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monotone system with delay
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Abstract

This paper is concerned with a population dynamic model with delay. In this work, by rewriting the equation and using
the Ikehara’s theorem, we show the exact asymptotic behavior of the profile as & —-oo for critical speed.
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1. Introduction

In this work, we are concerned with the asymptotic behavior of non-monotone traveling waves of the
delayed reaction diffusion equation without quasi-monotonicity
Ui (t,x) = dugex(t,x) — anru (t,x) + anpua(t, x), (1.1)
Ut (t/ X) = —dup (t/ X) + §(u1 (t — T, X) )r

where d, aj1, aip, and ap; are positive constants, u;(t,x) and ux(t,x) denote the spatial densities of
infectious agents and the infective human population at time t > 0, respectively. 1/aj; is the mean
lifetime of the agents in the environment, 1/ay, is the mean infectious period of the infective human, a;»
is the multiplicative factor of the infectious agents due to the human population, g(u;) is the force of
infection on human population due to a concentration u; of the infectious agents and T is the disease
latent period.

Over the years, there have been many important monotone results [9, 11, 15, 16] on traveling wave
solutions for reaction-diffusion scalar equations and systems.

However, on the traveling wave solutions of reaction-diffusion equations and systems without quasi-
monotonicity, it seems that few results [2, 3, 6, 8]. Wu and Li [10, 12] established the existence of traveling
wave solutions for some complicated non-local reaction-diffusion equations with delay and non-local
diffusion term equations with delay the idea of auxiliary equations and Schauders fixed point theorem
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[7, 8], respectively. In particular, Wu [12] applied the method to solve the existence of traveling wave
solutions of a class of non-monotone integral equations. As an application of this result, the existence of
traveling wave solutions of the following epidemic system with distributed delay

(1.2)

ul‘t(tr X) = ulXX(t/X) —u (tlx) +u2(t/ X)r
e (t,x) = —Bua(t,x) + [3 g(ui(t —s,x))P(ds),

has been obtained. It is easy to see that if P(-) is Dirac function §(-) and (1.2) is the system (1.1). To the best
of our knowledge, the asymptotic behavior of non-monotone traveling waves of such equations remain
open and seem to be very interesting and challenging problems. The purpose of this work is to establish
the asymptotic behavior of the non-monotone traveling waves of (1.1) in the non-monotone monostable
case.

2. Preliminaries and main results

Notations. Throughout this paper, C > 0 denotes a generic constant, C; > 0(i = 1,2,...) represents a
specific constant. Let I be an interval. L?(I) is the space of the square integrable functions defined on I,
and H*(I)(k > 0) is the Sobolev space of the L2-function h(x) defined on the interval I whose derivatives
di
dxt ;
w(x) > 0 and its norm is defined by |[h|[{2 = (flw(x) Ih(x)[* dx) :, andHX, (1) is the weighted Sobolev

space with the norm given by

h(i = 1,2,...,k) also belong to L2(I). 12,(I) denotes the weighted Lz—space with a weight function

k
Il = (Z me

i=0

dxt

Let T > 0 be a number and B be a Banach space. C([0, T]; B) is the space of B-valued continuous functions
on [0, Tl. L2([0, T]; B) is the space of B-valued L*-functions on [0, T]. The corresponding spaces of B-valued
functions on [0, 0o) are defined similarly.

For convenience, we rewrite (1.1) to the following system

2.1)

Ul (t/ X) = Uixx (t, X) —u (t/ X) + uZ(tr X)/
UZt(t/ X) = —BUQ(t, X) + g(u‘l (t - T, X))I

— an — gy
where § = 2, g = 9.

A traveling wave 02f2 Eq. (2.1) connecting u_ and u is a solution u(t,x) = ¢p(x+ct) = (&), E=x+ct,
satisfying the following ordinary differential equation

cd(&) = &1 (&) — d1(E) + P2(E),
cdy(&) = —Pd2(E) + g(d1(E—cT)), (2.2)

$1(F00) =wix, Pa(Foo) =upy.
The characteristic equation associated with the linearized equation of (1.2) at (0,0) is
P(A) = (A* —cA—1)(—cA—B) — g’ (0).

In addition, throughout this paper, we assume that 3 > 1 and (1.1) satisfies the initial conditions

Ul(S,X) = ulO(SIX)I (S/X) S [_TIR]I
U (0,%x) = upp(x), x € R.

We also need the following assumptions for the sake of proving the existence of traveling wave solutions
(see [13]):
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(A1) g(0) = BK—g(K) = 0 for some K > 0, ¢g’(0) > B, and there exists a v € (0,1] such that
limsup,, _,,+[g"(0) — %]u*" < +o0;
(A2) min{k*u, KT} > %g(u) > 0 for all u € (0,K"] and g is Lipschitz continuous on [0,K™"] for some
K* > K, where k* = %;
(A3) one of the following assumptions holds:
(i) K> %g(u) > u for all u € (0,K);
(i) u < %g(u) < 2K—u for u € [K7,K) and u > %g(u) > 2K —u for u € (K,K*], where
K™ =k*inf, e (o,x+1{gMn) : %9(11) <nk
(i) u < %g(u) foru e [K7,K), u> %g(u) for u € (K, K] and there is no pair 0 < y; < K <y, <
K* such that y; = 5g(y2) and v2 = 59(v1);
(Ag) g”(u) <0 forallu e (0,00).

Proposition 2.1 (Existence of traveling waves). Assume that (A1)-(Az) holds. Then, there exists c, > 0 such
that

(i) foranyc > cy, (1.2) admits a traveling wave solution ® (&) := (d)l(i), ¢z(£)) satisfying $1(&) = O(eMilel)
as & — —oo0, i=1,2, $1(&) € C(R,[0,K™]) and

+

7

0<K™ < Iim infdq(&) < lim sup (&) <K
&—+o0 &—+o0
< KT

7

0< lim inf¢z(£)<£lifil sup ¢2(&)

&—+o0

moreover, if (A3) holds, then ®(+o0) = (K, Kg), where Ky = g(K)/B and Ai(c) is the smallest solution such
that the linearized characteristic equation at (0,0) of (1.2) has solutions;

(ii) for ¢ = c., (1.2) admits a traveling wave solution with the wave speed c.;
(iii) for all ¢ € (0, c4), (1.2) admits no such wave solution with the wave speed c.

Lemma 2.2 ([4]). Let F(A) := fo_oo $(&)eNedE, where §(E) is a positive increasing function for & € R. Suppose
that F(A) can be written in the form

H(A)
(o — A)FL

F(A) =
where k > —1 and H(A) is analytic in the strip 0 < ReA < « for some o« > 0, then

lim (&) _ HQA)
£S5 |E|kere T(A+1)°

Next, we state our main result about the asymptotic behavior of traveling wave solutions of (1.1).

Theorem 2.3. Assume that (A1)-(As) hold. Let ($1,d2) be the solution of (2.2), then there exist constants
91 = 91((1)1, d)z), i= 1,2, such that
di(&+0;)

lim ——— =1,
E——co |E[keME

where k =0 for ¢ > ¢* and k =1 for ¢ = c*.

Proof. By Proposition 2.1, it is easy to obtain that, for any 0 < k < A1, ¢i(&) = O(e*®) as & = —c0, i=1,2,
where A; is the smallest positive real root of P(A) = 0 for (2.1). Let denote’s

Oi(\) = JR duE)eMdE, 11,2
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Then we get that @;(A) < oo for all complex A with ReA € (0,A;). By integration by parts, we have
J ${(E)e MdE =AD;(A), 1=1,2, ReA € (0,M),
R

and
J G/ (E)eMdE = N2D;(A), i=1,2, ReA e (0,A).
R

Equations (2.2) can be rewritten in the following integral form

1 A (Es) T A (Es)
Bi(8) = e[| | e g (oas) 3
1 (% B
bale) = | e P glgnls —cras, 2.4

where A\ = 5= V2°2+4 < 0 and ?\Ir = trve+d VZCZH > 0 are the solutions of A2 —cA —1 = 0. Moreover, the
integral form (2.3) and (2.4) imply that

/ 1 ~[? T(E—s T(E—s
d)l(a) = )\i'_ _)\1_ |:7\1 Jw 67\1 (& )¢2(S)d5+}\1+J e)\1 (& )(bz(s)ds ’
g
wE) =5 | e HEggils—crnas,

Let 0 < k < Aq, since $2(&) = O(ek%) as & — —oo, there exists a & < 0 such that |$o(&)] < Me*¢ for
£ < &1, we obtain

£ £ KE
‘e)‘l (‘i_s)d)z(s)‘ds <M eM (Esleksgg = Me —
k—A
—c0 —00 1

and

+00 & +oo
‘L ‘e)\f(:ifs)q)z(s)’ds _ ‘L ‘QAT(ES)d)z(S)’dS-i-J ‘e?\f(ifs)q)z(s)‘ds
&1

SR e [T +
< MJ exl(as)eksds—i—e}‘laj e M 5| da(s)|ds
& &1

< +Myelé,
A -k

where M; = leoo e*)‘fs‘dn(s)‘ds < oo. Thus, it follows that ¢;(&) = O(e*%), and similarly ¢5(&) =
O(e*%) as & — —o0. Since g € C?, we get

9(b1(&—c1)) — g’ (0)p1(& — 1) = O(Ip1(& — cT)*) = O(Ip1(E)P) = O(e**¥)
as & — —oo for any 0 < k < A. Now we define the functions Qi(A), i=1,2,

Qu(A) = LR ba(E)e e, Q) = JR |0/ ()01 (& —cT) — g(1(£ — cT)| e PEd,

are analytic in the strip ReA € (0,2A1). At the same time, it is easy to see that Qi(A) >0, i =1,2, ReA €
(0,2A1). Therefore, (2.2) can be rewritten in the following form

$1'(8) — cd1(&) — P1(E) = —ba(E), (2.5)
—cdy(&) = BP2(E) +g'(0)Pp1(E—cT) = ¢'(0)b1(& — cT) — g(P1(E — cT)). (2.6)
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Multiplying (2.5) and (2.6) by e~*¢ and integrating both sides of the equations from —oo to +00, we get
(A —cA=1)01(A) = —Q1 (),
(—cA = B)@2(A) + 9'(0)e " @1 (A) = Qa(N).

Thus,
(A)
(Dl(}\) = —)\zglcﬁ, RGA - (0,7\1),
P(A)®2(A) = (A2 —cA—1)Q2(A) + ¢’ (0)[e 2T —1]Q1(A), ReA € (0,A1). (2.7)

Denoting F(A) := f(loo do(E)e NedE, by (2.7), F(A) can be rewritten as

(AP —cA—1)Q2(A) +g'(0)[e T —1]Q:(A) ("™ _ _ H®
P(A) —L d2(Ee M’da-— ‘(Al_}\)kﬂr

where k =0 for ¢ > ¢, and k =1 for ¢ = c,. Let H(A) := F(A)(A; —A)¥*1, then we have

(V= cA=1)Qa(N) +9'(0)le M7 —1QuA) _ s J*
PN/ — A& 1 0

F(A) =

H(A) = b2(E)e MEdE,
since ¢y(&) < oo and (A; —A)kF! ISLOO $2(E)e MEdE is analytic for ReA > 0. Note that A; is the smallest
positive simple solution of P(A) = 0 for ¢ > c*. Therefore, (A; —A)**1/P(A) is analytic for 0 < ReA < A;.
In addition, we know (7\% —cA—1) <0, Qi(A) >0and P(A)/(AM —A)**l < 0atnear A = A fori=1,2,
it follows that H(A;) > 0.

Notice that ¢(&) may not be monotone increasing on (—oo,0), there exists a constant m > 0 such that
$,(&) := b2 (&)e™E is monotone increasing on (—oo,0). By (2.4), we have

_B

C)emE s (g (s —cm)) ds.

— &
o) = (m
Thus 6;(5,) > 0 provided m > ?B* This implies that ¢, (&) is nondecreasing. It is easy to see that

0
F(A) = J_ Ba(E)e MEdE = FA—m).

Using the modified Ikehara’s theorem in [1] again, we obtain the existence of lim; _,_ mk‘ifi,gﬁw, where

k=0asc >c,and k =1 as ¢ = c,. Denote

1 Ga(8) $2(&)
G(Al) = E,I—IEEIOQ 4|E‘|ke(m+)\l)£ = E,l—l>r£100 |(€,‘ke}\1£"

and for any 0, € IR, we obtain

T G2 (& + 02) R O P d2(& +07)
G = Bim e renteren — ¢ M Tgwene -

let 0, is the constant satisfying eMO%G (A1) =1, then

. $2(E+02)
i R

where k =0 as ¢ > ¢, and k =1 as ¢ = c,. Similarly, we can obtain that there exists the constant 6; such

that (e 62)
. 206+02)
Jm e =1

where k =0 as c > c, and k =1 as ¢ = c,. This completes the proof. O
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