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Abstract
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1. Introduction and Preliminaries

Introducing new versions of open sets in a topological space which may acquire either weaker or
stronger properties is often studied. The first attempt was done by Levine [21], where he introduced the
concepts of semi-open set, semi-closed set and semi-continuity of a function.

A subset O of a space X is semi-open if O C Cl(Int(O)). Equivalently, O is semi-open if there exists
an open set G in X such that G € O C CI(G). A subset F of X is semi-closed if its complement X \ F is
semi-open in X. Let A be a subset of a space X. A point p € X is a semi-closure point of A if for every
semi-open set G in X containing x, GN A # &. We denote by sCI(A) the set of all semi-closure points of
A.

In 1968, Velicko [24] introduced the concept of 0-continuity between topological spaces and defined
the concepts of 0-closure and O-interior of a set. The concepts of 0-open sets and its related topological
concepts had been also studied by numerous authors, see [1, 5, 6, 13, 14, 17-19, 22, 23].

Let (X, T) be a topological space and A C X. The 0-closure and 0-interior of A are, respectively, defined
by Clg(A) ={x € X : CI(U) N A # @ for every open set U containing x} and Intg(A) = {x € X : Cl(U) C
A for some open set U containing x}, where Cl(U) is the closure of U in X. A is 6-closed if Clg(A) = A
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and 0-open if Intg(A) = A. Equivalently, A is 0-open if and only if X\ A is 6-closed. It is known that the
collection Ty of all 0-open sets forms a topology on X, which is strictly coarser that 7.

In 1982, Hdeib [16] introduced the concepts of w-open, w-closed sets and w-closed mappings on a
topological space. He showed that w-closed mappings are strictly weaker than closed mappings. The col-
lection T, of all w-open sets forms a topology on X, which is strictly finer than T. Several mathematicians
studied the concepts related to w-open sets and its corresponding topological concepts, see [2—4, 7-12, 20].

In 2010, Ekici et al. [15] introduced the concepts of wg-open and we-closed sets on a topological space.
Then the concepts of wg-interior, wg-closure, wg-continuity and we-connectedness were subsequently
defined.

A point x of a topological space X is called a condensation point of A C X if for each open set G
containing x, G N A is uncountable. A subset B of X is w-closed if it contains all of its condensation
points. The complement of B is w-open. Equivalently, a subset U of X is w-open (resp., wg-open) if and
only if for each x € U, there exists an open set O containing x such that O \ U (resp., O \ Intg(U)) is
countable. A subset B of X is wg-closed if its complement X\ B is wg-open. It is worth noting that the
collection T, of wg-open sets forms a topology on X that is strictly finer than Ty but is not comparable
with 7.

Let A be an indexing set and {Y« : « € A} be a family of topological spaces. For each x € A, let
T« be the topology on Y. The Tychonoff topology on Tl{Yy : « € A} is the topology generated by a
subbase consisting of all sets pg'(Uy), where the projection map py : T{Yy : & € A} — Yy is defined by
P«({Yp)) = Yo, U ranges over all members of T, and « ranges over all elements of A. Corresponding to
Uy C Yq, denote po ! (Ugy) by (U). Similarly, for finitely many indices &1, &y, ..., ®n, and sets Uy, C Yy,
Ug, € Your - Uy € Yo, the subset (U ) N (Ug,) NN (Ug,) =Pt (U ) MPs (Ue) N+ NPt (U, )
is denoted by (Uy,, Uy, ..., Uy, ). We note that for each open set Uy subset of Yy, (Uy) = PalUy) =
Uy x TTg£«Yp. Hence, a basis for the Tychonoff topology consists of sets of the form (By,,B«,, ..., Bay),
where B, is openin Yy, for everyie K ={1,2,...,k}.

Now, the projection map py : T{Yy : @ € A} = Y is defined by p«((yp)) = y« for each « € A. It is
known that every projection map is a continuous open surjection. Also, it is well known that a function
f from an arbitrary space X into the Cartesian product Y of the family of spaces {Yy : « € A} with the
Tychonoff topology is continuous if and only if each coordinate function p« o f is continuous, where p«
is the a-th coordinate projection map.

In this paper, we define a new type of topology that is strictly finer than Ty, strictly coarser than T,
and is not comparable with T,,.

2. ©s-open sets and some functions

In this section, we shall define the concept of 05-open set and determine its connection to the classical
open, 0-open, and wg-open sets. We shall also define and characterize the concepts of 85-open and
0s-closed functions.

Definition 2.1. Let X be a topological space. A C X is said to be 05-open if for every x € A, there exists
an open set U containing x such that sCI(U) C A. A subset F of X is called a 05-closed if its complement
X\ Fis 65-open.

Remark 2.2. The following diagram holds for a subset of a topological space.

We-open w-open

I |

0-open —— Os-open ——— open ——— semi-open

We also remark that the above diagram is also true for their respective closed sets. We note that since
we-open and open are two independent notions [15, Example 5], wg-open does not imply 65-open.
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Remark 2.3. The implications in the above diagram (with respect to 65-open set) are not reversible. To see
this, consider the following examples.

(i) Let X ={a, b, ¢, d} with topology T = {0, X, {a}, {b},{c},{a, b},{a, c},{b,c},{a, b, c}}. Then {a}is O5-open
but not 0-open.
(ii) Let X ={a, b, c} with topology T = {@, X, {a}, {b},{a, b}}. Then {a, b} is open but not 8s-open.
(iii) Consider R as the real number line with topology 7 = {@, R,IN,R\ Z,IN U (R \ Z)}. Then R\ Z is
0s-open but not wg-open.

Before showing that the collection of 85-open sets forms a topology, we shall consider first the follow-
ing remark.

Remark 2.4. Let A C X. Then sCI(A) is the smallest semi-closed set containing A, that is, sCI(A)=(}{F: F is
semi-closed and A C F}. Moreover, for B, C C X, we have

(i) if B C C, then sCl(B) C sCI(C);
(ii) sCl(sCl B)) = sCI(B);
(iii) sCl(B) UsCI(C) CsCl(BUC);
(iv) 1fA is closed, then sCl(A) = A.

Theorem 2.5. Let Tg, be a family of all ©s-open subsets of a topological space X. Then Tg, forms a topology on X.

Proof. Obviously, @, X € Tg,. Now, let {Ay : & € I} be a collection of a 85-open subsets of X. Let
x € U[A« : & € I}. Then x € A, for some « € 1. Since A is O5-open, there exists an open set U containing
x such that sCl(U) C Ay C U{A4 : « € I}. Thus, WA : « € I} is B5-open.

Next, x € A; N Ay, where A1, Ay € Tg,. Then there exist open sets U; and U, both containing x such
that sCl(U;) € A; and sCl(U;) € Aj. Note that U; NU; is an open set containing x. By Remark 2.4,
sCl(U; nUp) C sCI(Uy) NsCl(Uz) € AN Ay Hence, Aj N A; is 85-open. Consequently, Tg, forms a
topology on X. O

Definition 2.6. Let X be a topological space and A C X. Then the 05-interior of A is denoted and defined
by Intg (A)=U{U: U is B5-open and U C A}. We note that by Theorem 2.5, Intg (A) is the largest 85-open
set contained in A. Moreover, x € Intg (A) if and only if there exists a 65-open set U containing x such
that U C A.

Definition 2.7. Let X be a topological space and A C X. Then the 05-closure of A is denoted and defined
by Clg, (A)=N{F : Fis 05-closed and A C F}. We note that by Theorem 2.5, Clg, (A) is the smallest 85-closed
set containing A.

Remark 2.8. Let X be a topological space and A, B C X. Then

(i) if A C B, then Intg,(A) C Intg_(B);
(ii) A is B5-open if and only if A = Intg (A);
(iii) Inte, (In’fes (A)) = Intg, (A);
(iv) Intg (AN B) =Intg (A) NInte (B);
(v) x € Clg,(A) if and only if for every 05-open subset U containing x, UN A # &;
(v) A C B implies that Clg_ (A) C Clg,(B);
(vi) A is 85-closed if and only if Clg (A) = A;
(vii) Clg,(Clo,(A)) = Clo, (A);
(viii) Clg,(A)UClp,(B) =Clp,(AUB);
(ix) Inte, (X\ A) = X\ Clg, (A);
(%) Clo,(X\A) =X\ Intg, (A);
(xi) A is Os-open if and only if for every x € A, there exists a basic open set B containing x such that
sCl(B) C A;
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(xii) x € Intg, (A) if and only if there exists an open set O containing x such that sC1(O) C A;
(xiii) x € Clg,(A) if and only if for every open set U containing x, sCI(U) N A # @.

Next, we introduce and characterize the concepts of 05-open and 05-closed functions.

Definition 2.9. Let X and Y be topological spaces. A function f : X — Y is 05-open (resp., 05-closed) on X
if f(G) is B5-open (resp., O5-closed) in Y for every open (resp., closed) set G in X.

Theorem 2.10. Let X and Y be topological spaces and f : X — Y be a function. Then the following statements are
equivalent.
(i) fis Os-open on X.
(ii) f(Int(A)) C Intg, (f(A)) for every A C X.
(iif) f(B) is Os-open for every basic open set B in X.
(iv) For each x € X and for every open set U in X containing x, there exists an open set V in Y containing f(x)
such that sCI1(V) C f(U).
Proof.

(i)=(@i): Let A C X. Note that f(Int(A)) C f(A) and f(Int(A)) is 6s-open. In view of Definition 2.6,
f(Int(A)) C Inte, (f(A)).

(

(ii)=-(iii): Let B be a basic open set in X. Then f(B) = f(Int(B)) C Intg (f(B)) C f(B). By Remark 2.8,
f(B) is O5-open.
(

iii)=-(iv): Let x € X and let U be an open set containing x. Then there exists a basic open set B containing
x such that B C U, which implies that f(x) € f(B) C f(U). By assumption, there exists an open set V in Y
containing f(x) such that sCI(V) C f(B) C f(U).

(iv)=-(i): Let U be an open set in X and let y € f(U). Then there exists x € U such that f(x) =y. By
assumption, there exists an open set V in Y containing y such that sCI(V) C f(U), hence f(U) is 65-open
in Y. Thus, f is 65-open on X. O

Theorem 2.11. Let X and Y be topological spaces and f : X — Y be a function. Then the following statements are
equivalent:

(i) fis Og-closed on X;
(ii) Clp,(f(A)) C f(CL(A)) for every A C X.

Proof.

(i)= (ii): Let A C X. Note that f(A) C f(Cl(A)) and f(Cl(A)) is B5-closed. In view of Definition 2.7,
Clg, (f(A)) C f(CL(A)).

(ii)=(i): Let F be a closed set in X. By assumption, f(F) C Clg (f(F)) C f(Cl(F)) = f(F). Thus, f(F) is
0s-closed. Therefore, f is 0-closed on X. O

Remark 2.12. Let X and Y be topological spaces and f : X — Y be a bijective function. Then f is 5-open on
X if and only if f is 85-closed on X.
3. Os-continuity of functions in the product space

In this section, we define the concept of 05-continuous function and then give its characterization from
an arbitrary topological space into the product space.

Definition 3.1. A function f : X — Y is 8-continuous if f~1(G) is 6 s-open for every open set G of Y.

The proofs of the following results are standard, hence omitted.
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Theorem 3.2. Let X and Y be topological spaces and f : X — Y be a function. Then the following statements are
equivalent:

(1) f is Os-continuous on X;
(ii) f~1(F) is Os-closed in X for each closed subset F of Y;
(iii) f~1(B) is Os-open for each (subbasic) basic open set B in Y;
(iv) for every p € X and every open set V of Y containing f(p), there exists a ©s-open set U containing p such that
f(u) cVv;
(v) f(Clg,(A) C CI(f(A)) for each A C X;
(vi) Clo, (f7'(B)) € f~*(CI(B)).

Theorem 3.3. Let X and Y be topological spaces and fa : X — D the characteristic function of a subset A of X,
where D is the set {0, 1} with the discrete topology. Then f is ©s-continuous if and only if A is both 0s-open and
0-closed.

In the following results, if Y = TT{Y4 : @ € A} is a product space and A, C Y, for each « € A, we
denote Ay, X -+ X Ay, XTH{Yq:ax & K}by (Ay,, -+, Aqx,), where K={xq, -+, an}.
If Y =TI{Yy, : 1 <i< n}is a finite product, denote Ay, x --- X Ay, by (Ax,, -, Aq,)-

Theorem 3.4. Let Y =TI{Yy : o € A} be a product space, S = {01, %, ..., 0n} C A and @ # Oy, C Y, for each
oy € S. Ifeach O, is semi-open in Yy, then O = (Oy,, Oy, ..., O, ) is semi-open in Y.

Proof. Suppose that O, is semi-open in Y. Then for each «; € S, there exists an open set G, such that
Ga, € Oy, CCl(Gy,)- Let G =(Guy, Guy - -+, G, ) Which is open in Y. Hence,

G COC(Cl(Gy),Cl(Gq,),-.-,Cl(Gy,)) = CI((G)).
Thus, O is semi-open in Y. O

Theorem 3.5. Let Y = TH{Y« : « € A} be a product space and Ay C Yy for each « € A. Then sCl(T{A« : o €
A}) CTH{sCl(Ay) : o € Al

Proof. Let x = (ay) ¢ TH{sCl(Ay) : @ € A}. Then ag ¢ sCl(Ap) for some 3 € A. This means that there
exists a semi-open set Gg containing ag such that Gg N"Ap = @. By Theorem 3.4, (Gg) is semi-open
containing x. Hence (Gg) NTH{A« : @ € A} = @. Thus, x ¢ sCI(T{A« : « € A}). O

Theorem 3.6. Let Y =TI{Yy : « € A} be a product space and A C Y for each o € A. Then Clg, (THA & : & €
A} CTHClp, (Ax) : x € A}

Proof. Let x = (ay) € Clp,(T{A« : & € A}). Then for every open set O containing x, sC1(O) NTI{A :
o € A} # @. Suppose that there exists B € A such that ag ¢ Clg,(Ag). Then there exists an open set
Upg containing apg such that sCl(Ug) NApg = @. By Theorem 3.5, sCI({(Gg)) C (sCl(Gp)). It follows that
x = (ax) € (Up) and sCl({(Gp)) NTHA 4 : « € A} = &, a contradiction. Thus, x € TI{Clg (Ay) : x € A}. O

Theorem 3.7. Let Y =TI{Y; : 1 < i< n}bea (finite) product space and Ay C Y; foreachi=1,...,n. Then
MInte (Ai) : 1 <i<n} Clntg (THA; : 1 < i< n}).

Proof. Let x = (aj,az,...,an) € THIntg (A;) : 1 <1< n}. Then a; € Intg (A4) foralli=1,2,...,n. This
means that for alli =1,2,...,n, there esists an open set O; containing a; such that sC1(O;) C A;. Let O =
(O01,03,...,04), which is an open set in Y containing x. By Theorem 3.5, sCI(O) = sCl({O1, Oa,...,0n)) C
(sCl1(01),sCl(0O3),...,sCl(On)) € (A1,Ay,...An). Hence, x € Int(T{A; : 1 <i< n}). O

Theorem 3.8. Let Y =TI{Yy : & € A} be a product space, S = {01, x2,..., 000} C Aand @ # Oy, C Y, for each
oy € S. Ifeach O, is 0s-open in Yy, then O = (Oy,, Ouy, ..., O, ) is Os-open inY.
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Proof. Let x = (a) € O. Then, ay, € Oy, for every a; € S. This means that for every «; € S, there exists
an open set Uy, containing ay, such that sCl(Uy,) € Og,. Let U = (Uqy,, Uy,, ..., Uy, ). Then x € U and
by Theorem 3.5, sCI(U) = (sCl(Ug, ),sCl(Uy,),...,sCl(Uy,)) € O. Thus, O is 65-openin Y. O]

Theorem 3.9. Let X = TH{Xy : o« € Al and Y = Tl{Yy : « € A} be product spaces and for each o € A,
let fo : X = Yo be a function. If each fy is Os-continuous on Xy, then the function f : X — Y defined by
f((xa)) = (fa(X«)) is Os-continuous on X.

Proof. Let (V) be a subbasic open set in Y. Then 1
o1 (V) is 0s-open in Xq. Let x = (xg) € f1((Vq))
an open set U, containing x, such that sCl(Uy) C f (X) Note that (U ) is open in X containing x. By
Theorem 3.5, sCI(U) C (sCl(Ux)) C (f3}(Va)) = Vu)). This means that f~!((V4)) is 65-open in X.
Thus, f is 0s-continuous on X. ]

> (fx (V)). Since each f4 is 6s-continuous,
L ) Then X € fo!(Va). Hence, there exists

X
04

»-\SEI ||

({V
(f
!
(

Theorem 3.10. Let X be a topological space and Y = TH{Yy : & € A} be a product space. A function f: X — Y is
0s-continuous on X if and only if p o f is Os-continuous on X for every o € A.

Proof. Suppose that f is 85-continuous on X. Let « € A, and O be open in Y. Since p« is continuous,
P (Oy) is open in Y. Hence, f 1 (p;l(Ox)) = (pxof) 1(Oq) is Os-open in X. Thus, py o f is Os-
continuous for every o € A.

Conversely, suppose that each coordinate function py o f is 85-continuous. Let G, be open in Y.
Then (G,) is a subbasic open set in Y and (py o f) 1 (Gu) = f Hpa'(Ga)) = f1((Gu)) is Os-open in X.
Therefore, f is 05-continuous on X. O

Corollary 3.11. Let X be a topological space, Y = TH{Yy : & € A} be a product space, and o : X — Y be a function
foreach oc € A. Let f: X — Y be the function defined by f(x) = (f«(x)). Then, f is 05-continuous on X if and only
if each f« is Os-continuous on X for each o € A.

4. ©5-connected spaces and some versions of separation axioms

In this section, we define and characterize the concepts of 05-connected, 8s-Hausdorff, 6s-regular, and
0s-normal spaces

Definition 4.1. A topological space X is said to be 05-connected if it is not the union of two nonempty
disjoint 05-open sets. Otherwise, X is 85-disconnected. A subset B of X is 05-connected if it is 65-connected
as a subspace of X.

Theorem 4.2. Let X be a topological space. Then the following statements are equivalent:

(1) X is O5-connected;
(ii) the only subsets of X that are both ©s-open and Os-closed are & and X;
(iif) no Os-continuous function f : X — D is surjective.

Theorem 4.3 ([20]). A topological space X is connected if and only if it is ©-connected.
In view of Remark 2.2 and Theorem 4.3, we have the following result.
Theorem 4.4. A topological space X is 0s-connected if and only if it is ©-connected.

Remark 4.5. The following diagram holds for a subset of a topological space.

wg-connected w-connected

l !

0-connected +—— 0¢-connected +—— connected <——— semi-connected
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Definition 4.6. A topological space X is said to be

(i) ©s-Hausdorff if given any pair of distinct points p, q in X there exist disjoint 65-open sets U and V
such thatp € Uand q € V;
(ii) O¢-regular if for each closed set F and each point x ¢ F, there exist disjoint 05-open sets U and V such
thatx e Uand FC V;
(iii) ©s-normal if for every pair of disjoint closed sets E and F of X, there exist disjoint 05-open sets U and
VsuchthatEC Uand F C V.

In view of Remark 2.2, every 0s-Hausdorff (resp., 0s-regular, 8s-normal) space is Hausdorff (resp.,
regular, normal).

Theorem 4.7. Let X be a topological space. Then the following statements are equivalent:

(i) Xis 0s-Hausdorff;
(ii) let x € X, for y # x, there exists a 0s-open set U containing x such thaty ¢ Clg (U);
(iii) for each x € X, C = N{Clg, (U) : U is O5-open containing x}={x}.

Proof.

(i)=(i): For every distinct points x,y € X, there exist disjoint 65-open sets U and V such that x € U and
y € V. By Remark 2.8, y ¢ Clg_(U).

(ii) = (iii): Note that x € C. By assumption, for every y # x, there exists a 0s-open set U containing x
such thaty ¢ Clg, (U). Thus, y ¢ C. Since y is arbitrary, C = {x}.

(iii)=(i): Let x,y € X such that x # y. By assumption, there exists a 05-open set U containing x such that
y ¢ Clg, (U). By Remark 2.8, there exists a 05-open set V containing y such that UNV = @. Hence, X is a
0s-Hausdorff. O

Theorem 4.8. Let X be a topological space. Then the following statements are equivalent:

(i) Xis Os-reqular;
(ii) for each x € X and an open set U containing x, there exists 0s-open set V such that x € V. C Clg (V) C U;
(iii) foreachx € Xand closed set F with x ¢ F, there exists a 0s-open set V containing x such that FNClg (V) = @.

Proof.

(i)=(ii): Let x € X and U be an open set containing x. By assumption, there exist disjoint 05-open sets
V and W such that x € V and X\ U C W. By Remark 2.8, Clg (V) C Clp (X\ W) = X\ W. Moreover,
Clp, (V)N (X\U) C Clp, (V)NW = @. Hence, Clg, (V) C U. Therefore, x € V C Clg (V) C L.

(ii)=(ii): Let x € X and F be a closed set in X with x ¢ F. By assumption, there exists a 65-open set V
containing x such that V C Clg (V) C X\ F. This means that Clg_(V)NF = @.

(iii)=-(i): Let x € X and F be a closed set with x ¢ F. By assumption, there exists a 05-open set V
containing x such that Clg, (V) NF = &. Note that X\ Clp, (V) is a 65-open set and F C X\ Clg (V).
Furthermore, VN X\ Clg, (V) = @. Hence, X is a 05-regular. O

Theorem 4.9. Let X be a topological space. Then the following statements are equivalent:

(i) X is Os-normal;
(ii) for each closed set A and an open set U O A, there exists a 0s-open set V containing A such that Clg (V) C U;
(iii) for each pair of disjoint closed sets A and B, there exists a Os-open set V containing A such that Clg (V)N B =
<.

Proof.

(i)=(i): Let A be a closed set and U be an open set in X containing A. Then A and X\ U are disjoint
closed sets in X. By assumption, there exist disjoint 05-open sets V and W such that A C Vaand X\ U C W.
By Remark 2.8, Clg (V) C Clg, (X\ W) = X\ W. Hence, Clg (V) C X\ W C U.
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(ii)=-(iii): Let A and B be a disjoint closed sets in X. Then A C X\ B and X\ B is open. By assumption,
there exists a 85-open set V containing A such that Clg (V) C X\ B. This means that Clg (V)N B = @.

(iii)=(i): Let A and B be disjoint closed sets in X. By assumption, there exists a 05-open set V containing
A such that Clg (V)N B = @. Then B C X\ Clg, (V). Since V and X\ Clg, (V) are disjoint 05-open sets, X
is Og-normal. O

A topological space X is said to be a T;-space if for each p, q € X with p # ¢, there exist an open sets
Uand Vsuchthatpe U, q¢UandqeV,p ¢ V.

Theorem 4.10. Let X be a Ty space. Then

(i) if X is Os-regular, then X is 0s-Hausdorff;
(ii) if X is ©s-normal, then X is Os-regqular.

Proof.

(i): Suppose that X is 85-regular. Since X is a T-space, for each x,y € X with x # y, there exist disjoint
open sets U and V such that x € Uandy ¢ U, and y € V and x ¢ V. This implies that x ¢ X\ U and
y ¢ X\ V. Since X is 05-regular, there exist disjoint 05-open sets A and B such that x € A and X\ U C B.
Note that y € X\ U. Hence, y € B. Thus, X is 0s-Hausdorff.

We can prove (ii) by following the same argument used in (i). O

5. Conclusion and recommendations

The paper has introduced the concept of 05-open set and described its connection to the other well-
known concepts such as the classical open, 0-open, and wg-open sets. The paper has also defined and
characterized the concepts of 85-open and 05-closed functions, 65-continuous function, and 6s-connected,
0s-Hausdorff, 05-regular, and 65-normal spaces. Moreover, the paper has formulated a necessary and
sufficient condition for a 85-continuous function from an arbitrary space into the product space. A worth-
while direction for further investigation is to establish versions of Urysohn’s Lemma and Tietze Extension
Theorem with respect to 65-open sets. One may also try to investigate 05-open sets in a generalized
topological space.
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