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Abstract

In this paper we present some properties of double q-Sumudu transform in q-calculus by using the functions of two
variables. Furthermore results on convergence, absolute convergence and convolution are discussed. At the end some examples
are given to illustrate use of double q-Sumudu transform.
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1. Introduction

The Sumudu transform was introduced by Watugala [24] and he applied it to the solution of ordinary
differential equations. Asiru [7] and Belgacem [9] give the general and fundamental properties of the
Sumudu transform. Watugala [25] has extended Sumudu transform to functions of two variables, and
applied it to solving partial differential equations.

Tchuenche [22] applied the double Sumudu transform to an evolution equation of population dynam-
ics. Kilicman and Gadain [19] gave the relations between double Laplace transform and double Sumudu
transform and applied it to the solutions of non-homogenous wave equations. Debnath [11] presented
general properties of the double Laplace transform, convolution and its properties. Convergence of dou-
ble Sumudu transform was proved by Zulfiqar et al. [3].

In 1910, Jackson [17] presented a precise definition of so-called q-Jackson integral and developed q-
calculus in a systematic way. It is well known that there are two types of q-Laplace transforms and they
have been studied in detail by many authors ([1, 16, 20]).

The theory of q-analysis has been applied in many areas of mathematics, engineering , and physics,
like in ordinary fractional calculus, optimal control problems, q-transform analysis and also in finding
solutions of the q-difference and q-integral equations (see [2, 8, 18]).
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Purohit and Kalla [20] evaluated the q-Laplace transforms of the q-Bessel functions, and they gave
several useful cases of its application. Albayrak et al. [4, 5], have introduced q-analogue of Sumudu trans-
form and investigated the fundamental properties of the q-Sumudu transform of certain q-polynomials.
Brahim and Riah [10] introduced the q-analogue of the two dimensional Mellin transform, gave some
properties and also proved the inversion formula of the q-two dimensional Mellin transform. Double
q-Laplace transform was introduced by Sadjang [21] as well as by Ganie [14]. The latter gave certain
results on convergence, absolute convergence, convolution and its properties.

In this paper, we examine some properties of q-double Sumudu transform in q-calculus by using
functions of two variables. We have shown some results regarding the convergence, absolute convergence
and introduced convolution for q-double Sumudu transform.

The Sumudu transform of function f(x) is defined by Watugala in [24] as:

S[f(x); s] =
1
s

∫∞
0
e−

x
s f(x)dx, s ∈ (−τ1, τ2),

while f(x) is a function from the set of functions

A = [f(x)|∃M, τ1, τ2 > 0, |f(x)| < Me
x
τj , if x ∈ (−1)j × [0,∞)].

The q-analoque of Sumudu transform by the q-Jackson integral is given by Albayrak et al. [6] as
follows:

F(s) = Sq[f(x); s] =
1

(1 − q)s

∫∞
0
e
− x
s

q f(x)dqx, s ∈ (−τ1, τ2).

Over the set of functions

B = [f(x)|∃M, τ1, τ2 > 0, |f(x)| < Me

|x|
τj
q , if x ∈ (−1)j × [0,∞)].

Let f(x,y) be the function of two variables in the positive quadrant of Oxy plane then its double Sumudu
transform is given by [22] as:

S[f(x, t); (p, s)] =
1
ps

∫∞
0

∫∞
0
e(−

x
p−

t
s )f(x, t)dxdt.

Double inverse Sumudu transform can be written as:

S−1(p.s) =
1

2πi

∫γ+i∞
γ−i∞ e

x
pdp

1
2πi

∫δ+i∞
δ−i∞ e

t
s f(p, s)ds,

where f(p, s) is analytic functions for all p and s in the region defined by the inequalities Re (p) > γ and
Re (s) > δ, while γ and δ are real constants.

2. Auxiliary results

In this section we summarize the basic definitions and mathematical notations.
The q-factorials for q ∈ (0, 1) and a ∈ C are defined as

(a;q)0 = 1, (a;q)n =

n−1∏
k=0

(1 − aq)k, n = 1, 2, . . . , (a;q)∞ = lim
n→∞(a;q)n =

n−1∏
k=0

(1 − aq)k.

Also we write [a]q = 1−qa
1−q , [a]q! = (q;q)n

(1−q)n , n ∈ N.
The q-derivatives of a function are given by [18]

(Dqf)(x) =
(f(x) − f(qx)

(1 − q)x
, if x 6= 0, (Dqf)(0) = f ′(0)
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provided that f ′(0) exists. If f is differentiable, then (Dqf)(x) tends to f ′(x) as q tends to 1. For n ∈ N we
have D1

q = Dq, (D+
q )

1 = D+
q . The q-derivative of the product of two functions is defined as

Dq(f · g)(x) = g(x)Dqf(x) + f(qx)Dqg(x).

The q-integrals from 0 to a and from 0 to∞ known as q-Jackson integrals are defined in [17]∫a
0
f(x)dq(x) = (1 − q)a

∞∑
n=−∞ f(aq

n)qn,
∫∞

0
f(x)dq(x) = (1 − q)

∞∑
n=−∞ f(q

n)qn,

provided these sums converge absolutely. The integration by parts in terms of q-calculus is given by:∫b
a

g(x)Dqf(x)dqx = f(b)g(b) − f(a)g(a) −

∫b
a

f(qx)Dqg(x)dqx.

The q-analogues of the exponential functions are defined in [15, 18],

Ezq =

∞∑
n=0

qn(n−1)/2 zn

[n]q!
= (−(1 − q)z;q)∞, ezq =

∞∑
n=0

zn

[n]q!
=

1
((1 − q)z;q)∞ , |z| <

1
1 − q

.

The q-exponentials are analogues of classical exponential functions and satisfy the relations Dqezq = ezq,
DqE

z
q = E

qz
q , and ezqE−zq = E−zq ezq = 1. Jacskson also defined q-analogue of the gamma function Γ(t) =∫∞

0 x
t−1e−xdx, while many properties are found in [23, 26–28],

Γq(t) =
(q;q)∞
(qt;q)∞ (1 − q)1−t, t 6= 0,−1,−2, . . . ,

that satisfies
Γq(t+ 1) = [t]qΓ(t), Γq(1) = 1,

and limq→1− Γq(t) = Γ(t), R(t) > 0. The Γq function has the q-integral representation as

Γq(s) =

∫ 1/(1−q)

0
ts−1E−qtq dqt =

∫∞/(1−q)

0
ts−1E−qtq dqt.

The q-integral representation of Γq based on q-exponential function exq and q-integral representation of
q-beta function are defined in [12] as: for all s, t > 0, we have

Γq(s) = Kq(s)

∫∞/(1−q)

0
ts−1e−tq dqt

and Bq(t, s) = Kq(t)
∫∞

0 x
t−1 (−xqs+t;q)∞

(−x;q)∞ dqx, where in [10], Kq(t) =
(−q,−1;q)∞

(−qt,−q1−t;q)∞ . If log(1−q)
log(q) ∈ Z, we

obtain
Γq(s) = Kq(s)

∫∞
0
ts−1e−tq dqt =

∫∞
0
ts−1E−qtq dqt.

3. Two dimensional q-Sumudu transform

Definition 3.1. Let q = (q1,q2) ∈ (0, 1)2, (s, t) ∈ C2 and let f be a function of two variables x and y defined
on Rq1,+ × .Rq2,+. Then the q-two dimensional Sumudu transform of f is defined by the double integral
is given as: ([13])

Sq(f)(s, t) = Sq[f(x,y)](s, t) =
1

(1 − q)2
1
ps

∫∞
0

∫∞
0
e
(− x

p−
t
s )

q f(x, t)dqxdqt

(provided that this integral exists), where Rq,+ =

{
qn,n ∈ Z

}
and{

e−xq = [1 − (1 − q)x]1/1−q, for 0 < x < 1
1−q , q < 1,

e−xq = [1 − (1 − q)x]−1/1−q, for x > 0, q > 1.
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4. Convergence of q-double Sumudu transform

Theorem 4.1. Let f(x,y) be a function of two variables continuous in Rq1,+×Rq2,+ or continuous in the positive
quadrant of xy plane. If the integral

1
(1 − q)2

1
ps

∫∞
0

∫∞
0
e
(− x

p−
t
s )

q f(x, t)dqxdqt (4.1)

converges at s = s0 and t = t0, then the integral in (4.1) converges for s < s0,p < p0.

We prove this Theorem by using following Lemma.

Lemma 4.2. If the integral
1

(1 − q)

1
s

∫∞
0
e
− t
s

q f(x, t)dqt

converges for s = s0, then the integral converge for s < s0.

Proof. Let us assume that, α(x, t) = 1
(1−q)

1
s0

∫t
0 e

(− u
s0

)

q f(x,u)dqu. It is obvious that α(x, 0) = 0 and

limt→∞ α(x, t) exists, because integral 1
(1−q)

1
s

∫∞
0 e

(− t
s )

q f(x, t)dqt converges at s = s0.
Now let us denote

αt(x, t) =
1

(1 − q)

1
s0
e
(− t

s0
)

q f(x, t).

For ζ and R such that 0 < ζ < R we will consider

1
(1 − q)

1
s

∫R
ζ

e
− t
s

q f(x, t)dqt =
1

(1 − q)

1
s

∫R
ζ

e
− t
s

q (1 − q)s0e
t
s0
q αt(x, t)dqt

=
s0

s

∫R
ζ

e
− t
s

q e
t
s0
q αt(x, t)dqt =

s0

s

∫R
ζ

e
−
t(s0−s)
s0s

q αt(x, t)dqt.

If we use partial integration we obtain

=
s0

s

[
e

−t(s0−s)
ss0

q α(x, t)|Rζ +
s0 − s

ss0

∫R
ζ

e

−t(s0−s)
ss0

q α(x,qt)dqt
]

=
s0

s

[
e

−R(s0−s)
ss0

q α(x,R) − e
−ζ(s0s)
ss0

q α(x, ζ) +
s0 − s

ss0

∫R
ζ

e

−t(s0−s)
ss0

q α(x,qt)dqt
]

.

If in the last expression we put ζ→ 0, then due to limζ→0 α(x, ζ) = α(x, 0) = 0, we get

1
(1 − q)s

∫R
0
e

−t
s
q f(x, t)dqt =

s0

s

[
e

−R(s0−s)
ss0

q α(x,R) +
s0 − s

ss0

∫R
0
e

−t(s0−s)
ss0

q α(x,qt)dqt
]

.

Now if we let R→∞, then the first term on the right tends to zero when s < s0, subsequently we get

e

−R(s0−s)
ss0

q α(x,R)→ 0

and the left expression is equal to

1
(1 − q)s

∫∞
0
e

−t
s
q f(x, t)dqt =

s0 − s

s2

∫∞
0
e

−t(s0−s)
ss0

q α(x,qt)dqt.

According to limit test for convergence of improper integrals we can prove that

(s0 − s)

s2

∫∞
0
e

−t(s0−s)
ss0

q α(x,qt)dqt
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converges if the following limit converges

lim
t→∞ tpe

−t(s0−s)
ss0

q α(x,qt), for, p > 1.

It is obvious that for p = 2 and s < s0 the above limit converges, considering the fact that limt→∞ α(x,qt)
converges. Therefore the following integral

1
(1 − q)

1
s

∫∞
0
e
− t
s

q f(x, t)dqt

converges for s < s0.

Lemma 4.3. If the integral
1

(1 − q)

1
s

∫∞
0
e
− t
s

q f(x, t)dqt

converges for s 6 s0 and the integral
1

(1 − q)

1
p

∫∞
0
e
− x
p

q f(x, s)dqx (4.2)

converges for p = p0, then integral (4.2) converges for p < p0.

Proof. Same as above Lemma.

Proof of the Theorem 4.1.

1
(1 − q)2

1
ps

∫∞
0

∫∞
0
e
− x
p−

t
s

q f(x, t)dqxdqt =
1

(1 − q)

1
p

∫∞
0
e
− x
p

q

{
1

(1 − q)

1
s

∫∞
0
e
− t
s

q f(x, t)dqt
}
dqx

=
1

(1 − q)

1
p

∫∞
0
e
− x
p

q h(x, t)dqx,

where h(x, t) = 1
(1−q)

1
s

∫∞
0 e

− t
s

q f(x, t)dqt and according to Lemma 4.3 it converges for s < s0, while in

accordance with Lemma 4.2 the following 1
(1−q)

1
p

∫∞
0 e

− x
p

q h(x, t)dqx converges for p < p0. Therefore, the

initial integral, 1
(1−q)2

1
ps

∫∞
0

∫∞
0 e

− x
p−

t
s

q f(x, t)dqxdqt converges for s < s0, p < p0.

Theorem 4.4 (Absolute convergence). If integral

1
(1 − q)2

1
ps

∫∞
0

∫∞
0
e
(− x

p
−t
s )

q f(x, t)dqxdqt

converges absolute for s = s0 and p = p0, then it converges for s 6 s0 and p 6 p0.

Proof.

e
(− x

p−
t
s )

q |f(x, t)| 6 e
(− x

p0
− t
s0

)

q |f(x, t)| for (p 6 p0 < +∞, s 6 s0 < +∞),
therefore

6
1

(1 − q)2
1
ps

∫∞
0

∫∞
0
e
(− x

p−
t
s )

q |f(x, t)|dqtdqx

6
1

(1 − q)2
1
ps

∫∞
0

∫∞
0
e
(− x

p0
− t
s0

)

q |f(x, t)|dqtdqx

6
1

(1 − q)2
p0s0

ps

1
p0s0

∫∞
0

∫∞
0
e
(− x

p0
− t
s0

)

q |f(x, t)|dqtdqx.

The last integral converges based on the hypothesis, which means that the initial integral converges for
p 6 p0 and s 6 s0.
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Theorem 4.5. If f(x,y) is a periodic function of periods a and b, f(x+ a,y+ b) = f(x,y), and if Sq[f(x,y)]
exists, then

Sq[f(x,y)](p, s) =
[1 − e−

a
p−

b
s ]−1

(1 − q)2ps

∫a
0

∫b
0
e
(− x

p−
t
s )

q f(x, t)dqxdqt.

Proof.

Sq(f(x,y)) =
1

(1 − q)2ps

∫∞
0

∫∞
0
e
(− x

p−
t
s )

q f(x, t)dqxdqt

=
1

(1 − q)2ps

∫a
0

∫b
0
e
(− x

p−
t
s )

q f(x, t)dqxdqt+
1

(1 − q)2ps

∫∞
a

∫∞
b

e
(− x

p−
t
s )

q f(x, t)dqxdqt

if we put x = u+ a and t = v+ b, we get

=
1

(1 − q)2ps

∫a
0

∫b
0
e
(− x

p−
t
s )

q f(x, t)dqxdqt+
1

(1 − q)2ps
· e

−a
p −b

s
q

∫∞
0

∫∞
0
e
(−u

p−
v
s )

q f(u, v)dqudqv.

Therefore

Sqf(x, t) =
1

(1 − q)2ps

∫a
0

∫b
0
e
(− x

p−
t
s )

q f(x, t)dqxdqt+ e
(−a

p−
b
s )

q Sqf(x, t)

= [1 − e
(−a

p−
b
s )

q ]Sqf(x, t) =
1

(1 − q)2ps

∫a
0

∫b
0
e
(− x

p−
t
s )

q f(x, t)dqxdqt,

Sqf(x, t) =
[1 − e

−a
p−

b
s

q ]−1

(1 − q)2ps

∫a
0

∫b
0
e
(− x

p−
t
s )

q f(x, t)dqxdqt,

Sq is a double Sumudu transform of a periodic function.

5. Double q-Sumudu convolution product

Definition 5.1. The convolution of f(x,y) and g(x,y) is defined as

(f ∗ ∗g)(x,y) =
1

(1 − q)2ps

∫x
0

∫y
0
f(ζ,µ)g(x− ζ,y− µ)dqζdqµ.

Theorem 5.2 (Convolution Theorem). Let f1(x, t) and f2(x, t) be two functions having double q-double Sumudu
transform. Then q-double Sumudu transform of the double convolution is given by:

Sq{f1(x, t) ∗ ∗f2(x, t)}(p, s) = Sq[f1(x, t)]Sq[f2(x, t)].

Proof.

Sq{f1(x, t) ∗ ∗f2(x, t)}(p, s)

=
1

(1 − q)4ps

∫∞
0

∫∞
0
e
(− x

p−
t
s )

q

{∫x
0

∫t
0
f1(ζ,µ)f2(x− ζ, t− µ)dqζdqµ

}
dqxdqt

=
1

(1 − q)4p2s2

∫∞
0

∫∞
0

{∫x
0

∫t
0

[
1 + (q− 1)

(
x

p
+
t

s

)]− 1
q−1

f1(ζ,µ)f2(x− ζ, t− µ)dqζdqµ
}
dqxdqt

=
1

(1 − q)4p2s2

∫∞
0

∫∞
0
f1(ζ,µ)

{∫x
0

∫t
0

[
1 + (q− 1)

(
x

p
+
t

s

)]− 1
q−1

f2(x− ζ, t− µ)dqζdqµ
}
dqxdqt.

Let us replace x− ζ = u and t− µ = v, and if we denote

I =

∫x
0

∫t
0

[
1 + (q− 1)

(
x

p
+
t

s

)]− 1
q−1

f2(x− ζ,y− µ)dqζdqµ
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in light of new variables, and if we consider upper bounds for x and t, the integral I can also be written
as following

I =

[
1 + (q− 1)

(
ζ

p
+
µ

s

)]− 1
q−1
∫∞
−ζ

∫∞
−µ

[
1 + (q− 1)

(
u

p
+
v

s

)]− 1
q−1

×
[

1 + (q− 1)
(
ζ

p
+
µ

s

)] 1
q−1

[
1 + (q− 1)

(
u

p
+
v

s

)] 1
q−1

[
1 + (q− 1)

(
u+ ζ

p
+
v+ µ

s

)]− 1
q−1
f2(u, v)dqudqv.

Since both functions f1(x, t) and f2(x, t) are defined in the positive quadrant of the Oxy plane, it is
obvious that

I =

[
1 + (q− 1)

(
ζ

p
+
µ

s

)]− 1
q−1
∫∞

0

∫∞
0

[
1 + (q− 1)

(
u

p
+
v

s

)]− 1
q−1

×
[

1 + (q− 1)
(
ζ

p
+
µ

s

)] 1
q−1

[
1 + (q− 1)

(
u

p
+
v

s

)] 1
q−1

[
1 + (q− 1)

(
u+ ζ

p
+
v+ µ

s

)]− 1
q−1
f2(u, v)dqudqv.

If we now write[
1 + (q− 1)

(
ζ

p
+
µ

s

)] 1
q−1

[
1 + (q− 1)

(
u

p
+
v

s

)] 1
q−1

[
1 + (q− 1)

(
u+ ζ

p
+
v+ µ

s

)]− 1
q−1

f2(u, v) = f∗2(u, v),

from the last relation we can then express f2(u, v) as

f2(u, v) =
[

1 + (q− 1)
(
ζ

p
+
µ

s

)]− 1
q−1

[
1 + (q− 1)

(
u

p
+
v

s

)]− 1
q−1

[
1 + (q− 1)

(
u+ ζ

p
+
v+ µ

s

)] 1
q−1

f∗2(u, v),

and after replacing it in the initial integral we will get:

Sq
{
f1(x, t) ∗ ∗f2(x, t)

}
=

1
(1 − q)4p2s2

∫∞
0

∫∞
0
f1(ζ,µ)

[
1 + (q− 1)

(
ζ

p
+
µ

s

)]− 1
q−1

×
{∫∞

0

∫∞
0

[
1 + (q− 1)

(
u

p
+
v

s

)]− 1
q−1

f∗2(u, v)dqudqv
}
dqζdqµ

= Sq{f1{(ζ,µ)}
{

1
(1 − q)2ps

∫∞
0

∫∞
0

[
1 + (q− 1)

(
u

p
+
v

s

)]− 1
q−1

f∗2(u, v)dqudqv
}

= Sq{f1(ζ,µ)} · Sq{f∗2(u, v)},
Sq{f1(x, t) ∗ ∗f2(x, t)}(p, s) = Sq[f1(x, t)]Sq[f2(x, t)].

5.1. Properties of double q-Sumudu transform method
Some properties of q-double Sumudu transform are given as following.

a) Scaling: For a real number k,

Sq[kf(x,y)](p, s) =
1

(1 − q)2
1
ps

∫∞
0

∫∞
0
ke

(− x
p−

y
s )

q f(x,y)dqxdqy

=
1

(1 − q)2
k

ps

∫∞
0

∫∞
0
e
(− x

p−
y
s )

q f(x,y)dqxdqykSq[f(x,y)](p, s).

b) Linearity:

Sq[mf(x,y) + Sqmf(x,y)](p, s) = mSq[f(x,y)] +nSq[f(x,y)](p, s),
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Sq[mf(x,y) +nf(x,y)](p, s) =
1

(1 − q)2
1
ps

∫∞
0

∫∞
0
[mf(x,y) +nf(x,y)]e

(− x
p−

y
s )

q dqxdqy

× 1
(1 − q)2

1
ps

{∫∞
0

∫∞
0
mf(x,y)e

(− x
p−

y
s )

q dqxdqy

+

∫∞
0

∫∞
0
nf(x,y)e

(− x
p−

y
s )

q dqxdqy

}
= mSq[f(x,y)](p, s) +nSq[f(x,y)](p, s)].

c): For a > 0, b > 0, and if we denote Gq(p, s) = Sq[f(x,y)(p, s)], we have:

Sq[e
− x
a−

y
b

q f(x,y)] =
ab

(a+ p)(b+ s)
Gq

(
ap

a+ p
,
bs

b+ s

)
,

Sq[e
− x
a−

y
b

q f(x,y)] =
1

(1 − q)2
1
ps

∫∞
0

∫∞
0
e
(− x

p−
y
s )

q e
(− x

a−
y
b )

q f(x,y)dqxdqy

=
1

(1 − q)2
1
ps

∫∞
0

∫∞
0
e
−

(a+p)x
ap

q e
−

(b+s)y
bs

q f(x,y)dqxdqy

=
1

(1 − q)2
1
ps

∫∞
0

∫∞
0
e
−

(a+p)x
ap −

(b+s)y
bs

q f(x,y)dqxdqy =
ab

(a+ p)(b+ s)
Gq

(
ap

a+ p
,
bs

b+ s

)
.

d): Sq[f(x)] = 1
(1−q)Gq(p), where Gq(p) = 1

(1−q)
1
p

∫∞
0 e

− x
p

q f(x)dqx,

Sq[f(x)] =
1

(1 − q)2
1
ps

∫∞
0

∫∞
0
e
− x
p−

y
s

q f(x)dqxdqy

=
1

(1 − q)2
1
ps

∫∞
0
e
−y
s

q dqy

∫∞
0
e
− x
p

q f(x)dqx

=
1

(1 − q)2
1
ps

(−s)

[
e
−y
s

q

]∣∣∣∞
0

∫∞
0
e
− x
p

q f(x)dqx

=
1

(1 − q)

[
1

(1 − q)

1
p

∫∞
0
e
− x
p

q f(x)dqx

]
=

1
(1 − q)

Gq(p).

5.2. Examples

1. If f(x,y) = 1 for x > 0,y > 0, then for 1 < q < 2

Sq[1] =
1

(1 − q)2
1
ps

∫∞
0

∫∞
0
e
(− x

p−
t
s )

q dqxdqt

=
1

(1 − q)2
1
ps

∫∞
0

∫∞
0
e
− x
p

q e
− t
s

q dqxdqt

=
1

(1 − q)2
1
ps

∫∞
0
e
− x
p

q

{∫∞
0

[
1 − (1 − q)

t

s

] 1
1−q

dqt

}
dqx

=
1

(1 − q)2
1
ps

∫∞
0
e
− x
p

q

{[
1 − (1 − q) ts

] 2−q
1−q

2−q
1−q(1 − q)

s
∣∣∣∞
0

}
dqx

=
1

(1 − q)2
1
p

∫∞
0
e
− x
p

q
1

(q− 2)
dqx
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=
1

(1 − q)2
1
p

1
(q− 2)

∫∞
0
e
− x
p

q dqx

=
1

(1 − q)2
1
p

1
(q− 2)

∫∞
0

[
1 − (1 − q)

x

p

] 1
1−q

dqx

=
1

(1 − q)2
1
p

1
(q− 2)

{[
1 − (1 − q)xp

] 2−q
1−q

2−q
1−q(1 − q)

p
∣∣∣∞
0

}
=

1
(1 − q)2

1
(q− 2)2 .

2. If f(x, t) = cosq( xa + t
b),

Sq

[
cosq

(
x

a
+
t

b

)]
=

1
(1 − q)2

1
ps

∫∞
0

∫∞
0
e
(− x

p−
t
s )

q

[
e
i( xa+

t
b )

q + e
−i( xa+

t
b )

q

2

]
dqxdqt.

The last integral can be divided in two parts

=
1

(1 − q)2
1
ps

∫∞
0

∫∞
0

e
(− x

p−
t
s )

q e
i( xa+

t
b )

q

2
dqxdqt+

1
(1 − q)2

1
ps

∫∞
0

∫∞
0

e
(− x

p−
t
s )

q e
−i( xa+

t
b )

q

2
dqxdqt.

Similarly as above we get

=
1
2

[
ba

(1 − q)2(b− si)(a− pi)
+

ba

(1 − q)2(b+ si)(a+ pi)

]
=

ba(ba− sp)

(1 − q)2(b2 + s2)(a2 + p2)
.

3. If f(x, t) = (xt)n,

Sq[(xt)
n)] =

1
(1 − q)2

1
ps

∫∞
0

∫∞
0
e
(− x

p−
t
s )

q (xt)ndqxdqt =
1

(1 − q)2
1
ps

∫∞
0
e
(− x

p )
q xndqx

∫∞
0
e
(− t

s )
q tndqt.

If we substitute x
p = u, we get

=
1

(1 − q)2
1
ps

∫∞
0
e−uq (pu)npdqu

∫∞
0
e
(− t

s )
q tndqt

=
1

(1 − q)2
1
s
pn
∫∞

0
e−uq undqu

∫∞
0
e
(− t

s )
q tndqt =

1
(1 − q)2

pn

s
Γq(n+ 1)

∫∞
0
e
(− t

s )
q tndqt.

In a similar manner if we substitute ts = v, we will get

=
pnsn

(1 − q)2 Γq(n+ 1)Γq(n+ 1).

6. Conclusion

In this paper we have introduced some properties of double q-Sumudu transform and its convolution.
Convergence and absolute convergence were also discussed, as well as the q-Sumudu transform of peri-
odic functions. The results proved in this paper appear to be new and with certain applications to solving
q-difference and q-integral equations.
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