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Abstract
The aim of the paper is to establish some fixed point theorems for fuzzy mappings satisfying an implicit relation in left and

right quasi-metric spaces. These theorems generalize the corresponding results in [S. Heilpern, J. Math. Anal. Appl., 83 (1981),
566–569], [V. Popa, Stud. Cercet. Ştiinţ. Ser. Mat. Univ. Bacău, 7 (1997), 127–133].

Keywords: Fixed point, fuzzy mapping, lq-metric space, rq-metric space.

2020 MSC: 46E15, 47B33, 47B38, 54C35.

c©2022 All rights reserved.

1. Preliminaries

In this section, we mention some concepts and results for fuzzy mappings in metric spaces.
In [8], an element in any fuzzy set has a degree of belonging, a membership function may be used

in order to introduce the value of degree of belonging for any element to a set, the value of degree of
belonging takes real values on the whole closed interval [0, 1]. The membership function is

µA : X −→ [0, 1].

Let (X,d) be a metric linear space. A fuzzy set in X is a function A : X −→ [0, 1], i.e., it is an element of
IX where I = [0, 1]. If A is a fuzzy set and x ∈ X, then the function value A(x) is called the grade of
membership of x ∈ A. The collection of all fuzzy sets in X is denoted by F(X). Let A ∈ F(X) and α-level
set of A, defined by

Aα = {x : A(x) > α} if α ∈ (0, 1]

and
A0 = {x : A(x) > 0},

whenever { } is the closure of set (non fuzzy) { }.
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Definition 1.1 ([5]). A fuzzy set A in X is an approximate quantity if its α-level set is a nonempty compact
subset(non fuzzy) of X for each α ∈ [0, 1]. The set of all an approximate quantities denoted by W∗(X), is a
sub collection of F(X).

Definition 1.2 ([5]). Let X be an arbitrary set and Y be a metric space. A mapping F is said to be a fuzzy
mapping if F is a mapping from the set X into W∗(Y), i.e., F(x) ∈W∗(Y) for each x ∈ X.

Definition 1.3 ([5]). Let (X,d) be a metric space and let A,B ∈W∗(X), α ∈ [0, 1] and CP(X) be a set of all
nonempty compact subsets of X. Then it is defined the following

pα(A,B) = inf{d(x,y) : x ∈ Aα,y ∈ Bα}, p(A,B) = sup
α

pα(A,B),

Dα(A,B) = H(Aα,Bα), D(A,B) = sup{Dα(A,B) : α ∈ [0, 1]},

where Dα is a α-distance, D is a distance between A and B and the Hausdorff distance H is defined on
subsets A and B in the collection CP(X) such that

H(A,B) = max{sup
a∈A

d(a,B), sup
b∈B

d(b,A)}.

Proposition 1.4 ([12]). If A,B ∈ CP(X) and a ∈ A, then there exists b ∈ B such that

d(a,b) 6 H(A,B).

Lemma 1.5 ([5]). Let (X,d) be a metric space and let x ∈ X, A ∈W∗(X). Then x ∈ Aα or {x} ⊆ A if and only if

pα(x,A) = 0.

Lemma 1.6 ([5]). Let (X,d) be a metric space and let A ∈W∗(X). Then

pα(x,A) 6 d(x,y) + pα(y,A),

for all x,y ∈ X and α ∈ [0, 1].

Lemma 1.7 ([5]). Let (X,d) be a metric space and let {x0} ⊆ A. Then

pα(x0,B) 6 Dα(A,B),

for each A,B ∈W∗(X) and α ∈ [0, 1].

Lemma 1.8 ([5]). Let (X,d) be a metric space, T : X −→ W∗(X) be fuzzy mapping and x0 ∈ X. Then there exists
x1 ∈ X such that {x1} ⊂ T(x0).

Following Popa [13], let G be the family of all continuous mappings g : [0,∞)6 −→ [0,∞) satisfying
the following properties:

(g1) g is non-decreasing in the 1st coordinate and g is non-increasing in 3rd, 4th, 5th, and 6th coordinate
variables;

(g1) there exists k ∈ (0, 1) such that for every u, v ∈ [0,∞), g(u, v,u, v,u+ v, 0) 6 0 implies u 6 kv;
(g1) if u ∈ [0,∞) such that g(u, 0, 0,u, 0,u) 6 0, then u = 0.

2. Fixed point theorems for fuzzy mappings in left quasi-metric spaces

First, we give the concept of left quasi-metric spaces (abbrev., lq-metric spaces) as follows.

Definition 2.1. Let X be a nonempty set. A map d : X×X −→ [0,∞) is called a distance on X. A pair (X,d)
is said to be a distance space. Now, we list some conditions as follows:

(i) d(x,y) = 0 or d(y, x) = 0 if and only if x = y;
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(ii) d(x,y) 6 d(z, x) + d(z,y),

for every x,y, z ∈ X. If d satisfies the conditions (i) and (ii), then (X,d) is called an lq-metric space.

Remark 2.2. Clearly, the concept of lq-metric spaces is a generalization of the concept of metric spaces.

Definition 2.3. Let (X,d) be an lq-metric space. We say that {xn} lq-converges to x if and only if lim
n→∞d(xn, x)

= 0. In this case, x is called lq-limit of xn.

Definition 2.4. Let (X,d) be an lq-metric space. We say that {xn} is Cauchy if and only if for every ε > 0
there exists a positive integer N = N(ε) such that d(xn, xm) < ε for all n > m > N.

Definition 2.5. An lq-metric space (X,d) is complete if every Cauchy sequence in X is lq-convergent.

Now, we state the following lemmae without proof.

Lemma 2.6. Let (X,d) be an lq-metric space and let x ∈ X, A ∈W∗(X). Then x ∈ Aα (i.e., {x} ⊆ A) if and only
if

pα(x,A) = 0.

Lemma 2.7. Let (X,d) be an lq-metric space and let {x0} ⊆ A. Then

pα(x0,B) 6 Dα(A,B),

for each A,B ∈W∗(X) and α ∈ [0, 1].

Lemma 2.8. Let (X,d) be an lq-metric space, T : X −→W∗(X) be a fuzzy mapping and x0 ∈ X. Then there exists
x1 ∈ X such that {x1} ⊂ T(x0).

Lemma 2.9. Let (X,d) be an lq-metric space. Then any subsequence of lq-convergent sequence in X is lq-
convergent.

Also, we state and prove the following lemma.

Lemma 2.10. Let (X,d) be an lq-metric space and let A ∈W∗(X) and A. Then

pα(x,A) 6 d(y, x) + pα(y,A),

for each A,B ∈W∗(X) and α ∈ [0, 1].

Proof. We fined that

pα(x,A) = inf
z∈Aα

d(x, z) 6 inf
z∈Aα

(d(y, x) + d(y, z)) = d(y, x) + inf
z∈Aα

d(y, z) = d(y, x) + pα(y,A).

Now, we are ready to state and prove our main theorem in the following way.

Theorem 2.11. Let (X,d) be complete lq-metric space, x0 ∈ X, and T : X −→W∗(X) be a fuzzy mapping. If there
is a g ∈ G such that, ∀ x,y ∈ X

g(D(Tx, Ty),d(x,y),p(Tx, x),p(Ty,y),p(y, Tx),p(x, Ty)) 6 0,

then T has a fixed point.
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Proof. Let x0 be an arbitrary point in X, then by Lemma 2.8, then there exists x1 ∈ X such that {x1} ⊂ Tx0.
Also, for x1 ∈ X, there exists x2 ∈ X such that {x2} ⊂ Tx1. (Tx0)1, (Tx1)1 ∈ CP(X), from Proposition 1.4,
then d(x2, x1) 6 D1(Tx1, Tx0),

g (d(x2, x1),d(x1, x0),d(x2, x1),d(x1, x0),d(x1, x0) + d(x2, x1), 0)
= g (d(x2, x1),d(x1, x0),d(x2, x1),d(x1, x0),d(x1, x0) + d(x2, x1) + d(x2, x2), 0)
6 g (d(x2, x1),d(x1, x0),d(x2, x1),d(x1, x0),d(x1, x0) + d(x1, x2), 0)
6 g (d(x2, x1),d(x1, x0),d(x2, x1),d(x1, x0),d(x0, x2), 0)
6 g (D1(Tx1, Tx0),d(x1, x0),p(Tx1, x1),p(Tx0, x0),p(x0, Tx1),p(x1, Tx0))

6 g (D(Tx1, Tx0),d(x1, x0),p(Tx1, x1),p(Tx0, x0),p(x0, Tx1),p(x1, Tx0)) 6 0.

From (g2), there exists k ∈ (0, 1) such that d(x2, x1) 6 kd(x1, x0). Continuing in this way we produce a
sequence {xn} in X such that xn ⊂ T(xn−1) and

d(xn, xn−1) 6 k
n−1d(x1, x0).

It follows by induction that d(xn, xn−1) 6 kn−1d(x1, x0) for each n ∈N. Since

d(xn, xm) 6 d(xn−1, xn) + d(xn−1, xm)

6 d(xn, xn−1) + d(xn, xn) + d(xn−2, xn−1) + d(xn−2, xm)

6 d(xn, xn−1) + d(xn−1, xn−2) + d(xn−1, xn−1) + · · ·+ d(xm+1, xm)

6 [kn−1 + kn−2 + · · ·+ km]d(x1, x0)

6 [kn−1 + kn−2 + · · · ]d(x1, x0).

Furthermore, for n > m we have

d(xn, xm) 6
n−m−1∑
i=0

d(xn−i, xn−i−1) 6
n−1∑
i=m

kid(x1, x0) 6
km

(1 − k)
d(x1, x0).

Then the sequence {xn} is Cauchy. Since (X,d) is complete, then there exists x∗ ∈ X such that lim
n→∞ xn = x∗.

By Lemma 2.9, we obtain the lim
n→∞ xn+1 = x∗. By Lemma 2.7 and Lemma 2.10, we get

pα(x
∗, Tx∗) 6 d(xn+1, x∗) + pα(xn+1, Tx∗) 6 d(xn+1, x∗) +Dα(Txn, Tx∗) = d(xn+1, x∗) +Dα(xn+1, Tx∗),

for each α ∈ [0, 1]. Taking supremum on α in the last inequality, we obtain from the property (g1) of G
that

g (p(xn+1, Tx∗),d(xn, x∗),d(xn+1, xn),p(x∗, Tx∗) + d(x∗, x∗),d(xn+1, x∗) + d(xn+1, xn+1),p(xn, Tx∗))
6 g (p(xn+1, Tx∗),d(xn, x∗),d(xn+1, xn),p(Tx∗, x∗),d(x∗, xn+1),p(xn, Tx∗))
6 g (D1(Txn, Tx∗),d(xn, x∗),p(Txn, xn),p(Tx∗, x∗),p(x∗, Txn),p(xn, Tx∗))
6 g (D(Txn, Tx∗),d(xn, x∗),p(Txn, xn),p(Tx∗, x∗),p(x∗, Txn),p(xn, Tx∗)) 6 0.

As n→∞, we have that
g(p(x∗, Tx∗), 0, 0,p(x∗, Tx∗), 0,p(x∗, Tx∗)) 6 0.

By the condition (g3) of G, we have that p(x∗, Tx∗) = 0. So by Lemma 2.6 we conclude that T has a fixed
point.

Remark 2.12. Theorem 2.11 generalizes and improves Theorem 3.1 in [8], where X is complete lq-metric
space instead of X is complete metric linear space.
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Corollary 2.13. Let (X,d) be complete lq-metric space, x0 ∈ X, and T : X −→W∗(X) be a fuzzy mapping. If there
exists k ∈ (0, 1) such that

D(Tx, Ty) 6 kd(x,y) for each x,y ∈ X,

then T has a fixed point.

Proof. We consider the function g : [0,∞)6 −→ [0,∞) defined by

g(x1, x2, x3, x4, x5, x6) = x1 − kx2.

Since g ∈ G we can apply Theorem 2.11 and obtain Corollary 2.13.

3. Fixed point theorems for fuzzy mappings in right quasi-metric spaces

Now, we introduce the concept of right quasi-metric spaces (abbrev., rq-metric spaces) as follows.

Definition 3.1. Let X be a nonempty set. A map d : X×X −→ [0,∞) is called a distance on X. A pair (X,d)
is said to be a distance space. Now, we list some conditions as follows:

(i) d(x,y) = 0 or d(y, x) = 0 if and only if x = y;
(ii) d(x,y) 6 d(x, z) + d(y, z),

for every x,y, z ∈ X. If d satisfies the conditions (i) and (ii), then (X,d) is called an rq-metric space.

Remark 3.2. Clearly, the concept of rq-metric spaces is different generalization of the concept of metric
spaces.

Definition 3.3. Let (X,d) be an rq-metric space. We say that {xn} rq-converges to x if and only if lim
n→∞d(x, xn)

= 0. In this case, x is called rq-limit of xn.

Definition 3.4. Let (X,d) be an rq-metric space. We say that {xn} is Cauchy if and only if for every ε > 0
there exists a positive integer N = N(ε) such that d(xn, xm) < ε for all m > n > N.

Definition 3.5. An rq-metric space (X,d) is complete if every Cauchy sequence in X is rq-convergent.

Now, we state the following lemmae without proof.

Lemma 3.6. Let (X,d) be an rq-metric space and let x ∈ X, A ∈W∗(X). Then x ∈ Aα (i.e., {x} ⊆ A) if and only
if

pα(A, x) = 0.

Lemma 3.7. Let (X,d) be an rq-metric space and let {x0} ⊆ A. Then

pα(B, x0) 6 Dα(B,A),

for each A,B ∈W∗(X) and α ∈ [0, 1].

Lemma 3.8. Let (X,d) be an rq-metric space, T : X −→W∗(X) be a fuzzy mapping and x0 ∈ X. Then there exists
x1 ∈ X such that {x1} ⊂ T(x0).

Lemma 3.9. Let (X,d) be an rq-metric space. Then any subsequence of rq-convergent sequence in X is rq-
convergent.

Also, we state and prove the following lemma.

Lemma 3.10. Let (X,d) be rq-metric space and let A ∈W∗(X). Then

pα(A, x) 6 pα(A,y) + d(x,y),

for each A,B ∈W∗(X) and α ∈ [0, 1].
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Proof. We fined that

pα(A, x) = inf
z∈Aα

d(z, x) 6 inf
z∈Aα

(d(z,y) + d(x,y)) = inf
z∈Aα

d(z,y) + d(x,y) = pα(A,y) + d(x,y).

Now, we are ready to state and prove our main theorem in the following way.

Theorem 3.11. Let (X,d) be complete rq-metric space, x0 ∈ X, and T : X −→W∗(X) be a fuzzy mapping. If there
is a g ∈ G such that, ∀ x,y ∈ X,

g(D(Tx, Ty),d(x,y),p(x, Tx),p(y, Ty),p(y, Tx),p(Ty, x)) 6 0,

then T has a fixed point.

Proof. Let x0 be an arbitrary point in X, then by Lemma 3.8, then there exists x1 ∈ X such that {x1} ⊂ Tx0.
Also, for x1 ∈ X, there exists x2 ∈ X such that {x2} ⊂ Tx1. (Tx0)1, (Tx1)1 ∈ CP(X), from Proposition 1.4,
then d(x1, x2) 6 D1(Tx0, Tx1).

g (d(x1, x2),d(x0, x1),d(x1, x2),d(x0, x1),d(x0, x1) + d(x1, x2), 0)
= g (d(x1, x2),d(x0, x1),d(x1, x2),d(x0, x1),d(x0, x1) + d(x2, x2) + d(x1, x2), 0)
6 g (d(x1, x2),d(x0, x1),d(x1, x2),d(x0, x1),d(x0, x1) + d(x2, x1), 0)
6 g (d(x1, x2),d(x0, x1),d(x1, x2),d(x0, x1),d(x0, x2), 0)
6 g (D1(Tx0, Tx1),d(x0, x1),p(x1, Tx1),p(x0, Tx0),p(x0, Tx1),p(Tx0, x1))

6 g (D(Tx0, Tx1),d(x0, x1),p(x1, Tx1),p(x0, Tx0),p(x0, Tx1),p(Tx0, x1)) 6 0.

From (g2), there exists k ∈ (0, 1) such that d(x1, x2) 6 kd(x0, x1). Continuing in this way we produce a
sequence {xn} in X such that xn+1 ⊂ T(xn) and

d(xn, xn+1) 6 k
nd(x0, x1).

It follows by induction that d(xn, xn+1) 6 knd(x0, x1) for each n ∈N. Since

d(xn, xm) 6 d(xn, xn+1) + d(xm, xn+1)

6 d(xn, xn+1) + d(xm, xm) + d(xn+1, xm)

6 d(xn, xn+1) + d(xn+1, xn+2) + d(xm, xn+2)

6 d(xn, xn+1) + d(xn+1, xn+2) + d(xm, xm) + d(xn+2, xn+3) + · · ·+ d(xm−1, xm).

Then for n < m we have

d(xn, xm) 6
m−n−1∑
i=0

d(xn+i, xn+i+1) 6
m−1∑
i=n

kid(x0, x1) 6
kn

1 − k
d(x0, x1).

Then the sequence {xn} is Cauchy. Since (X,d) is complete, then there exists x∗ ∈ X such that lim
n→∞ xn = x∗.

By Lemma 3.9, we obtain the lim
n→∞ xn+1 = x∗. By Lemma 3.10 and Lemma 3.7, we get

pα(Tx
∗, x∗) 6 pα(Tx∗, xn+1) + d(x

∗, xn+1) 6 Dα(Tx
∗, Txn) + d(x∗, xn+1) = Dα(Tx

∗, xn+1) + d(x
∗, xn+1),

for each α ∈ [0, 1]. Taking supremum on α in the last inequality, we obtain from the property (g1) of G
that

g (p(Tx∗, xn+1),d(x∗, xn),d(xn, xn+1),p(x∗, x∗) + d(Tx∗, x∗),d(x∗, xn+1),p(Tx∗, xn))
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6 g (p(Tx∗, xn+1),d(x∗, xn),d(xn, xn+1),p(x∗, Tx∗),d(x∗, xn+1),p(Tx∗, xn))
6 g (D1(Tx

∗, Txn),d(x∗, xn),p(xn, Txn),p(x∗, Tx∗),p(x∗, Txn),p(Tx∗, xn))
6 g (D(Tx∗, Txn),d(x∗, xn),p(xn, Txn),p(x∗, Tx∗),p(x∗, Txn),p(Tx∗, xn)) 6 0.

As n→∞, we have that
g(d(Tx∗, x∗), 0, 0,d(Tx∗, x∗), 0,d(Tx∗, x∗)) 6 0.

By the condition (g3) of G, then d(Tx∗, x∗) = 0. So by Lemma 3.6 we conclude that T has a fixed point.

Remark 3.12. Theorem 3.11 generalizes and improves Theorem 3.1 in [8] where X is complete rq-metric
space instead of X being complete metric linear space.

Corollary 3.13. Let (X,d) be complete rq-metric space, x0 ∈ X, and T : X −→W∗(X) be a fuzzy mapping. If there
exists k ∈ (0, 1) such that

D(Tx, Ty) 6 kd(x,y) for each x,y ∈ X,

then T has a fixed point.
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