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Abstract

The purpose of this paper is to introduce and study the concepts of intuitionistic fuzzy generalized e-closed sets and intu-
itionistic fuzzy generalized e-open sets in intuitionistic Fuzzy topological space. We investigate some of their properties. Further
the notion of intuitionistic fuzzy Ty /; spaces, intuitionistic fuzzy GEO-connectedness, intuitionistic fuzzy GEO-compactness are
introduced and studied.
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1. Introduction

The concept of fuzzy sets was introduced by Zadeh [36]. Using the concept of fuzzy set Chang [4]
introduced the fuzzy topological spaces. In 1970 Levine [12] introduced the concept of generalized closed
sets in topology. He generalized some of well known results of general topology replacing closed set by
generalized closed sets. Levine [12] also introduced the concept of generalized open sets and a new type
separation axiom called T; ,-Axiom, using generalized closed sets. In 1991 Balchandran et al. [2] used the
concepts of generalized closed and generalized open set to introduce and study of concept of generalized
open connectedness and generalized open compactness in topology. In the same paper Balchandran et al.
[2] introduced the concepts of generalized continuous and generalized closed irresolute mappings. After
the publication of Balchandran et al. [2] paper many authors such as Dunham and Levine [7], Hatir and
Erdogan [10], Maki and coworkers [17, 18] studied various weak and strong forms of generalized closed
set and generalized continuity in topology.

In 1995 Thakur and Malviya [35] extended the concept of generalized closed sets in fuzzy topology.
In the same year they extended the concepts of fuzzy generalized continuity [19] and fuzzy generalized
closed irresoluteness of mappings [34] in fuzzy topology. In the recent years a large number of Authors
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such as Chan [11], Thakur and Khare [32, 33] studied various weak and strong forms of generalized closed
sets and generalized continuity in fuzzy topology.

In 1997, Coker [5] introduced the concepts of intuitionistic fuzzy topological spaces as a generalization
of fuzzy topological spaces. After the introduction of intuitionistic fuzzy topology by Coker [5, 6, 8]
and many mathematicians such as Coker and coworkers [13-16, 31] have been extended various fuzzy
topological concepts in intuitionistic fuzzy topology. Thakur and Chaturvedi [25, 29, 30] were the first
contributors who considered generalized closed sets and generalized continuity in intuitionistic fuzzy
topology. In the same time period, they [26-28] also extended the concept of fuzzy rg-closed sets and
fuzzy rg-continuity in intuitionistic fuzzy topology. Further, Thakur and Bajpai [20-24] studied strong
and weak forms of intuitionistic fuzzy g-closed sets and intuitionistic fuzzy g-continuity.

In the present paper, we extend the concept of ge-closed sets in intuitionistic fuzzy topology and study
some of the basic properties regarding it. We also introduce the intuitionistic fuzzy GEO-connected, in-
tuitionistic fuzzy GEO-compact and intuitionistic fuzzy eT; /, spaces and obtained some characterizations
and several preservation theorems of such spaces.

2. Preliminaries

This section contains some basic definitions and preliminary results which will be needed in the
sequel. First we present the fundamental definitions obtained by Atanassov and Coker.

Definition 2.1 ([1]). Let X be a nonempty fixed set. An intuitionistic fuzzy set A is an object having the
form A = {< x,ua(x), va(x) >: x € X}, where the functions pa : X = I and va : X — I denote the degree
of membership namely pa (x) and the degree of nonmembership (namely v (x)) of each element x € X
to the set A, respectively, and 0 < pa(x) +va(x) <1 for each x € X.

Obviously, every fuzzy set A on a nonempty set X is an intuitionistic fuzzy set having the form
A ={<xpa(x),1—palx) > x e X}
For the basic properties of intuitionistic fuzzy set the researchers should refer [1].

Definition 2.2 ([5]). An intuitionistic fuzzy topology on a nonempty set X is a family T of intuitionistic
fuzzy sets in X satisfy the following axioms:

(@ 0,1erm;
(b) GiNGy etforany Gy, Gy € T;
(c) UGj € T for any arbitrary family {G; :1 € j} C 7.

In this case the pair (X, T) is called an intuitionistic fuzzy topological space and each intuitionistic
fuzzy set in T is known as an intuitionistic fuzzy open set in X.

Definition 2.3 ([5]). The Complement of A€ of an intuitionistic fuzzy open set A is an intuitionistic fuzzy
topological space (X, T) is called an intuitionistic fuzzy closed set in X.

Definition 2.4 ([5]). Let (X, T) be an intuitionistic fuzzy topological space and let A =< x, pa (x), va(x) >
be an intuitionistic fuzzy set in X. Then the intuitionistic fuzzy interior and intuitionistic fuzzy closure of
A are defined by

int(A) = U{G|G is an intuitionistic fuzzy open set in X and G C A},
cl((A) = N{K|K is an intuitionistic fuzzy closed set in X and A C K}.

Definition 2.5 ([14]). Let c(«, ) be an intuitionistic fuzzy point in X and A =< X, pa, YA > is an intu-
itionistic fuzzy set in X. Then c(«, ) € A if and only if cx C pa and 1 —cy_pg > ya, or equivalently,
o C palc)and B 2 yalc).



S. S. Thakur, C. P. Rathor, M. Thakur, J. Math. Computer Sci., 25 (2022), 219-231 221

Definition 2.6 ([30]). Let (X, ) and (Y, o) be two intuitionistic fuzzy topological space and f: X — Y be a
function. Then f is said to be intuitionistic fuzzy continuous if the preimage of each intuitionistic fuzzy
open set in Y is an intuitionistic fuzzy open set in X.

Definition 2.7 ([30]). A family {A; : i € A} of intuitionistic fuzzy sets in X is said to be intuitionistic fuzzy
open cover of X if U{A;:ie A} = 1 and a finite subfamily of an intuitionistic fuzzy open cover of X which
also an intuitionistic fuzzy open cover of X is called a finite subcover {A; : i € A}.

Definition 2.8 ([30]). An intuitionistic fuzzy topological space (X, ) is called intuitionistic fuzzy compact
if every intuitionistic fuzzy open cover of X has a finite subcover.

Definition 2.9 ([30]).

(a) An intuitionistic fuzzy topological space (X, 1) is called intuitionistic fuzzy Cs-disconnected, if there
exists fuzzy weakly separated non-zero intuitionistic fuzzy sets A and B in (X, t) such that AUB =1.
(b) (X, 1) is called intuitionistic fuzzy Cs-connected if (X, T) is not intuitionistic fuzzy Cs-disconnected.

Definition 2.10 ([3]). An intuitionistic fuzzy set A of an intuitionistic fuzzy topological space (X, T) is
called intuitionistic fuzzy regular open set (resp. intuitionistic fuzzy regular closed set) if A = int(cl(A))
(resp. A = cl(int(A)).

Definition 2.11 ([3]). The é-interior of an intuitionistic fuzzy set A of an intuitionistic fuzzy topological
space (X, ) is the union of all intuitionistic fuzzy regular open sets contained in A.

Definition 2.12 ([3]). An intuitionistic fuzzy set A of an intuitionistic fuzzy topological space (X, T) is
called intuitionistic fuzzy d-open if A = dint(A). The complement of intuitionistic fuzzy &-open set is
called intuitionistic fuzzy d-closed.

Lemma 2.13. An intuitionistic fuzzy set A is an intuitionistic fuzzy d-closed if and only if A = dcl(A).

Definition 2.14. An intuitionistic fuzzy set A of an intuitionistic fuzzy topological space (X, T) is called:

(a) intuitionistic fuzzy semiopen if A C cl(int(A)) [8];

(b) intuitionistic fuzzy x-open if A C int(cl(int(A))) [8];

(c) intuitionistic fuzzy B-open if A C cl(int(cl(A))) [8];

(d) intuitionistic fuzzy preopen if A C int(cl(A)) [8];

(e) intuitionistic fuzzy y-open if A C cl(int(A)) Uint(cl(A)) [9];
(f) intuitionistic fuzzy d-preopen if A C int(dcl(A)) [3];

(g) intuitionistic fuzzy 5-semiopen if A C cl(dint(A)) [3].

The complements of an intuitionistic fuzzy semiopen (resp. intuitionistic fuzzy «-open, intuitionistic
fuzzy (-open, intuitionistic fuzzy preopen, intuitionistic fuzzy y-open, intuitionistic fuzzy o-preopen, in-
tuitionistic fuzzy 6-semiopen) is called intuitionistic fuzzy semiclosed (resp. intuitionistic fuzzy «-closed,
intuitionistic fuzzy (3-closed, intuitionistic fuzzy preclosed, intuitionistic fuzzy y-closed, intuitionistic
fuzzy &-preclosed, intuitionistic fuzzy 8-semiclosed).

Definition 2.15 ([3]). An intuitionistic fuzzy set A of an intuitionistic fuzzy topological space (X, T) is
called:

(a) intuitionistic fuzzy e-open if A C cl(dint(A)) Uint(dcl(A));
(b) intuitionistic fuzzy e-closed if A D cl(dint(A)) Nint(dcl(A)) .

Lemma 2.16. An intuitionistic fuzzy set A in intuitionistic fuzzy topological space (X, T) is intuitionistic fuzzy
e-closed if and only if its complement A€ is intuitionistic fuzzy e-open.

Lemma 2.17 ([3]). In any intuitionistic fuzzy topological space X,
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(a) any union of intuitionistic fuzzy e-open sets is an intuitionistic fuzzy e-open set;
(b) any intersection of intuitionistic fuzzy e-closed sets is an intuitionistic fuzzy e-closed set.

Definition 2.18 ([3]). Let (X, T) be an intuitionistic fuzzy topological space and A be any intuitionistic
fuzzy set of X. Then the intuitionistic fuzzy e interior of A (in short eint(A)) and intuitionistic fuzzy e
closure of A (in short ecl(A)) are defined as

eint(A) = U{G|G is an intuitionistic fuzzy e open set in X and G C A},
ecl(A) = N{K|K is an intuitionistic fuzzy e closed set inX and A C K}.

Remark 2.19 ([3]). If A be an intuitionistic fuzzy set in X, then A C ecl(A) C cl(A).

Proposition 2.20 ([3]). Let (X, T) be any intuitionistic fuzzy topological space and A and B be any two intuitionistic
fuzzy sets in (X, 1). Then

(@) ecl(0) =0 and ecl(1) =1;

(b) A Cecl(A) Ccl(A);

(c) int(A) Ceint(A) C A;

(d) A is intuitionistic fuzzy e closed if and only if A = ecl(A);
(e) A is intuitionistic fuzzy e open if and only if A = eint(A);
(f) AC B = ec(A) Cec(B);

(g) A C B = eint(A) C eint(B).

Definition 2.21 ([35]). An intuitionistic fuzzy set A in an intuitionistic fuzzy topological space (X, 1) is
called

(a) intuitionistic fuzzy generalized closed if cI(A) C O, whenever A C O and O is an intuitionistic fuzzy
open;

(b) intuitionistic fuzzy generalized open if O C int(A), whenever O C A and O is an intuitionistic fuzzy
closed.

Remark 2.22 ([30]). Every intuitionistic fuzzy closed (resp. intuitionistic fuzzy open) set is intuitionistic
fuzzy g-closed (resp. intuitionistic fuzzy g-open) but the converses may not be true.

3. Intuitionistic fuzzy generalized e-closed sets

In this section, we introduce the concept of intuitionistic fuzzy ge-closed set and study some of their
properties in intuitionistic fuzzy topological spaces.

Definition 3.1. An intuitionistic fuzzy set A in an intuitionistic fuzzy topological space (X, T) is called
intuitionistic fuzzy generalized e-closed (written as intuitionistic fuzzy ge-closed) if ecl(A) C O, whenever
A C O and O is an intuitionistic fuzzy open.

Lemma 3.2. For any two intuitionistic fuzzy sets A and B of X,
1(A4B) & A C BS.

Remark 3.3. Every intuitionistic fuzzy g-closed set is intuitionistic fuzzy ge-closed but the converse may
not be true.

Example 3.4. Let X = {a, b} and intuitionistic fuzzy sets U and A on X are defined as follows
U={<a0208>,<b,04,06 >}, A={<q01,08 >,<b,03,0.7 >}

Let T = {0, U, 1} be an intuitionistic fuzzy topology on X. Then the intuitionistic fuzzy set A is intuitionistic
fuzzy ge-closed but not intuitionistic fuzzy g-closed.
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Remark 3.5. Every intuitionistic fuzzy e-closed set is intuitionistic fuzzy ge-closed but the converse may
not be true.

Example 3.6. Let X = {a, b} and intuitionistic fuzzy sets U and A on X are defined as follows
U={<aq06,04><b,0.8,02 >}, A ={<q038,02>,<b,09,0.1 >}

Let T = {0, U, T} be an intuitionistic fuzzy topology on X. Then the intuitionistic fuzzy set A is intuitionistic
fuzzy ge-closed but not intuitionistic fuzzy e-closed.

Theorem 3.7. Let (X, T) be an intuitionistic fuzzy topological space and A is an intuitionistic fuzzy set of X. Then
A is intuitionistic fuzzy ge-closed if and only if |(A4F) =](ecl(A)4F) for every intuitionistic fuzzy closed set F of
X.

Proof.

Necessity: Let F be an intuitionistic fuzzy closed subset of X and |(A4F). Then by Lemma 3.2, A C F¢
and F€ intuitionistic fuzzy open in X, Therefore ecl(A) C F® because A is intuitionistic fuzzy ge-closed.
Hence by Lemma 3.2, |(ecl(A)4F).

Sufficiency: Let O be an intuitionistic fuzzy open set of X such that A C O. Then by Lemma 3.2,
1(A4(0°)), and OF€ is intuitionistic fuzzy closed in X. Hence by hypothesis |(ecl(A)q(O¢)). Therefore
by Lemma 3.2, ecl(A) € O. Hence A is intuitionistic fuzzy ge-closed in X. O

Theorem 3.8. Let A be an intuitionistic fuzzy ge-closed set in an intuitionistic fuzzy topological space (X, T) and
c(o, B) be an Intuitionstic fuzzy point of X such that c(e, ) gecl(A), then ecl(c(c, B))qA.

Proof. If Jecl(c(x, B))qA, then by Lemma 3.2, A C (ecl(c(x,p)))¢ and so ecl(A) C (ecl(c(x,p)))€
(c(a, B))€, because A is intuitionistic fuzzy ge-closed set in X. Hence by Lemma 3.2, |(c(e, ) 4(ecl(A))),
contradiction.

e IN

Remark 3.9. The intersection of two intuitionistic fuzzy ge-closed sets in an intuitionistic fuzzy topological
space (X, T) may not be intuitionistic fuzzy ge-closed.

Example 3.10. Let X = {a, b} and intuitionistic fuzzy sets U, A and B on X are defined as follows:
U={<a,0.7,02 >,<b,06,04 >} A={<a,06,04>,<b,0.7,02>}, B={<a,08,02>,<b,0.5,05 >}

Let T = {0,U,1} be an intuitionistic fuzzy topology on X. Then A and B are the intuitionistic fuzzy
ge-closed in (X, T) but A N B is not intuitionistic fuzzy ge-closed.

Theorem 3.11. Let A be an intuitionistic fuzzy ge-closed sets in an intuitionistic fuzzy topological space (X, t) and
A C B C ecl(B). Then B is an intuitionistic fuzzy ge-closed in X.

Proof. Let O be intuitionistic fuzzy open set such that B C O. Then A C O and Since A is intuitionistic
fuzzy ge-closed, ecl(A) C O. Now B C ecl(A) = ecl(B) C ecl(A) C O. Consequently B is intuitionistic
fuzzy ge-closed. O

Definition 3.12. Let (X, T) be an intuitionistic fuzzy topological space and Y be a crisp subset of X. Then
the induced intuitionistic fuzzy topology (relative intuitionistic fuzzy topology) Ty for Y is defined by
Ty ={YN O : O € 71}. The pair (Y, ty) is called a subspace of (X, T).

Lemma 3.13. Let (Y, Ty) be a subspace of an intuitionistic fuzzy topological space (X, t) and A be an intuitionistic
fuzzy set of Y. Then

(@) A is ty-intuitionistic fuzzy closed if and only if there exists an intuitionistic fuzzy open set F in X such that
A=FNY;
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(b) cly(A) =YNcl(A);
(c) ecly(A) =Ynecl(A), if Y is intuitionistic fuzzy reqular open.

Proof. Obvious. O

Theorem 3.14. Let (Y, Tv) be a intuitionistic fuzzy regular open subspace of an intuitionistic fuzzy topological space
(X, T) and A be an intuitionistic fuzzy set in Y. If A is intuitionistic fuzzy ge-closed in X, then A is intuitionistic
fuzzy ge-closed in Y.

Proof. Let A C Oy, where Oy is an intuitionistic fuzzy open in Y. Then by Lemma 3.2 there exists an
intuitionistic fuzzy open set O in X such that Oy = O NY. Therefore A C O and since A is intuitionistic
fuzzy ge-closed in X, ecl(A) C O. It follows that ecly(A) = ecl(A)NY C ONY = Oy, Y is intuitionistic
fuzzy regular open. Hence A is intuitionistic fuzzy ge-closed in Y. O

Theorem 3.15. Let (X, T) be an intuitionistic fuzzy topological space and R be the family of all intuitionistic fuzzy
e-closed sets of X. Then T = R if and only if every intuitionistic fuzzy subset of X is intuitionistic fuzzy ge-closed.

Proof.
Necessity: Suppose that T =9 and such that A C O € 7 then ecl(A) C ecl(O) = O and A is intuitionistic
fuzzy ge-closed.

Sufficiency: Suppose that every intuitionistic fuzzy set of X is intuitionistic fuzzy ge-closed. Let O € T
then since O C O and O is intuitionistic fuzzy ge-closed, where ecl(O) € O and O € R. Thus Tt C A. If
T e R, then T® € Tt C R, and hence T € T consequently 28 C T and T = fA. O

Definition 3.16. An intuitionistic fuzzy set A in an intuitionistic fuzzy topological space (X, T) is called
intuitionistic fuzzy ge-open if and only if A€ is intuitionistic fuzzy ge-closed.

Remark 3.17. Every intuitionistic fuzzy open set is intuitionistic fuzzy ge-open. But the converse may not
be true. For the intuitionistic fuzzy set C =< X, (0.6,0.6), (0.3,0.4) > in the intuitionistic fuzzy topological
space (X, T) of Example 3.6 is intuitionistic fuzzy ge-open but not intuitionistic fuzzy open.

Theorem 3.18. An intuitionistic fuzzy set A of an intuitionistic fuzzy topological space (X,T) is intuitionistic
fuzzy ge-open if and only if F C eint(A) whenever F is intuitionistic fuzzy closed and F C A.

Proof. Suppose A is intuitionistic fuzzy ge-open in X and eint(A) C B C A. Then A€ is intuitionistic fuzzy
ge-closed and A C B¢ C ecl(A€). Therefore by Theorem 3.7, B¢ is intuitionistic fuzzy ge-closed in X,
hence B is intuitionistic fuzzy ge-open in X. O

Remark 3.19. The union of two intuitionistic fuzzy ge-open sets in an intuitionistic fuzzy topological space
(X, T) may not be intuitionistic fuzzy ge-open.

Example 3.20. Let X = {a, b} and intuitionistic fuzzy sets U, C and D on X are defined as follows
U={<a,0.7,02 >,<b,06,04 >}, C={<q,04,06 >,<b,02,07 >} D={<a,02,08>,<b,05,05 >}

Let T = {0, U, 1} be an intuitionistic fuzzy topology on X. Then C and D are the intuitionistic fuzzy ge-open
in (X, T) but A U B is not intuitionistic fuzzy ge-open.

Theorem 3.21. Let A be an intuitionistic fuzzy ge-open subsets of an intuitionistic fuzzy topological space (X, T)
and eint(A) C B C A. Then B is an intuitionistic fuzzy ge-open in X.

Proof. Since A€ C B¢ C ecl(A€) and A€ is intuitionistic fuzzy ge-closed, it follows that B€ is intuitionistic
fuzzy ge-closed by Theorem 3.11, thus B is intuitionistic fuzzy ge-open. O

Theorem 3.22. If A is an intuitionistic fuzzy e-open and intuitionistic fuzzy ge-closed in an intuitionistic fuzzy
topological space (X, ), then A is an intuitionistic fuzzy e-closed in (X, T).

Proof. Since A is an intuitionistic fuzzy e-open and intuitionistic fuzzy gege-closed in (X, T), ecl(A) C A,
but A C ecl(A). This implies ecl(A) = A and hence A is an intuitionistic fuzzy e-closed in (X, T). O
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4. Intuitionistic fuzzy GEO-connectedness and intuitionistic fuzzy GEO-compactness

Definition 4.1. An intuitionistic fuzzy topological space (X, T) is said to be intuitionistic fuzzy GEO-
connected if the only intuitionistic fuzzy sets which are both intuitionistic fuzzy ge-open and intuitionistic
fuzzy ge-closed are 0 and 1.

Theorem 4.2. Every intuitionistic fuzzy GEO-connected space is intuitionistic fuzzy Cs-connected.

Proof. Let (X, T) be an intuitionistic fuzzy GEO-connected space and suppose that (X, T) sace is not intu-
itionistic fuzzy Cs-connected. Then there exists a proper intuitionistic fuzzy set A = {A # 0, A # 1} such
that A is both intuitionistic fuzzy e-open and intuitionistic fuzzy e-closed. Since every intuitionistic fuzzy
e-open (resp. intuitionistic fuzzy e-closed) set is intuitionistic fuzzy ge-open (resp. intuitionistic fuzzy
ge-closed), X is not intuitionistic fuzzy GEO-connected, a contradiction. O

Remark 4.3. The converse of the Theorem 4.2 may be false.

Example 4.4. Let X = {a, b} and intuitionistic fuzzy sets U are defined as follows:
U={<aq0505><b,07,03 >}

Let T = {0, U, 1} be an intuitionistic fuzzy topology on X. Then (X, 1) intuitionistic fuzzy Cs-connected but
not intuitionistic fuzzy GEO-connected.

Theorem 4.5. An intuitionistic fuzzy topological space (X, T) is intuitionistic fuzzy GEO-connected if and only if
there exists no non zero intuitionistic fuzzy ge-open sets A and B in X such that A = B€.

Proof.

Necessity: Suppose that A and B are intuitionistic fuzzy ge-open sets in X such that A # 0 # B and
A = B¢. Since A = B¢, B is an intuitionistic fuzzy ge-closed set and A # 0 = B # 1. But this is a
contradiction to the fact that X is intuitionistic fuzzy GEO-connected.

Sufficiency: Let A be both an intuitionistic fuzzy ge-open set and intuitionistic fuzzy ge-closed set such
that 0 # A # 1. Now take B = A®. In this case B is an intuitionistic fuzzy ge-open setand A # 1 = B =
A¢ # 0, which is a contradiction. O

Definition 4.6. Let (X, T) be an intuitionistic fuzzy topological space and A be an intuitionistic set in X.
Then the ge-interior and ge-closure of A are defined as follows:

geint(A) = U{G|G is an intuitionistic fuzzy ge-open set in X and G C A},
gecl(A) = N{K|K is an intuitionistic fuzzy ge-closed set in X and A C K}.

Remark 4.7. It is clear that, A C gecl(A) C cl(A) for any intuitionistic fuzzy set A of X.

Theorem 4.8. An intuitionistic fuzzy topological space (X, ) is intuitionistic fuzzy GEO-connected if and only
if there exists no non zero intuitionistic fuzzy ge-open sets A and B in X such that B = A€, B = (gecl(A))€,
A = (gecl(B))°.

Proof.

Necessity: Assume that there exists intuitionistic fuzzy sets A and B such that A # 0 # B and B = A€,
B = (gecl(A))¢, A = (gecl(B))€. Since (gecl(A))¢, and (gecl(B))€¢ are intuitionistic fuzzy ge-open sets in X,
A and B are intuitionistic fuzzy ge-open sets in X, which is contradiction.

Sufficiency: Let A be both an intuitionistic fuzzy ge-open set and intuitionistic fuzzy ge-closed set such
that 0 # A # 1. Now take B = A€, we obtain a contradiction. O]
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Definition 4.9. An intuitionistic fuzzy topological space (X, T) is said to be intuitionistic fuzzy eT; ), if
every intuitionistic fuzzy ge-closed set in X is intuitionistic fuzzy e-closed in X.

Theorem 4.10. Let (X, T) be an intuitionistic fuzzy eTy s, space, then the following conditions are equivalent:

(a) X is intuitionistic fuzzy GEO-connected;
(b) X is intuitionistic fuzzy Cs-connected.

Proof.
(a) = (b) Follows from Theorem 4.2.

(b) = (a) Let X is intuitionistic fuzzy eT; , and intuitionistic fuzzy Cs-connected. If possible, let X is not
intuitionistic fuzzy GEO-connected, then there exists a proper intuitionistic fuzzy set A such that A is both
intuitionistic fuzzy ge-open set and intuitionistic fuzzy ge-closed. Since X is intuitionistic fuzzy eT; ,, A
is intuitionistic fuzzy e-open and intuitionistic fuzzy e-closed, which implies that X is not intuitionistic
fuzzy Cs-connected, a contradiction. O

Definition 4.11. An intuitionistic fuzzy ge-open set A is called intuitionistic fuzzy regular ge-open if
A = geint(gecl(A)). The complement of an intuitionistic fuzzy regular ge-open set is called intuitionistic
fuzzy regular ge-closed.

Definition 4.12. An intuitionistic fuzzy topological space (X, 1) is called intuitionistic fuzzy GEO-super
connected if there is no proper intuitionistic fuzzy regular ge-open in X.

Theorem 4.13. Let (X, T) be an intuitionistic fuzzy topological space, then the following conditions are equivalent.

(a) X is intuitionistic fuzzy GEO-super connected.

(b) For every non zero intuitionistic fuzzy ge-open set A, gecl(A) = 1.

(c) For every intuitionistic fuzzy ge-closed set A with A # 1, geint(A) = 0.

(d) There exists no intuitionistic fuzzy ge-open set A and B in X such that A # 0 # B, A C BC.

(e) There exists no intuitionistic fuzzy ge-open set A and B in X such that A # 0 # B, B = (gecl(A))S,
A = (gecl(B))c.

(f) There exists no intuitionistic fuzzy ge-closed set A and B in X such that A # 1 # B, B = (geint(A))¢,
A = (geint(B))°.

Proof.

(a) = (b) Assume that there exists an intuitionistic fuzzy ge-open A # 0 such that gecl(A) # 1. Now
we take B = geint(gecl(A))¢. Then B is proper intuitionistic fuzzy regular ge-open in X, and this is a
contradiction with the intuitionistic fuzzy GEO-super connectedness of X.

(b) = (c) Let A # 1 be an intuitionistic fuzzy ge-closed set in X. If we take B C A€, then B is an
intuitionistic fuzzy ge-open set in X, and B # 0. Hence gecl(B) = 1 = (gecl(B))¢ =0 = geint(B)* =0 =
geint(A) = 0 follows.

(c) = (d) Let A and B be any two intuitionistic fuzzy ge-open sets in X such that A # 0 # B and A C B®.
Since B¢ is an intuitionistic fuzzy ge-closed set in X and B # 0 = B¢ # 1, we obtain geint(B)¢ = 0. But,
from A C B¢, we see that 0 # A = geint(A) C geint(B)¢ = 0, which is a contradiction.

(d) = (a) Let 0 # A # 1, any intuitionistic fuzzy regular ge-open set in X. If we take B = (gecl(A))®
we get B # 0 (because, otherwise we have B = 0 = (gecl(A))®* = 0 = gecl(A) =1 = A =B =
geint(gecl(A)) = geint(1) = 1, but the last result contradicts the fact A # 1). We also have A C B¢, and
this is a contradiction, too.

N

(a) = (e) Let A and B be any two intuitionistic fuzzy regular ge-open sets in X such that A # 0 # B
and B = (gecl(A))¢, A = (gecl(B))°. Now we have geint(gecl(A)) = geint(B¢) = (gecl(B))® = A and
A #0,A #1 (if not, ie., if A =1, then T = (gecl(B))¢ = 0 = gecl(B) = B = 0). But this is a contradiction.
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(e) = (a) Let A and B be any two intuitionistic fuzzy regular ge-open sets in X such that
A = geint(gecl(A)), 0 #£ A # 1. Now we take B = (gecl(A))€. In this case we get B # 0 and B is intuition-
istic fuzzy regular ge-open sets in X. B = (gecl(A))¢, (gecl(B))¢ = (gecl(gecl(A))€)¢ = (geint(gecl(A)))¢ =
geint(gecl(A)) = A, which is a contradiction.

(e) = (f) Let A and B be any two intuitionistic fuzzy regular ge-closed sets in X such that A # 1+#B,
B = (geint(A))¢, A = (geint(B))¢. Taking C = A® and D = B¢, C and D become intuitionistic fuzzy
regular ge-open sets in X and C # 0 # D, (gecl(C))¢ = (gecl(A¢))¢ = (geint(A)¢)¢ = geint(A) = B¢ = D,
and similarly (gecl(D))¢ = C. But this is an obvious contradiction.

(f) = (e) One can use a similar technique as in (e) = (f). O

Definition 4.14. An intuitionistic fuzzy topological space (X, is called intuitionistic fuzzy GEO-extremely
disconnected, if the ge-closure of every intuitionistic fuzzy ge-open set in X is intuitionistic fuzzy ge-open.

Theorem 4.15. Let (X, T) be an intuitionistic fuzzy topological space, then the following conditions are equivalent.

(a) X is intuitionistic fuzzy GEO-extremely disconnected.

(b) For each intuitionistic fuzzy ge-closed set A, geint(A) is intuitionistic fuzzy ge-closed.

(c) For each intuitionistic fuzzy ge-open set A, gecl(A) = [gecl(gecl(A))€]¢.

(d) For each pair of intuitionistic fuzzy ge-open set A and B with gecl(A) = B¢, gecl(A) = (gecl(B))°.

Proof.

(a) = (b) Let A be any intuitionistic fuzzy ge-closed set. Then A€ is intuitionistic fuzzy ge-open and so
by (a) gecl(A€) = (geint(A))€ is intuitionistic fuzzy ge-open, which implies that geint(A) is intuitionistic
fuzzy ge-closed.

(b) = (c) Let A be any intuitionistic fuzzy ge-open set, we have gecl(gecl(A))¢ = gecl(geint(A€)) =
[gecl(gecl(A)€)]¢ = [gecl(geint(A€))], since A is intuitionistic fuzzy ge-open, A€ is intuitionistic fuzzy ge-
closed and so by (b), geint(A€) is intuitionistic fuzzy ge-closed, that is gecl(geint(A€)) = geint(A°), thus
we have [gecl(geint(A€))]¢ = [geint(A)]¢ = gecl(A).

(c) = (d) Let A and B be any two intuitionistic fuzzy ge-open sets in X such that gecl(A) = B€. Then by
(c), we have gecl(A) = [gecl(gecl(A€))]¢ = [gecl(B€)¢]¢ = [gecl(B)]€.

(d) = (a) Let A be any intuitionistic fuzzy ge-open set. Put B = (gecl(A))¢. Then (gecl(A))¢ = B¢, so by
(d) gecl(A) = [gecl(B)]¢, since gecl(B) is intuitionistic fuzzy ge-closed it follows that gecl(A) = [gecl(B)]¢
is intuitionistic fuzzy ge-open. O

Definition 4.16. A Collection {A; : i € A} of intuitionistic fuzzy ge-open sets in an intuitionistic fuzzy
topological space (X, ) is called an intuitionistic fuzzy ge-open cover of an intuitionistic fuzzy set B of X
if BCU{A;: i€ AL

Definition 4.17. An intuitionistic fuzzy topological space (X, 1) is called intuitionistic fuzzy GEO-compact
if every intuitionistic fuzzy ge-open cover of X has a finite subcover.

Definition 4.18. An intuitionistic fuzzy set B of an intuitionistic fuzzy topological space (X, T) is called
intuitionistic fuzzy GEO-compact relative to X, if for every collection {A; : i € A} of intuitionistic fuzzy
ge-open subsets of X such that B C U {A; : i € A}, there exists a finite subset Ay of A such that B C U {A; :
ie AL

Definition 4.19. A crisp subset B of an intuitionistic fuzzy topological space (X, T) is called intuitionistic
fuzzy GEO-compact if B is intuitionistic fuzzy GEO-compact as an intuitionistic fuzzy subsets of X.

Theorem 4.20. An intuitionistic fuzzy ge-closed crisp subset of an intuitionistic fuzzy GEO-compact space (X, T)
is an intuitionistic fuzzy GEO-compact relative to X.
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Proof. Let A be an intuitionistic fuzzy ge-closed crisp set of an intuitionistic fuzzy GEO-compact space
(X, ). Then A€ is intuitionistic fuzzy ge-open in X. Let M be a cover of A by intuitionistic fuzzy ge-
open sets in X. Then {M, A€} is an intuitionistic fuzzy ge-open cover of X. Since X is intuitionistic fuzzy
GEO-compact, it has a finite subcover. If this subcover contain A€, we discard it. Otherwise leave the
subcover as it is, thus we have obtained a finite intuitionistic fuzzy ge-open subcover of A. Therefore A is
intuitionistic fuzzy GEO-compact relative to X. O

Theorem 4.21. Let (X, 1) be an intuitionistic fuzzy GEO-compact space and Y is an intuitionistic fuzzy ge-closed
crisp subset of X, then (Y, tvy) is intuitionistic fuzzy GEO-compact.

Proof. Let Y be a Ty-intuitionistic fuzzy e-open covering of Y and let {G =V € GEO(X) : VNY € Y}, then
Y C UG. Since Y is intuitionistic fuzzy ge-closed, ecl(Y) C UG. Therefore G U (ecl(Y))¢ is a T-intuitionistic

fuzzy e-open cover of X. Since X is intuitionistic fuzzy GEO-compact, G U (ecl(Y))¢ has a finite subcover
{V1,Va,..., Vn, (ecl(Y))€}. But then, {V1NY,VoNY,...,V,NY}is a finite subcover of Y. O

Theorem 4.22. An intuitionistic fuzzy topological space (X, T) is intuitionistic fuzzy GEO-compact if and only if
every family of intuitionistic fuzzy ge-closed sets of X which has the finite intersection property has a non empty
intersection.

Proof.

Necessity: Let A = {A; : i € A} be any family of intuitionistic fuzzy ge-closed subset of X with finite
intersection property. Then the collection B = {A{ : i € A} is intuitionistic fuzzy ge-open cover of X.
We assert that no finite subfamily of B covers X. Let G = {A} : k = 1,2,3,...,n} be any non empty
finitely subfamily of H. Then {{{Ay : k =1,2,3,...,n}}¢ = N{Ax : k =1,2,3,...,n} # 0. Since by the
hypothesis A has the finite intersection property. This implies that {U{Ay : k = 1,2,3,...,n}}¢ # 1. Since X
is intuitionistic fuzzy GEO-compact, G does cover X. Hence {U{Ayx : k =1,2,3,...,n}}¢ # 1. Consequently
we obtain that {N{Ay : k=1,2,3,...,n}} #1. Thus {N{Ax:k=1,2,3,...,n}}¢ #0.

Sufficiency: Suppose that every family of intuitionistic fuzzy ge-closed subset of X with finite intersection
property has non empty intersection. Let {Ay : k € A} be intuitionistic fuzzy GEO-cover of X. Thus
{Ax : k € AJ¢ is a family of ge-closed sets in X, whose intersection is empty. Therefore, by assumption
{Ak : k € AJ® does not possess the finite intersection property and so, there is a finite subfamily say
{Af :k=1,2,3,...,n} of {Ay : k € AJ® with empty intersection. This implies {Ayx : k =1,2,3,...,n} = 1.
It follows that X is intuitionistic fuzzy GEO-compact. O

5. Intuitionistic fuzzy generalized e-continuity

The purpose of the present section is to extend and study of ge-continuous mappings in intuitionistic
fuzzy topological spaces.

Definition 5.1. A mapping f: (X, T) — (Y, 0) is said to be intuitionistic fuzzy ge-continuous if the inverse
image of every intuitionistic fuzzy closed set of Y is intuitionistic fuzzy ge-closed in X.

Remark 5.2. Every intuitionistic fuzzy continuous mapping is intuitionistic fuzzy g-continuous, but the
converse may not be true.
Remark 5.3. Every intuitionistic fuzzy continuous mapping is intuitionistic fuzzy ge-continuous, but the
converse may not be true.

Example 5.4. Let X ={a, b}, Y = {p, q} and intuitionistic fuzzy sets U and V are defined as follows
U={<a0504><b,06,04>}, V={<p,0306><q,04,0.6>}

Let T = {0,U,1} and o = {0, V, 1} be intuitionistic fuzzy topologies on X and Y, respectively. Then the
mapping f: (X, 1) — (Y, 0) defined by f(a) = p and f(b) = q is intuitionistic fuzzy ge-continuous but not
intuitionistic fuzzy continuous.
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Theorem 5.5. A mapping f: (X,t) — (Y, 0) is intuitionistic fuzzy ge-continuous if and only if the inverse image
of every intuitionistic fuzzy open set of Y is intuitionistic fuzzy ge-open in X.

Proof. It is obvious because f~1(U¢) = (f~1(U))¢ for every intuitionistic fuzzy set U of Y. O

Theorem 5.6. If f : (X,T) — (Y, 0) is intuitionistic fuzzy ge-continuous then for each intuitionistic fuzzy point
c(x, B) of X and each intuitionistic fuzzy open set V, f(c(e, 3)) C V there exist a intuitionistic fuzzy ge-open set
U such that c(o, ) C Uand f(U) C V.

Proof. Let c(o, 3) be a intuitionistic fuzzy point of X and V be a intuitionistic fuzzy open set such that
c(a,B) €V, put U = f~1(V) then by hypothesis U is intuitionistic fuzzy ge-open set of X such that
c(o, p) € U and f(U) = f(f~1(V)) C V. O

Theorem 5.7. If f : (X, 1) — (Y, 0) is intuitionistic fuzzy ge-continuous then for each intuitionistic fuzzy point
c(o, B) in X and each intuitionistic fuzzy open set V of Y such that c(«, B)qV, there exist c(x, B) in an intuitionistic
fuzzy ge-open set U of X such that c(ot, B)qU and f(U) C V.

Proof. Let c(«, 3) be an intuitionistic fuzzy point of X and V be an intuitionistic fuzzy open set of Y such
that f(c(e, ))qV. Put U = f~1(V). Then by hypothesis U is an intuitionistic fuzzy ge-open set of X such
that c(«, B)qU and f(U) = f(f1(V)) C V. O

Theorem 5.8. If f : (X,t) — (Y, 0) is an intuitionistic fuzzy ge-continuous, then f(gecl(A)) C ecl(f(A)) for
every intuitionistic fuzzy set A of X.

Proof. Let A be an intuitionistic fuzzy set of X. Then ecl(f(A)) is an intuitionistic fuzzy closed set of Y.

Since f is intuitionistic fuzzy ge-continuous, f_l(ecl( f(A))) is mtultlorustlc fuzzy ge-closed in X. Clearly
A C fl(ecl(f(A))). Therefore gecl(A) C gecl(f~!(ecl(f(A)))) = fl(ecl(f(A))). Hence f(gecl(A)) C
ecl(f(a)). O

Remark 5.9. The converse of Theorem 5.8 may not be true.
Example 5.10. Let X ={a, b, c}, Y = {p, q, 7} and intuitionistic fuzzy sets U and V are defined as follows
U={<a10><b,01><c¢0,1>}, V={<p10><q,01><1,1,0>}

Let T = {0,U,1} and o = {0,V, 1} be intuitionistic fuzzy topologies on X and Y, respectively. Then the
mapping f : (X,t) — (Y, 0) is defined by f(a) = p, f(b) = q, and f(c) = r. Then f(gecl(A)) C ecl(f(A))
holds for every intuitionistic fuzzy set A of X, but f is not intuitionistic fuzzy ge-continuous.

Theorem 5.11. A mapping f from an intuitionistic fuzzy €T, j,-space (X, T) to an intuitionistic fuzzy topological
space (Y, o) is intuitionistic fuzzy continuous if and only if it is intuitionistic fuzzy ge-continuous.

Proof.

Necessity: Follows from remark (5.2).

Sufficiency: Let A be an intuitionistic fuzzy closed set of Y, then f~1(A) is intuitionistic fuzzy ge-closed
set in X, because f is intuitionistic fuzzy ge-continuous, since X is €T; 5, so f~!(A) is intuitionistic fuzzy
closed in X. Hence f is intuitionistic fuzzy continuous. O

Remark 5.12. The composition of two intuitionistic fuzzy ge-continuous mappings may not be intuitionistic
fuzzy ge-continuous.
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Example 5.13. Let X = {a, b}, Y ={p, q} and Z = {s, t} and intuitionistic fuzzy sets U, V, and W are defined
as follows

U={<aq,05,05>,<b,07,03 >}, V={<p,03,07 >,<q,02,08 >}, W={<5,0.6,04>,<1,04,0.6 >}

Let T = {0,U,1}, 0 = {0,V,1}, and n = {0, W, 1} be intuitionistic fuzzy topologies on X, Y, and Z, re-
spectively. Then the mapping f : (X,t) — (Y, 0) be defined by f(a) = p and f(b) = q and the mapping
g: (Y,0) = (Z,m) be defined by g(p) = s and g(q) = t. Then f and g are intuitionistic fuzzy ge-continuous
but gof not intuitionistic fuzzy ge-continuous.

Theorem 5.14. If f : (X, t) — (Y, 0) is intuitionistic fuzzy ge-continuous and g : (Y, ) — (Z,7) is intuitionistic
fuzzy continuous, then, gof : (X, t) — (Z,m) is intuitionistic fuzzy ge-continuous.

Proof. If A is intuitionistic fuzzy closed in Z, then f~1(A) is intuitionistic fuzzy closed in Y because g is
intuitionistic fuzzy continuous. Therefore (gof)~'(A) = f~!(g~!(A)) is intuitionistic fuzzy ge-closed in X.
Hence gof is intuitionistic fuzzy ge-continuous. O

Theorem 5.15. If f: (X,t) — (Y, 0) and g : (Y, 0) — (Z,7m) are two intuitionistic fuzzy ge-continuous mappings
and (Y, o) is intuitionistic fuzzy eTy o-space, then gof : (X, T) — (Z,7m) is intuitionistic fuzzy ge-continuous.

Proof. Let A be intuitionistic fuzzy closed in Z, then g~ !(A) is intuitionistic fuzzy ge-closed in Y because
g is intuitionistic fuzzy continuous. Since Y is eTy /5, g !(A) is intuitionistic fuzzy closed in Y, therefore
(gof)~1(A) = (g~ 1(A)) is intuitionistic fuzzy ge-closed in X, because f is intuitionistic fuzzy continu-
ous. Hence gof is intuitionistic fuzzy ge-continuous. O

Theorem 5.16. Intuitionistic fuzzy ge-continuous image of an intuitionistic fuzzy GEO-compact space is intu-
itionistic fuzzy compact.

Proof. Let f : (X,1) — (Y,0) be an intuitionistic fuzzy ge-continuous mapping from an intuitionistic
fuzzy GEO-compact space (X, T) onto an intuitionistic fuzzy topological space (Y,0). Let {A; : i € A}
be an intuitionistic fuzzy ge-open cover of Y, then {f 1(A;) : i € A} is an intuitionistic fuzzy ge-open
cover of X. Since X is intuitionistic fuzzy GEO-compact, it has finite intuitionistic fuzzy subcover say
{(f1(A7),...,f 1 (An)}). Since f is onto {A4,...,An} is an intuitionistic fuzzy open cover of Y and so (Y, o)
is intuitionistic fuzzy compact. O

Theorem 5.17. If f : (X, 1) — (Y, 0) is an intuitionistic fuzzy ge-continuous surjection and X is intuitionistic
fuzzy GEO-connected, then Y is intuitionistic fuzzy Cs-connected.

Proof. Suppose Y is not intuitionistic fuzzy connected. Then there exists a proper intuitionistic fuzzy
set G of Y which is both intuitionistic fuzzy open and intuitionistic fuzzy closed. Therefore f~1(G) is a
proper intuitionistic fuzzy closed and intuitionistic fuzzy open set of X, because f is intuitionistic fuzzy
ge-continuous surjection. Hence X is not intuitionistic fuzzy GEO-connected. O
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