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Abstract

The main goal of this paper, is to obtain the forms of the solutions of the following nonlinear fifteenth-order difference
equations
Xn—14
+1 £ xn2Xn—5Xn—8Xn—11Xn—14

Xn4l = , n=012,...,

where the initial conditions x_14,x_13,...,%¢ are arbitrary real numbers. Moreover, we investigate stability, boundedness,
oscillation and the periodic character of these solutions. Finally, we confirm the results with some numerical examples and
graphs by using Matlab program.
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1. Introduction

Difference equations appear as natural descriptions of observed evolution phenomena because most
measurements of time evolving variables are discrete and as such these equations are in their own right
important mathematical models. More importantly, difference equations also appear in the study of
discretization methods for differential equations. Several results in the theory of difference equations
have been obtained as more or less natural discrete analogues of corresponding results of differential
equations.

Recently there has been a lot of interest in studying the global attractivity, boundedness character,
periodicity and the solution form of nonlinear difference equations. For some results in this area, for
example, Ahmed et al. [5] obtained the expressions of solutions of the class of difference equations

N Xn—2k+1
- Kk
1 £ T Xn—2i41

Xni1 ., n=0,12,...,
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with conditions posed on the initial values x_j, j = 0,1,2,...,2k — 1, where k € {1,2,...}. Elsayed et al
[13] obtained the solutions of the difference equations

Xn—11
+1 4+ Xn—2Xn-—5Xn—8Xn—11

Xnil = , n=012,...,

where the initial conditions are arbitrary real numbers. Cinar [8-10] obtained the solutions of the differ-
ence equations

Xn—1 Xn—1 aXn—1

Ml = +XnXn_1 il =T + XnXn_1 | +bXnXn_1
Elsayed [12] studied the difference equation

Xn—5
—1+xXn_2Xn—5

Xn+1 =
For other related papers, see [1-4, 6,7, 11, 14-17].
In this paper, we obtain the solutions of the following nonlinear difference equations

Xn—14
1 £ Xn 2Xn-5Xn—8Xn—11Xn—14

Xnil = , n=0,12,...,

with conditions posed on the initial values x_j, j = 0,1,2,...,14. Moreover, we investigate stability,
boundedness, oscillation and the periodic character of these solutions. Finally, we confirm the results
with some numerical examples and graphs by using Matlab program.

Let I be some interval of real numbers and let

D

be a continuously differentiable function. Then for every set of initial conditions x_1,X_x41,...,%0 € I,
the difference equation

Xni1 = F(Xn,Xn-1,Xn—2,---,%Xn_k), n=0,1,..., (1.1)
has a unique solution {x, }%°__,.
Definition 1.1. A point X € I is called an equilibrium point of Eq. (1.1) if
x=FX%%...,X),

that is,
Xn =X forall n>—k
is a solution of Eq. (1.1), or equivalently, X is a fixed point of G(x) = F(x,...,x).
Definition 1.2. A sequence {x,}Y__, is said to be periodic with period p if xn 1 p = x, forall n > —k.
Definition 1.3.

(i) The equilibrium point X of Eq. (1.1) is locally stable if for every e > 0, there exists > 0 such that for
all x_y, % xi1,.-.,%X_1,%0 € I with

|X,k—§|+|xfk+1—Y|+"‘+|X0—f| < 5,

we have
xn —%X| < e forall n>—k.
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(ii) The equilibrium point X of Eq. (1.1) is locally asymptotically stable if X is locally stable of Eq. (1.1)
and there exists y > 0, such that for all x_y,x_1,...,X_1,%0 € [ with

Xk =X+ X1 =X+ Fxo =X <,

we have

lim x, =X.
n—oo

(iii) The equilibrium point x of Eq. (1.1) is global attractor if for all x_y,x_x11,...,%X_1,%0 € I, we have

Iim x, =X
n—oo

(iv) The equilibrium point x of Eq. (1.1) is globally asymptotically stable if X is locally stable, and X is
also a global attractor of Eq. (1.1).
(v) The equilibrium point x of Eq. (1.1) is unstable if X is not locally stable.

Definition 1.4.

(i) A sequence {xn}is said to oscillate about zero or simply to oscillate if the terms x,, are neither eventu-
ally all positive nor eventually all negative. Otherwise the sequence is called nonoscillatory. A sequence
{xn} is called strictly oscillatory if for every ng > 0, there exist ny, ny > ng such that x,,xn, < 0.

(ii) A sequence {x,} is said to oscillate about X if the sequence {x,, — X} oscillates. The sequence {xn} is
called strictly oscillatory about X if the sequence {x, — X} is strictly oscillatory.

Definition 1.5. A positive semicycle of a solution {x,} of Eq. (1.1) consists of a ”string” of terms
{X1, X141, ..., Xm}, all greater than or equal to X, with 1 > —k and m < oo and such that

either l=—korl> —kand x;_1 <X,
and
either m = oo or m < oo and X1 < X.

A negative semicycle of a solution {x,,} of Eq. (1.1) consists of a ”string” of terms {x{, X141, ..., Xm}, all less
than X, with 1 > —k and m < oo and such that

either l=—korl>—k and x;_1 > X,

and
either m = oco or m < oo and X1 = X.

Definition 1.6. Suppose that the function F is continuously differentiable in some open neighborhood of
an equilibrium point . Let

_OF
N aui

Pi (x,%,...,x) for i=0,1,...,k,

denote the partial derivatives of F(up,uy,..., ux) evaluated at the equilibrium X of Eq. (1.1). Then the
equation
Yntl =PoYn +P1Yn-1+-+PxYn-k, n=01,..., (1.2)

is called the linearized equation associated of Eq. (1.1) about the equilibrium point X and the equation
AR —poAR — o —pr A —pr =0, (1.3)
is called the characteristic equation of Eq. (1.2) about X.

The following result known as the linearized stability theorem is very useful in determining the local
stability character of the equilibrium point X of Eq. (1.1).
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Definition 1.7. Let X be an equilibrium of Eq. (1.1).

(i) x is called a hyperbolic equilibrium if Eq. (1.3) has no roots with absolute value equal to one.
(ii) x is called a nonhyperbolic equilibrium if there exists a root of Eq. (1.3) with absolute value equal to
one.

Throughout this paper, we define mod (k,3) =k —3 [%} , where [x] be the greatest integer less than or

equal to the real number x.

Xn—14
1+ Xn—2Xn—5Xn—8Xn—11Xn—14

2. The difference equation x;, 11 =

In this section we give a specific form of the solutions of the first equation in the form

Xn—14

, n=0,12..., 2.1)
1+ Xn—2Xn—-5Xn—-8Xn—11Xn—14

Xn41 =

with conditions posed on the initial values x_j, j = 0,1,2,...,14. Also, we investigate the stability and
boundedness of these solutions.
Theorem 2.1. Let {xn}%__,, be a solution of the difference Eq. (2.1). Then forn =0,1,2,...,

1+ B5i+Mg—1) Py
X15n—k = a kH( 1+ (511 M) Py >, (2.2)

4

where Py, = |] Qmod (k3)+3j, Mk = 5 — [%} and x_y = ay, with vPy # —1 such that r € {1,2,3,...}, k =
j=0

0,1,2,...,14.

Proof. For n = 0, the result holds. Now suppose that n > 0 and that our assumption holds for n —1. That

is
1+(Bi+Mg—1)P
X15n—15—k = Ok H ( T+ 51_‘_:/1]()],]{ k)- (2.3)

Now, it follows from Eq. (2.1) and using Eq. (2.3) that

o X15n—29
X15n—14 = 1
+ X15m— 17X15n 20X15n—23X151—26X15n—29
1+ 51+M14 1)P14 1+ 51 Cl2(15(18C111Cl14
a4 H ( 14+ (51+M14)P1y a4 1_[ 14+ (5i+1) apasaga;ay
- 4 n_2 : - n—2 :
1+(51+M3j+2_1)P3j+2 1+(51)(12C15C18(111(114
+ aszi - 1+ apasagajia .
]];[O 3]+2 11;[0 1+(51+M3j+2)P3j+2 26568881114 1;[ 1+(51+5)C12C15Cl8(111 ajg
Hence, we have
1+ (5i1)arasagaiias
X15n—14 = 014 H
1+ (51+1) apasagaqa
Also, it follows from Eq. (2.1) and using Eq. (2.3) that
o X15n—28
X15n—13 = 1
+ X15n— 16X15n 19%X15n—22X15n—25X15n—28
—2 .
a H 1+ (5i+My3—1) P13 a nl—l 1+ (51)ayjagayajgars
13 1+ 51+M13)P13 13 izo 1+(51+1)a1 agayajpays

4 n—2 n—2 :
14 (5i+Maj11—1) P 1+(5i)ajagazapga
1 . 1d4d70704A13
+j1;[0 ((13]+1 H < 1+ (51+Masj11) P31 T a1a4a7010013 il;IO 1+(5i+5)arasayajpas
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Hence, we have

1 —|— 51 (110.4C17Cl10(l13
X15m—13 = a1 H
n—13 3 1+ 51+1 (11(14(17010&13

Also, it follows from Eq. (2.1) and using Eq. (2.3) that

X N X15n—27
15n—12 =

1+ X15n—15X15n—18X15n—21X15n—24X15n—27

a nﬁz 1+ (51+M1p—1)P1n a H 1+ (51)agazagagain
12 0 1+(51+M12)P12 12 1+ 51+1]aga3a6a9a12
1=
o 4 n—2 . .
1+ (5i+Ma;—1) Py 14+(5i)apazasagary
1 +j1:[0 <a3] 11:[0 ( 1+ (51+Mas; ) P3; 14 apazagagaiy 1_[ 1+(5i+5)agazasagar,

Hence, we have

1 + 51 (10&3(16(19(112
X15n—12 = a12 H
m— 1 + 51+1 (10(13(16(19(112

Similarly, one can easily obtain the other relations for Eq. (2.2). Hence, the proof is completed. O

Theorem 2.2. Assume that the initial values of the difference Eq. (2.1) X_14,X_13,...,%0 € [0,00), then every
solution of Eq. (2.1) is bounded.

Proof. Let {xn}X__,4be a solution of Eq. (2.1). It follows from Eq. (2.1) that

Xn—14
0<xXns1 = n <Xpn—14 forall n>0.
1+ Xn—2Xn—5Xn—8Xn—11Xn—14

Then the sequence {xi5n—iJ5_o ,1 = 0,1,...,14 is decreasing and so is bounded from above by M =
max{X_14,X_13,...,X0} O

Theorem 2.3. The only equilibrium point X of Eq. (2.1) is X = 0.

Proof. From Eq. (2.1), we can write X = 1+,5 Then we have X +X° = X, or, X = 0. Thus, the only

equilibrium point of Eq. (2.1) is X = 0. O

Theorem 2.4. Assume that the initial values of the difference Eq. (2.1) x_14,X_13,...,%0 € [0, 00), then the
equilibrium point X = 0 of Eq. (2.1) is locally stable.

Proof. Let € > 0, and let {xn}3*__,,be a solution of Eq. (2.1) such that

14
2 Ixl<e
j=0

It suffices to show that |x{| < €. Now

X_14
0<x1 = <x_14 <€
1T4+x 2x 5x_gx_11X_14

and so the proof is completed. O

Theorem 2.5. Assume that the initial values of the difference Eq. (2.1) X_14,X_13,...,%0 € [0, 00), then the
equilibrium point X = 0 of Eq. (2.1) is globally asymptotically stable.
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Proof. We know by Theorem 2.4 that the equilibrium point X = 0 of Eq. (2.1) is locally stable. So let
{(xnJ__, be a positive solution of Eq. (2.1). It suffices to show that limp o xn =X = 0. From Theorem
2.2 we have xn4+1 < xn_14 for all n > 0, so the sequences {xi5n_i} 1=0,1,...,14 are decreasing and
bounded which implies that the sequences {x15n_i}°

(o0}
n=0

i=0,1,...,14 converge to limit (say L; > 0). So

n=0s
Lig Li3 Lo
L= =0, Liz= =0,...,[[= =0,
M ] ¥ Llslgly Ly B 1 Ly LoLys 0 1+ LoLsLeLoLyy
which implies that Ly = L; = - -- = L14 = 0, from which the result follows. O

Xn—14
1—Xn_2Xn—5Xn—8Xn—11Xn—14

3. The difference equation x, 1 =

In this section we give a specific form of the solutions of the second equation in the form

Xn—14
il = . n=0,12,..., 3.1)
1 —Xn—2Xn—5Xn—8Xn—11Xn—14

with conditions posed on the initial values x_j, j =0,1,2,...,14.

Theorem 3.1. Let {xn}>°__,, be a solution of the difference Eq. (3.1). Then forn =0,1,2,...,

1+ (5i+ My —1) Py
- , 2
on -k akH( “1+ (5i+ My) Py (3.2)

4

where Py = T amod(k3)+3j, Mk = 5— (%] and x_ = ax, with TPy # 1 such that v € {1,2,3,...}, k =
=0

0,1,2,...,14.

Proof. For n = 0, the result holds. Now suppose that n > 0 and that our assumption holds for n —1. That
is
“*2( 1+ (514 My — )Pk>

X15n—15—k =0k H
i=0

—14(514+My ) Py (3‘3)
Now, it follows from Eq. (3.1) and using Eq. (3.3) that
_ X15n—29
X15n—14 =
1—x15n— 17X15n 20X15n—23X15n—26X15n—29
—1+(51+M1s—1) Py —1+4(51) azasaga; as
a4 H ( —1+(51+My4) P12 ai4 H —1+(514+1)arasagai;as
- 4 n2 - n—2
1+ 51+M3]+2 1)P3H’2 —1+(5i)a2(1 asgajja
- 1— - 508011a14
jl;lo <a3l+2 I1 < —14(5i4+Maj12) P3j12 a20508a11d14 il;[() —1+(51+5)azasagaag

Hence, we have

N a H —1+ (5i)arasagaiiag
15n—14 = T4 —14 (5i+1) apasagajias

Also, it follows from Eq. (3.1) and using Eq. (3.3) that

X _ X15n—28
15n—13 —
1—x15n— 16X15n 19X15n—22%X15n—25X15n—28
n—2
—1+(51+M13—1) P13 —1+4+(51) ajagayagass
ais H ( —14+(51+My3)Py3 ais ,1_4[0 —1+(5i+1)ajasayapass
1=

4 n—2 n—2
14 (5i+Maj11—1) P —1+4(5i)ajagayapa;
o H 1 . . 1 0413
j=0 <a3]+1 H < —14(5i+Maj11) P3j11 a1a4d7d10a13 il;IO —1+(5i+5)ajazazajpass
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Hence, we have

X —a H -1+ 51 a1a4a7a10a13
on—13 13 -1 + 51 + 1) ajagazyagpais

Also, it follows from Eq. (3.1) and using Eq. (3.3) that

X15n—27
X15m—12 =
1 —xi5n— 15X15n 18X15n—21X15n—24X15n—27
—1+(5i+M1p—1)Ppp —1+(51)apazasasarn
an H ( T+ (51 Mp) P2 a12 H Tt 51.-0—1](10(13(160-9‘112
- 4 n—2 : - n—2 '
—1+(5i-+Ma;—1) P3; —1+(51)apaszagagain
1 H <a33 H ( —1+(51+Ms; ) P3; 1 —apazasasar l_[ —1+(5i+5)apaszagagsar
j=0 i=0 1779 i=0
Hence, we have
—1+ 51 a0a3a6a9a12
X15n—12 = d12 H
e —1+ (51+1) agazagagarn
Similarly, one can easily obtain the other relatlons for Eq. (3.2). Hence, the proof is completed. O

Theorem 3.2. Eq. (3.1) has a unique equilibrium point X = 0, which is a non hyperbolic equilibrium point.

6

Proof. From Eq. (3.1), we can write X = Then we have X —x® = X, or, X° = 0. Thus the only

X
1"
equilibrium point of Eq. (3.1) is X = 0. Let f : (0, 0)® — (0, 00) be a function defined by

X
f 7 I ~r Yy - -
By 2w, ) 1 —xyzuv
Then we have
1 x2zuv
f (X/ /Z/ulv) P f (X, /ZIuIV) N Y
X (1— xyzuv)z yted (1— xyzuv)2
2 2
X“yuv X“Yyzv
f (X/ ,Z,U.,\)) = s f (X/ IZ/u/v) - o
=y (1— xyzuv)2 uey (1— xyzuv)2
2
fv(x,y,z,u,v) = Al

(1 —xyzuv)z.

which implies that

(%% X%%X) =1, fy(X,X,X,XX) =1.(XXXXX) =fulX,XXXX) =f,(X,XXXX) =0.

So, the linearized equation of Eq. (3.1) about the equilibrium point X = 0 is
Zn4+1 = Zn—14, (3.4)
and the characteristic equation of Eq. (3.4) about the equilibrium point X = 0 is
AP —1=0,

which implies that
Ail=1;i=1,2,...,15

s0, X is a non hyperbolic equilibrium point. O

Open Problem: Investigate the global behavior of solutions of Eq. (3.1) about the equilibrium point X = 0.
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Xn—14
—1+Xn_2Xn—5Xn—8Xn—11Xn—14

4. The difference equation x, 1 =

In this section we give a specific form of the solutions of the third equation in the form

Xn—14
Xngl = n , n=012,..., (4.1)
—1 4+ Xn—2Xn—5Xn—8Xn—11Xn—14

with conditions posed on the initial values x_j, j =0,1,2,...,14. Also, we investigate the oscillation and
periodicity of these solutions.

Theorem 4.1. Every solution of Eq. (4.1) is periodic with period 30.

Proof. From Eq. (4.1), we have
X
Xn430 = ntl : (4.2)

4
—1+ JT Xnt1543i
i—0

Since
4 3 N
n+12
-1+ H Xn41543i = —1+ H Xn+15+3i 1
=0 =0 =1+ [ xnt12431
i=0
1
o 4
=1+ [] xny1243i
i=0
& 1
= —1+ [ [ xn+15431 = 1
=0 —1+4 [] xny1243i
i=0
Similarly
! 1
1+ ] [xns12sai = 1 ,
=0 —1+4 [T xn+9+31
i=0
SO
4 4
-1+ H Xn41543i = —1+ H Xn+49+3i-
i=0 i=0
Similarly
4 4 4 1
1+ H Xn4943i = —1+ H Xn+3+3i and —1+ H Xn+43+3i =~
i=0 i=0 i=0 1+ [ Xnasi
i=0

which imply from Eq. (4.1) and Eq. (4.2) that

Xn

4
—1+ H Xn+43i
i=0

Xn4+30 = :Xn,n:0,1,2,... .

1

4
—1+J] xn+3i
i=0
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Theorem 4.2. The periodic 30 solution of Eq. (4.1) has the form

A (q(K))(15)9)

X30n—k = :k=0,1,...,29andn =1,2,...
30n—k (_1 —|—pk715)0‘(k)q(k), 7 7 7 7“7 7
4
where x_5 = a3, p; = [] Umod(j,3)43i, With p; # 1,5 = 0,1,2,...,14,p 1 = 0,1 = 1,2,...,15,q(k) =
1=0
1 £l+1 — 141
=D 1) and (k) = (—1)3+TL.
Proof. From the definition of q(k), we can see that
q(0) =q(1) =---=q(14) =0and q(15) = q(16) = --- =q(29) = 1.
Also,
x(i+6r)=-1, x(i+3+6r)=1, 1=0,1,2and r=0,1,2,3,4.
So,
Xy = X_14 _ aig o = X_13 B as
—1+x_ox_5X_gx_11X_14 —1+ arasagajjayy’ —1+x_1x_g4x_yx_q0x—13 —1+ajazazajpas’
X_—12 ain X_—11
X3 = = , X4= = ay1(—1+ azasagajias),
—1 +xXgX_3X_gX_9X_12 —1+4 apazagagaqn —14+x1x_2x_5%x_8X_11
X_10 X_9
X5 = = ajo(—1+ajagazapasz), xe¢= = ag(—1+ apazagagasn),
=1+ xpx_1X_4x_7X_10 =1+ x3x0X—3X_gX—9
X_8 as X_7 ay
Xy = = ’ X8 — = ’
—1 4+ x4x1X_2X_5%X_3g —1+ arasagaiiag —1 4+ x5%pX_1X_4X_7 —1+ ajagayapais
X_6 Qg X_5
Xg = = , X10 = = as(—1+ apasagaiias),
—1 4+ xgXx3X0X_3X_¢ —14 agazagagaqn —1 4+ x7x4X1X_2X_5
X_4 X3
X11 = = ag(—1+ ajagazapass), X1p = = az(—1+ apazagagayy),
—1 4+ xgx5XoX_1X_4 —1 4+ x9xgX3X0X_3
X_2 an X1 a
X13 = = , X14 = = ,
—1 4+ x10X7X4X1X_2 —1+ apasagajiagg —1 4+ x91X8X5XpX_1 —14+ ajagayaipais
X X0 il X X1 a
15 = = 16 = =ay
—1 4+ x12X9X6X3X0 —14 apazagagaqn ’ —1 4+ x13X10X7X4X1 !
X2 X3
X17 = = a3 X18 = =ap
-1 + X14X11X8X5X2 ! —1 + X15X12X9XeX3 !
X4 X5 a
X19 = =an Xp0 = = ajo,
=1+ x16X13X10X7%X4 ’ —1 +x17X14X11X8X5
X6 X7
Xp1 = =ay X2 = = ag,
—1 + x18X15%X12X9Xg ’ —1 +x19X16X13%X10%7
X8 X9 a
X23 = =ay, Xp4 = = ag,
—1 + Xp0X17X14X11X8 —1 +x21X18X15X12X9
X10 X11
X25 = = as, X26 = = Qy4,
—1 + x22X19%X16X13%10 —1 + x23X20X17X14%11
X12 X13
Xo7 = = ag, Xp8 = =ap,
—1 + Xp4X21X18X15%12 —1 + x25%X22X19%16X13
X14 X15
X29 = =a X30 = = Qyp,
—1 + X6X23X00X17X14 ’ —1 + x27X24%21X18%15
and the result follows by induction. O
Theorem 4.3. Eq. (4.1) has two equilibrium points 0 and /2, which are non hyperbolic equilibrium points.
Proof. The proof is similar to the proof of Theorem 3.2, and will be omitted. O

Theorem 4.4. Eq. (4.1) is periodic of period 15 iff px = 2,k = 0,1,2 and will take the form

X15n—k = ax; k=0,1,..

,14andn=0,1,2,... .
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Proof. The proof follows immediately from Theorem 4.2. O

Theorem 4.5. Assume that ag,ay,...,a14 € (0,1). Then the solution {xn}%__, of the difference Eq. (4.1)
oscillates about the equilibrium point X = 0, with positive semicycles of length 15, and negative semicycles of length
15.

Proof. From Theorem 4.2, we have xi,x2,...,%x15 < 0 and x1¢,%17,...,%30 > 0, and the result follows by
induction. O

Xn—14

5. The difference equation X1 =
—1—Xn_2Xn—5Xn—8Xn—11Xn—14

In this section we give a specific form of the solutions of the fourth equation in the form

Xn—14
—1 —Xn—2Xn—5Xn—8Xn—11Xn—14

Xnal = , n=0,12,..., (5.1)

with conditions posed on the initial values x_j, j =0,1,2,...,14. Also, we investigate the oscillation and
periodicity of these solutions.

Theorem 5.1. Every solution of Eq. (5.1) is periodic with period 30.
Proof. The proof is similar to the proof of Theorem 4.1, and will be omitted. O
Theorem 5.2. The periodic 30 solution of Eq. (5.1) has the form

A k—(q(k))(15)a0)
1 —pr_15)(0alk)

X30n,k:( ;k=0,1,...,29andn=1,2,...,

4
where x5 = a5, pj = [] Omod(j3)+3i, With p; # =1, =0,1,2,...,14,p 1 = 0,1 = 1,2,...,15,q(k) =
i=0

k

(=1 4+ 1) and (k) = (—1)5H+1

Proof. From the definition of q(k), we can see that

q(0) =q(1) =---=q(14) =0and q(15) = q(16) = --- = q(29) = 1.
Also,
ax(i+6r)=-1, x(i+3+6r)=1;i=0,1,2andr=0,1,2,3,4.
So,
. X_14 B ai4 N X_—13 . aiz
X1 = - - ’ X2 = - ’
—T—x_7x_5Xx_gx_11X_14 1+ axasagajiayy —1—x_1x_4x_7x_10X%_13 1+ ajagayajpass
_ X_12 _ ap _ X_11 _ 1
X3 = =— , X4 = = —ay1(1 + azasagaiias),
—1—xpx_3x_gX_9X_12 1+ apazasagary —1—x1x_2Xx_5X_gXx_11
_ X-10 — 1 = X9 = 1
X5 = = —ayo(l+ajagazapaiz), x¢= = —ag(1+ apazagasasn),
—-1— XoX_1X_4X_7X_10 —1— X3X0X—_3X_6X_—9
X_8 as X_7 ay
X7 = = — , Xg = = — ,
—1 —x4x1x_2x_5%_§ 1+ axasagajiayy —1 —xsxpx_1X_4x_7 1+ ajagazajpass
X_6 Qg X_5
X9 = = , X10 = = —as(1+ azasagaiiaiy),
—1 —xgXx3Xox—3X_¢ —1-+ apazagagaiy —1 —Xx7x4X1X_2X_5
X_4 X_3
X1 = = —a4(1+ ajagazajpasz), X12 = = —az(1+ apazagagayn),
—1 —XgX5X2X_1X_4 —1-— X9XeX3X0X_3
X_2 az X1 ap
X13 = =— , X14 = =— ,
—1 —x10x7x4%1% 2 1+ azasagajiayg —1 —x11x8X5%2x 1 1+ ajagayajpars
X0 agp X1
X15 = = X16 = = Q14,

- 7
—1 —x12X9X6X3X0 1+ agazagagays —1 —x13X10X7X4%1
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X2 X3
X17 = 1 = a1z, X18 = 1 = aip,
=1 —x14x11X8X5%2 —1 —x15X12X9X6X3
X4 X5
X19 = = = ay, X20 = =3 = ajo,
—1 —X16X13X10X7X4 — 1 —X17X14X11X8X5
X6 X7
X21 = 1 = Qo, X2 = 1 = as,
—1 —x18X15%X12X9Xg —1 —x19X16X13%X10%7
X8 X9
X23 = = ay, X4 = = Qq,
—1 —x20X17X14X11X8 —1 —%x21X18X15X12X9
X10 X11
X5 = = as, X6 = = ay,
—1 —x22X19X16X13X10 —1 —x3X0X17X14X11
X12 X13
Xo7 = = ag, Xog = = ay,
—1 —x24%21X18X15%12 —1 —x25%X22X19%16X13
X14 X15
X9 = =ay, X30 = = ay,
—1 — xpeX23%20X17%X14 —1 — xo7%04X21X18X15
and the result follows by induction. O

Theorem 5.3. Eq. (5.1) has two equilibrium points 0 and —~/2, which are non hyperbolic equilibrium points.
Proof. The proof is similar to the proof of Theorem 3.2, and will be omitted. O
Theorem 5.4. Eq. (5.1) is periodic of period 15 iff px = =2 ; k = 0,1,2 and will be take the form

Xi5n—k = ax ;k=0,1,...,14andn=0,1,2,... .
Proof. The proof follows immediately from Theorem 5.2. O

Theorem 5.5. Assume that ap,ay,...,a14 € [0,00). Then the solution {xn}3°__q, of the difference Eq. (5.1)
oscillates about the equilibrium point X = 0, with positive semicycles of length 15, and negative semicycles of length
15.

Proof. From Theorem 5.2, we have xq,x2,...,%x15 < 0 and xi¢,%17,...,%30 > 0, and the result follows by
induction. O
6. Numerical examples

To verify the results of this paper, we consider some numerical examples as follows.

Example 6.1. The graph of the difference Eq. (2.1) and the case when x_14 = 7.8, x_13 =55, x_10 =7,
X_11 = 5, X_10 = 98, X9 = 8.2, X_8 = 7.9, X_7 = 66, X—_6 = 1, X5 = 6, X_4 = 3, X3 = 85, X2 = 2.9,
x_1 = 1.3 and xg = 6.9 is shown in Figure 1.

1o Plot of x(n+1)= (x(1-14)(1+X(1-2)"X(0-5)"(n-8) x(n-11)"x(n-14))

7§

' T—

0
0 100 200 300 400 500 600 700 800 900 1000
n

Figure 1: Graph of the difference Eq. (2.1).

Example 6.2. The graph of the difference Eq. (3.1) and the case when x_14 = 25, x_13 = 16, x_1» = 4,
X_11 = 95, X_10 = 30, X—9 = 10, X_8§ = 7.9, X7 = 6.6, X—6 = 1.5, X_5 = 6, X_4 = 3, X3 = 55, X2 = 2,
x_1 =1 and x¢ = 0.4 is shown in Figure 2.
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50 - PIOLOf X1+ 1)= (X(N-14)(1-X(n-2)'X(n5)"X(n-8)"X(n-11)X(n-14)

rm

0 100 200 300 400 500 600 700 800 900 1000
n

Figure 2: Graph of the difference Eq. (3.1).

Example 6.3. Figure 3 shows the period 30 solution and the oscillation of the solution of the difference
Eq (41) where X_14 = 0.15, X_13 = 0.49, X_12 = 0.85, X_11 = 0.59, X_10 = 0.25, X_9 = 0.75, X_8§ = 0.8,
Xx_7=06,%x_¢=05,x_5=09,x_4=04,x_3=03,x_»=0.7,%x_1=02and xg =0.1.

, Plot of x(n+1)= (x(n-14)/(-1+x(n-2)"X(n-5)"x(n-8)"x(n-11)"x(n-14))

R

06 M\ m ‘M\ i w ‘“u‘ M\ ‘“u‘
04 ‘\ "H \ "H‘ ‘\ ‘H ‘\ 'H‘
. ‘\ \H‘ ‘\‘\h \‘\ \“ \“\H \h\“ “\"‘ \‘\H
<

Figure 3: Graph of the difference Eq. (4.1).

Example 6.4. Figure 4 shows the period 30 solution and the oscillation of the solution of the difference
Eq. (5.1) where x_14 = 0.8, x_13 = 0.5, x_12 =25,x_11 =09, x_10=05,x9=1,x_g =12, x_7 =03,
X_=022,%x_5=18,%x_4=0.85,x_3=15,x_»=2,x_1 =0.1 and xg = 0.3.

, Plot of x(n+1)= ((n-14)/(-1-X(n-2)"X(n-5)"X(n-8)"x(n-11)"x(n-14))

20 m [l m
M M\‘L “V‘M \'\N“y M Mv‘ M

E W w\w "

{

0 20 40 60 80 100 120 140 160 180 200
n

Figure 4: Graph of the difference Eq. (5.1).
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