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Abstract

In this paper we consider a long flexible Euler-Bernoulli beam with boundary conditions imposed at the two ends, the
resulting model being called hybrid system. The beam is hybrid in the sense that it holds both rigid and elastic motions. Our
main result is to show the existence and uniqueness of the weak solution of close-loop system. The closed-loop system stability
is shown through Lyapunov-based analysis.
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1. Introduction

Among various flexible members, the beam element has found its way into many applications such
as flexible robots, civil engineering structures, aircraft wing, and space mechanisms. The flexible beam
submitted to our study consists of a long flexible mast M or elastic beam joining two rigid bodies. One
rigid body represents the space shuttle orbiter S, the other represents the antenna reflector A, each with
prescribed inertial properties and each being controlled through ordinary differential equations (ODE),
whereas the flexible mast satisfies a partial differential equation (PDE) with boundary conditions imposed
at the two ends by the control forces and torques acting on S and A. The length of the beam is chosen to
be 1. Let us proceed to the statement of the problem. Consider the hyperbolic equation

PO Ut (x, 1) + (EI(x)uxx (%, ))xx = 0,x € (0,1),t = 0,
with the initial conditions
u(0,t) =uy(0,t) =0, t >0,
and the boundary conditions
muee(Lt) — (Elue)x (L) =0, £ >0, Juyxee(Lt) + EI(Duyx (L t) = 2z(t), t >0,

where x stands for the position and t for the time. EI(x) is the flexural rigidity of the beam, p(x) is the
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mass density at x, m is the mass of the antenna A, and ] the moment of inertia of A about its centroid, the
point of attachment of the mast M. z(t) is the control torque applied to A. In this paper, we shall always
assume that:

p(x),EI(x) € C*0,1; p,EL,m,]>0.

Now, we suppose a direct-strain feedback control, as in [11] and [14], z(t) = —kuyxe(L, 1), k > 0 (k is a
real feedback gain). Then, the closed-loop system becomes:

PO Jure(x, t) + (EI( N (%, 1)) xx = 0, x € (0,1),t >0, (1.1)
muge (L, t) - (Eluxx) ( t)=0, t=>0, (1.3)
Juxet (L t) + EI(WDuxx (L t) + Kt (L 1) =0, 2 0. (1.4)
The energy associated to the above system £(t) = &(u,v, ,1) is given by
E(t) = 1 Jl Elu?, dx + L Jl v dx + LEZ + llbz
T, Pt T | P omS T
Following [7], the energy identity is given by
k
Lew) =—Lerne,, ) <o. (1.5)

dt ]

The expression (1.5) shows that the energy £(t) is non-increasing and therefore defines a Lyapunov func-
tion.

In [9], the authors studied the uniform case where the system is modeled as a two-dimensional space-
structure. The mathematical side of controllability and stability of the hybrid system have been proved.
They also studied the strong stability in [10]. Using the concept of control by feedback boundary damp-
ing, this lead to an asymptotic stabilization. The uniform stability was studied in [14] using an energy
multipliers method. The existence and uniqueness in the uniform case have been studied in [11], using
properties of A-dependent operators.

We find in the literature several authors who have studied hybrid systems with variable coefficients,
see [5, 12, 16]. In [7], concerning the closed-loop system (1.1)-(1.4) for 1 = 1, it was shown that the
system under boundary feedback damping is a Riesz spectral system in the sense that the generalized
eigenfunctions of the system form a Riesz basis on the suitable Hilbert space. The author also studied
exponential stability under certain conditions. The spectrum-determined growth condition holds and
an asymptotic expression of the spectrum is obtained. Moreover, the exact controllability and exact
observability of the system are also presented.

The aim of this article is to show the existence, the uniqueness and higher regularity of the weak
solution of system after having formulated it as an evolution problem. To prove existence, we use the
intermediate spaces as defined in [8] and the Faedo-Galerkin method (see [12]).

Several authors have used this technique or method to show the existence and the uniqueness of
the solution of the Euler Bernoulli beam (EBB) problems (see [1, 3, 4]). In [3, 4] the EBB problems
are considered with constant coefficients, so the determination of spaces and the inner products for the
proof of existence and uniqueness are not difficult to find. Concerning [1], the problem is with variable
coefficients but the feedback conditions used are simple which makes the study a little more difficult than
the previous ones. The particularity of our article lies in the fact of considering this time a higher-order
feedback z(t) = —kuyxxi(l,t). The question of whether the bilinear form by(.,.) was well written has
been a matter of much thought. This bilinear form appears in the definition of the weak solution and
complicates the application of standard techniques discussed in the aforementioned articles above. So we
are using new strategies.
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The content of this article is as follows. In the Section 2 of this paper, we formulate the system (1.1)-(1.4)
into an abstract Cauchy problem in Hilbert state space, and discuss some basic properties of system. The
stability analysis of the closed-loop system through Lyapunov method is presented in ”Stability analysis
using Lyapunov” subsequent subsection. In Section 3, we use the properties of existence, uniqueness and
higher regularity expressed in Lions [8], Yosida [17], and Temam [15], to show the existence of the weak
solution. For the methodology, we approach in the same sense as the work already carried out in [4] and
[12]. We end with a conclusion in Section 4.

2. Basic properties of the problem (1.1)-(1.4)

2.1. Formulation as an evolution problem
Let us introduce the following spaces:

a m
Yo um =220,

™(,1) ={u:[0,1] — Chu,u! =50 3

we denote by ||.|m the associated norm of the space H™(0,1) and
1
L2(0,1) ={u:[0,1] — CIJ lul?dx < oo}
0

with ||.|| the associated norm of the space. D(0, 1):= the space of smooth functions with compact support,
D’(0, 1):= the space of continuous linear functions. Moreover, we introduce functional space:

V ={u € H*(0,1),u(0) = u.(0) = 0}
and the following Hilbert space:
X={u=(fg&WP)IfeV,gel?01),ipecC}=VxL20,1) xC?

the superscript T stands for the transpose. The space X is called energy space of the system (1.1)-(1.4). In
the space X, we define the inner-product:

1 1
(u,V)DC:JO El(x)fi’(x)f;’(xmwjop(x)gl( SEREENRS ]wm,

where u = (f1, g1, E,0))T eX, v=u = (fa, g2, &, P0) 7T € X and 92( ) denotes the complex conjugate of

g2(x). We denote by ||.||x the norm associated to the inner-product in the space X.
Next, we define an unbounded linear operator A : D(A) C X — X as follows:

g
" "

Lm0 )
=1 elx)
(E1£")/ (1)

—EI(Vf" (1)

A

= mMa -

with the domain:
D(A) ={(f,g,& W) € (H*0,)NV) x V x C*& = mg(1),y = Jg'(1) + kf (L)}.

The set of equations (1.1)-(1.4) can be formally written as a first order evolution problem

d
{dtw(t) =Aw(t), 2.1)

w(0) =wg € X,
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where

w(t) = (ul, 1), wel, 1), mug (L), Juse (L 1) + Kuys (L 1), wo = (ug, uy, mug (1), Jul (1) + kup (1)) 7, ¥t >0

u(x, 0) = up(x), we(x,0) =ws(x), mug(L,0) =mu(l), Juxe(L,0)+kuex(1,0) = Jui (1) +kug ().
It is known [13] that this result follows immediately from the theory of operator semigroups.
Theorem 2.1. The operator A defined as before generates a Co-semigroup of contractions on X, denoted by {S(t)}¢>o.

Proof. We will firstly show that the operator A is dissipative. Let u = (f, g, &, )" € D(A),

1
"

(A, w)x = L EXtx)g” ()70 — (X0 () 9Tl + — (BT ") (UE — }Em)f VP,

Integrating twice by parts and using the boundary conditions (1.2)-(1.4) with g(0) = 0, after simplification,
we get the following requirement:

(Au ) = | B0l 097700 — 109”0l dx — (EIF (1) 90 + XV (UG (D
+ Ly wE- 2euf oy,
m j
NI -, " —y " al) !
(Au,u)y = OEI(X)[QI,(x)f”(X)—f (x)g" (x)1dx — (EI(Uf (1)) g(1) + (EIf ) () g( )—];El(l)lf (WF

k "
Taking the real part of (Au,u)y, we obtain Re(Au,u)y = —TEI(l)If (V> < 0, with g = f; for all u =
(f,g,&,0)" € D(A). It follows that the operator A is dissipative.

Let show that the operator is m-dissipative. To do this, we just prove that (I —A) is surjective. Let
z=(f,g,A,Z)" € X, we need to find w = (u,v,&,)" € D(A) such as:

(I—A)w =z,

in other words, such that the following equations are satisfied:

v=u—f, (2.2)

pv + (Eluxx)xx = pg, (2.3)

(EI(Duxx)x (1) — mu(l) = —A —mf(l), (2.4)
ET(Duxx (1) + Jux (1) + kuxx (1) = ~+If (L), (2.5)
u(0,t) =u,(0,t) =0, (2.6)

(ETuxx)x (L, t) = mv(l) —mg(l), (2.7)
—EI(Duxx (L, t) = Jox (1) + Jgx (1) + kvxx (1), (2.8)

where u € H?(0,1) et f =u—v € L2(0,1).
Now we write the system of equations (2.3)-(2.8) in the weak form. Multiplying (2.3) by ¢ € V and
integrating over (0, 1), we have:
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Using (2.2), we get

1 1 1
J o (Ul B dx +J (EL0)u() ) @ X dx = L o(x)(f + g) )P dx.

0 0

1 —_—

Integrating twice by parts J (EI(x)u(x)xx )xx @ (x)dx and taking into account the boundary conditions (2.6)
0

to (2.8) yields:

1 1
J pupdx + J Eltoc o dx + (Eltt ) (DO — EI(Utin (U ()
0 0

1 1 1
- L o) (f + ) () P[] dx JO pupdx + | Eltsbusde mulUo (1) + (s (1) + ki ()60 29)

L S S
= L P()(f+ g)(x)b(x)dx +m(f + g) (U (L) + (JFx (1) 4+ Jgx (1) + kfxx (1)) D (1).

Now, for all (u, d)T € V x V, we set

1 1

pudpdx +J Elton b dx + mu(D) (1) + (i (L) + Kb (1) b (1.
0

afw ) = |

0

It is clear that a(.,.) is symmetric bilinear form, bounded and coercive on V x V. We define the continuous
linear form L on V by

1
L(f) = JO p()(f+ g)(x)b(x)dx +m(f + g) (D (L) + (Jfx (1) 4+ Jgx (1) + kfxx (1)) b (1).

The Lax-Milgram theorem allows us to conclude the existence and uniqueness of the solution u € V such
as a(u, ) =L(¢p) forall p € V.

2.2. Regularity of the solution
Let ¢ € D(0,1), integrating twice by parts (2.9), yields

1 1 1
J pud)dx—i-J (ETttay ) xx b dx = J lpax with [ = p(f + g)
0 0 0

or even

1
J (pqu (F—qux)xx fQ)(I)dX = 0/
0

this implies that
(pu+ (Eluex)xx — Db =0, ¥ € D(0, ).

Thereby
ou+ (Elugy )xx — L =0 in D’(0,1), (2.10)

and also in 1%(0, 1), as:
(EIuXX)Xx = Q_ pu in I—Z(O/ U

and therefore, the equation (2.10) is in the sense of 12(0,1). Using in particular ¢ € V, we find boundary
conditions (2.6)-(2.8). Hence there is a unique solution u € H*(0,1) NV of problem (2.2)-(2.8). This shows
that (I —A) is surjective, then the operator A is m-dissipative. So by the Lumer-Phillips Theorem (see,
e.g., [13]), A is infinitesimal generator of a Co-semigroup of contractions. O



S. A.J. Yapi, G. Yoro, G. J. M. Bomisso, K. A. Touré, J. Nonlinear Sci. Appl., 15 (2022), 67-78 72

Remark 2.2. A being m-dissipative on the Hilbert space X, its domain D(A) is dense in X.

The following lemma is a direct consequence of the Remark 2.2 and the semigroups theory of linear
operators.

Lemma 2.3. For any initial condition wyg € D(A), the equation (2.1) admits a unique strong solution w €
CY([0, 00), X) N C°([0, 00), D(A)). Hence u € C3([0,00),L2(0,1)) N CL([0, o0), V) N CO([0, 00), HA(0,1) N V).

The next result follows immediately from Theorem 2.1.
Theorem 2.4. The equation (2.1) has a unique solution w(t) = S(t)wg € C([0,00], X),V Wy € X.

Proof. The application S(t) defined by D(A) — X wy — w(t) extends in a contraction S(t) on X such
that (S(t))¢>0 is strongly continuous and for any initial condition wy € X, the weak solution of (2.1) is
defined by w(t) = S(t)wy, V't > 0, with w(t) € C%([0, 00), X). Thus, we have

u e CY([0,00[, L2(0,1)) N C°([0, x0), V).

2.3. Stability analysis using Lyapunov

To analyze the stability of the closed-loop beam under the proposed boundary control laws, consider
the following Lyapunov candidate p : X — R defined by:

1

1
pow) = il = 5 (L EX(utn o+ pOOVEId + g + 1—1|¢|2> . @11)

Analogously as in (1.5), for all classical solutions w, it follows that the time derivative of the Lyapunov
candidate (2.11) satisfies:

d d

Ly = & K
aP"™ T a

[wl[% = —TEI(Uuixt(t) <0, (2.12)

hence time evolution of the Lyapunov functional p along the classical solutions is non-increasing. We can
say that the system (2.1) is stable in the sense of Lyapunov. Furthermore, from Theorem 2.1, the decay of
energy along the classical solutions can be extended to mild solutions.

Theorem 2.5. Assume that w(t) is the mild solution of (2.1) for all wg € X. Then w(t) — 0 in X when t — oo.

Now, the system of equations (1.1)-(1.4) is written in the weak form, and the existence and uniqueness
of the weak solution are demonstrated.

3. Existence, uniqueness, and higher regularity of the weak solution

3.1. Weak formulation

Multiplying the equation p(x)ui(x,t) + (EI(x)ux(x, t))xx = 0 by d(x) € V and integrating over (0, 1),
we have:

1

1
j o) b(x)dx + J (EI() e 0 (x)dx = 0, Yp € V, £ > 0.
0 0

Integrating twice by parts and taking into account the boundary conditions it follows:
l

1
J ouceddx + J Elt e dx 4 (El)x (b (1) — EIUtnxdy (U = 0, ¥ € V, t > 0.
0 0
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1 1
J putpdx +J Eluyx Gxxdx +muge (L t)d(1) + ]uxtt(lr ) dx (1) + kuxxt (L t)dx (1) =0, Vb € V,t > 0. (3.1)
0 0

The first step in the definition of the weak formulation is the appropriate space setting. Following [2], we
will define two Hilbert spaces which will allow us to reach the definition of a weak solution. The first
Hilbert space is defined by Y = R? x L2(0,1) with the inner product:

<M, & >y=Jmé& +mnée+ < pnz, &3 >12(0)

for alln = (m1,m2,Mm3), & = (&1, &2, &) € Y. The second Hilbert space is the following space X = RZxV =
{tu = (ux (1), u(l),u);u € V} with the inner product:

< Up, U >x= (W) xx, (uZ)xx>]_2(0,1) .

It is natural to identify X with its dual X’. The Hilbert space X is reflexive; that is to say, (X’')’ = X. It is
not difficult to show that X can be densely embedded in Y. Then the dual of Y is densely embedded in
the dual of X. Choose Y to be a pivot space, Y = Y’, then both X and Y are dense subspaces of X" and we
have

Xcy=y cX.

Consider the bilinear forms:
by X x X — R (ﬁl,ﬁz) — b1(ﬁ1,ﬁ2) =<< Elﬁl,ﬁz >x

and
b: YXY—R (1,&) — ba(n, &) =kM1)x&.

Let us give the definition of a weak solution.

Definition 3.1. Let T > 0 be fixed. We say that &t = (u, (1), u(l), u) is a weak solution of problem (1.1)-(1.4)
on (0,1) if L € L2(0, T; X) N HY(0, T; Y) N H2(0, T; X’) and satisfies

<y, & >xxr +b1(1, ) +ba(ity, §) =0 (3.2)

for almost everywhere t € (0, T) and for all $ € X with the following initial conditions:

1(0) =1y = ((uo)x (1), up(l),up) € X, (3.3)
1 (0) =V = ((vo)x (1), vo(1),vo) €Y. (3.4)

<>

In the Definition 3.1, the bilinear form < .,. >x x- is the duality pairing on X’ x X (ie., < .. >xx’
is a bilinear functional on the product space X’ x X ). Moreover, the duality pairing on X’ x X can be
identified with the unique extension of the inner product in Y. Note that in the case where u H2(0, T; X),
the formulation (3.2) is equivalent to equation (3.1).

3.2. Existence and uniqueness of the solution

In order to give a meaning to the initial conditions (3.3)-(3.4) we shall use the following lemma (special
case of Theorem 3.1 in [8]).

Lemma 3.2. Let X and Y be two Hilbert spaces, such that X is dense and continuously embedded in Y. Assume
that w € 12(0,T;X) and v = u, € L2(0,T;Y), then uw € C([0, TI; [X, Y]%) after, possibly, a modification on a set of
measure zero.

Here the space [X,Y]
duality theorem:

1 is called intermediate space and is defined as in [8]. It follows from [8] the
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Lemma 3.3. Let X and Y be two Hilbert spaces, such that X is dense and continuous in Y. For all ® € ]0,1],
X, Ylg =Y, X']1 0
with equivalent norms.
We present the assertion of the Theorem 3.4 which will help us in the proof of Theorem 3.5.

Theorem 3.4. Let V be a subspace of H2(0,1). Then there exists a infinite sequence of functions {1} | such that:
{pi)2, is an orthogonal basis of Vand {3, is an orthonormal basis of L2(0,1).

Proof. see [4, 12]. O

3.2.1. Existence of the weak solution
Theorem 3.5. The weak formulation (3.2)-(3.4) has a unique solution (i such that:

@€ L®(0,T; X), 0 € L0, T;Y), (3.5)
w e C([0, T; [X, Y]%), (3.6)

The following proof is an adaption of the proof of Theorem 8.1 in [8], for the system studied here.

Proof. Let {$1}°, be a sequence of functions that is an orthonormal basis for Y, and an orthogonal basis
for X according to Theorem 3.4. We introduce the following finite dimensional spaces spanned by {$; ",
given by:

m
vmeN, Vi := span{&)l,...,(f)m} = {Z oc]-(f)j; o1, %2,...,0m € R}L
j=1
Step 1: Construction of approximate solutions.
We seek L = iy (t) € Vyy the approximate solution of the problem in the form:

im(t) =) g (0,
i=1

whereg (1) e R(0<t<T, i=1,...,m) solves the formulation (3.2) on Vyn. For a fixed m € N, it

follows " ~
< (Cm)ee, & >y +b1(Gm, &) + ba((Am), §) =0 YV € Vi, (3.8)
And (3.8) is completed with the initial conditions:
m
U (0) = flno, Gmo = ) &ims — Qg in X whenm — oo, (3.9)
:1
9m(0) =m0, ¥mo =) BimPi — Y0 in Y when m — oo, (3.10)
i=1

with o« = 9. (0) and Bim = (8‘ )t(0). The ordinary differential equation of the second order thus
im im
obtained admits a unique solution i, € C%([0, T];X) of (3.8)-(3.10) pour 0 < t < T.

Step 2: A-priori estimates on approximate solutions.
Let E: R x X — R an energy functional, analogous to the Lyapunov functional in (2.11):

1 t 1 L 1 1
E(t,0) = = | B2, dx+ = | pt2dx + =—— (mi (1)? 4 —= [l (1) 4 ke (D12,
(t, ) 2J0 %, X+2L plLy x—i—zm(mut( ) +2]qut( ) + Kl (1]

E(t/ﬂ) = ||(u/ut/ mut(l)/ ]U«tx“) + ku’XX(l))”x

For a solution i, € C%([0,7]; Vim) of (3.8) and taking $ = (tim)¢ in (3.8), a straightforward calculation
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yields
SEE ) = —TEI (G )< h(0 <

for all t € [0, 7]. Dissipation of the functional E corresponds to the decay in (2.12) for the classical solution.
Hence, R R
E(t,ﬁm) < E(Olamo)l t> 01

which implies:
{ttm }men is bounded in C([0, T]; X), (3.11)
{(tm)t}men is bounded in C([0, T];Y). (3.12)

Considering the boundedness results in (3.11)-(3.12), for all (T) € X, we have:
b1 (Qm (1), ) + ba((m) (1), H)I< M| D] [x, ¥t € [0, T], (3.13)

where M is a positive constant which does not depend on m. Let m € N be fixed. Also, we consider
$ € Xand ¢ = @1 + @7 such that ¢ € Viy and @2 orthogonal to Vi, in Y. Then we obtain

< (ﬁm)tt/&) >y=< (ﬁm)ttr (f)l >y .
From (3.8) and (3.13), we have:

< (Um) e,  >y= —b1(tm(t), 1) — ba((Cm)e(t), ®1) < M||P1]Ix < M||d|x-

This implies that:
({ttm)tt}men is bounded in C([0, T]; X).

Step 3: Passage to the limit.

According to the Eberlein-Smulian Theorem in [6, 17], we can extract weakly convergent subsequences
{ﬁml}leﬂ\lr {(ﬁ-ml)t}leﬂ\l and {(ﬁmL)tt}IE]N with @ € LZ(OI T/ X)/ 1’:l't € LZ(OI TI Y) and ﬁtt € LZ(OI T;X/) such
that:

{tim,} = @ in L2(0, T; X), (3.14)
{(tm)t} = Qe in L2(0, T;Y), (3.15)
{(m) et} = Qe in L2(0, T; X). (3.16)

Moreover (3.15) yields
{(@)m)e} = (W) in L2(0, T;R)

for almost every t € [0, T]. Let my € IN. For all functions ¢ € L2(0,T; Vmo) of the form

mo
Gt,x) =) i(t)d;(x), (3.17)
j=1
where k; € 12(0, T;R) and for all my; > my, the formulation (3.8) becames
T
|| < e @ > +01(8m, )+ bal(m ), )t = 0. (3.18)

Therefore, passing to the limit in (3.18) for m = m;, when | — oo and using the convergence results
(3.14)-(3.16), we obtain

)
J < e @ >xxr +b1(Mh @) + ba(de, @)dt =0, (3.19)
0
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consequently < Ty, @ >x x/ +b1(1, @) +bo(1ty, @) =0 on [0, T] for all ¢ € L2(0,T;X). The functions ¢
of (3.17) are dense in 1%(0, T; X) and therefore (3.19) is well defined for any ¢ € L2(0,T;X). This implies
that the expression of the weak formulation (3.2) is satisfied almost everywhere on [0, T]. Hence 1 is the
solution of the weak formulation.

Concerning additional regularities, by definition of weak solution and (3.11)-(3.12), u satisfies (3.5).
As for (3.6), it immediately arises from the Lemma 3.2, after, possibly a modification on a set of measure
zero, and finally, the regularity (3.7) is deduced from the Lemma 3.2 and from Lemma 3.3. O

The proof of the existence of the weak solution is now complete. Before showing the uniqueness of
the solution, we prove that the solution 1 satisfies initial conditions (3.3)-(3.4). Let ¢ € C2([0,T};Y) such
that $(T) =0 and d+(T) = 0. Integrating (3.2) on [0, T], we have:

)
L < fee, & >xx +b1(1L, ) + ba(te, $)] dr = 0.

Integrating twice by parts on [0, T] under the duality pairing, we have:

T
| < b >y +bi(0,6) + balti, 6)] 4 =< 04(0), $(0) >x0 — <00, Gi(0) >y (20)
0
For a fixed m, similarly from (3.8), it follows:
T
Jo [ <, Ger >y +b1(Um, §) + ba((Um )+, d))] At =< Vmo, $(0) >y — < Qmo, $1(0) >v . (3.21)

Using (3.9)-(3.10) and (3.14)-(3.16), passing to the limit in (3.21) along the convergent subsequence, we
obtain:

.
L [ <0G >y +1(0,§) + ba(Ty, §)] dr =< 90, H(0) >y — < T, §e(0) >v . (3.22)

Comparing (3.20) with (3.22), we deduce that .(0) = {ip and 1¢(0) = V9 so initial conditions (3.3) and (3.4)
are verified.

3.2.2. Uniqueness of the Weak Solution
Theorem 3.6. The solution U of weak formulation (3.2) with the initial conditions (3.3)-(3.4) is unique.

Proof. Now, we show the uniqueness of the weak solution of (3.2). For this, let fix 0 < s < T and let
introduce this auxiliary function: P :]0, T[— R,

(1) = {It i(t)dT, 0<t<s,

P
0, t>s.

Integrating (3.2) on [0, T[, using one integration by part and taking P(t) = $(t) in (3.2), we have

|| [< a1 >y —oulibi (), b)) + baftl), () ax o (3.23)
We deduce from (3.23),
JS drl oo 1 oo s
St IR = For o) o) ar = = | batate), alra
This is equivalent to
[318000& = 3b10e), D], = | batatr) almas

Therefore

SIS + 301b(0),(0) <0

Since the bilinear form by(.,.) is coercive, {i(s) = 0 and {(0) = 0. As s €]0, T[ was arbitrairy, thent = 0. O
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Due to the spaces defined above under [2], we were able to give the definition of a weak solution, to
show the existence and the uniqueness. Now, we show the regularity of the solution.

3.3. Higher regularity results

Here, we recall the Lemma 8.1 of [8] which will be used in the next theorem. Before, let’s give the
following definition.

Definition 3.7. Let Y be a Banach space. Then
Cu(l0,TLY) ={u e L*®(0,T;Y) : t —< f,u(t) > is continuous on [0, T], Vf € Y’}
denotes the space of weakly continuous functions with values in Y.

Lemma 3.8. Let X and Y be two Banach spaces, X C Y with continuous injection, and X being reflexive. Then
L>(0, T; X) N Cu(0, T;Y) = C. (0, T; X).
Theorem 3.9. The weak solution 1 of (3.2)-(3.4) satisfies
e C([0,T;X), 1 eC(oT]Y),
after, possibly, a modification on a set of measure zero.

Proof. This proof is an adaption of standard strategies to the situation at hand (cf. Section 8.4 of [8] and
the section 2.4 of [15]). Using Lemma 3.8, it follows from (3.5)-(3.7) that ¢ € Cy ([0, T]; X). In addition,
(3.5) and (3.7) imply that @iy € C ([0, T];Y). We set & € C*(R) a fixed scalar function such as &(x) =1 if
x € ] CC [0, T] and &(x) = O else. The function &U is compactly supported. Let n be a standard mollifier
in time. For example, the function may be given by

where

0, ItI>1,

belongs to C2°(R) for any constant C. We choose C such that [ ndx = 1. We set (i :=n®* &l € CZ(R, X).
1® converges to 1t in X and (1i°)¢ converges to 1i; a.e. in Y for all element on J. Hence, E(t, 1) converges
to E(t, 1) a.e. on J. Since 1* is smooth, a straightforward calculation on ] gives:

d = AEY _E A E 2
EE(t,u )= ]EI(U (%)) (D))",
Passing to the limit when ¢ — 0,
d- .k . 2
aE(t,u) = ]EI(U [((Tte)1)x (P)] (3.24)

holds in the sense of distributions on J. Since ] was arbitrary, (3.24) holds on all compact subintervals of
[0, T]. Let t € [0, 0o[ be fixed and limy,_, tn = t. Taking the sequence (o )nen defined by

0w = SIVET@) — 6lt)) & + 10 ~ e (t)]}

+ R [(0) ¢ (1) (T) x (1) — (Qq) ¢ (tn) (T)x (tn)] + 21] (k) () — K(T)x (tn))?,
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we have for all n € N,

R - 2
on = E(t,0) + E(tn, 0)— < EIO(t), 4(tn) >x — < Qe (t), Qe (tn) >v —k](ﬂl)x(t)(ﬁﬂx(tn)- (3.25)

Since 1i, i are weakly continuous and E is continuous in t, passing to the limit in (3.25), it follows:
on — 0, when n — .
Therefore, this implies that
[(t) — 0(tn)||% — Owhenn — oo,  |[Te(t) — e (tn)]|% — 0 when n — oo.

Thus, we get 0 € C([0, T]; X) and iy € C([0, T];Y). O

4. Conclusion

In this paper, a long flexible Euler-Bernoulli beam with boundary conditions imposed at the two ends
is developed. The definition of good spaces due to [2], the use of intermediate spaces and the Faedo-
Galerkin method play a very large role in demonstration of the existence and uniqueness of the solution
in the Euler-Bernoulli beam equation with variable coefficient . In addition, our proposed scheme can be
also extended to other Euler-Bernoulli beam problems.
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