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Abstract

In this paper, we extend the definition of coupled fixed point to mappings on cone Ay-metric space and prove some coupled
fixed point theorems. Our results extend the coupled fixed point results of Singh and Singh [K. A. Singh, M. R. Singh, ]J. Math.
Comput. Sci., 10 (2020), 891-905] to cone A-metric space. An example is also given to illustrate the validity of our result.
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1. Introduction

The classical Banach contraction principle which forms the foundation of metric fixed point theory has
been studied and generalized in various directions by many authors. As a generalization of metric space,
Huang and Zhang [5] introduced the concept of cone metric space by replacing the set of real numbers
by a general Banach space E which is partially ordered with respect to a cone P C E.

On the other hand, Sedghi et al. [9] generalized metric space to S-metric space and Bakhtin [2]
generalized it to b-metric space. Nizar and Nabil [13] introduced the concept of Sy,-metric space. The
concepts of S-metric space and Sy-metric space are further extended to A-metric space and Ap-metric
space respectively by Abbas et al. [1] and Ughade et al. [14]. Dhamodharan and Krishnakumar [3]
also again extended S-metric space to cone S-metric space. Singh and Singh [10] then generalized cone
S-metric space to cone Sy-metric space and prove some fixed point theorems. Further, Singh et al. [12]
generalized cone Sy-metric space to cone Ay-metric space and proved some fixed point theorems. In the
meantime, Bhaskar and Lakshmikantham [4] introduced the concept of coupled fixed point of a mapping
F: X x X — X. Lakshmikantham and Ciric [6] investigated some more coupled fixed point theorems in
partially ordered sets. Then, Sabetghadam et al. [8] considered the corresponding definition of coupled
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fixed point for mappings on cone metric spaces and proved some coupled fixed point theorems. Singh
and Singh [11] further extended these results of Sabetghadam et al. [8] to cone Sy-metric space.

The aim of this paper is to further extend the definition of coupled fixed point to mappings on cone
Ayp-metric space and prove some coupled fixed point theorems. Our results extend the coupled fixed
point results of Singh and Singh [11] to cone Ay-metric space. We also give an example to illustrate the
validity of our result.

2. Preliminaries
Following definitions, properties will be needed in the sequel.
Definition 2.1 ([5]). Let E be a Banach space. A subset P of E is called a cone if and only if
1. P is closed, nonempty and P # {0};
2. ax+by € P for all x,y € P and nonnegative real numbers a, b;
3. Pn(—P) ={0}

Given a cone P C E, we define a partial ordering < in E with respect to P by x < y if and only if
y—x € P. We will write x < y to indicate that x < y but x # y, while x <« y will stand for y —x € int.P,
where int.P denotes the interior of P. The cone P is called normal if there is a number K > 0 such that
0 < x < yimplies || x ||[< K| y | for all x,y € E. The least positive number satisfying the above is called
the normal constant of P.

The cone P is called regular if every increasing sequence which is bounded from above is convergent.
That is, if {xn} is a sequence such that x; < x < - <xpn <--- <y forsomey € E, then thereis x € E
such that || xn, —x ||— 0 as n — oo. Equivalently, the cone P is regular if and only if every decreasing
sequence which is bounded from below is convergent. It is well known that a regular cone is a normal
cone.

Definition 2.2 ([11]). Let X be a non-empty set. Suppose the mapping d : X x X — E satisfies
1. d(x,y) =0, and d(x,y) =0 if and only if x =y, Vx,y € X;
2. d(x,y) =dy,x), ¥x,yeX;
3. d(x,y) < d(x,z) +d(z,y), ¥x,y,zeX.

Then (X, d) is called a cone metric space or simply CMS.

Example 2.3 ([5]). Let E = R?,P ={(x,y) : x,y > 0}, X =R and d : X x X — E such that

dx,y)=(x—ylxlx—yl),
where o > 0 is a constant. Then (X, d) is a cone metric space.

Definition 2.4 ([7]). Let X be a non-empty set and let b > 1 be a given real number. A function
A : X™ — [0, 00) is called an Ap-metric on X if for all x;, a € X,i1=1,2,3,---,n, the following conditions
are satisfied

1' A(X1/X2/ T /anlrxn) 2 0;
2. A(x1,X2,-+ ,Xn—1,%Xn) =0ifand only if x; =% = - =Xn_1 = Xn;

3.
A(X1,%2,+ , Xn—1,%Xn) < blA(x1, %1, -+, (X1)n—1,a) + Alx2, %2, -, (X2)n—1,0) + - -

+ A(Xn—llxn—lr oy (Xn—l)n—lr a) =+ A(Xn/ Xn, 0y (Xn)n—lr (l)]
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The pair (X, A) is called an A,-metric space.
Example 2.5 ([7]). Let X = [1, 00). Define Ay, : X™ — [0, c0) by

n

Ap(x1,x2, xn) =) Y Ixi—x5

i=11i<j
forall x; € X,1=1,2,3,---n. Then (X, Ay) is an Ap-metric space with b =2 > 1.

Definition 2.6 ([12]). Suppose that E is a real Banach space, P is a cone in E with int.P # ¢ and < is partial
ordering in E with respect to P. Let X be a non-empty set, and let the function A : X™ — E satisfy the
following conditions

1‘ A(X1/X2/ e /anllxﬂ) 2 0;
2. A(x1,%x2,-++ ,Xn—1,Xxn) =0ifand only if x; =xp =+ - =xn_1 =Xn;

3.
A(x1,%2, -+, Xn—1,%n) < bIA(X1, X1, -+, (X1 )n—1,a) + A(x2, X2, -+, (X2)n—1, @) + -~

+ A(Xn—ll Xn—1,""", (Xn—l)n—ll a)
+ A, X, , (Xn)no1,a)], Vxi, a€eX, i=1,2,3,---,n,

where b > 1 is a constant. Then, the function A is called a cone Ap-metric on X and the pair (X, A) is
called a cone Ay-metric space.

We note that cone Ap-metric spaces are generalizations of cone Sy-metric spaces since every cone
Sp-metric is a cone Ap-metric with n = 3.

Example 2.7 ([12]). Let E = RR?, the Euclidean plane, and P = {(x,y) € E: x,y > 0}, a normal cone in
E. Let X =R and A : X™ — E be such that A(xq,x2, -+ ,Xn) = Ax(x1,X%2,- -+ ,xn)(, B), where o, 3 > 0
are constants and A, is an Ap-metric on X. Then A is a cone Ap-metric on X. In particular, we have the
function

mn
As(x1,%2, ,%n) :ZZMi—Xj 2 xieX, i=1,2,3,---,n,

i=1i<j

is an Ap-metric on X with b = 2. Therefore, the function

n n
Al )= [ XY Ixix Py Y Y Ix—x ],

i=1i<j i=1i<j
is a cone Ap-metric on X with b = 2.
Definition 2.8 ([12]). Let (X, A) be a cone Ay-metric space.

1. A sequence {x} in X is said to converge to x if for each c € E, 0 < c there exists ny € IN such that
foralln > ng, A(xn,Xn, - ,Xn,x) < c. We denote this by lim,,_, Xn =X Or X, = X as n — oo.

2. A sequence {xn} in X is called a Cauchy sequence if for each ¢ € E, 0 < c there exists ng € IN such
that for all n, m > ng, A(xn,Xn, -, Xn, Xm) < C.

3. The cone Ap-metric space (X, A) is called complete if every Cauchy sequence is convergent.
Lemma 2.9 ([12]). Let (X, A) be a cone Ay-metric space. Then, for all x,y, a € X,

(1) A(X,X,' o /X/U) < bA(U/U/ o /U/X)}
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(i) Alx,x, -+ ,%xy) < (n—1)bA(x,x, -+ ,x,a) +bA(y,y, - ,y,a).

Lemma 2.10 ([12]). Let (X, A) be a cone Ay-metric space, P be a normal cone with normal constant K. Then a
sequence {xn } in X converges to x if and only if A(xn,Xn, -+ ,Xn,Xx) = 04s n — oco.

Lemma 2.11 ([12]). Let (X, A) be a cone Av,-metric space, P be a normal cone with normal constant K. Let {xn} be
a sequence in X. If {xn} converges to wy and {xn } converges to wo, then wi = wy. That is, the limit of a convergent
sequence is unique.

Lemma 2.12 ([12]). Let (X, A) be a cone Ay-metric space, P be a normal cone with normal constant K. Then a
sequence {xn } in X is a Cauchy sequence if and only if A(Xn, Xn, -+, Xn,Xm) = 0asn, m — oo.

Lemma 2.13 ([12]). Let (X, A) be a cone Ay-metric space, P be a normal cone with normal constant K. Let {xn}
be a sequence in X. If {xn} converges to w, then {xn} is a Cauchy sequence. That is, every convergent sequence is
Cauchy.

3. Main results

We now state and prove our main results.
First we give the corresponding definition of coupled fixed point in cone Ay-metric space.

Definition 3.1. Let (X, A) be a cone Ap-metric space. An element (x,y) € X x X is said to be a coupled
fixed point of F: X x X — X if F(x,y) =x and F(y,x) =y

Theorem 3.2. Let (X, A) be a complete cone Av-metric space and P be a normal cone with normal constant K.
Suppose the mapping F : X x X — X satisfies the following contractive condition

A(F(x,y), -+, F(x,y), F(u,v)) < KA(x, -+, x,u)+1A(y, -+ ,y,Vv), (3.1)

1

forall x,y,u,v € X, where k, 1 are nonnegative constants with k +1 [O, o7

point.

). Then, F has a unique coupled fixed
Proof. Let us choose xg,yo € X and set x; = F(xo,Y0), y1 = F(yo,x0), X2 = F(x1,Y1), y2 = Fly1,x1),---,
Xn+1 = F(Xn,Yn), Ynt+1 = F(Yn, Xn). Then using condition (3.1), we obtain

A(xn/ o Xny Xn+l) = A(F(xnfl/ynfl)/ ce IF(anlrynfl)/F(Xn/yn))
kA(XTL—l/ e /Xn—l/Xﬂ.) + lA(Un—lr e ryn—lzyn)-

N

Also, we have

A(UT‘LI T /yn/yn+1) = A(F(yn—lixn—l)/ T /F(Un—lzxn—l);F(Uan))
kA(Un—l; T /yn—lryn) + lA(Xn—ll T Ixﬂ—llxn)'

N

Ifwelet Ay, = A(xn, X, Xn+1) FAYn, -+ ,Yn,Yni1), then we have

ATL - A(Xn/ o Xny Xn—!—l) + A(Un, e ,Umyn—H)
< (k+ U (A(anll to ,anl,Xn) + A(ynfll to /ynfllyn))
=(k+VDAn_1.

Thus if we take o« = k+ 1 < 1, then for each n € IN, we have
0<An < oA, 1 <oPA, o< - < aAp.

If Ag =0, (xo,Yo) is a coupled fixed point of F. Let us therefore suppose that Ag > 0. Then for m > n , we
have

AlXn, - X, Xm) < b[(M—1)A(xn, -+, Xn, Xnt1) FAXm, - Xm, Xnt1)]
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(
(

+ b4A(XT‘L+21 s Xn42, Xm)

< n— 1)bA(Xn/ e rxnranrl) + bzA(XT‘L+1/ o, X411 Xm)
< (M—1DbA(Xn, -, Xn, Xn41) + (M — 1)b3A(Xn+1, C Xm4 1, Xng2)

< (M—1bA(xn, + ,Xn, Xnt1) + (M= D A(Xni1, -+, Xnt1, Xnt2)

+ (M —DbA(xns2,+  Xng2,Xns3) o D2MTUA G g X1, X))
< M=Db{A(xn, + ,Xn, Xn+1) F D*A (X1, Xni 1, Xng2)

+b A (g2, Xng2 Xnes) o A DT YA G g X, X))

Similarly, we have

A(Un, e rUanm) < (n_ 1)b{A(Un/ e /Un/Un—H) + bZA(Un—H/ e /Un+1/9n+2)
+0* A(Yns2, o Ynsz, Ynas) o YA, Yy, Y

Therefore, we have

Al X Xm) F AYn, -+ Yn, Ym) < (M= 1b{An +b°An iy + b Anio + -
+b2(m_n_1)Am,1}
< (m—1Db{a™ + 2™ 4 b2 4.
+ bZ(m—n—l) O(m_l}AO
=m—1Dba™1+b®x+b*a®+---
+ bz(mfnfl)(xm*“*l}Ao
=nm—-1)ba™ {1 + b2+ (b2x)> 4+ (bZ‘X)m—n—l} Ao
(n—1)ba™
<—F75—A
1-b2a 0

n—1)ba™K
= | Alxn, % Xm) F AYn, - Yn Ym) || < (1_)1)2“

Therefore, {xn}, {yn} are Cauchy sequences in X. Using the completeness hypothesis, there exist x*,y* € X
such that limy 00 Xn = x* and limn 00 Yn = y*. We show that (x*,y*) is a coupled fixed point of F.
Using condition 3 of Definition 2.6 and (3.1), we have

| Ao ||—=0 as n,m — oo.

A(F(x*,y*), -+, F(x*,y*),x") < (n—1)bA(F(x*,y*), -, F(x*,y*), xn+1)
+bA(X", -, X", Xng1)
< (M—1bA(F(X",y"), -, F(x",y"), Flxn, yn)) + DA(X", -, X", Xn41)
< (M—1)bkA(x", -+ ,x",xn) + (N —1)bLA(Y", -+ ,y*,yn)
+bAX", -, X", Xna1)
= AFK",yY), - FOxy"),x") | < Kl(n—1)bk | AKX+, x", xn) |
+m—=1bL[ Aly", -, y",yn) |
+b || AKX, X xn1) [l 20 as n— oo
= A(F(x",y*),- -+, F(x*,y"),x") [[=0
= A(F(x",y*), -, F(x*,y"),x") =0
= F(x*,y*) =x".
Similarly, we /ha\,/e F(y*,x*) =y*. Thus, (x*,y*) is a coupled fixed point of F.
Now if (x ,y ) is another coupled fixed point of F, then we have

A(X s X /X*) = A(F(X//U/),' o IF(X,/UI)/F(X*,U*))
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<SKAK, - X)) HIALY, -y YY),
and
Ay oy y7) = AR ), By L)), Fly™x)
<SKAWY, -,y y ) +1AK, - X, x7).
Therefore, we have
AL, X X F Ay ) < RFDAK X x) + AL,y 7). (32)

Since k +1 < 1, (3.2) implies that A(x/, co X XR) A(y/, e ,y/,y*) = 0. This means that

and A(y’,- .- ,y’,y*) = 0. Hence we have (x’,y’) = (x*,y*). Therefore, the coupled fixed point of F is

unique.

O

Theorem 3.3. Let (X, A) be a complete cone Av-metric space and P be a normal cone with normal constant K.

Suppose the mapping F : X x X — X satisfies the following contractive condition

A(F(X,U), e ,F(X,y),F(LL,V)) < kA(F(X/U)/ T /F(X/U)/X) +]'A(F(LL/V)r e ,F(U,V),LL),

(3.3)

forall x,y,u,v € X, where k, | are nonnegative constants with k +1 € [0, (nJW> Then, F has a unique coupled

fixed point.

Proof. Let us choose x9,yo € X and set x; = F(xo,Y0), y1 = F(yo,x0), x2 = F(x1,Y1), y2 = Flyr,x1),---,

Xn+1 = F(Xn, Yn), Un+1 = F(Yn, xn). Using (3.3) and condition 3 of Definition 2.6, we get

A(xn, Xn, Xn41) = A(F(xn—1,Yn-1), -, F(xn—1,Yn—1), F(xn, yn))
<KA(F(xn-1,Yn-1), -, F(xn-1,Yn—1), Xn-1)
+1A(F(xn, Yn), -+, F(xn, Yn), Xn)
< KA(Xn, -, %, Xn—1) FLA(Xnt1, -+, Xn+1,Xn)
< kbA(Xn_1,"* ,Xn_1,%n) + ILA(Xn, -+, Xn, Xni1)

kb
= A(X'TL/ Tt /XTL/ XTL+1) g mA(anll T /Xﬂ.fll XfTL)
kb
= A(Xn/ Xy XT‘L+1) g BA(anll o, Xn—1s Xn)/ Where B = m <

Similarly, we have
AlYn, s Yn,Ynt1) < BAYn-1, /Yn-1,Yn)-

Therefore for p > q, we get

(n—1)bpA
A(Xq;‘ i 1Xq/Xp) < WA(XOI“' ,X0,%1),
and ( b
’rL_
A(Uq/"' /Yq,Yp) < WA(UOI". +Yo,Y1)-

= Alxq, -, Xq,Xp) w00 and A(yg, - ,Yq,Yp) - 00 as q,p — oo.

Here we note that b?p = Sfb <1.
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Therefore {xn} and {yn} are Cauchy sequences in X. Using the completeness hypothesis, there exist
x*,y* € X such that lim, o xn = x* and limn o, Yyn =y*. We show that (x*,y*) is a coupled fixed point
of F.

Using condition 3 of Definition 2.6 and (3.3), we have

A(F(x*,y*), -+, F(x",y*),x") < (n—1)bA(F(x*,y*), -, F(x*,y*), xni1)
+ bA(X™, -+, X", Xni1)
= (n—1)bA(F(x",y"),- -+, F(x",y"), F(xn,yn))
+ bA(X™, -+, X", Xni1)
< (n—1)bKA(F(x*,y"), -+, F(x",y"), x7)
+ (N —1)bLA(F(xn,Yn), -+, F(xn,Yn), Xn) + BA(X™, -+ , X", X1 41)

= A(F(x*,y*), -, F(x*,y"),x") < 1—((n—)1)bkA(F(X“'y“)'.“ ,F(Xn, Yn), xn)
b
A(x* e o x*
+ 1—(n—1)bk (X ’ X IXTl+1)
= A(F(x*,y*), -, F(x*,y"),x") < 1—(n——1)bkA(Xn+1’“' ,Xn+1,Xn)
b2
+mA(Xn+lr“' JXn41,X7)
= A(F(x",y"), - F(x5,y7),x") || < K[l—(n—)l)bk | Alxns1, o Xns1,xn) ||
bZ
‘f‘m || A(Xn+1,"' ,Xn+1,X*) ||] —0 as n — oo.
:>” A(F(X*/ *)/ /F(X*/y*)/X*) H: 0

= A(F(x*
= F(x*,y

JF(x",y%),x") =0

=x*.

N

yr),
)

Similarly, we can get F(y*,x*) = y*. Thus (x*,y*) is a coupled fixed point of F.
Now if (x',y’) is another coupled fixed point of F, then we have

!/ !/

A(X, - X x*) = A(F(x,y), - F(x,y), F(x*, y*))
<KA(F(x,y'), - Fx,y'),x)
+ lA(F(X*/y*)/ te 1F(X*/y* /X*)
=0.

Therefore, A(x/, e ,x',x*) =0 and so x = x*. Similarly, we can get y/ = y*. Hence we have (x’,y/) =
(x*,y*) which shows that the coupled fixed point of F is unique. O

Theorem 3.4. Let (X, A) be a complete cone Av-metric space and P be a normal cone with normal constant K.
Suppose the mapping F : X x X — X satisfies the following contractive condition

A(F(x,y), -+ ,F(x,y), F(w,v)) < KA(F(x,y),---,F(x,y),u) + LA(F(w,v), -, F(u,v),x), (3.4)

orall x,u,u,v € X, where k, 1 are nonnegative constants with k+1 € |0, 771 55 |. Then, F has a unique coupled
fixed point.

Proof. Let us choose xg,yo € X and set x; = F(xo,Yo), y1 = F(yo,x0), X2 = F(x1,U1), y2 = Fly1,x1),---,
Xn+1 = F(Xn,Yn), Un+1 = F(yn, xn). Using (3.4) and Condition 3 of Definition 2.6, we get

A(Xn/ ce /Xn/XnJrl) = A(F(anlrynfl)/ te /F(anlrynfl)/]:(xnryn))
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< kA(F(anlzynfl)/ ce /F(xnflrynfl)rxn)
+ lA(F(men)/ te /F(anyn)/xn—l)
= kA(Xn/ T /anxn) + lA(Xn—l—l/ s Xn+1y XTL—l)

= 1A(XTL—H/ ot Xn41s Xn—1)

< l((n - 1)bA(XTL+11 e IXn+1IXTl) + bA(XTL—ll T /X’TL—].IXT‘L))
<U(n— 1)b2A(an o Xny X'r1+1) +bA(Xn—1," ", Xn—-1,%n))
b
= AlXn, + , Xn, Xn41) < WA(Xn—L “, Xn—1,Xn)

b

= A(Xn/ U /XTI/XTL-i—l) < 6/A(XTL—ll U /XTL—].IXTL) where 6= m <

1.

Similarly, we can get
A(yn/ et lyn/yn+1) < 5A(Un—1, o /Un—llyn)-
Therefore for p > q, we get

(n—1)bdd
A(Xq,' o /qux‘p) g WA(XOI' o IXOIXl)/
and
(n—1)bdd
AlYq, - Yq, Yp) < WA(UOI“' Yo, Y1)-
= Alxq, -, Xq,Xp) w00 and A(yg, - ,Yq,Yp) -+ 00 as (,p — oo.
Here we note that b%5 = W < 1.

I—(n—1)1b2
Therefore {xn} and {yn} are Cauchy sequences in X. Using the completeness hypothesis, there exist
x*,y* € X such that limn 00 Xn = x* and limn 00 yn = y*. We show that (x*,y*) is a coupled fixed point
of F.

Using condition 3 of Definition 2.6 and (3.4), we have

A(F(x*,y*), -, F(x",y™),x") < (n—=1DbA(F(x",y*),--- , F(x*, y"), Xn+1)
+bAX", -, X", xna1)
= (n—1DbA(F(x*,y*), -, F(x*,y*), F(xn,yn))
+DAKX", -, X", Xnt1)
< (n—1)bKA(F(x*,y*), -, F(x*,y*),xn)
+ (n—1)blA(F(xn,yn), -, F(xn,yn), x*)) + bA(X*, - -+, x*, xn11)
< (n—=1)bKA(F(x*,y*),- -+, F(x*,y*), xn))
+ M =1bLA(Xn11, -, Xni1, X*) + DPA(Xni1, -+, Xna1, XF)
< (n—1)2b%kA(F(x*,y*), -, F(x*,y*),x*)
+ (n—1)b%kA(Xn, -, Xn, xX*)
+ (N —1)bl+b3A(Xnt1, -, Xna1, X*)

* * * * * (n_l)bzk *
:>A(F(X /U )/ /F(X /U )/X ) g 1_(n_1)2b2kA(Xn/'” /XRIX )
(n—1)bl+ b?

1= (n—1)2p X1 X1, X7)
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* K ok * (n—l)bzk .
= AFKS Y, - FOFy7),x7) || < K[l—(n—l)zbzk | Alxn, - xn, X)) ||
(n—1)bl+b? .
1—(n—1)2b2k | Alxnst, - s Xng1,X") |l -0 as n— oo

= A(F(x",y*), - Fx",y"),x") |=0
= A(F(x",y7), -+, F(x",y"),x") =0
= F(x*,y*) =x™.
Similarly, we can get F(y*,x*) =y*. Thus (x*,y*) is a coupled fixed point of F.
Now if (x ,y ) is another coupled fixed point of F, then we have
A, X X = A(FX Y, Fix Gy ), FX y)
<SKA(F(X,y), - Fx,y),x")
+LA(F(x",y), - Fx,y*), %)
= kA(xI,-- . ,x,,x*) + LA (X", --- ,x*,x/)
< (k+W)AKX, -, x,x").

Since k + b < 1, the above inequality implies A(x’,---,x’,x*) = 0 and so x' = x*. Similarly, we can get
y’ = y*. Hence we have (x,y') = (x*,y*) which shows that the coupled fixed point of F is unique. O

When k =1 in Theorems 3.2, 3.3 and 3.4, we get the following corollaries.

Corollary 3.5. Let (X, A) be a complete cone Ay-metric space and P be a normal cone with normal constant K.
Suppose the mapping F : X x X — X satisfies the following contractive condition

A(F(x,y), -+, Flx,y), Flu,v)) <k (A(x, -, x,u)+Aly, - ,y,v)),

1

forall x,y,u,v € X, where k € [0, W) is a constant. Then, F has a unique coupled fixed point.

Corollary 3.6. Let (X, A) be a complete cone Ay-metric space and P be a normal cone with normal constant K.
Suppose the mapping F : X x X — X satisfies the following contractive condition

A(F(X/y)l o IF(XIy)IF(uIV)) < k(A(F(XzU)/ U IF(XIy)IX) +A(F(ulv)l U IF(ulv)lu)) s

forall x,y,u,v € X, where k € [O is a constant. Then, F has a unique coupled fixed point.

1
’ Z(nfl)b3)

Corollary 3.7. Let (X, A) be a complete cone Ay-metric space and P be a normal cone with normal constant K.
Suppose the mapping F : X x X — X satisfies the following contractive condition

A(F(le)/ T ;F(X,y)/F(U,V)) <k (A(F(X/U); T ;F(X/U)/U) + A(F(ulv)l T IF(uIV)I X)) ’
forall x,y,u,v € X, where k € [0, MJW) is a constant. Then, F has a unique coupled fixed point.

Here we give an example to illustrate Corollary 3.5.

Example 3.8. Let E = R, the Euclidean plane, and P = {(x,y) € E : x,y > 0}, a normal cone in E. Let
X =R and A : X™ — E such that

n—1 n—1
A(X1/X2/"'/XT‘L): (in_xn |/Z|Xi_xn |>/
i=1 i=1
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xi € X, 1=1,23,---,n. Then A is a cone Ap-metric on X with b = 1 and (X, A) is a complete cone
Ap-metric space. Let us consider the mapping F: X x X — X defined by F(x,y) = *t¥. Then we have

A(F(X/U)/' e /F(X/U)/F(u/v)) = A(

and

Xty  x+y u+v)
57 7 57 5

XxX+y u+v Xx+y u+v
= -1 R —1 —
(-1 25 -2 ey 2 )

n
=——(x+y—u—v|Ix+y—u—vl)

(n—1)

< 5 ((Ix=ullx=ul+{(y—=vlly—=vl),

A(X/"‘ /X/u)+A(Ur"' rylv) - ((n_l) |X—LL|,(TL—1) |X—U.|)
+ (=1 [y=vl(n=1)Jy—vl)
=m=1D((Ix—ullx=ul)+(ly=vlly—vD).

Therefore we have

A(F(X/y)/ T /F(XIH)IF(U'/V)) g k(A(X/ o ,X,U) +A(y/ e /y/\))),

fork =1 € [0,57) = [0,3). Thus the condition of Corollary 3.5 is satisfied and F has a unique coupled
tixed point (0, 0).
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