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Abstract

In this paper we present some properties of double -Sumudu transform in g-calculus by using the functions of two
variables. Furthermore results on convergence, absolute convergence and convolution are discussed. At the end some examples
are given to illustrate use of double q-Sumudu transform.
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1. Introduction

The Sumudu transform was introduced by Watugala [24] and he applied it to the solution of ordinary
differential equations. Asiru [7] and Belgacem [9] give the general and fundamental properties of the
Sumudu transform. Watugala [25] has extended Sumudu transform to functions of two variables, and
applied it to solving partial differential equations.

Tchuenche [22] applied the double Sumudu transform to an evolution equation of population dynam-
ics. Kilicman and Gadain [19] gave the relations between double Laplace transform and double Sumudu
transform and applied it to the solutions of non-homogenous wave equations. Debnath [11] presented
general properties of the double Laplace transform, convolution and its properties. Convergence of dou-
ble Sumudu transform was proved by Zulfigar et al. [3].

In 1910, Jackson [17] presented a precise definition of so-called g-Jackson integral and developed -
calculus in a systematic way. It is well known that there are two types of g-Laplace transforms and they
have been studied in detail by many authors ([1, 16, 20]).

The theory of g-analysis has been applied in many areas of mathematics, engineering , and physics,
like in ordinary fractional calculus, optimal control problems, g-transform analysis and also in finding
solutions of the g-difference and g-integral equations (see [2, 8, 18]).
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Purohit and Kalla [20] evaluated the g-Laplace transforms of the g-Bessel functions, and they gave
several useful cases of its application. Albayrak et al. [4, 5], have introduced g-analogue of Sumudu trans-
form and investigated the fundamental properties of the g-Sumudu transform of certain g-polynomials.
Brahim and Riah [10] introduced the g-analogue of the two dimensional Mellin transform, gave some
properties and also proved the inversion formula of the g-two dimensional Mellin transform. Double
g-Laplace transform was introduced by Sadjang [21] as well as by Ganie [14]. The latter gave certain
results on convergence, absolute convergence, convolution and its properties.

In this paper, we examine some properties of q-double Sumudu transform in g-calculus by using
functions of two variables. We have shown some results regarding the convergence, absolute convergence
and introduced convolution for q-double Sumudu transform.

The Sumudu transform of function f(x) is defined by Watugala in [24] as:

S[f(x);s] = 1J:O e_gf(x)dx,s € (—11, 1),

while f(x) is a function from the set of functions

A = [f(x)]3IM, 11,2 > 0, [f(x)] < Me%i, if x¢e(=1) x[0,00)].
The g-analoque of Sumudu transform by the g-Jackson integral is given by Albayrak et al. [6] as

follows:

F(s) = Sq[f(x)}s] = (1—1C|)S JO eggf(x)dqx,s € (—11,12).

Over the set of functions

Ix|

B = [f(x)FM, 11,2 > 0, [f(x)| < Mey, if x € (1)) x [0,00)].

Let f(x,y) be the function of two variables in the positive quadrant of Oxy plane then its double Sumudu
transform is given by [22] as:

S[f(x,t); (p,s)] = 1 JOO ro el v ) f(x, t) dxdt.
PsJo Jo
Double inverse Sumudu transform can be written as:
Sfl(p‘s) _ 1 J’Y—O—ioo e%dpi J'(S—H.oo
21 )y oo 2mi

where f(p, s) is analytic functions for all p and s in the region defined by the inequalities Re (p) > vy and
Re (s) > 6, while vy and  are real constants.

esf(p,s)ds,

d—1ioc0

2. Auxiliary results

In this section we summarize the basic definitions and mathematical notations.
The qg-factorials for q € (0,1) and a € C are defined as

n—1 n—1
(@;qo=1 (6qn=]]0-aq)* n=12.., (6d)w= lim(a;qn=]]01-aq"
k=0 k=0
Also we write [a]q = ll;flqi, lalq! = ((1‘1_;‘31))’;, n e N.

The g-derivatives of a function are given by [18]

(f(x) —f(qx)

(Daf)0) = 11— 1y

, if x#0,  (Dqf)(0) = f'(0)
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provided that f/(0) exists. If f is differentiable, then (D4f)(x) tends to f'(x) as q tends to 1. For n € N we
have Da =Dy, (Df]lr)1 = Dar. The g-derivative of the product of two functions is defined as

Dg(f-g)(x) = g(x)Dqf(x) + f(qx)Dqg(x).

The g-integrals from 0 to a and from 0 to co known as g-Jackson integrals are defined in [17]

o0

J f(x)dq(x) = (1—q)a > flag™)q™, J:of(X)dq(x)z(l—q) > f(qMq™,

0

n=—oo n=-—oo
provided these sums converge absolutely. The integration by parts in terms of g-calculus is given by:

b b
J g(x)Dgf(x)dqx = f(b)g(b) — f(a)g(a) —J f(qx)Dqg(x)dqx.

a a

The g-analogues of the exponential functions are defined in [15, 18],

EZ = n(n—-1)/2_% = (—(1— 4 oo, z _ Z — Lzl < ——.

The g-exponentials are analogues of classical exponential functions and satisfy the relations Dqeg = ef,
Dqtg = Egz, and eZE,* = E %eg = 1. Jacskson also defined g-analogue of the gamma function I'(t) =
Jo° x*"le7*dx, while many properties are found in [23, 26-28],

(9, Qoo

a0 tF0L2

ry(t) =

that satisfies
Fq(t+1) =[tlqT'(t), Tq(1) =1,
and limg_,1- Tq(t) =T(t), R(t) > 0. The I'; function has the g-integral representation as
1/(1=q) oo/ (1—q)
Ty(s) = JO T E It = JO 5 E 9t
The g-integral representation of I'q based on g-exponential function ejj; and g-integral representation of
g-beta function are defined in [12] as: for all s,t > 0, we have

oo/(1-q) _—
d B.(t = K. (t 0 _t—1 (*XqSH?CI)ood h : 101, K. (t) = (—9,—1,9) 0 If log(l—q) 7
and Bg(t, s) q(t) Jo x Cxa)e 4, Where in [10], Kq(t) = — =5 log(q) © 4 We

obtain

Fyls) = Kq(s)J

(o)
—1,—t —1p—qt
t* ey dqt:J T E Y dqt.
0 0
3. Two dimensional q-Sumudu transform

Definition 3.1. Let q = (q1, q2) € (0,1)?, (s,t) € C? and let f be a function of two variables x and y defined
on Ry, + X .Rg,,+. Then the g-two dimensional Sumudu transform of f is defined by the double integral
is given as: ([13])

1 1 [*°[®° (—x-t
Sq(f)(s’t):Sq[f(x’y”(s’t):(1_q)2psjo L et b, Ddgxdgt

(provided that this integral exists), where Rq ; = {q“, ne Z} and

e =[1—(1—q/179, for0<x<qls, q<1,
e =010—(1—- q)x]7V179, forx>0, q>1.
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4. Convergence of q-double Sumudu transform
Theorem 4.1. Let f(x,y) be a function of two variables continuous in Rq, + x Rg, 4 or continuous in the positive

quadrant of xy plane. If the integral

1 1 ([ (-x-Y

converges at s = so and t = to, then the integral in (4.1) converges for s < so,p < Po.
We prove this Theorem by using following Lemma.

Lemma 4.2. If the integral

1 1(* ¢
(1_q)SL eq f(x, t)dqt

converges for s = s, then the integral converge for s < so.
11

(—55) . .
Proof. Let us assume that, «(x,t) = (1—q)?oj(§ eq ° f(x,u)dqu. It is obvious that x(x,0) = 0 and

_t
lim¢_, o x(x,t) exists, because integral (1Eq) % fgo eg s )f(x, t)dqt converges at s = s.

Now let us denote , 1 iy
ot(x,t) = ——e C0f x, t).
e = gt T Y

For ¢ and R such that 0 < ¢ < R we will consider

t t

1 1(R _t 1 1M _ L
T ), e otdat= o | a1 s ot

R t R t(sg—s)

S0 75 S0 SO T sps

= ? €q €q O(t(X, t)dqt = ? €q (Xt(X, t)dqt
C C

If we use partial integration we obtain

—t(sg—s) R —t(sg—s)
S0 ss So—S ss
== [eq 0 oc(x,t)|]§ + 550 L eq 0 alx, qt)dqt]

S
—R(sp—s) —C(sps) R —t(sg—s)
S So— S “ssp
=20 {eq 0 o(x,R)—eq " «(x, C)+ 0 J eq 0 afx, qt)dqt} )
S S$So 4

If in the last expression we put ¢ — 0, then due to lim;_,o x(x, ¢) = «(x,0) = 0, we get

1 R fR(SsSofs) i R 4(555075)
A—a)s s L eq f(x, t)dqt = SS—O [eq °  x(x,R)+ SOSSOS J eq 0 «lx, qt)dqt}

Now if we let R — oo, then the first term on the right tends to zero when s < sg, subsequently we get

0

—R(sg—s)

eq " a(x,R) =0
and the left expression is equal to
1 [® = sp—s [® o
m JO eq5 f(X, t)dqt = 372 JO eq 0 O((X, qt)dqt

According to limit test for convergence of improper integrals we can prove that

(SO - S) o 7t(85800*5)
€q

82 0

o(x, qt)dqt
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converges if the following limit converges

—t(sp—s)

lim tPeq ™
t—o0

«(x, qt), for, p >1.

It is obvious that for p =2 and s < sg the above limit converges, considering the fact that lim_, «(x, qt)
converges. Therefore the following integral

1 1(* -t
(1—q)sL eqsf(X,t)dqt

converges for s < sp. O

Lemma 4.3. If the integral
1 1 _t
mg JO €q Sf(X,t)dqt
converges for s < so and the integral

(1iq)]1jo eg%f(x,s)dqx 4.2)

converges for p = po, then integral (4.2) converges for p < Ppo.

Proof. Same as above Lemma. O
Proof of the Theorem 4.1.
1 1J°°J°° —5—% 1 1JOO { 1 1JOO _t
—— e fx, t)dgxdgt = m——=—| eq"{ m—=—| eq°f(x,t)dqtpdgx
(1—a)2ps o Jo ¢ T A—q)ple T L—q)s )y 1 A

1 1 o0 _x
- - - P
= (1—q)P,[o eq "h(x, t)dqgx,

_t
where h(x,t) = (1%4)% J 80 eq *f(x,t)dqt and according to Lemma 4.3 it converges for s < sp, while in
accordance with Lemma 4.2 the following (1%@% fgo eggh(x,t)dqx converges for p < pg. Therefore, the
_x_t
initial integral, ﬂjﬁé Io [o eq” *f(x,t)dgxdqt converges for s < sp, p < Ppo. O

Theorem 4.4 (Absolute convergence). If integral

1 1 [ (—x=t
J J eg P S)f(x,t)dqxdqt

(1—q)?ps Jo Jo
converges absolute for s = so and p = po, then it converges for s < sg and p < po.
Proof.
t

_L_,) _L_L)

( 5
eq " i <eq ™ If(x, b)) for (p < po < +00,5 < 59 < +00),

therefore
1 1 00 (00 (_1_5)
gy |y o et
L1 ™ O
sl o I 0t

1 PoSo 1 Joo Joo (*piff)
< eq 0 O f(x,t)|dgtdgx.
(1—q)% ps posoJo Jo ° D tldqtdg

The last integral converges based on the hypothesis, which means that the initial integral converges for
P < po and s < sp. O
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Theorem 4.5. If f(x,y) is a periodic function of periods a and b, f(x + a,y +b) = f(x,y), and if Sq[f(x,y)]
exists, then

1—e p 5|1 fard Xt
Sq[f(x,y)](p,S):[(le_q)zp]sJ J eg ’ S)f(x,t)dqxdqt.

0 Jo
Proof.
S (fxy) = — pooroe(_g_;)f(x t)dgxdqt
ity (1—q)?ps o Jo ¢ o
S T R L T e e t)d g xd
—WJ 0 eq (X,t) qX qt‘i‘m b eq (X,t) qX qt
if weputx=u+aandt=v+Db, we get
1 ra rb 7%7§) 1 %a % 00 00 (7% E)
ZWJO o eq f(X,t)qudqt‘i‘m'eq o Jo eq f(u,v)dqudqv.
Therefore
Sqf(x,t) :1ﬁb el T b, ) dgxdat + o S (1)
q 4 (1—q)2ps o Jo q 4 q*tq q q 4
(~2-t) 1 Sl EEEEY
=1 sattn = e ] e gt
_a_ b
[1—6 P s}—l a rb 7)(71)
S f(x,t):qj J eq 7 f(x,t)dgxdgt,
a (1—q)?ps Jo Jo 1 am
S is a double Sumudu transform of a periodic function. O

5. Double g-Sumudu convolution product

Definition 5.1. The convolution of f(x,y) and g(x,y) is defined as

f L i yf dqCd
( **9)(X/U)—(1_q)2pSL Jo (Gwglx—¢y—u) qCdqu.

Theorem 5.2 (Convolution Theorem). Let f1(x,t) and f2(x, t) be two functions having double q-double Sumudu
transform. Then q-double Sumudu transform of the double convolution is given by:

Sq{fl (X/ t) * *fZ(X/ t)}(p/ S) = Sq [fl (X/ t)]Sq [fZ(X/ t)]
Proof.

Sqlfi(x, t) «f2(x, t)}(p, s)

1 oo oo (_%_E) x rt
(1—q)*ps L L €q {L JO fil w2 (x - t— u)qudqu}dqxdqt
1 i * x t _ﬁ
:MWZSZL JO L L 1+(q—1) b s (G, wWfa(x — ¢ t—pdgldgu pdgxdqt
1—

1 00 (oo x rt t —ﬁ
g, [, men{], ], a0 e o mascanagag:

(

Let us replace x — ( =u and t — p = v, and if we denote

I:J J [l—l—(q—l)(g—l-t)] qilfz(x—c,y—u)qudqu

0 Jo S
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in light of new variables, and if we consider upper bounds for x and t, the integral I can also be written
as following

1 1

_ IRV Y A IPNATRAYTE
(G T e ()]

X {1+(q—1)(c+u>]ql[1+(q—1)(u+v>}q]{1+(q—1)<u+c+v+u)}_qlfz(u,\))dqudqv.
P s P s P s

Since both functions fi(x,t) and f,(x,t) are defined in the positive quadrant of the Oxy plane, it is
obvious that

_ (T e\ e v\
= [ra-n (g 8)] T a0 (5 Y)]

C q—1 ﬁ +C + _ﬁ
X{1+(q—1)(p+u>] [H(q—l)(;@zﬂ {H(q—l)(uervS”ﬂ f2(u,v)dqudqv.

If we now write

1 1

[1+ (q —1)<C+ “)]‘H [1+ (q —1)(” +V)} o [1+ (q —1)<”C+V+“>]‘Hfz(u,v) ),
P s P s P s

from the last relation we can then express f(u,v) as

1 1

fz(u,v):[l—i—(q—l)(C—i—u)}ql[l+(q—1)<u—|—v>}ql[l+(q—1)<u+c ”“)] Fr ),
P s P s P s

and after replacing it in the initial integral we will get:

Sq{fi(x,t) 5 +Falx, )} — Hl‘*Jooroﬂ(C' ) [1+(q—1)<§+“>]ql

— q)4p2s? 0 s
1

NN

1 v 7ﬁ .
T e (q‘”(p )] sty
= Sq{f1(¢, W)} - Sqifs(u,v)},

Sq{fl (X/ t) * kT (X/ t)}(p/ S) = Sq [f1(x, t)]sq [fZ(X/ t)]

5.1. Properties of double q-Sumudu transform method
Some properties of q-double Sumudu transform are given as following.
a) Scaling: For a real number k,

1 1 (™, (-x-Y)
Sqlkflx ul(p,s) = oo | | keq T el y)dgnday
_ 1 kJOOJOOe(_'X’_E)f(x JdoxdqukSo[f(x, )] (p, s)
(1—q)2ps o Jo 1 -9/ GaXCadioaliin Y, 8

b) Linearity:

Sqlmf(x,y) +Sqmf(x,y)l(p,s) = mSqf(x,y)l +nSqlf(x,y)l(p,s),
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1 1 (™ —x_y
Sqlmf(x,y) +nf(x,y)l(p,s) :(1_q)2sz’0 Jo [mf(x,y)—|—n1’(x,y)]e£I P s)dqxdqy

1 1 o[ (—x—¥)
X A—qPps mf(x,yleq dgxdqy

0o Jo
<[ (—3—4¥)
+ nf(x,yleq dgxdqy
0o Jo

=mS, [f(x,y)l(p,s) +nSq[f(x,y)](p,s)].

¢): For a > 0, b > 0, and if we denote G:q(p, s) = Sqlf(x,y)(p, s)], we have:

_x_y ab —( ap bs
S a bf(x,y)] = G , ,
aleq byl (a+p)(b+s) q<a+p b+s>
S leqe b IR S O e ROPEEn SICS S dgxd
qleq f(x,y)]—ma o eq e f(x,y)dgxdqy
1 1 [ (o _latp)x  (bis)y

A qips )y Jo 60 ca 7 flvyldexdey

1 1 00 (0O (a+p)x  (b+s)y Clb ap bS
= e ap bs f , d d = ’ .
(1—q)2pslo Jo ¢ (o y)daxdqy (a+p)(b+s) q(a—i—p b+s>

o

d): Sqlf(x)] = 725Gq(p), where Gq(p) = 722 [ eq f(x)dgx,
(1—q) (I-q) p

1 1 [©(® —x_u

1 1 (> —u o —z
0

(1—q)2ps Jo
1 1 _yljoo [ _x
:(1q)2ps(_s)[eqs] . Jo eq " flx)dgx

1 1 1> -2 1
:(1—q)[(1_q)pJ eqp“")dq"}: a®)

5.2. Examples

1. If f(x,y) =1forx >0,y >0, then for1 < q < 2

o R

1 1 [ [* (—x-Y
Sqll]l = —-——— STdgxdgt
all (1—q)?ps Jo Jo 5 9%

1 1 [®[®° —x _«
0

(1—q)?ps Jo
1 1 (*° —x| = t]T-a
:7(1_(1)2]; . eqv{JO [l(lq)s} dqt}dqx

1—q
1 1 [® x [1_(1_‘1);] 0
e — eqp{ 5 s’ }dqx

(1—q)?ps o

I R W |
- )ZL €a’ (g2 9"
q-p q
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1 r" —x
eq P dgx
(q—2) Jo ¢ 71

2. If f(x,t) = cosq(X+¢),

i(Z+3) —i(2+)

X t 1 1 0o oo (7l71) elﬂ b +e a®
o3 )] = L[ e
q[ q(“ b (1—q)2psy Jo ¢ 2 ama

The last integral can be divided in two parts

el
e+

)

( (X441 (—5—
1 1J°°J°°eq" eq* ° 1 1J°°J°°eqp eq
- dgxdgt+ ———5— dgxdgt.

(1—a)?psJo Jo 2 T (1—q)2ps Jo Jo 2 am

Similarly as above we get

1

2 [(1—q)2(b—sn(a—pi
3. If f(x,t) = (xt)™,

ba ba ba(ba—s
) n ( p)

(1—q)?(b+ Si)(aﬂvi)] T (1= (b2 +2) (@ +p?)

Selxt)™] = — [T [T el pmdgxdat = — L [T el nagx [ el Hina
qlxt)™) = A—q2ps Jo Jo eq (xt)™dgx qt_(l—q)zps . eq " x"dgx . eq ° thdqt.

If we substitute % =u, we get

1 1 (>~ ot
:(1—002193L eq“(Pu)“pdun0 el S)tndqt
1 1 o0 00 _t 1 n o0 ¢
:(:l—q)zsanO eauundun'() e( s)tndqt: (1_q)2ps]—'q(n+1)JO eE{ S)tndqt.
In a similar manner if we substitute % =v, we will get
.pTL n
- (1_q)zrq(“+1)rq(n+1)-

6. Conclusion

In this paper we have introduced some properties of double q-Sumudu transform and its convolution.
Convergence and absolute convergence were also discussed, as well as the q-Sumudu transform of peri-
odic functions. The results proved in this paper appear to be new and with certain applications to solving
g-difference and g-integral equations.
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