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1. Introduction

Generally, the inconvenience of previously established strategies and designs is overcome by recently
established fuzzy algebraic structure. Routine mathematics cannot always be used because of unclear and
missing knowledge in certain regular structures. Various methodologies were seen as alternative groups
to deal with these issues and to avoid vulnerabilities, like probability, rough set as well as a fuzzy set
hypothesis. Unfortunately, each of these alternate mathematics has a side and inconveniences such as the
majority of words like real, beautiful, famous that are not clearly observed or indeed vague. Henceforth,
the rules for such terms are vary from person to person.

Zadeh [43], proposed the idea of fuzzy set which is focused on possibility on the support highlight
doling out an enrollment grade in [0, 1] to deal with such sort of vague and questionable data. Taking into
account the possibility of enrollment and non-investment, Atanassov [9, 10] proposed intuitionistic fuzzy
set which is a augmentation of fuzzy set. As an extension of intuitionistic fuzzy set, Smarandache’s [33, 36,
38] introduced a neutrosophic logics, and sets. A neutrosophic set based on three degrees, that is, the level
of participation, indeterminacy, and non-enrollment degree. The notion of a soft set is introduced in [28]
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by Molodtsov. Several operations added by Ali et al. in soft set in [2]. In [40–42], Yager was executed the
idea of Pythagorean fuzzy set. Peng et al. presented several findings in [29, 30] on the measurements of the
Pythagorean fuzzy and soft sets. Moreover, several new models have been investigated in [3, 32, 39, 46, 47].

In 1971, the concept of a fuzzy subgroup was proposed and investigated by Rosenfeld in [31]. Latter
on, many algebraic structures; like as groups, rings, fields, and modules have been developed in [1, 6–
8, 11, 12, 21–23, 25, 31, 33–38, 44]. In [4, 5, 13–20, 24, 26, 27, 45] many algebraic structures over groups,
rings, graphs, and decision-making problems are discussed.

In this piece of work, we investigate the notion of χ-neutrosophic fuzzy sets and subgroups. The
paper is arranged as follows. We provide some basic concepts related to single valued neutrosophic sets
in Section 2. We give an overview of χ-single valued neutrosophic sets and subgroups in Sections 3 and
4, respectively, and then we suggested several characterizations on them. In Section 5, we discuss the
concept of homomorphism on proposed algebraic structure χ-single valued neutrosophic subgroups.

2. Preliminaries

In this section, we discuss some basic concepts related to single valued neutrosophic set.

Definition 2.1 ([38]). A single valued neutrosophic set N on the universe set S is defined as: N =
〈l, αN(l), βN(l), γN(l)〉, l ∈ S, where α,β,γ : S→ [0, 1] and 0 6 αN(l) +βN(l) + γN(l) 6 3.

Definition 2.2 ([38]). Let S be a non empty set, and L = 〈l,αL(l), βL(l), γL(l)〉, M = 〈l,αM(l), βM(l), γM(l)〉,

(i) L ⊆M, ∀ l if αL(l) 6 αM(l), βL(l) 6 βM(l), γL(l) > γM(l);
(ii) L∪M = 〈l, max(αL(l),αM(l)), max(βL(l),βM(l)), min(γL(l),γM(l))〉;

(iii) L∩M = 〈l, min(αL(l),αM(l)), min(βL(l),βM(l)), max(γL(l),γM(l))〉;
(iv) L \M(l) = 〈l, min(αL(l), γM(l)), min(βL(l), 1 −βM(l)), max(γL(l), αM(l))〉.

Definition 2.3 ([38]). A single valued neutrosophic set L is called null or empty single valued neutrosophic
set over the universe S if

αL(l) = 0, βL(l) = 0, γL(l) = 1, ∀ l ∈ S.

It is indicated with ON.

Definition 2.4 ([38]). A single valued neutrosophic set of L is an absolute single valued neutrosophic set
over the universe of S, if

αL(l) = 1, βL(l) = 1, γL(l) = 0, ∀ l ∈ S.

It is indicated with 1N.

Definition 2.5 ([38]). Lc is the complement of single valued neutrosophic set L which is expressed as
Lc = 〈l,αLc(l), βLc(l), γLc(l)〉, where αLc(l) = γL(l), βLc(l) = 1 − βL(l), γLc(l) = αL(l). It is also
possible to describe the complement of the single valued neutrosophic set L as Lc = 1N − L.

3. χ-single valued neutrosophic set

In this section, we define the notion of χ-single valued neutrosophic set and then discuss several operation
on it.

Definition 3.1. If L be a neutrosophic fuzzy subset of G, then χ-single valued neutrosophic subset G is
described as,

Lχ = {αχ(l) = min{α(l), χ}, βχ(l) = min{β(l),χ}, γχ(l) = max{γ(l),χ}},

where χ ∈ [0, 1].
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Proposition 3.2. If L and M be two single valued neutrosophic subsets of group G, then

1. (L∩M)χ= Lχ ∩Mχ;
2. defining a map  h : G→ H, where L and M two single valued neutrosophic subsets of G and H, respectively,

then
(a)  h−1(Mχ) = ( h−1(M))χ;
(b)  h(Lχ) = ( h(L))χ.

Proof. Assume that L and M are two single valued neutrosophic subset of group G.

(1) (L∩M)χ(l) = min{(L∩M)(l),χ}
= min{min{L(l),M(l)},χ}
= min{min{L(l),χ}, min{M(l),χ}} = min{Lχ(l)∩Mχ(l)} = Lχ(l)∩Mχ(l), ∀ l ∈ G.

(2) (a)  h−1(Mχ) =Mχ( h(l)) = min{M( h(l),χ} = min{ h−1(M)(l),χ} =  h−1(M)(l), ∀ l ∈ G.
(b)  h(Lχ)(m) = sup{(Lχ)(l) :  h(l) = m}

= sup{min{L(l),χ} :  h(l) = m}

= min{sup{L(l),χ} :  h(l) = m} = min{ h(L)(m),χ} = ( h(L))χ(m), ∀ m ∈ H.

4. χ-single valued neutrosophic subgroups

In this section, we define the notion of χ-single valued neutrosophic subgroups and then develop some
results on it.

Definition 4.1. Let L is a single valued neutrosophic subset of a group G. The subset Lχ of G is called
χ-single valued neutrosophic subgroup (χ-SVNSG) of G, if

• αχ(lm) > min{αχ(l),αχ(m)}, αχ(l−1) = αχ(l), ∀ l,m ∈ G,

• βχ(lm) > min{βχ(l),βχ(m)}, βχ(l−1) = βχ(l), ∀ l,m ∈ G,

• γχ(lm) 6 max{γχ(l),γχ(m)}, γχ(l−1) = γχ(l), ∀ l,m ∈ G.

Proposition 4.2. If L : G −→ [0, 1] is a χ-SVNSG of a group G, then

(a) αχ(l) > αχ(e), βχ(l) > βχ(e), γχ(l) 6 γχ(e), ∀ l ∈ G;
(b)

αχ(lm−1) = αχ(e) =⇒ αχ(l) = αχ(m),

βχ(lm−1) = βχ(e) =⇒ βχ(l) = βχ(m),

γχ(lm−1) = γχ(e) =⇒ γχ(l) = γχ(m), ∀ l ∈ G.

Proof. Let L is a χ-SVNSG of a group G and χ ∈ [0, 1],

(a)

αχ(e) = αχ(ll−1) > min{αχ(l),αχ(l−1)} = min{αχ(l),αχ(l)} = αχ(l),

βχ(e) = βχ(ll−1) > min{βχ(l),βχ(l−1)} = min{βχ(l),βχ(l)} = βχ(l),

γχ(e) = γχ(ll−1) 6 max{γχ(l),γχ(l−1)} = min{γχ(l),γχ(l)} = γχ(l),
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(b)

αχ(l) = αχ(lmm−1) > min{αχ(lm−1),αχ(l)}
= min{αχ(e),αχ(m)}

= αχ(m) = αχ(mll−1) > min{αχ(ml−1),αχ(l)} > min{αχ(lm−1),αχ(l)} = αχ(l),

βχ(l) = βχ(lmm−1) > min{βχ(lm−1),βχ(l)}
= min{βχ(e),βχ(m)}

= βχ(m) = βχ(mll−1) > min{βχ(ml−1),βχ(l)} > min{βχ(lm−1),βχ(l)} = βχ(l),

γχ(l) = γχ(lmm−1) 6 max{γχ(lm−1),γχ(l)}
= max{γχ(e),γχ(m)}

= γχ(m) = γχ(mll−1) 6 max{γχ(ml−1),γχ(l)} 6 max{γχ(lm−1),γχ(l)} = γχ(l).

Proposition 4.3. If L is a SVNSG of the group G, then L is also χ-SVNSG of G.

Proof. Let l,m ∈ G be any elements of group G.

αχ(lm) = min{α(lm),χ} = min{αχ(e),αχ(m)} = αχ(m)}

> min{min{α(l),α(m)},χ}
= min{min{α(l),χ}, min{α(m),χ}} = min{αχ(l) = αχ(m)}.

Also

αχ(l−1) = min{αχ(l−1),χ} = min{α(l),χ} = αχ(l),
βχ(lm) = min{β(lm),χ}

= min{βχ(e),βχ(m)}

= βχ(m)} > min{min{β(l),β(m)},χ} = min{min{β(l),χ}, min{β(m),χ}} = min{βχ(l) = βχ(m)}.

Also

βχ(l−1) = min{βχ(l−1),χ} = min{β(l),χ} = βχ(l),
γχ(lm) = max{γ(lm),χ}

= max{γχ(e),γχ(m)}

= γχ(m)}

6 max{max{γ(l),γ(m)},χ} = max{max{γ(l),χ}, max{γ(m),χ}} = max{γχ(l) = γχ(m)}.

Also

γχ(l−1) = max{γχ(l−1),χ} = min{γ(l),χ} = γχ(l).

Remark 4.4. The converse of above proposition is not true in general.

Proposition 4.5. Let L be a fuzzy subset of a group G such that L(l−1) = L(l) hold for all l ∈ G. Then Lχ =
{αχ(l),βχ(l),γχ(l)}, χ-SVNSG of G. If χ 6 p, χ 6 q, χ > r, with p = inf{α(l) : l ∈ G}, q = inf{β(l) : l ∈ G},
r = sup{γ(l) : l ∈ G} holds for χ ∈ [0, 1].
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Proof. Since χ 6 p, so, inf{α(l) : l ∈ G} > χ =⇒ α(l) > χ. As αχ(l) = min{α(l),χ}. Thus, αχ(l) =
χ ∀ l ∈ G. Therefore, αχ(lm) > min{αχ(l),αχ(m)} hold,∀ l,m ∈ G. Moreover α(l−1) = α(l), ∀ l ∈ G.
Thus, α(lχ) = αχ(l). Similarly for mapping β. When χ > r, sup{β(l) : l ∈ G} > χ =⇒ α(l) > χ. As
γχ(l) = max{γ(l),χ}. Therefore, γχ(l) = χ, ∀ l ∈ G. Hence, γχ(lm) 6 max{γχ(l),γχ(m)} hold, ∀ l,m ∈ G.
Moreover, γ(l−1) = γ(l) hold for all l ∈ G =⇒ γ(lχ) = γχ(l).

Proposition 4.6. Intersection of two χ-SVNSGs of G is also χ-SVNSG of G.

Proof. Let L and M be two χ-SVNSG of group G. Let l,m ∈ G be any element, then

(L∩M)(l,m) = (Lχ ∩Mχ)(l,m)

= min{Lχ(l,m),Mχ(l,m)}

> min{min{Lχ(l),Lχ(m)}, min{Mχ(l),Mχ(m)}}

= min{min{Lχ(l),Mχ(l)}, min{Lχ(m),Mχ(m)}}

= min{(L∩M)χ(l), (L∩M)χ(m)}.
Thus

(L∩M)(l,m) = (Lχ ∩Mχ)(l,m).

Also

(L∩M)(l−1) = (Lχ ∩Mχ)(l−1) = min{Lχ(l−1),Mχ(l−1)} = min{Lχ(l1),Mχ(l1)} = (Lχ ∩Mχ)(l).

Hence L∩M is χ-SVNSG of G.

Corollary 4.7. Intersection of a family of χ-SVNSG of a group G is again a χ-SVNSG of G.

Remark 4.8. Union of two χ-SVNSGs of a group G need not to be χ-SVNSG of G.

Example 4.9. Let G=Z, the group of integer under ordinary addition of integers. Define two SVNSGs L
and M by

L(l) =

{
〈0.3, 0, 0〉, if l ∈ 3Z,
〈0, 0, 0〉, otherwise, M(l) =

{
〈0.15, 0, 0〉, if l ∈ 2Z,
〈0.05, 0, 0〉, otherwise.

It is obvious to verify that L and M are 1-SVNSG of Z. Therefore,

(L∪M)(l) =


〈0.3, 0, 0〉, if l ∈ 3Z,
〈0.15, 0, 0〉, if l ∈ 2Z− 3Z,
〈0.05, 0, 0〉, if l 6∈ 2Z or l 6∈ 3Z.

Take l = 9 and m = 4 then (L∪M)(l) = 〈0.3, 0, 0〉 , (L∪M)(m) = 〈0.15, 0, 0〉. (L∪M)(l−m) = (L∪M)(9−
4) = (L ∪M)(5) = 〈0.05, 0, 0〉. Clearly, α1

L∪M(l) = 0.3, α1
L∪M(m) = 0.15, α1

L∪M(l−m) = 0.05. It is clear
that, α1

L∪M(l−m) > min{α1
L∪M(l),α1

L∪M(m)} is not hold. Hence, (L∪M) is not 1-SVNSG.

Example 4.10. Let G=Z, the group of integer under ordinary addition of integers. Define two N fuzzy
sets L and M by

L(l) =

{
〈0.7, 0.2, 0.3〉, if l ∈ 2Z,
〈0.6, 0.1, 0.3〉, otherwise,

M(l) =

{
〈0.35, 0.1, 0.15〉, if l ∈ 2Z,
〈0, 0, 0〉, otherwise,

(L∪M)(l) =

{
〈0.7, 0.2, 0.3〉, if l ∈ 2Z,
〈0.6, 0.1, 0.3〉, otherwise.

It is easily to verified that L, M, and (L∩M) are 1-SVNSG of G.
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Definition 4.11. Let L be χ-SVNSG of a group G, where χ ∈ [0, 1] for any l ∈ G, define a fuzzy set Lχl of
G, called χ-SVNSG right coset of L in G as follows, where,

L = {〈α{l},β{l},γ{l}〉, l ∈ G},
L
χ
l (g) = 〈min{α(gl−l)}, min{β(gl−l)}, max{γ(gl−l)}〉, ∀ l,g ∈ G.

Similarly, we define the χ-SVNSG left coset lLχ as

lL
χ(g) = 〈min{α(l−1g)}, min{β(l−1g)}, max{γ(l−1g)}〉, ∀ l,g ∈ G.

Definition 4.12. Let L be χ-SVNSG of a group G, where χ ∈ [0, 1], then L is called χ-single valued
neutrosophic normal subgroup of G⇔ lL

χ(g) = Lχl (g), ∀ l∈ G.

Note: (1) Clearly χ-SVNSG is ordinary NSVNSG of G.
(2) lLχ(g) = Lχ(l−1g) and Lχl (g) = L

χ(gl−1), ∀ l,g ∈ G.

Remark 4.13. If L is NSVNSG of group G, then L is also a χ-NSVNSG of G.

Proof. Let L be a NSVNSG of G. Then for any l ∈ G, we have lL = Ll, where L = {〈l,α{l},β{l},γ{l}〉, l ∈
G}, therefor for any g ∈ G we have (lL)g = (Ll)g that is L(l−1g) = L(gl−1), so

〈min{α(l−1g)}, min{β(l−1g)}, max{γ(l−1g)}〉 = 〈min{α(l−1g)}, min{β(l−1g)}, max{γ(l−1g)}〉, ∀ l,g ∈ G
⇒ min{L(l−1g),χ} = min{L(gl−1),χ},

where, L = {〈l,α{l},β{l},γ{l}〉, l ∈ G}, hence lLχ(g) = L
χ
l (g), so we have lLχ(g) = L

χ
l (g), ∀ l ∈ G, hence

L is a χ-NSVNSG of G.

Remark 4.14. The converse of above result is not true in general.

Proposition 4.15. Let L be χ-SVNSG of a groupG. Then Lχ(m−1lm) = Lχ(l) or equivalently, Lχ(lm) = Lχ(ml)
holds for all l,m ∈ G, where L = {〈l,α{l},β{l},γ{l}〉, l ∈ G}.

Proof. Since L is χ-NSVNSG of group G, therefore lLχ(g) = L
χ
l (g) holds for all l ∈ G. Then

lL
χ(m−1) = Lχl (m

−1) holsd for all m−1 ∈ G,

so
min{L(l−1m−1),χ} = min{L(gl−1m−1),χ} ∀ m−1l−1 ∈ G.

Then

〈min{α(l−1m−1)}, min{β(l−1m−1)}, max{γ(l−1m−1)}〉 = 〈min{α(m−1l−1)}, min{β(m−1l−1)}, max{γ(m−1l−1)}〉,

for all m−1l−1 ∈ G. So,

min{L(l−1m−1),χ} = min{L(gl−1m−1),χ}, ∀ m−1l−1 ∈ G =⇒ Lχ(l−1m−1) = Lχ(m−1l−1),

=⇒ Lχ(lm)−1 = Lχ(ml)−1,
=⇒ Lχ(lm) = Lχ(ml) l,m ∈ G.

As L is χ-SVNSG of G. So Lχ(g−1) = Lχ(g), g ∈ G.

Note: Next we show that for some specific value of χ, every χ-SVNSG L of G will always be χ-NSVNSG
of G. In this direction, we have the following.

Proposition 4.16. Let L be χ-SVNSG of a group G such that χ 6 P, where P = inf{L(l) ∀ l ∈ G} and
L = {〈l,α{l},β{l},γ{l}〉, l ∈ G}. Then L is also χ-NSVNSG of G.
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Proof. Since χ 6 P implies that P > d, inf{L(l), ∀ l ∈ G} 6 χ =⇒ L(l) 6 χ and so, min{L(l),d} = χ, ∀ l ∈ G,
thus

L
χ
l (g) = min{Lχ(gl−1),χ} = χ.

Similarly,
lL
χ(g) = min{Lχ(l−1g),χ} = χ.

That is
L
χ
l (g) =l L

χ(g), ∀ g ∈ G.

Therefore
L
χ
l =l L

χ, ∀ g ∈ G.

Hence L is also χ-NSVNSG of G.

Proposition 4.17. Let L be χ-NSVNSG of a group G, then the set GLχ = {l ∈ G, Lχ(l) = Lχ(e)} is a normal sub
group of G, where L = {〈l,α{l},β{l},γ{l}〉, l ∈ G}.

Proof. Clearly GLχ 6= φ for e ∈ GLχ . Let l,m ∈ GLχ be any element. Then we have

Lχ(lm−1) > min{Lχ(l),Lχ(m)} = min{Lχ(e),Lχ(e)} = Lχ(e),

Lχ(lm−1) > 〈min{αχ(l),αχ(m)}, min{βχ(l),βχ(m)}, max{γχ(l),γχ(l)}〉,
Lχ(lm−1) > 〈min{αχ(e),αχ(e)}, min{βχ(e),βχ(e)}, max{γχ(e),γχ(e)}〉

= 〈αχ(e),βχ(e),γχ(e)〉 = Lχ(e),

so, Lχ(lm−1) > Lχ(e), but Lχ(lm−1) 6 Lχ(e). Therefore Lχ(lm−1) = Lχ(e) =⇒ lm−1 ∈ GLχ . Thus GLχ is
a subgroup of G. Further, let l ∈ GLχ and m ∈ G. We have Lχ(m−1lm) = Lχ(l) = Lχ(e) =⇒ m−1lm ∈
GLχ . So GLχ is a normal sub group of G.

Proposition 4.18. Let L be χ-NSVNSG of a group G,

(1) lLχ = mLχ if and only if l−1m ∈ GLχ ;
(2) Llχ = Lχm if and only if m, l−1 ∈ GLχ .

Proof.

(1) Firstly, let lLχ = mLχ,

Lχ(lm−1) = min{L(l−1m),χ}

= 〈min{α(l−1m),χ}, min{β(l−1m),χ}, max{(l−1m),χ}〉
= 〈(lαχ)(m), (lβχ)(m), (lγχ)(m)〉 = (lLχ)(m) = (mLχ)(m) = min{L(m−1m),χ}

= 〈min{α(m−1m),χ}, min{β(m−1m),χ}, max{γ(m−1m),χ}〉
= 〈min{α(e),χ}, min{β(e),χ}, max{γ(e),χ}〉
= min{L(e),χ} = Lχ(e).

Thus L(l−1m) = Lχ(e) =⇒ l−1m ∈ GLχ . Conversely, let l−1m ∈ GLχ , then Lχ(l−1m) = Lχ(e), so
〈αχ(l−1m),βχ(l−1m),γχ(l−1m)〉 = 〈αχ(e),βχ(m),γχ(m)〉. Let z ∈ G be any element, now,

lL
χ(z) = min{L(l−1z),χ}

= 〈min{α(l−1z),χ}, min{β(l−1z),χ}, max{γ(l−1z),χ}〉
= 〈αχ(l−1z),βχ(l−1z),γχ(l−1z)〉
= Lχ(l−1z) = Lχ((l−1m), (m−1z))
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> min{Lχ(l−1m),Lχ(m−1z)}

= 〈min{αχ(l−1m),αχ(m−1z)}, min{βχ(l−1m),βχ(m−1z)}, max{γχ(l−1m),γχ(m−1z)}〉
= 〈min{αχ(e),αχ(m−1z)}, min{βχ(e),βχ(m−1z)}, max{γχ(e),γχ(m−1z)}〉
= 〈min{Lχ(e),Lχ(m−1z)}

= Lχ(m−1z),

lL
χ(z) = mLχ(z).

Interchanging the role of l and m, we get lLχ(z) = mLχ(z), ∀ z ∈ G. Hence Lχl = Lχm.

(2) Let Lχl = Lχm, now,

Lχ(lm−1) = min{L(m−1l),χ}

= 〈min{α(lm−1),χ}, min{β(lm−1),χ}, max{(lm−1),χ}〉
= 〈(mαχ)(l), (mβχ)(l), (mγχ)(l)〉 = (mLχ)(l) = (lLχ)(l) = min{L(l−1l),χ}

= 〈min min{α(l−1l),χ}, min{β(l−1l),χ}, max{γ(x−1l),χ}〉
= 〈min{α(e),χ}, min{β(e),χ}, max{γ(e),χ}〉
= min{L(e),χ} = Lχ(e).

Thus L(lm−1) = Lχ(e), so lm−1 ∈ GLχ . Conversely, let lm−1 ∈ GLχ , then Lχ(lm−1) = Lχ(e), so
〈αχ(lm−1),βχ(lm−1),γχ(lm−1)〉 =< αχ(e),βχ(e),γχ(e)〉. Let z ∈ G be any element, now,

mLχ(z) = min{L(m−1z),χ}

= 〈min{α(m−1z),χ}, min{β(m−1z),χ}, max{γ(m−1z),χ}〉
= 〈αχ(m−1z),βχ(m−1z),γχ(m−1z)〉
= Lχ(m−1z) = Lχ((lm−1), (l−1z))

> min{Lχ(lm−1),Lχ(l−1z)}

= 〈min{αχ(lm−1),αχ(l−1z)}, min{βχ(lm−1),βχ(l−1z)}, max{γχ(lm−1),γχ(l−1z)}〉
= 〈min{αχ(e),αχ(l−1z)}, min{βχ(e),βχ(l−1z)}, max{γχ(e),γχ(l−1z)}〉
= 〈min{Lχ(e),Lχ(l−1z)}

= Lχ(l−1z),
mLχ(z) = lLχ(z).

Interchanging the role of l and m, we get mLχ(z) = lLχ(z), ∀ z ∈ G. Hence Lχl = Lχm.

Proposition 4.19. Let L be χ-NSVNSG of a group G and l,m,u, v be any element in G.If lLχ = umLχ and
mLχ = vLχ, then, lmLχ = uvLχ.

Proof. Since lLχ = umLχ and mLχ = vLχ =⇒ l−1u,m−1vGLχ , it means l〈αχ,βχ,γχ〉 = u〈αχ,βχ,γχ〉
and m〈αχ,βχ,γχ〉 = v〈αχ,βχ,γχ〉l−1u,m−1v ∈ GLχ , where, L = {〈l,α{l},β{l},γ{l}〉, l ∈ G}. Now,

(lm)−1(uv) = (m−1l−1)(uv) = m−1(l−1u)v = m−1(l−1u)(mm−1)v = [m−1(l−1u)m](m−1v) ∈ GLχ .

As GLχ is a normal subgroup of G, so, (lm)−1(uv) ∈ GLχ =⇒ lmLχ = uvLχ =⇒ lm〈αχ,βχ,γχ〉 =
uv〈αχ,βχ,γχ〉 =⇒ lmLχ = uvLχ.

Definition 4.20. The group G/Lχ of all χ-NFCSGs of χ-NSVNSG, L of group G is called the factor group
of G by Lχ.
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Proposition 4.21. Suppose G/Lχ is the collection of all χ-neutrosophic fuzzy cosets (χ-NFCs) of a group G. That
is, G/Lχ = {L

χ
l : l ∈ G}, then the binary operation

⊗
on the set G/Lχ is as follows, Lχl

⊗
L
χ
m = Ltlm l,m ∈ G.

Proof. Let Lχl = Lχl1
and Lχm = Lχm1 for some l,m, l1,m1 ∈ G. Taking g ∈ G be any element, then

[Lχl

⊗
Lχm](g) = Lχlm(g)

= min{L(g(lm)−1),χ}

= 〈min{α(g(lm)−1),χ}, min{β(g(lm)−1),χ}, max{γ(g(lm)−1),χ}〉
= 〈min{α((gm−1)l−1),χ}, min{β((gm−1)l−1),χ}, max{γ((gm−1)l−1),χ}〉
= {α

χ
l (gm

−1),βχl (gm
−1),γχl (gm

−1)}

= Lχl (gm
−1)}

= Lχl1
(gm−1)

= min{L((gm−1)l−1
1 ),χ}

= 〈min{α((gm−1)l−1
1 ),χ}, min{β((gm−1)l−1

1 ),χ}, max{γ((gm−1)l−1
1 ),χ}〉

= 〈min{α((gl−1
1 )m−1),χ}, min{β((gl−1

1 )m−1),χ}, max{γ((gl−1
1 )m−1),χ}〉

= {αχm(l−1
1 g),βχm(l−1

1 g),γχm(l−1
1 g)}

= Lχm(l−1
1 g)

= Lχm1
(l−1

1 g)

= min{L((gl−1
1 )m−1

1 ),χ}

= 〈min{α((l−1
1 g)m−1

1 ),χ}, min{β((l−1
1 g)m−1

1 ),χ}, max{γ((l−1
1 )m−1

1 g),χ}〉
= 〈min{α(m−1

1 (l−1
1 g)),χ}, min{β(m−1

1 (l−1
1 g)),χ}, max{γ(m−1

1 (l−1
1 g)),χ}〉

= 〈min{α((m−1
1 l−1

1 )g),χ}, min{β((m−1
1 l−1

1 )g),χ}, max{γ((m−1
1 l−1

1 )g),χ}〉
= 〈min{α((m1l1)

−1g),χ}, min{β((m1l1)
−1g),χ}, max{γ((m1l1)

−1g),χ}〉
= 〈min{α((m−1

1 l−1
1 )g),χ}, min{β((m−1

1 l−1
1 )g),χ}, max{γ((m−1

1 l−1
1 )g),χ}〉

= 〈min{α(g(m1l1)
−1),χ}, min{β(g(m1l1)

−1),χ}, max{γ(g(m1l1)
−1),χ}〉

= min{L(g(m1l1)
−1),χ}

= Lχm1l1
(g).

Therefore
⊗

is well define operation on G/Lχ.

Proposition 4.22. The set G/Lχ of all χ-NFCs of χ-NSVNSG, L of group G, from (form?) a group under the well
define operation

⊗
.

Remark 4.23. It’s simple to verify that the G/Lχ identity element is Leχ, where identity of the group G is
e, and Lχ

l−1 is inverse of an element Lχl .

5. Homomorphism

In this section, we will discuss homomorphism on proposed algebraic structure and several results
given on it.

Theorem 5.1. Define a homomorphism  h : G1 −→ G2 of group G1 into a group G2. Let M be χ-SVNSG of group
G2. Then  h−1(M) is χ-SVNSG of G1.
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Proof. Let M be χ-SVNSG of group G2. If l1, l2 ∈ G1 be any elements, then

( h−1(M))χ(l1, l2) =  h−1(M)(l1, l2)
=Mχ( h(l1, l2))
=Mχ( h(l1),  h(l2))
> min{Mχ( h(l1),Mχ h(l2))}

= min{ h−1Mχ(l1),  h−1Mχ(l2)}

= min{( h−1(M))χ(l1), ( h−1(M))χ(l2)},

( h−1(M))χ(l1, l2) > min{( h−1(M))χ(l1), ( h−1(M))χ(l2)},

( h−1(M))χ(l1) =  h−1(Mχ)(l1) =M
χ( h(l)−1) =Mχ( h(l)) =  h−1(M))χ(l),

( h−1(M))χ(l−1) =  h−1(M)χ(l).

Hence,  h−1(M) is χ-SVNSG of group G1.

Theorem 5.2. If  h : G1 −→ G2 be a homomorphism of group G1 into a group G2, let M be χ-NSVNSG of group
G2. Then  h−1(M) is χ-NSVNSG of G1.

Proof. Let M be χ-NSVNSG of group G2. Let l1, l2 ∈ G1 be any element, then

[ h−1(M)]χ(l1l2) =  h−1(M)(l1l2)

=Mχ( h(l1l2)) =M
χ( h(l1) h(l2)) =M

χ( h(l1l2)) =M
χ( h(l2l1)) =  h−1(M)χ(l2l1),

 h−1(M)χ(l2l1) = ( h−1(M))χ(l2l1).

Hence  h−1(M) is χ-NSVNSG of group G1.

Theorem 5.3. A natural mapping  h : G −→ G/Lχ, where G is a group and G/Lχ is a set of all χ-N fuzzy cosets
of χ-NSVNSG, L of G defined by  h(l) = Lχl is an onto homomorphism with ker h = GLχ .

Proof. Suppose that l,m ∈ G, so  h(lm) = L
χ
lm = L

χ
l L
χ
m =  h(l) h(m), therefore,  h is a homomorphism.

Clearly,  h is surjective.

ker h = GLχ = {l ∈ G : Lχe = Lχl } = {l ∈ G : le−1 ∈ G} = {l ∈ G : l ∈ G} = GLχ .

Theorem 5.4. Let Lχ be a χ-SVNSG of a group G1 and  h : G1 −→ G2 be a bijective homomorphism, then  h(Lχ)
is χ-SVNSG of group G2.

Proof. Let Lχ be a χ-SVNSG of a group G1. Assume that m1,m2 ∈ G2, then there exist unique elements
l1, l2 ∈ G1 such that  h(l1) = m1 and  h(l2) = m2.

( h(L))χ(m1m2) = min{ h(L)(m1m2,χ}
= min{ h(L)( h(l1) h(l2)),χ}
= min{ h(L)( h(l1l2)),χ}
= min{L(l1l2),χ}
= Lχ(l1l2)

= {Lχ(l1),Lχ(l2)}, ∀ l1, l2 ∈ G2 such that  h(l1) = m1 and  h(l2) = m2

> min{∀{Lχ(l1) :  h(l1)},∀{Lχ(l2) :  h(l2)}}
= min{ h(Lχ)(m1),  h(Lχ)(m2)} = min{( hL)χ(m1), ( hL)χ(m2)},
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 h(Lχ)(m1m2) > min{( hL)χ(m1), ( hL)χ(m2)},

 h(Lχ)(m−1) =  h(L)(m−1) =
∨

{Lχ(l−1) :  h(l−1)m−1} =
∨

{Lχ(l) :  h(l) = m} =  h(Lχ)(m).

Hence  h(L) is χ-SVNSG of G2.

Theorem 5.5. Let  h : G1 −→ G2 be a bijective homomorphism and Lχ be a χ-NSVNSG of group G1, then  h(Lχ)
is χ-NSVNSG of group G2.

Proof. Since Lχ is a χ-NSVNSG of a group G1, letm1,m2 ∈ G2. Then there exist unique elements l1, l2 ∈ G1
such that  h(l1) = m1 and  h(l2) = m2,

( h(L))χ(m1m2) = min{ h(L)(m1m2,χ}
= min{ h(L)( h(l1) h(l2)),χ}
= min{ h(L)( h(l1l2)),χ}
= min{L(l1l2),χ}
= Lχ(l1l2) = L

χ(l2l1) = min{Lχ(l2l1)} = min{ h(L)( h(m2m1),χ} = ( h(L))χ(m2m1),
( h(L))χ(m1m2) = ( h(L))χ(m2m1).

Hence,  h(L
χ
) is χ-NSVNSG of G2.

6. Conclusion

In this work, we introduce the notion of χ-single valued neutrosophic set and χ-single valued neutro-
sophic subgroups and then we discuss several operations and algebraic properties on them, respectively.
In further work, researchers can extend this idea in topological spaces, rings, and fields.
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