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Abstract
In this paper, we suggest a computational method for solving delay differential equations, with one end layer, dual layer

and interior layer behavior using Gaussian quadrature. The problem is initially replaced with the analogous first order neutral
type delay differential equation by taking the perturbation parameter within the differentiated term. For the numerical solution
with boundary layer at one endpoint, dual boundary layers and internal boundary layers, the Gaussian two-point quadrature
scheme was extracted with exponential fitting. Using model examples, the suggested approach is used for various perturbation
and delay parameter values. The numerical scheme is validated and supported by the comparison of maximum errors with the
other results in the literature. Convergence of the method is examined. For various delay parameter values, the layer structure
is depicted in graphs.
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factor.

2020 MSC: 65L10, 65L11, 65L12.

c©2022 All rights reserved.

1. Introduction

The modeling of a physical system in the theory of control, increase the order and stiffness of these
systems by the existence of small time parasitic parameters such as resistance, inductance, capacitance
and moments of inertia. The elimination of these constants leads to a depletion in the system order.
These problems are identified as singular perturbation problems and when such systems are taken into
consideration, the physical system’s earlier history as well as the present state are examined. Then such
problems are named as singularly perturbed differential delay equations. These problems occur in first-
exit neurobiology problems and in the formulation of various biological processes in the biosciences.

Researchers can refer to Derstine et al. [2], Elsgolt’s [4], Stein [14], Tuckwell [15], Longtin and Milton
[9], etc for further study of mathematical aspects of the above class of models. For the various analytical
and numerical methods for the solution of singular perturbation problems, one can refer to [3, 5]. In [1],
researchers proposed a technique for the solution of second order boundary value problem using spline
method and collocation along with the shooting method. A finite difference scheme [6] is presented for
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the numerical result of layer behavior problems with delay term. Here, the researchers initially reduced
the problem of delay to a boundary value problem by allowing the delay term outside, then employed a
difference scheme to solve the problem.

In [13], the authors suggested a method of computation to solve problems with layer. They have
implemented rule of Simpson on the neutral type first order differential equation, which is reduced from
the original problem. In [8], the authors used asymptotic matching expansion and Laplace transforms
to analyze the layer behavior of linear second-order differential-difference equations with small shifts
having layer behavior. In [7], the WKB approach modified by Lange and Miura is used in combination
with the matched asymptotic expansions to analyze the differential-difference boundary value problems
with rapid oscillation solutions.

2. Description of the numerical scheme

Consider the boundary value problem with delay in singularly perturbed differential equation

εw′′ (s) + P (s)w′ (s− δ) +Q (s)w (s) = F (s) , (2.1)

with boundary conditions

w (s) = φ (s) , − δ 6 s 6 u and w (v) = β. (2.2)

Here 0 < ε � 1 is a perturbation parameter, δ also a small delay or shift. The functions P (s) , Q (s) ,
F (s) and φ (s) are sufficiently differentiable functions and β is a constant. When delay is zero, Eq. (2.1)
turns to a problem of singular perturbation, displays turning points and layers subject to the convection
coefficient. The behavior of the layer is preserved only for δ 6= 0 and δ is of o (ε). Since the solution
w (s) of the problem Eq. (2.1) with Eq. (2.2) is sufficiently differentiable, the retarded term w′ (s− δ) is
expanded in Taylor series, then we get

w′ (s− δ) ≈ w′ (s) − δw′′ (s) . (2.3)

Using Eq. (2.3) in Eq. (2.1), we have

(ε− δP (s)) w′′ (s) + P (s) w′ (s) +Q (s) w (s) = F (s) ,

ε

(
1 −

δP (s)

ε

)
w′′ (s) + P (s)w′ (s) +Q (s)w (s) = F (s) .

(2.4)

Eq. (2.4) is altered into singularly perturbed boundary value problem of the form

εw′′ (s) + P̃ (s) w′ (s) + Q̃ (s) w (s) = F̃ (s) , u 6 s 6 v, (2.5)

with w (u) = φ0, w (v) = β. Here P̃ (s) = P(s)(
1−P(s)δ

ε

) , Q̃ (s) = Q(s)(
1−P(s)δ

ε

) , F̃ (s) = F(s)(
1−P(s)δ

ε

) .

2.1. Boundary layer at Left-end

If in Eq. (2.5), P̃ (s) > M > 0 all over the domain [u, v], where M is positive constant, then layer will
be in the vicinity of s = u. Using Taylor’s expansion, we have

w′ (s− ε) ≈ w′ (s) − εw′′ (s) ,

implies
εw′′ (s) = w′ (s) −w′ (s− ε) .
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Accordingly, Eq. (2.5) is substituted by the following first order differential equation having perturbation
parameter inside the differentiated term

w′ (s) = w′ (s− ε) − P̃ (s) w′ (s) − Q̃ (s) w (s) + F̃ (s) . (2.6)

The domain [u, v] is partitioned into N equal subregions of mesh size h = v−u
N so that si = u+ i h, i =

0, 1, . . . ,N+ 1 are the grid points. Eq. (2.6) is integrated with respect to from si to si+1, then we have∫si+1

si

w′ (s)ds =

∫si+1

si

w′ (s− ε) − P̃ (s) w′ (s) − Q̃ (s) w (s) + F̃ (s) ds,

w (si+1) −w (si) =

∫si+1

si

w′ (s− ε) ds−

∫si+1

si

P̃ (s) w′ (s)ds−

∫si+1

si

Q̃ (s) w (s) ds+

∫si+1

si

F̃ (s) ds.
(2.7)

Using two-point Gaussian quadrature formula, we have∫ 1

−1
G (s) ds = G

(
1√
3

)
+ G

(
−1√

3

)
.

For any function G, differentiable in an arbitrary interval [si, si+1], the two-point Gaussian quadrature
formula gives ∫si+1

si

G (s) ds =
h

2
(
G
(
si + k̄

)
+ G

(
si+1 − k̄

))
, (2.8)

where k̄ =
h
(

1− 1√
3

)
2 . Using Eq. (2.8) in Eq. (2.7), we get

wi+1 −wi = w (si+1 − ε) −w (si − ε) − P̃ (si+1)w (si+1) + P̃ (si)w (si)

+
h

2

[
P̃′
(
si+1 − k̄

)
w
(
si+1 − k̄

)
+ P̃′

(
si + k̄

)
w
(
si + k̄

)]
−
h

2

[
Q̃
(
si+1 − k̄

)
w
(
si+1 − k̄

)
+ Q̃

(
si + k̄

)
w
(
si + k̄

)]
+
h

2

[
F̃
(
si+1 − k̄

)
+ F̃

(
si + k̄

)]
.

(2.9)

Using the linear interpolation for w (si+1 − ε), w (si − ε), w
(
si − k̄

)
and w

(
si+1 − k̄

)
Eq. (2.9) reduces to{

ε

h
+ P̃′

(
si + k̄

) k̄
2
− Q̃

(
si + k̄

) k̄
2

}
wi−1

+

{
−2ε
h

− P̃ (si) − P̃
′ (si+1 − k̄

) k̄
2
− P̃′

(
si + k̄

) (h+ k̄

2

)
+ Q̃

(
si+1 − k̄

) k̄
2
+ Q̃

(
si + k̄

) (h+ k̄

2

)}
wi

+

{
ε

h
− P̃′

(
si+1 − k̄

) (h− k̄

2

)
+ P̃ (si+1) + Q̃

(
si + k̄

) (h− k̄

2

)}
wi+1

=
h

2

{
F̃
(
si+1 − k̄

)
+ F̃

(
si + k̄

)}
.

Rearranging this equation, we have

ε

h2 (wi−1 − 2wi +wi+1) +

 P̃
′ (si + k̄) ( k̄2)− Q̃ (si + k̄) ( k̄2)

h

wi−1

+

−P̃ (si) − p̃
′ (si+1 − k̄

)
k̄
2 − P̃

′ (si + k̄) (h+k̄2

)
+ Q̃

(
si+1 − k̄

)
k̃
2 + Q̃

(
si + k̄

) (
h+k̄

2

)
h

wi
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+

−P̃′
(
si+1 − k̄

) (
h−k̄

2

)
+ P̃ (si+1) + Q̃

(
si+1 − k̄

) (
h−k̄

2

)
h

wi+1 =

{
F̃
(
si+1 + k̄

)
+ F̃

(
si + k̄

)
2

}
.

Introducing a fitting factor σ̃ (ρ̃) in this scheme, to control the layer behaviour due the small values of
perturbation parameter ε, we get

σ̃ε

h2 (wi−1 − 2wi +wi+1) +

 P̃
′ (si + k̄) ( k̄2)− Q̃ (si + k̄) ( k̄2)

h

wi−1

+

−P̃ (si) − P̃
′ (si+1 − k̄

)
k̄
2 − P̃′

(
si + k̄

) (
h+k̄

2

)
+ Q̃

(
si+1 − k̄

)
k̄
2 + Q̃

(
si + k̄

) (
h+k̄

2

)
h

wi
+

−P̃′
(
si+1 − k̄

) (
h−k̄

2

)
+ P̃ (si+1) + Q̃

(
si+1 − k̄

) (
h−k̄

2

)
h

wi+1

=

{
F̃
(
si+1 + k̄

)
+ F̃

(
si + k̄

)
2

}
.

(2.10)

The value of σ̃(ρ̃) is obtained by the procedure given by Doolan et al. [3] and is given by

σ̃ (ρ̃) =
s0e

−D0

sinh(D0)
, where D0 =

(
P̃ (0) ρ̃

2

)
, ρ̃ =

h

ε
.

Eq. (2.10) can be revised in a recurrence relation as

Ãiwi−1 − B̃iwi + C̃iwi+1 = R̃i , i = 1, 2, . . . ,N− 1, (2.11)

where

Ãi =
σ̃ (ρ̃) ε

h
+ P̃′

(
si + k̄

) k̄
2
− Q̃

(
si+1 + k̄

) k̄
2

,

B̃i =
2σ̃ (ρ̃) ε
h

+ P̃ (si) + P̃
′ (si+1 − k̄

) k̄
2
+ P̃′

(
si − k̄

)
h1 − Q̃

(
si+1 + k̄

) ( k̄
2

)
− Q̃

(
si + k̄

)
h1,

C̃i =
σ̃ (ρ̃) ε

h
− P̃′

(
si+1 − k̄

)
h2 + P̃ (si+1) + Q̃

(
si+1 − k̄

)
h2,

R̃i =
h

2

[
F̃
(
si+1 − k̄

)
+ F̃

(
si + k̄

)]
, here h1 =

(
h+ k̄

2

)
, h2 =

(
h− k̄

2

)
.

The system Eq. (2.11) is solved efficiently using the Thomas Algorithm.

2.2. Boundary layer at right-end

If in Eq. (2.5), P̃ (s) 6 M̃ < 0 over the domain [u, v], where M̃ is negative value, then layer exists in
the vicinity of s = v. Taylor series expansion of w′ (s+ ε) gives

w′ (s+ ε) ≈ w′ (s) + ε w′′ (s) ,

implies
ε w′′ (s) ≈ w′ (s+ ε) −w′ (s) ,

and subsequently, Eq. (2.5) is substituted by the following first order differential equation

w′ (s) = w′ (s+ ε) + P̃ (s)w′ (s) + Q̃ (s)w (s) − F̃ (s) . (2.12)
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Integrating Eq. (2.12) on [si−1, si] we get

w (si) −w (si−1) =

∫si
si−1

w′ (s+ ε) ds+

∫si
si−1

P̃ (s) w′ (s)ds+

∫si
si−1

Q̃ (s) w (s) ds−

∫si
si−1

F̃ (s) ds. (2.13)

The two-point Gaussian quadrature formula for any differentiable function G in an arbitrary interval
[si−1, si] gives ∫si

si−1

G (s) ds =
h

2
(
G
(
si−1 + k̄

)
+ G

(
si − k̄

))
. (2.14)

Using Eq. (2.14) in the Eq. (2.13) becomes

w (si) −w (si−1) = w (si−1 − ε) −w (si + ε) + P̃ (si−1) w (si−1) − P̃ (si) w (si)

−
h

2

[
P̃′
(
si−1 − k̄

)
w
(
si−1 − k̄

)
+ P̃′

(
si + k̄

)
w
(
si + k̄

)]
+
h

2

[
Q̃
(
si−1 − k̄

)
w
(
si−1 − k̄

)
+ Q̃

(
si + k̄

)
w
(
si + k̄

)]
−
h

2

[
F̃
(
si−1 − k̄

)
+ F̃

(
si + k̄

)]
.

(2.15)

Using linear interpolation for the terms in the above equation, w (si−1 − ε), w (si + ε), w
(
si−1 − k̄

)
, and

w
(
si − k̄

)
we get{ ε

h
− P̃ (si−1) − P̃

′ (si−1 + k̄
)
h1 + Q̃

(
si−1 + k̄

)
h1

}
wi−1

+

{
−2ε
h

+ P̃ (si) − P̃
′ (si − k̄) h2 − P̃

′ (si−1 + k̄
) ( k̃

2

)
+ Q̃

(
si − k̄

)
h2 + Q̃

(
si−1 + k̄

) ( k̄
2

)}
wi

+

{
ε

h
+ P̃′

(
si − k̄

) ( k̄
2

)
− Q̃

(
si − k̄

)( k̄
2

)}
wi+1

=
h

2

{
F̃
(
si − k̄

)
+ F̃

(
si−1 + k̄

)}
.

Here h1 =
(
h− k̄

2

)
, h2 =

(
h+ k̄

2

)
. Rearranging this equation, we have

ε

h2 (wi−1 − 2wi +wi+1) +

−P̃ (si−1) − P̃
′ (si−1 + k̄

) (
h−k̄

2

)
+ Q̃

(
si−1 + k̄

) (
h−k̄

2

)
h

 wi−1

+

 P̃ (si) − P̃
′ (si − k̄) (h+k̄2

)
− P̃′

(
si−1 + k̄

) (
k̄
2

)
+ Q̃

(
si − k̄

) (
h+k̄

2

)
+ Q̃

(
si−1 + k̄

) (
k̄
2

)
h

 wi

+

 P̃
′ (si − k̄) ( k̄2)− Q̃ (si − k̄) ( k̄2)

h

 wi+1 =

{
F̃
(
si − k̄

)
+ F̃

(
si−1 + k̄

)
2

}
.

To handle the layer behaviour at right end s = v, for the small values of the perturbation parameter,
inserting a fitting factor σ̃ (ρ̃) in the above scheme, we get

σ̃ε

h2 (wi−1 − 2wi +wi+1) +

−P̃ (si−1) − P̃
′ (si−1 + k̄

) (
h−k̄

2

)
+ Q̃

(
si−1 + k̄

) (
h−k̄

2

)
h

 wi−1 (2.16)
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+

 P̃ (si) − P̃
′ (si − k̄) (h+k̄2

)
− P̃′

(
si−1 + k̄

) (
k̄
2

)
+ Q̃

(
si − k̄

) (
h+k̄

2

)
+ Q̃

(
si−1 + k̄

) (
k̄
2

)
h

 wi

+

 P̃
′
(
si − k̃

) (
k̄
2

)
− Q̃

(
si − k̄

) (
k̄
2

)
h

 wi+1 =

{
F̃
(
si − k̄

)
+ F̃

(
si−1 + k̄

)
2

}
.

The value of σ̃(ρ̃) is obtained by the procedure given by Doolan et al. [3] and is given by

σ̃ (ρ̃) =
ρ̃P̃ (0) eDN

2sinh(DN)
, where DN =

(
P̃ (N) ρ̃

2

)
, ρ̃ =

h

ε
.

Eq. (2.16) simplified into the tridiagonal system

Ãiwi−1 − B̃iwi + C̃iwi+1 = R̃i for i = 1, 2, . . . ,N− 1, (2.17)

where

Ãi =

{
σ̃ (ρ̃) ε

h
− P̃ (si−1) − P̃

′ (si−1 + k̄
) (h− k̄

2

)
+ Q̃

(
si−1 + k̄

) (h− k̄

2

)}
,

B̃i =

{
2σ̃ (ρ̃) ε
h

− P̃ (si) + P̃
′ (si + k̄) h2 + P̃

′ (si−1 + k̄
) ( k̄

2

)
− Q̃

(
si − k̄

)
h2 − Q̃

(
si−1 + k̄

) ( k̄
2

)}
,

C̃i =

{
σ̃ (ρ̃) ε

h
+ P̃′

(
si − k̄

) ( k̄
2

)
− Q̃

(
si − k̄

) ( k̄
2

)}
,

R̃i =
h

2

[
F̃
(
si − k̄

)
+ F̃

(
si−1 + k̄

)]
.

The system Eq. (2.17) is solved with Thomas algorithm.

2.3. Dual boundary layer problem
With the following assumptions

P̃ (sm) = 0, P̃′ (sm) < 0, where sm =
u+ v

2
,∣∣∣P̃ (s)∣∣∣ > P̃0 > 0 for u 6 s 6 v,

Q̃ (s) 6 Q̃0 < 0, ∀ s ∈ [u, v] ,∣∣∣P̃′ (s)∣∣∣ >
∣∣∣P̃′ (m)

∣∣∣
2

, ∀ s ∈ [u, v] ,

the problem (2.1)-(2.2) has unique solution, expressing exponential boundary layers at both end points
s = u and s = v. Discretize the interval [u, v] into N equal parts with mesh size h = 1

N so that θi = u+ ih
for i = 1, 2, . . . ,N are the mesh points. Denote N2 = m. Then, divide the interval [u, v] into sub intervals
[si−1, si] for i = 1, 2, . . . ,m and [si, si+1] for i = m + 1,m + 2, . . . ,N − 1. We derive the numerical
method in the two subintervals [u, sm] and [sm, v] where in [u, sm] layer will be at left end point θ = u
whereas in [sm, v] layer exits at s = v. Hence, in [u, sm], we use the finite difference scheme Eq. (2.11)
for i = 1, 2, . . . ,m− 1 and in [sm, v] for i = m+ 1,m+ 2, . . . ,N− 1. The scheme Eq. (2.17) is employed to
get the solution. Now at s = sm, i.e., for i = m, Eq. (2.1) becomes

εw′′ (sm) + Q̃ (sm)w (sm) = F̃ (sm) . (2.18)

Using the central finite difference on Eq. (2.18) at this point, the difference equation of Eq. (2.18) is

Ãmwm−1 + B̃miwm + C̃mwm+1 = F̃m. (2.19)

Here Ãm = σ̃ε
h2 , B̃m = 2σ̃ε

h2 − Q̃m, and C̃m = σ̃ε
h2 . Now, we solve the system of Eq. (2.11), Eq. (2.19), and

Eq. (2.17) using Thomas algorithm.
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2.4. Internal boundary layer
Under following assumptions

P̃ (sm) = 0, P̃′ (sm) > 0, where sm =
u+ v

2
,

Q̃ (s) 6 Q̃0 < 0,∣∣∣P̃′ (s)∣∣∣ >
∣∣∣P̃′ (m)

∣∣∣
2

, for all s ∈ [u, v] ,

the given problem has a unique solution with interior layers at s = sm. Decompose the interval [u, v] into
N uniform spaced intervals with mesh size h = 1

N and with mesh points si = u+ ih for i = 1, 2, . . . ,N.
Let us denote N

2 = m. Then, divide the interval [u, v] into subintervals [si−1, si] for i = 1, 2, . . . ,m and
[si, si+1] for i = m+ 1,m+ 2, . . . ,N− 1. For this problem, the layer is at right end point of the interval
[u, sm] and layer is at left end point of [sm, v]. Hence, in [u, sm] we use the finite difference scheme Eq.
(2.17) for i = 1, 2, . . . ,m− 1 and in [sm, v] the scheme Eq. (2.11) for i = m+ 1,m+ 2, . . . ,N− 1 is used to
get the solution. Now at s = sm, i.e., for i = m, Eq. (2.1) becomes

εw′′ (sm) + Q̃ (sm)w (sm) = F̃ (sm) . (2.20)

Since there is an internal layer at s = sm, we take average of the difference schemes Eq. (2.11) and Eq.
(2.17). Hence the difference equation of Eq. (2.20) is

Ãmwm−1 + B̃mwm + C̃mwm+1 = F̃m. (2.21)

Here Ãm = ÃiL+ÃiR
2 , B̃m = B̃iL+B̃iR

2 , C̃m = C̃iL+C̃iR
2 , and F̃m = F̃iL+F̃iR

2 ; ÃiL, B̃iL, C̃iL, and F̃iL denote
the value of Ãi, B̃i, C̃i, and F̃i in the left-end boundary layer case and ÃiR, B̃iR, C̃iR, and F̃iR represents
the expresiion of Ãi, B̃i, C̃i, and F̃i in the right-end boundary layer case, respectively. Similarly, now, we
solve the system of Eqs. (2.11), (2.17), and (2.21) using Thomas algorithm.

3. Discrete invariant imbedding algorithm

Let us set up a difference relation of the form

wi = Ziwi+1 + Ti, (3.1)

where Zi = Z(si) and Ti = T(si) are to be determined From Eq. (3.1), we have

wi−1 = Zi−1wi + Ti−1. (3.2)

Using Eq. (3.1) in Eq. (3.2) and rearranging the terms, we obtain

wi =
C̃i

B̃i − ÃiZi−1
wi+1 +

ÃiTi−1 − F̃i(
B̃i − ÃiZi−1

) . (3.3)

By comaring Eqs. (3.1) and (3.3), we get recurrence relation for Zi and Ti

zi =
C̃i

B̃i − ÃiZi−1
, Ti =

ÃiTi−1 − F̃i(
B̃i − ÃiZi−1

) .

To solve these recurrence relation for i = 1, 2, 3, . . . ,N− 1, we need the initial conditions for Z0 and T0. By
given boundary conditions, we have

w0 = ϕ0 = Z0w1 + T0.
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If we choose w0 = 0, then T0 = ϕ0. Now by using these initial conditions, we can compute wi and Ti for
i = 1, 2, 3, . . . ,N− 1 and using these values of wi and Ti in Eq. (3.1), we obtain wi for i = 1, 2, 3, . . . ,N− 1.
Under the conditions

Ãi > 0, C̃i > 0, B̃i > Ãi + C̃i,
∣∣∣Ãi∣∣∣ 6 ∣∣∣C̃i∣∣∣ ,

the discrete invariant imbedding algorithm is stable.

4. Stability analysis

Theorem 4.1. Under the assumption that P̃(s) > M > 0 and Q̃ (s) 6 −θ < 0, ∀s ∈ [0, 1], the solution to the
system of difference equations (2.11) together with the given boundary condition exists, is unique and satisfies

||w||h,∞ 6 C−1||R̃||h,∞ + ||φ||h,∞ + |β|,

where C =M or ||P||h,∞. Here ||.||h,∞ is the discret l∞-norm, given by ||s||h,∞ = max06i6N |si|.

Proof. Let wi be any mesh function satisfying LN1 wi = R̃i. Combining this with Eq. (2.11) followed by a
rearrangement of terms gives

B̃iwi = −R̃i + Ãiwi−1 + C̃iwi+1.

Taking modulus on both the sides and using the non negativity of the coefficients
(
Ãi, B̃i, C̃i

)
, we

obtain
B̃i |wi| 6

∣∣∣R̃i∣∣∣+ Ãi |wi−1|+ C̃i |wi+1| .

Putting the values of
(
Ãi, B̃i, C̃i

)
from Eq. (2.11) in the above inequality, we get

(
−2σ̃ (ρ̃) ε

h
− P̃ (si) − P̃

′ (si+1 + k̄
) k̄

2
− P̃′

(
si + k̄

)
h1 + Q̃

(
si+1 + k̄

) ( k̄
2

)
+ Q̃

(
si + k̄

)
h1

)
|zi|

6

∣∣∣∣h2 [F̃ (si+1 − k̄
)
+ F̃

(
si + k̄

)]∣∣∣∣+( σ̃ (ρ̃) εh
+ P̃′

(
si + k̄

) k̄
2
− Q̃

(
si+1 + k̄

) k̄
2

)
|zi−1|

+

(
σ̃ (ρ̃) ε

h
− P̃′

(
si+1 − k̄

) (h− k̄

2

)
+ P̃ (si+1) + Q̃ (si+1 − k)

(
h− k̄

2

))
|zi+1| ,

(4.1)

∀i = 1, 2, 3, . . .N− 1. A rearrangement of terms in the above in equality (4.1) yields

σ̃ε

h2

(
|wi−1|− 2|wi|+ |wi+1|

)
+
(
P̃′
(
si+1 − k̄

)
− Q̃

(
si+1 − k̄

)) k̄
2

(
(|wi+1|− |wi|)

h

)
+
(
P̃′
(
si + k̄

)
− Q̃

(
si + k̄

))( k̄
2

)(
(|wi−1|− |wi|)

h

)
+
(
−̃P
′ (
si + k̄

)
+ Q̃

(
si + k̄

))(h
2

)
|wi|

+
(
−̃P
′ (
si+1 − k̄

)
+ Q̃

(
si+1 − k̄

))(h
2

)
|wi+1|+ P̃

′ (si+1)wi+1 + P̃
′ (si) |wi|

− Q̃ (si) |wi|+

∣∣∣∣∣−
{
F̃
(
si+1 + k̄

)
+ F̃

(
si + k̄

)
2

}∣∣∣∣∣ > 0.

(4.2)

Now in the above inequality (4.2) to replace the coefficients ε > 0 and Pi by same constants, one has to
keep in mind the sign of the expressions

(
|wi−1|− 2|wi|+ |wi+1|

)
, (|wi−1|− |wi|), and (|wi+1|− |wi|). If(

|wi−1|− 2|wi|+ |wi+1|
)
> 0, we use the inequality 0 < (σ̃ε) and if

(
|wi−1|− 2|wi|+ |wi+1|

)
6 0, we use

the inequality (σ̃ε) < 0. If (|wi+1|− |wi|) > 0,
(∣∣wi|− |wi−1

∣∣) > 0, we use the inequality 0 < p̃ (si+1) 6
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||p̃(si+1)||h,∞ and if (|wi+1|− |wi|) < 0, (|wi−1|− |wi|) < 0, we use the inequality P̃ (si) > M > 0. Thus
using these facts in the above inequality (4.2), we get

C1

(
|wi−1|− 2|wi|+ |wi+1|

)
h2 +C2

(
(|wi+1|− |wi|)

h

)
−C3

(
(|wi|− |wi−1|)

h

)
+ Q̃i|wi|+

∣∣∣R̃i∣∣∣ > 0, (4.3)

where C1,C2,C3, and Fi are positive constants

C1 = (σ̃ε) ,

C2 =
(
P̃′
(
si+1 − k̄

)
− Q̃

(
si+1 − k̄

))( k̄
2

)
+
(
−̃P
′ (
si+1 − k̄

)
+ Q̃

(
si+1 − k̄

))(h
2

)
+ P̃′ (si) ,

C3 =
(
P̃′
(
si + k̄

)
− Q̃

(
si + k̄

))( k̄
2

)
+
(
−̃P
′ (
si + k̄

)
+ Q̃

(
si + k̄

))(h
2

)
+ P̃′ (si+1) ,

R̃i = −

{
F̃
(
si+1 + k̄

)
+ F̃

(
si + k̄

)
2

}

are the depending on the sign of the expressions
(
|wi−1|− 2|wi|+ |wi+1|

)
, |wi+1|− |wi| , |wi−1|− |wi|, re-

spectively. Again a rearrangement of the terms in the inequality (4.3) and using the inequality
∣∣∣R̃i∣∣∣ 6

||R̃||h,∞ yields

C1
(|wi+1|− |wi|)

h2 −C1
(|wi|− |wi−1|)

h2 +C2

(
(|wi+1|− |wi|)

h

)
−C3

(
(|wi|− |wi−1|)

h

)
+ Q̃i|wi|+ ||R̃||h,∞ > 0.

(4.4)

To prove the uniqueness and exitance, let (ui)
N
i=0 , (vi)

N
i=0 be two sets of solutions of the difference

equation (2.11) satisfying the boundary conditions. Suppose wi = ui − vi, then wi satisfies

ŁN1 wi = R̃i,

where R̃i = 0, ∀i, 1 6 i 6 N− 1, and w0 = 0 = wN. Summing (4.5) over i = 1, 2, 3, . . . ,N-1, we obtain

C1
(|wi+1|− |wi|)

h2 −C1
(|wi|− |wi−1|)

h2 +C2

(
(|wi+1|− |wi|)

h

)
−C3

(|wi+1|− |wi|)

h2 +

N−1∑
i=1

Q̃i|wi| > 0. (4.5)

Since C1 > 0, C2 > 0, C3 > 0, and |wi| > 0, ∀i, i=1,2,3,. . . ,N-1, therefore for the inequality (4.5) holds, we
must have wi = 0, ∀, i = 1, 2, 3, . . . ,N− 1. This implies the uniqueness of the solution to the tridiagonal
system of difference equation (2.11). For linear equations, the existance is implied by uniqueness. Now
to obtain the required bounds on the solution of the discrete problem (wi)

N
i=0, set yi = wi + li, where yi

satisfies the difference equation (2.11) the boundary condition li = (1 − ih)φ0 +(ih)β,. Then y0 = 0 = yN,
and yi, i = 1, 2, 3, . . . ,N− 1, satisfies LN1 yi = R̃i. Now let

|yn| = ||y||h,∞ > |yi|, ∀i = 1, 2, 3, . . . ,N. (4.6)

Then summing (4.4) from i = n to N− 1 and using the inequality P(s) > M > 0 and 0 < P̃ (si+1) 6
||P(si+1)||h,∞ > 0 gives

−C1

(
|yn|− |yN−1|

)
h2 − C̃1

(|yN−1|)

h2 +C2
|yn|

h
+

N−1∑
i=1

Q̃i|yi|+ (N−n− 1)||R̃||h,∞ > 0. (4.7)
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Since Q(s) 6 0 and from inequality (4.6), we gave (|yn+1|− |yn|) > 0,
(∣∣yn|− |yn−1

∣∣) > 0, therefore the
first, second, third and fourth terms on the left sides in the inequality (4.7) are negative, so after omitting
these terms from the inequality, it reduces to C2 |yn| 6 (N−n− 1)h||R̃||h,∞ 6 ||R̃||h,∞, since (N− n−
1)h 6 1. We have

|yn| 6 C
−1
2 ||R̃||h,∞. (4.8)

Also, we have wi = yi + li,

||w||h,∞ = max
06i6N

|wi| 6 ||y||h,∞ + ||l||h,∞ ||w||h,∞ 6 |yn|+ ||l||h,∞. (4.9)

Now to complete the estimate, we have to find out the bound on li,

||l||h,∞ = max
06i6N

|li| 6 max
06i6N

[(1 − ih)φ0 + (ih)β].

We have

||l||h,∞ 6 |φ0|+ |β| 6 ||φ||h,∞ + |β|. (4.10)

From Eqs. (4.8)-(4.10), we obtain the required estimate. Therefore,

||w||h,∞ 6 C−1||R̃||h,∞ + ||φ||h,∞ + |β|,

where C =M or ||P||h,∞. Here ||.||h,∞ is the discrete l∞-norm, given by ||s||h,∞ = max06i6N |si|.
This theorem implies that the solution to the system of the difference equation (2.11) is uniformly

bounded, independent of the mesh size h and the singular perturbed parameter ε. Thus the left end
scheme is stable for all step size. One can analysis of remaining three cases.

5. Convergence analysis

Incorporating the boundary conditions, the matrix form of the system of equations is

(X+ Y)w+U+ τ (h) = 0, (5.1)

where X =
[
σ̃ε
h , −2σ̃ε

h , σ̃εh
]
=



−2σ̃ε
h

σ̃ε
h 0 0 . . . 0

σ̃ε
h

−2σ̃ε
h

σ̃ε
h 0 . . . 0

0 σ̃ε
h

−2σ̃ε
h

σ̃ε
h . . . 0

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .
0 . . . . . . 0 σ̃ε

h
−2σ̃ε
h


,

and

Ỹ = [z̃i, ṽi, w̃i] =



ṽ1 w̃1 0 0 . . . 0
z̃2 ṽ2 w̃2 0 . . . 0
0 z̃3 ṽ3 w̃3 . . . 0

. . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . .
0 . . . . . . 0 z̃N−1 ṽN−1

 ,

where

z̃i =
k̃

2

(
P̃
(
si + k̃

)
− Q̃

(
si + k̃

))
,

ṽi =

{
−P̃ (si) − P̃

′
(
si+1 − k̃

) k̃

2
− P̃′

(
si + k̃

) (h+ k̃

2

)
+ Q̃

(
si+1 − k̃

) k̃

2
+ Q̃

(
si + k̃

) (h+ k̃

2

)}
,
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w̃i =

{
P̃ (s) − P̃′

(
si+1 − k̃

) (h+ k̃

2

)
+ Q̃

(
si+1 − k̃

) (h− k̃

2

)}
,

Q̃ =
{
a1 +

( ε
h
+ z1

)
γ0, a2, a3,...,aN−2, aN−1 +

( ε
h
+ w̃N−1

)
γ1

}
,

ai =
h

2

{
F̃
(
θi+1 − k̃

)
+ F̃

(
si + k̃

)}
,

where i = 1, 2, . . . ,N− 1. The local truncation error with the proposed scheme is

τ̃(h) = −
h

2
(
P̃ ′(si+1 − K̃) + P̃ ′(si + K̃)

)
wi +O

(
h2) .

Let w = [w1, w2, . . . , wN−1]
T , τ (h) = [s1, s2, . . . , sN−1]

T , Õ = [0, 0, . . . , 0]T are associated vector of Eq.
(5.1). Let W = [w1, w2, . . . , wN−1]

T ∼= W̃ satisfies the equation

(X+ Y)W +U = 0. (5.2)

Let li = wi − W̃i, ∀i = 1, 2, . . . ,N− 1 be the discretization error L = [l1, l2, . . . , lN−1]
T = w− W̃. So that

Subtract (5.1)-(5.2), then the error equation is

(X+ Y)L = τ (h) .

Let
∣∣∣P̃ (t)∣∣∣ 6 c̃1 and

∣∣∣Q̃ (t)
∣∣∣ 6 c̃2, where c̃1, c̃2 is a positive constant if be the [i, j]th element of M̃, then∣∣∣P̃i ,i+1

∣∣∣ = |w̃i| 6
(
p̃ (si+1) + P̃

′
(
si+1 − k̃

) (
h+k̃

2

)
+ Q̃

(
si+1 − k̃

) (
h−k̃

2

))
c̃1, where i = 1, 2, . . . ,N− 2,∣∣∣P̃i i−1

∣∣∣ = |z̃i| 6
k̃
2

[
P̃′
(
si + k̃

)
− Q̃

(
si + k̃

)]
c̃2, where i = 1, 2, . . . ,N− 1. Hence for sufficiently small

h, we have
|p̃i, i+1| < ε for i = 1, 2, . . . ,N− 2, (5.3)

and ∣∣∣P̃i, i−1

∣∣∣ < ε for i = 2, 3, . . . ,N− 1.

Hence, (X+ Y) is irreducible.
Let S̃i the sum of the elements of the ith row of the matrix (X+ Y) be θ̃i, then we have

S̃1 =

N−1∑
j=1

M̃ij =

{
P̃ (si+1) − P̃ (si) +

σ̃ε

h
− P̃′

(
si + k̃

)
h1 + Q̃

(
si + k̃

)
h1

}

+

{
h

2

(
P̃
(
si+1 − k̃

)
− P̃′

(
si+1 − k̃

))}

for i = 1, where h1 =
(
h + k̃

2

)
,

S̃N−1 =

N−1∑
j=1

m̃N−1 j = −P̃(θi) −
ε

h
− P̃ ′(si+1 − K̃)

h

2
− P̃ ′(si + K̃)

K̃

2
+ Q̃(si+1 − K̃)

K̃

2
+ Q̃(si + K̃)

h

2
,

for i = 2, 3, . . . ,N− 2,

S̃N−1 =

N−1∑
j=1

M̃N−1 j = −P̃ (si) −
σ̃ε

h
− P̃′

(
si+1 − k̃

) h
2
− P̃′

(
si + k̃

) k̃
2
+ Q̃

(
si+1 − k̃

) k̃
2
+ Q̃

(
si + k̃

) h
2
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for i = N− 1. Let C̃i = min |p̃ (s)| and C̃∗1 = max |p̃ (s)| since 0 < ε 6 1 and its verify that for sufficiently
small h, (X+ Y), is monotonic. Hence (X+ Y)−1 exits and (X+ Y)−1 > 0, thus by Eq. (5.3) we get

‖L‖ 6
∥∥∥(X̃+ Ỹ)

−1
∥∥∥ ‖τ̃‖ . (5.4)

For sufficiently small h, we have s̃i >
(
P̃ (si+1) − P̃ (si)

)
⇒ s̄1 > constant, s̃i >

(
P̃ (si+1) − P̃ (si)

)
for

i = N− 1 ⇒ s̄i > constant, s̃i > P̃ (si) for i = 2, 3, . . . ,N− 2. Let (X+ Y)−1
(i,k) be the (i, k)th elements of

(X+ Y)−1 and we define ∥∥∥(X+ Y)−1
∥∥∥ = max

N−1∑
k=1

(X+ Y)−1
(i k),

and
‖τ̃(h)‖ = max |τ̃(h)| .

Since (X+ Y)−1
(i k) > 0 and

N−1∑
k=1

(X+ Y)−1
(i k)sk = 1 for i = 1, 2, . . . ,N− 1, we have

(X+ Y)−1
(i k) 6

1
sk

6
1
C

, (5.5)

(X+ Y)−1
(i N−1) 6

1
sN−1

6
1
C

. (5.6)

Furthermore,
N−2∑
k=2

(X+ Y)−1
(i k) 6

1
min sk

6
1
C

, ∀i = 1, 2, 3, . . . ,N− 1. (5.7)

With the use of (5.5)-(5.7), from Eq. (5.4), we have ‖L‖ 6 O(h). Hence, first order convergent is achieved
for the suggested scheme. In similar way, the convergence in other cases can be analyzed.

6. Numerical experiments

To describe the proposed scheme computationally, it is implemented on left end layer, right end layer,
dual layer and internal layer problems. These problems are discussed in the literature and numerical
results are available for comparison. The maximum absolute error LNε = max

06i6N
|w(si) −wi| is calculated

for each example with comparison. Here w(si) is the exact solution and wi is the numerical solution. We
use double mesh principle [3], LNε = max

06i6N

∣∣wNi −w2N
2i

∣∣ to find the maximum errors for the examples,

where exact solution is not known. Here wNi is the numerical solution with N subintervals and w2N
2i is

the numerical solution with 2N subintervals.

Example 6.1. ε w′′ (s) +w′ (s− δ) −w (s) = 0 with w(0) = 1 and w(1) = 1. The exact solution is:
w (s) =

((1−ec2)ec1s+(ec1−1)ec2s)
(ec1−ec2) , where

c1 =
(−1 −

√
(1 + 4(ε− δ)) )

2(ε− δ)
, c2 =

(−1 +
√

(1 + 4(ε− δ)) )
2(ε− δ)

.

Example 6.2. ε w′′ (s) + e−0.5sw′ (s− δ) −w (s) = 0 with w (0) = 1, w (1) = 1. For this problem exact
solution is not known.
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Example 6.3. ε w′′ (s) −w′ (s− δ) −w (s) = 0 with w(0) = 1 and w(1) = −1. The exact solution is:
w(s) =

((1+ec2)ec1s−(ec1+1)ec2s)
(ec2−ec1) , where

c1 =
(−1 −

√
(1 + 4(ε+ δ)) )

2(ε+ δ)
, c2 =

(−1 +
√

(1 + 4(ε+ δ)) )
2(ε+ δ)

.

Example 6.4. ε w′′ (s)− etw′ (s− δ)− tw (s) = 0 with w(0) = 1,w(1) = 1. For this problem exact solution
is not known.

Example 6.5. Consider the dual layer problem ε w′′ (s) + 2 (1 − 2t)w′ (s− δ) + 4w (s) = 0, with w(0) = 1
on −δ 6 s 6 0, w(1) = 1. For this problem exact solution is not known.

Example 6.6. Consider the dual layer problem ε w′′ (s) + 2 (1 − 2t)w′ (s− δ) + 4w (s) = 4 (1 − 4s) , with
w(s) = 1 on −δ 6 s 6 0, w(1) = 1. For this problem exact solution is not available.

Example 6.7. Consider an internal layer problem ε w′′ (s) + 2 (2s− 1)w′ (s− δ) − 4w (s) = 0, with w(s) =
1 on − δ 6 s 6 0, w(1) = 1. Exact solution is not known for this problem.

Example 6.8. Consider the internal layer problem ε w′′ (s)+ 2 (2s− 1)w′ (s− δ)− 4w (s) = 4 (4s− 1) , with
w(s) = 1 on − δ 6 θ 6 0, w(1) = 1. Exact solution is not available for this problem.

7. Discussions and conclusion

A quadrature approach for solving a differential equations having a delay and layer structure is sug-
gested. By taking the perturbation parameter into the differentiated term, the given problem is reduced
into first order neutral type differential equation . Then Gaussian quadrature involving fitting parameter
is implemented to get the difference scheme for the problem. Thomas algorithm is employed to solve this
difference scheme. The suggested technique is applied on several test problems to explain the method
and consequences of the delay in the layer shown in Figures 1-8.

Using the Figures 1-6 presented in this paper, we found that as the delay δ increases, the thickness
of the left-end boundary layer decreases, and the thickness of right-end boundary layer increases as δ
increases. From Figures 7 and 8, it is observed that, as the δ increases the width of the internal layer
decreases. Tables 1-8, list the numerical results to support the predicted theory for the examples con-
sidered. From the results it is noticed that when mesh size h decreases, the maximum error decreases,
which shows the computed solution convergence. The numerical scheme is analyzed for convergence.
The suggested method is easy to implement and gives good results to the proposed problem.

Figure 1: Numerical solution of Example 6.1 with ε = 0.01. Figure 2: Numerical solution of Example 6.2 with ε = 0.1.
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Figure 3: Numerical solution of Example 6.3 with ε = 0.01. Figure 4: Numerical solution of Example 6.4 with ε = 0.1.

Figure 5: Numerical solution of Example 6.5 with ε = 0.1. Figure 6: Numerical solution of Example 6.6 with ε = 0.1.

Figure 7: Numerical solution of Example 6.7 with ε = 0.1. Figure 8: Numerical solution of Example 6.8 with ε = 0.1.
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Table 1: Maximum errors of Example 6.1 for ε = 0.01 and for different values of δ.
δ ↓ N = 102 N = 103 N = 104 N = 105

Present method
0.001 1.4744(−3) 1.7640(−4) 1.7933(−5) 1.7922(−6)
0.003 1.3940(−3) 1.7649(−4) 1.8030(−5) 1.8071(−6)
0.006 1.1333(−3) 1.7469(−4) 1.8146(−5) 1.8219(−6)
0.008 7.0748(−4) 1.6798(−4) 1.8161(−5) 1.8304(−6)

Results in [6]
0.001 9.0928(−2) 1.2290(−2) 1.2794(−3) 1.2847(−4)

0.003 1.08362(−1) 1.5626(−2) 1.6446(−3) 1.6534(−4)
0.006 1.28454(−1) 2.6314(−2) 2.8703(−3) 2.8971(−4)
0.008 1.01499(−1) 4.8347(−2) 5.6889(−3) 5.7948(−4)

Table 2: Maximum errors of Example 6.2 for ε =0.1 and for different values of δ.
δ ↓ N = 102 N = 103 N = 104

Present method
0.01 3.0808(−3) 3.1574(−4) 3.1644(−5)
0.03 3.7714(−3) 3.8943(−4) 3.9054(−5)
0.06 5.4990(−3) 5.8129(−4) 5.8399(−5)
0.08 8.5969(−3) 9.7844(−4) 9.8768(−5)

Results in [12]
0.01 6.3299(−3) 6.7426(−4) 6.7871(−5)
0.03 8.1591(−3) 8.8256(−4) 8.8986(−5)
0.06 1.3847(−2) 1.5797(−3) 1.6020(−4)
0.08 2.4771(−2) 3.1732(−3) 3.2602(−4)

Table 3: Maximum errors of Example 6.3 for ε=0.01 and for different values of δ.
δ ↓ N = 102 N = 103 N = 104 N = 105

Present method
0.00 3.0958(−3) 3.6072(−4) 3.6860(−5) 3.6928(−6)
0.007 3.0636(−3) 3.6079(−4) 3.6820(−5) 3.6862(−6)
0.015 3.0388(−3) 3.6085(−4) 3.6774(−5) 3.6889(−6)
0.025 3.1182(−3) 3.6089(−4) 3.6715(−5) 3.6727(−6)

Results in [6]
0.00 1.7855(−1) 2.3879(−2) 2.4764(−3) 2.4857(−4)
0.007 1.1763(−1) 1.3951(−2) 1.4225(−3) 1.4254(−4)
0.015 8.3515(−2) 9.4403(−3) 9.5984(−4) 9.6155(−5)
0.025 6.1475(−2) 6.7886(−3) 6.8675(−4) 6.8761(−5)

Table 4: Maximum errors of Example 6.4 for ε =0.1 and for different values of δ.
δ ↓ N = 102 N = 103 N = 104

Present method
0.01 4.0262(−3) 4.9360(−4) 4.0316(−5)
0.03 2.7251(−3) 2.0700(−4) 3.1061(−5)
0.06 2.1520(−3) 2.3832(−4) 2.3962(−5)
0.08 1.7733(−3) 1.8480(−4) 1.8557(−5)

Results in [12]
0.01 5.7597(−3) 5.0842(−4) 5.0247(−5)
0.03 3.9327(−3) 3.6132(−4) 3.5838(−5)
0.06 2.7025(−3) 2.5507(−4) 2.5364(−5)
0.08 2.2468(−3) 2.1413(−4) 2.1313(−5)
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Table 5: The maximum absolute errors of Example 6.5 for δ = ε/10.
ε \  h h = 2−4 h = 2−6 h = 2−7 h = 2−8 h = 2−9 h = 2−10

Present method
2−4 3.181(−2) 1.706(−2) 8.698(−3) 4.381(−3) 2.198(−3) 1.101(−3)
2−6 3.150(−2) 2.501(−2) 1.322(−2) 6.705(−3) 3.355(−3) 1.675(−3)
2−8 2.968(−2) 2.282(−2) 1.205(−2) 6.013(−3) 5.270(−3) 2.829(−3)
2−10 3.793(−2) 2.164(−2) 1.440(−2) 8.785(−3) 4.994(−3) 4.727(−3)
2−12 3.444(−2) 2.729(−2) 1.405(−2) 7.656(−3) 4.535(−3) 4.120(−3)
2−14 3.273(−2) 2.474(−2) 1.398(−2) 7.573(−3) 4.228(−3) 2.304(−3)
2−16 3.223(−2) 2.418(−2) 1.396(−2) 7.557(−3) 3.935(−3) 2.582(−3)
2−18 3.210(−2) 2.417(−2) 1.396(−2) 7.552(−3) 3.931(−3) 2.002(−3)
2−20 3.207(−2) 2.417(−2) 1.396(−2) 7.551(−3) 3.930(−3) 2.002(−3)

Results in [10]
2−4 3.618(−2) 2.334(−2) 1.447(−2) 8.597(−3) 4.960(−3) 2.797(−3)
2−6 3.950(−2) 2.575(−2) 1.579(−2) 9.291(−3) 5.327(−3) 2.996(−3)
2−8 3.970(−2) 2.602(−2) 1.606(−2) 9.481(−3) 5.439(−3) 3.054(−3)
2−10 3.963(−2) 2.594(−2) 1.602(−2) 9.473(−3) 5.451(−3) 3.069(−3)
2−12 3.960(−2) 2.590(−2) 1.598(−2) 9.449(−3) 5.437(−3) 3.063(−3)
2−14 3.959(−2) 2.589(−2) 1.597(−2) 9.441(−3) 5.430(−3) 3.058(−3)
2−16 3.959(−2) 2.589(−2) 1.597(−2) 9.438(−3) 5.428(−3) 3.056(−3)
2−18 3.959(−2) 2.589(−2) 1.597(−2) 9.438(−3) 5.427(−3) 3.056(−3)
2−20 3.959(−2) 2.589(−2) 1.597(−2) 9.438(−3) 5.427(−3) 3.056(−3)

Table 6: The maximum absolute errors of Example 6.6 for δ = ε/10.
ε \  h h = 2−5 h = 2−6 h = 2−7 h = 2−8 h = 2−9 h = 2−10

Present method
2−2 1.226(−2) 8.036(−2) 5.188(−3) 3.637(−3) 2.064(−3) 1.073(−3)
2−4 2.106(−2) 1.502(−2) 9.571(−3) 6.337(−3) 4.762(−3) 4.040(−3)
2−6 2.453(−2) 1.986(−2) 1.498(−2) 9.678(−3) 6.526(−3) 5.236(−3)
2−8 5.869(−2) 1.846(−2) 1.537(−2) 1.347(−2) 9.240(−3) 6.160(−3)
2−10 5.620(−2) 2.939(−2) 1.315(−2) 1.044(−2) 4.051(−3) 6.183(−3)
2−12 5.064(−2) 2.459(−2) 1.483(−2) 8.703(−3) 7.417(−3) 6.402(−3)
2−14 4.865(−2) 2.146(−2) 1.120(−2) 7.504(−3) 6.483(−3) 5.871(−3)
2−16 4.811(−2) 2.048(−2) 9.575(−3) 7.131(−3) 6.359(−3) 5.816(−3)
2−18 4.797(−2) 2.022(−2) 9.103(−3) 7.110(−3) 6.331(−3) 5.804(−3)
2−20 4.794(−2) 2.016(−2) 8.981(−3) 7.104(−3) 6.325(−3) 5.801(−3)

Results in [10]
2−2 3.196(−2) 1.674(−2) 8.569(−3) 4.337(−3) 2.182(−3) 1.094(−3)
2−4 8.124(−2) 5.037(−2) 2.977(−2) 1.723(−2) 9.793(−3) 5.483(−3)
2−6 9.471(−2) 6.333(−2) 3.741(−2) 2.084(−2) 1.139(−2) 6.206(−3)
2−8 8.867(−2) 6.217(−2) 3.909(−2) 2.297(−2) 1.278(−2) 6.864(−3)
2−10 8.486(−2) 5.858(−2) 3.671(−2) 2.197(−2) 1.284(−2) 7.279(−3)
2−12 8.366(−2) 5.725(−2) 3.531(−2) 2.075(−2) 1.198(−2) 6.887(−3)
2−14 8.334(−2) 5.688(−2) 3.487(−2) 2.029(−2) 1.153(−2) 6.469(−3)
2−16 8.325(−2) 5.678(−2) 3.476(−2) 2.017(−2) 1.139(−2) 6.344(−3)
2−18 8.323(−2) 5.675(−2) 3.473(−2) 2.013(−2) 1.135(−2) 6.304(−3)
2−20 8.323(−2) 5.675(−2) 3.472(−2) 2.012(−2) 1.134(−2) 6.294(−3)
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Table 7: The maximum absolute errors of Example 6.7 for δ = 2ε/5.
ε \  h h = 2−7 h = 2−8 h = 2−9 h = 2−10

Present method
2−8 5.204(−4) 2.304(−4) 1.095(−4) 5.359(−4)
2−10 4.158(−4) 1.706(−4) 7.809(−5) 3.757(−5)
2−12 4.587(−4) 1.288(−4) 5.790(−5) 2.652(−5)
2−14 4.545(−4) 1.488(−4) 4.175(−5) 1.936(−5)
2−16 4.842(−4) 1.500(−4) 4.850(−5) 1.390(−5)
2−18 5.037(−4) 1.574(−4) 4.935(−5) 1.586(−5)
2−20 5.190(−4) 1.637(−4) 5.149(−5) 1.624(−5)

Results in [11]
2−8 9.804(−4) 4.876(−4) 2.363(−4) 1.018(−4)
2−10 9.864(−4) 4.897(−4) 2.444(−4) 1.219(−4)
2−12 9.933(−4) 4.921(−4) 2.446(−4) 1.222(−4)
2−14 1.794(−3) 4.926(−4) 2.451(−4) 1.223(−4)
2−16 1.388(−3) 8.974(−4) 2.460(−4) 1.223(−4)
2−18 9.948(−4) 6.938(−4) 4.488(−4) 1.232(−4)
2−20 9.948(−4) 4.928(−4) 3.468(−4) 2.245(−4)

Table 8: The maximum absolute errors of Example 6.8 for δ = 2ε/5.
ε \  h h = 2−6 h = 2−7 h = 2−8 h = 2−9 h = 2−10

Present method
2−8 1.2065(−2) 2.342(−3) 1.037(−3) 4.929(−4) 2.411(−4)
2−10 1.0895(−2) 1.871(−3) 7.678(−3) 3.514(−4) 1.690(−4)
2−12 1.0656(−2) 2.064(−3) 5.799(−3) 2.605(−4) 1.193(−4)
2−14 1.0596(−2) 2.045(−3) 6.697(−3) 1.878(−4) 8.712(−5)
2−16 1.0581(−2) 2.179(−3) 6.750(−3) 2.182(−4) 6.255(−5)
2−18 1.0577(−2) 2.267(−3) 7.085(−3) 2.220(−4) 7.148(−5)
2−20 1.0576(−2) 2.290(−3) 7.367(−3) 2.317(−4) 7.311(−5)

Results in [11]
2−8 2.568(−2) 1.274(−2) 6.335(−3) 3.064(−3) 1.319(−3)
2−10 2.576(−2) 1.278(−2) 6.366(−3) 3.177(−3) 1.585(−3)
2−12 3.212(−2) 1.279(−2) 6.371(−3) 3.179(−3) 1.588(−3)
2−14 2.987(−2) 1.837(−2) 7.031(−3) 3.180(−3) 1.588(−3)
2−16 2.579(−2) 1.695(−2) 1.026(−2) 3.900(−3) 1.588(−3)
2−18 2.579(−2) 1.279(−2) 9.401(−3) 5.647(−3) 2.133(−3)
2−20 2.579(−2) 1.279(−2) 6.793(−3) 5.136(−3) 3.072(−3)

Table 9: CPU-running time for the Examples with N = 100.
CPU running time

Example 6.1 2.0625 (with ε = 0.01, δ = 0.8ε)
Example 6.2 1.8906 (with ε = 0.1, δ = 0.8ε)
Example 6.3 2.0156 (with ε = 0.01, δ = 0.025)
Example 6.4 2.1563 (with ε = 0.1, δ = 0.8ε)
Example 6.5 1.9063 (with ε = 0.1, δ = ε

20 )
Example 6.6 2.0313 (with ε = 0.1, δ = ε

20 )
Example 6.7 2.0625 (with ε = 0.1, δ = 0.07ε)
Example 6.8 2.2188 (with ε = 0.1, δ = 0.07ε)
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