such that w is nonincreasing, and q > 1. Then
H
q
λw (t) ∈ A1,λ if and only if w ∈ Gq,λ, and[

Gq,λ (w)
] 1
q′ 6

[
A1,λ

(
H
q
λw
)] 1
q 6

q

q− 1
[
Gq,λ (w)

] 1
q′ , (4.1)

where q
′
= q/ (q− 1) .
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Proof. Assume that
[
Gq,λ (w)

]
= Cq

′
/q. Then

sup
x>0

Hλw
q (x) 6 C [Hλw (x)]q .

By using (2.1), for q > 1, then we have that

sup
x>0

Hλ [Hλw (t)]q 6

(
q

q− 1

)q
sup
x>0

Hλw
q (x) 6 C

(
q

q− 1

)q
[Hλw (x)]q ,

thus

sup
x>0

[
Hλ [Hλw (t)]q

[Hλw (x)]q

]
6 C

(
q

q− 1

)q
.

Then we obtain

[A1,λ (Hλw (t))q]
1
q 6 C

1
q

(
q

q− 1

)
,

which is the right hand side in (4.1). Let (Hλw (t))q ∈ A1,λ (w) , and A1,λ [(Hλw (t))q] = k. Then

sup
x>0

Hλ [(Hλw (t))q] 6 k [Hλw (x)]q . (4.2)

Since w is nonincreasing, then Hλw
q (x) 6 Hλ [(Hλw (t))q] . So by using (4.2), we obtain that

sup
x>0

Hλw
q (x) 6 sup

x>0
Hλ [(Hλw (t))q] 6 k [Hλw (x)]q ,

and thus
sup
x>0

Hλw
q (x) 6 k [Hλw (x)]q .

So that [
Gq,λ (w)

] 1
q′ = sup

x>0

[
[Hλw

q (x)]
1
q

Hλw (x)

]
6 k

1
q ,

which is the left hand side in (4.1). The proof is complete.

To illustrate the results in Theorem 4.1, we give the following example.

Example 4.2. Assume that wε (x) = x(ε−1)/q and λ (x) = x(1−α)/q. Then, we get

[
Gq,λ (wε)

] 1
q′ =

(
q−α+ 1
1 −α+ qε

) 1
q
(
q−α+ ε

q−α+ 1

)
,

and [
A1,λ

(
1

Λ (x)

∫x
0
λ (t)wε (t)dt

)q] 1
q

=

(
q−α+ 1
1 −α+ qε

) 1
q

.

Thus [
A1,λ

(
1

Λ(x)

∫x
0 λ (t)wε (t)dt

)q] 1
q

[
Gq,λ (wε)

] 1
q′

=
q−α+ 1
q−α+ ε

.

If α = 1, λ (x) = 1, then Λ (x) = x, and so we have that

[Gq (wε)]
1
q′ =

(
1
ε

) 1
q
(
q− 1 + ε

q

)
,
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and [
A1

(
1
x

∫x
0
wε (t)dt

)q] 1
q

=

(
1
ε

) 1
q

.

This implies that [
A1

(
1
x

∫x
0
wε (t)dt

)q] 1
q

=
q

q+ ε− 1
[Gq (wε)]

1
q′ .

Now, if we put ε = 0, we obtain that[
A1
( 1
x

∫x
0 w (t)dt

)q] 1
q

[Gq (w)]
1
q′

=
q

q− 1
,

a sharp constant q/ (q− 1) .

5. Norm inequalities on Gϕ-spaces

In this section, we consider a more general Gehring class by providing a set of nonnegative and convex
functions ϕ, with second order derivative ϕ

′′
positive in (0,+∞) which satisfy the following Levinson

condition

∃ p > 1 : ϕ.ϕ
′′
>

(
1 −

1
p

)(
ϕ
′
)2

. (5.1)

It is obvious that the function ϕ (t) = tp, for p > 1, and fulfills this condition.

Definition 5.1. For a positive convex function ϕ, we say that the nonincreasing function w is said to
belong to Gϕ,λ, if

[Gϕ,λ (w)] = sup
t>0

Hλϕ (w (t))

ϕ (Hλw (t))
,

where

ϕ (Hλw (t)) = ϕ

(
1

Λ (t)

∫t
0
λ (s)w (s)ds

)
,

and

Hλϕ (w (x)) =
1

Λ (x)

∫x
0
λ (t)ϕ (w (t))dt.

Theorem 5.2 ([21, Theorem 2]). Assume that w is nonincreasing function and the condition (5.1) holds for any
positive convex function ϕ. If p > 1, then

Hλ [ϕ (Hλw (t))] 6

(
p

p− 1

)p
Hλϕ (w (x)) . (5.2)

Theorem 5.3. Assume thatw is nonincreasing function and the condition (5.1) holds for any positive nondecreasing
convex function ϕ. If p > 1, then ϕ (Hλw (t)) ∈ A1,λ, if and only if w ∈ Gϕ,λ, and

[Gϕ,λ (w)] 6 A1,λ [ϕ (Hλw)] 6

(
p

p− 1

)p
[Gϕ,λ (w)] . (5.3)

Proof. Let w belongs to Gϕ,λ and [Gϕ,λ (w)] = C. Then

sup
x>0

Hλϕ (w (x)) 6 Cϕ (Hλw (x)) .
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By using (5.2), we obtain

sup
x>0

Hλ [ϕ (Hλw (t))] 6 sup
x>0

(
p

p− 1

)p
Hλϕ (w (x)) .

So we see that

sup
x>0

Hλ [ϕ (Hλw (t))] 6 C

(
p

p− 1

)p
ϕ (Hλw (x)) ,

so that

A1,λ [ϕ (Hλw (t))] = sup
x>0

Hλ [ϕ (Hλw (t))]

ϕ (Hλw (x))
6 C

(
p

p− 1

)p
,

which is the right hand side in (5.3). Let ϕ (Hλw (t)) ∈ A1,λ, and A1,λ [ϕ (Hλw (t))] = k. Thus

sup
x>0

Hλ [ϕ (Hλw (t))] 6 kϕ (Hλw (x)) .

By the monotonicity of w and ϕ, then

sup
x>0

Hλϕ (w (x)) 6 sup
x>0

Hλ [ϕ (Hλw (t))] 6 kϕ (Hλw (x)) ,

so
[Gϕ,λ (w)] 6 k,

which is the left hand side of in (5.3). The proof is complete.

Theorem 5.4. Assume thatw is nonincreasing function and the condition (5.1) holds for any positive nondecreasing
convex function ϕ. Then w ∈ A∞,λ if and only if ϕ−1 (w) ∈ Gϕ,λ.

Proof. Let ϕ−1 (w) ∈ Gϕ,λ and[
Gϕ,λ

[
ϕ−1 (w)

]]
= sup
x>0

Hλw (x)

ϕ [Hλϕ−1 (w (x))]
= k.

So we have
sup
x>0

Hλw (x) 6 kϕ
[
Hλϕ

−1 (w (x))
]

.

Since that ϕ = exp, ϕ−1 = log, then we get

sup
x>0

Hλw (x) 6 k exp [Hλ log (w (x))] .

So we obtain

A∞,λ (w) = sup
x>0

Hλw (x)

exp [Hλ log (w (x))]
6 k.

Let that w ∈ A∞,λ and [A∞,λ (w)] = C. Then

sup
x>0

Hλw (x) 6 C exp [Hλ log (w (x))] .

Since that ϕ = exp, ϕ−1 = log, we obtain that

sup
x>0

Hλw (x) 6 Cϕ
[
Hλϕ

−1 (w (x))
]

.

Since w (x) = ϕ
[
ϕ−1 (w (x))

]
, so we have

[
Gϕ,λ

[
ϕ−1 (w)

]]
= sup
x>0

Hλ
[
ϕ
(
ϕ−1w (x)

)]
ϕ (Hλϕ−1 (w (x)))

= sup
x>0

Hλw (x)

ϕ [Hλϕ−1 (w (x))]
6 C.

The proof is complete.
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Theorem 5.5. Assume thatw is nonincreasing function and the condition (5.1) holds for any positive nondecreasing
convex function ϕ. Then Hλw (t) ∈ A1,λ, if and only if ϕ

[
Hλϕ

−1 (w (t))
]
∈ A1,λ.

Proof. Let Hλw (t) ∈ A1,λ, and A1,λ [Hλw (t)] = k. Then we get that

sup
x>0

Hλ [Hλw (t)] 6 kHλw (x) . (5.4)

By the monotonicity of ϕ−1 (w) , we obtain

ϕ−1 (w (t)) 6 Hλϕ
−1 (w (t)) ,

also we have
w (t) 6 ϕ

[
Hλϕ

−1 (w (t))
]

.

Then by using (5.4), we see that

sup
x>0

1
Λ (x)

∫x
a

λ (t)Hλw (t)dt 6 k
1

Λ (x)

∫x
a

λ (t)w (t)dt 6 k
1

Λ (x)

∫x
a

λ (t)ϕ
[
Hλϕ

−1 (w (t))
]
dt.

Then, we get
sup
x>0

Hλ [Hλw (t)] 6 kHλ
[
ϕ
[
Hλϕ

−1 (w (t))
]]

.

So we obtain
sup
x>0

Hλw (x) 6 kϕ
[
Hλϕ

−1 (w (x))
]

. (5.5)

Then by applying the Jensen inequality for ϕ−1 (w (t)), and using (5.4), (5.5), so we have

sup
x>0

Hλ
[
ϕ
(
Hλϕ

−1 (w (t))
)]

= sup
x>0

1
Λ (x)

∫x
0
λ (t)ϕ

(
1

Λ (t)

∫t
0
λ (s)ϕ−1 (w (s))ds

)
dt

6 sup
x>0

Hλ [Hλw (t)] 6 kHλw (x) 6 k2ϕ
[
Hλϕ

−1 (w (x))
]

.

Assume that A1,λ
[
ϕ
(
Hλϕ

−1 (w (t))
)]

= C. Then

sup
x>0

Hλ
[
ϕ
(
Hλϕ

−1w (t)
)]

6 Cϕ
[
Hλϕ

−1 (w (x))
]

. (5.6)

By the monotonicity of ϕ−1 (w) , we get that

sup
x>0

Hλw (x) 6 sup
x>0

Hλ
[
ϕ
(
Hλϕ

−1 (w (t))
)]

6 Cϕ
[
Hλϕ

−1 (w (x))
]

. (5.7)

By using (5.7), we obtain

sup
x>0

Hλ [Hλw (t)] 6 CHλ
[
ϕ
(
Hλϕ

−1 (w (t))
)]

, (5.8)

and by applying the Jensen inequality for ϕ−1 (w (x)) , we have that

ϕ
[
Hλϕ

−1 (w (x))
]
6 Hλw (x) . (5.9)

Then by using (5.8), (5.6), and (5.9), we get

sup
x>0

Hλ [Hλw (t)] 6 CHλ
[
ϕ
(
Hλϕ

−1 (w (t))
)]

6 C2ϕ
[
Hλϕ

−1 (w (x))
]
6 C2Hλw (x) ,

and so w ∈ A1,λ. The proof is complete.
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