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Abstract

The aim of this paper is to prove Laplace transform of some special functions in term of generalized Meijer G-functions.
Some properties of generalized Meijer G-functions will be discussed. We investigate the Laplace transform of different hyper-
geometric functions in the form of generalized Meijer G-functions and hypergeometric functions. We derive Laplace transform
of Bessel k-functions, hyper-Bessel k-functions, incomplete gamma k-function, sine k-integral, sine hyperbolic k-integral, Kelvin
k-function in the form of generalized Meijer G-functions. In fact, we provide new approach to find Laplace transform of said
functions.
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1. Introduction

Special functions are applicable in solving variety of problems of mathematical physics, statistics,
mechanics, dynamics, functional analysis etc. In recent few decades, many researchers are working on
this field. The Fox H-function, Meijer G-function (special case of H-function), Mcrobert E-function (special
case of G-function) are particular type of special functions upon which lot of work have been done by
the researchers [1, 3, 14, 17, 21, 28, 30, 31, 39] and found different problems and their solutions associated
with these functions in different fields.

The Pochhammer’s symbol, gamma function, beta function are the most basic and important functions
in the field of special functions.

Definition 1.1. The Pochhammer’s symbol can be defined [37] as

(`)m =

{
1, ifm = 0, ` ∈ C \ {0},
`(`+ 1)(`+ 2) · · · (`+m− 1), ifm ∈N, ` ∈ C.
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The relation between Pochhammer symbol and gamma function is given as

(`)m =
Γ(`+m)

Γ(`)
.

Definition 1.2. The Bessel function of first kind is defined by [4, 11] as

Jϑ(l) =

∞∑
n=0

(−1)n

Γ(1 + ϑ+n)n!
(
l

2
)ϑ+2n,

where ϑ is non-negative integer.

The Mellin-Barnes type contour integrals are the integrals in which gamma functions are used as an
integrand. These integrals were first introduced by Pincherle in 1888. In the year 1908, Barnes used
the Mellin-Barnes type contour integrals to develop the theory of hypergeometric functions. Meijer G-
function was introduced by Meijer [18] in the year 1936. On the basis of the theory of Mellin-Barnes type
contour integrals, the Meijer G-functions were developed and defined by [8, 14, 16, 19, 20] as following.

Definition 1.3.

Gm,n
p,q

(
ep
fq

∣∣∣∣z) =
1

2πi

∮
L

∏m
j=1 Γ(fj − s)

∏n
j=1(1 − ej + s)∏p

j=m+1 Γ(ej − s)
∏q
j=n+1 Γ(1 − fj + s)

zsds,

where 0 6 m 6 q, 0 6 n 6 p, z 6= 0, L is the left loop of contour integration starting and ending at −∞
and covering all poles of Γ(fr + s), r = 1, 2, 3, . . . ,m in positive direction but not encircling right series of
poles of Γ(1 − er − s), r = 1, 2, 3, . . . ,n.

Definition 1.4. The Legendre Duplication formula and Gauss multiplication formula are defined [37]
respectively as

√
πΓ(2`) = 22`−1Γ(`)Γ(`+

1
2
), Γ(n`) = (2π)

1−n
2 nn`−

1
2 Γ(`)Γ(`+

1
n
) · · · Γ(`+ n− 1

n
),

where n is positive integer and n` ∈ C\Z−
0 . For n = 3, we can obtain triplication formula.

Diaz and Pariguan [5, 6] gave an idea of k-functions like Pochammer k-symbol, gamma k-function,
beta k-function and introduced the k-form of hypergeometric functions. The researchers [13, 15, 22]
worked on this particular k-symbol, developed immense amount of properties and found applications in
various fields. In 2017, Nisar et al. [25] introduced (k, s)-fractional integral and differential operators and
used them to produce new operators. Nisar et al. [24] introduced k-Struve functions and found different
related properties. They also discussed differential equations, integral equations, recurrence relations
related to k-Struve function. In 2018, Nisar et al. [26] worked on inequalities by considering k-theory
and established Gronwall type inequalities. Rahman et al. [35] gave the extension of the k-Mittag-Leffler
function and discussed related properties by using the results proposed by Mubeen et al. [23] for extended
gamma and beta functions. Rahman et al. [36] introduced some inequalities involving the k-gamma and
k-beta functions. They proved the generalization of inequalities for the beta functions.

Definition 1.5. The Pochhammer k-symbol, gamma k-function, and beta k-function for k > 0 are defined
[5] respectively as

(`)m,k =

{
1, ifm = 0, ` ∈ C \ {0},
`(`+ k)(`+ 2k) · · · (`+ (m− 1)k), ifm ∈N, ` ∈ C,

Γk(`) = lim
m→∞ m!km(mk)

`
k−1

(`)m,k
, k > 0, ζ ∈ C\kZ−,

and

βk(`,ω) =
1
k

∫ 1

0
x
`
k−1(1 − x)

ω
k −1dx, <(`) > 0,<(ω) > 0.
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Definition 1.6. The integral form of gamma k-function is given as

Γk(`) =

∫∞
0
x
`
k−1e

−xk

k dx, <(`) > 0,k > 0.

Definition 1.7. The Legendre duplication formula and Gauss multiplication formula in k-form are given
respectively as √

π

k
Γ(2`) = 2

2`
k −1Γ(`)Γ(`+

k

2
), (1.1)

Γk(n`) = (2π)
1−n

2 n
n`
k − 1

2k
1−n

2 Γk(`)Γk(`+
k

n
) · · · Γk(`+

(n− 1)k
n

), (1.2)

where n is positive integer and n` ∈ C\Z−
0 . If we take k = 1 then we will get the Legendre Duplication

formula and Gauss multiplication theorem given in [37, p. 23-24].

Remark 1.8. For n = 3 in equation (1.2), we will obtain the k-form of the Legendre’s triplication formula.

Definition 1.9. Euler defined the Laplace transform in 1737 as

{f(x) : p} =

∫∞
0
e−pxf(x)dx, <(p) > 0,

which can be expressed in the form of gamma function as∫∞
0
e−pxt`−1dx =

Γ(`)

p`
,

where min{<(`),<(`)} > 0.

The researchers [7, 9, 27, 29, 32, 33] started to work on the Laplace transformation and wrote a number
of books, after the book of Laplace published in 1812. Saif et al. [38] proposed the definition of modified
Laplace transform for piecewise defined continuous functions having exponential order. They also proved
some important results related to modified Laplace transform. Recently, Agarwal et al. [2] discussed some
classical Laplace integral transform for the specific type of functions. They gave generalized Laplace
transform known as β-Laplace integral transform. Mohd [34] worked on the Laplace transformation of
hypergeometric functions and proved some important relations in the form of Meijer G-functions.

In our current work, we define the generalized form of Meijer G-function for k > 0, give some prop-
erties of generalized Meijer G-functions, introduce Laplace transform for k > 0 and prove some results.
By using these definitions and results, we investigate the Laplace transform of different hypergeometric
functions and some other special functions in the form of generalized Meijer G-functions and generalized
hypergeometric functions.

2. Main results

In this section, we define generalized Meijer G-function, Laplace transform for k > 0, give some
properties of generalized Meijer G-function and prove some results which play an important role in the
theory of special functions and fractional field of analysis.

Definition 2.1. The generalized Meijer G-function for k > 0 can be defined as

Gm,n
k,p,q

[
ep
fq

∣∣∣∣z] = 1
2πi

∮
L

Γk(f1,m − s)Γk(k− e1,n + s)

Γk(en+1,p − s)Γk(k− fm+1,q + s)
zs/kds,

where Γk(.) is well known gamma k-function and conditions on m,n,p,q are same as that of Meijer
G-function defined in previous section.
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Definition 2.2. Laplace transform for k > 0 can be defined in the form of gamma k-function as∫∞
0
e

−pxk

k x
`
k−1dx =

Γk(`)

p
`
k

,

where 0 < <(`) < 1.

Properties: Some important properties of generalized Meijer G-function are given as follows:
Cancellation

Gm,n
k,p,q

[
e1, e2, . . . , en, en+1, . . . , ep

f1, f2, . . . , fm, fm+1, . . . , fq−1, e1

∣∣∣∣z] = Gm,n−1
k,p−1,q−1

[
e2, e3, . . . , en, en+1, . . . , ep
f1, f2, . . . , fm, fm+1, . . . , fq−1

∣∣∣∣z] ,

where n,p,q > 1.

Gm,n
k,p,q

[
e1, e2, . . . , en, en+1, . . . , ep−1, f1
f1, f2, . . . , fm, fm+1, . . . , fq

∣∣∣∣z] = Gm−1,n
k,p−1,q−1

[
e1, e2, e3, . . . , en, en+1, . . . , ep−1

f2, . . . , fm, fm+1, . . . , fq

∣∣∣∣z] ,

where m,p,q > 1.
Translation

zαGm,n
k,p,q

[
e1, e2, . . . , en, en+1, . . . , ep
f1, f2, . . . , fm, fm+1, . . . , fq

∣∣∣∣z] = Gm,n
k,p,q

[
e1 +αk, e2 +αk, . . . , en +αk, en+1 +αk, . . . , ep +αk

f1 +αk, . . . , fm +αk, fm+1 +αk, . . . , fq +αk

∣∣∣∣z] ,

Symmetric

Gm,n
k,p,q

[
e1, e2, . . . , en, en+1, . . . , ep
f1, f2, . . . , fm, fm+1, . . . , fq

∣∣∣∣z] = Gn,m
k,p,q

[
k− f1, . . . ,k− fm,k− fm+1, . . . ,k− fq

k− e1,k− e2, . . . ,k− en,k− en+1, . . . ,k− ep

∣∣∣∣1z
]

.

If we take k = 1 in above mentioned properties, then we will obtain the properties discussed in [34].
Now, we prove a theorem related to k-Laplace transform which will then be applied in the next sec-

tions to prove Laplace transform of different generalized hypergeometric functions in term of generalized
Meijer G-functions.

Theorem 2.3. Let A 6 B+ 1, <(p) > 0,<(g) > 0, r is a positive integer, k > 0, |z| < 1 and (eA), (fB) be the ab-
breviation of the parameters e1, e2, . . . , eA, f1, f2, . . . , fB, respectively, then the Laplace transform of hypergeometric
functions in term of generalized Meijer G-functions hold as follows{

x
g
k−1

AFB,k

[
(eA)
(fB)

∣∣∣∣zxr] : p
}

=

(2π)
1−r

2
B∏
j=1
Γk(fj)(r)

g
k−

1
2

Pg/k
A∏
i=1

Γk(ei)

GA+r,1
k,1+B,A+r

[
k, f1, . . . , fB

e1, e2, . . . , eA, gr , g+kr , . . . , g+r−kr

∣∣∣∣−przrr

]
(2.1)

=

(2π)
1−r

2
B∏
j=1
Γk(fj)(r)

g
k−

1
2

Pg/k
A∏
i=1

Γk(ei)

(2.2)

×G1,A+r
k,A+r,1+B

[
k− e1,k− e2, . . . ,k− eA,k+ g

r ,k+ g+k
r , . . . ,k+ g+r−k

r

0,k− f1, . . . ,k− fB

∣∣∣∣−zrrpr

]
.
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Proof. Consider the left side of the above equation{
x
g
k−1

AFB,k

[
(eA)
(fB)

∣∣∣∣zxr] : p
}

=

∞∫
0

e
−pxk

k x
g
k−1

AFB,k

[
(eA)
(fB)

∣∣∣∣zxr]dx

=

∞∫
0

e
−pxk

k x
g
k−1[

1
2πω

B∏
j=1
Γk(fj)

A∏
i=1

Γk(ei)

∫
l

Γk(−s)
A∏
i=1

Γk(ei + s)(−zx
r)
s
k

B∏
j=1
Γk(fj + s)

ds]dx,

where l is Mellin-Barnes type contour. So,{
x
g
k−1

AFB,k

[
(eA)
(fB)

∣∣∣∣zxr] : p
}

=
1

2πω

B∏
j=1
Γk(fj)

A∏
i=1

Γk(ei)

∫
l

Γk(−s)
A∏
i=1

Γk(ei + s)(−z)
s
k

B∏
j=1
Γk(fj + s)

(

∞∫
0

e
−pxk

k x
g+rs
k −1dx)ds

=
1

p
g
k 2πω

B∏
j=1
Γk(fj)

A∏
i=1

Γk(ei)

∫
l

Γk(−s)
A∏
i=1

Γk(ei + s)Γk(g+ rs)(
−z
pr )

s
k

B∏
j=1
Γk(fj + s)

ds

=
(2π)

1−r
2 r

g
k−

1
2

p
g
k 2πω

B∏
j=1
Γk(fj)

A∏
i=1

Γk(ei)

∫
l

Γk(−s)
A∏
i=1

Γk(ei + s)
r∏
n=1

Γk(s+
g+n−k
r )(−zr

r

pr )
s
k

B∏
j=1
Γk(fj + s)

ds

=
(2π)

1−r
2 r

g
k−

1
2

p
g
k

B∏
j=1
Γk(fj)

A∏
i=1

Γk(ei)

G1,A+r
k,A+r,1+B

[
k− eA,k− g+r−k

r

0,k− fB

∣∣∣∣−zrrpr

]

=
(2π)

1−r
2 r

g
k−

1
2

p
g
k

B∏
j=1
Γk(fj)

A∏
i=1

Γk(ei)

GA+r,1
k,A+r,1+B

[
k, fB

eA, g+r−kr

∣∣∣∣−pryrr

]
.

Similarly, we can prove (2.2), by applying formula (1.2), properties of generalized Meijer G-function and
definition of Laplace transform for k > 0.

Now, we prove theorems which give the relations of Bessel functions with hypergeometric k-functions.
These theorems will be helpful in the last section of this work to prove the Laplace transform of some
known Bessel functions in term of generalized Meijer G-functions.

Theorem 2.4. Let ϑ be a non-negative integer, <(y) > 0, k > 0 and |y| < 1, then the following holds true:

Jϑ,k(y)J−ϑ,k(y) =
sin(πϑk )

πϑ
1F2,k

[
k
2

k+ ϑ,k− ϑ

∣∣∣∣− y2
]

.
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Proof. Consider the L.H.S

Jϑ,k(y)J−ϑ,k(y) =

∞∑
n=0

(−1)ny2n+ϑ
k

22n+ϑ
kn!Γk(k+nk+ϑ)

∞∑
m=0

(−1)my2m−ϑ
k

22m−ϑ
km!Γk(k+mk−ϑ)

=

∞∑
n=0

∞∑
m=0

(−1)n+my2n+2m

22n+2mn!m!Γk(k+nk+ ϑ)Γk(k+mk− ϑ)
.

After some simplifications we obtain:

Jϑ,k(y)J−ϑ,k(y) =
1

Γk(k+ ϑ)Γk(k− ϑ)

∞∑
n=0

(−1)ny2n

22nn!(k+ ϑ)n,k 2
F1,k

[
(−n, 1), (−ϑ−nk)

(k− ϑ,k)

∣∣∣∣1]

=
1

Γk(k+ ϑ)Γk(k− ϑ)

∞∑
n=0

(−1)ny2n

22nn!
Γk(k− ϑ)Γk(k+ 2nk)

Γk(k− ϑ+nk)Γk(k+nk)

=
1

ϑΓk(ϑ)Γk(k− ϑ)

∞∑
n=0

(−1)n(k2 )n,ky
2n

(k+ ϑ)n,k(k− ϑ)n,kn!

=
sin(πϑk )

πϑ
1F2,k

[
k
2

k+ ϑ,k− ϑ

∣∣∣∣− y2
]

.

Theorem 2.5. Let ϑ,µ be non-negative integers, <(y) > 0, k > 0, then for |y| < 1, the following holds true

Jµ,k(y)Jϑ,k(y) =
(y2 )

µ+ϑ
k

Γk(µ+ k)Γk(ϑ+ k)
3F2,k

[
µ+ϑ+k

2 , µ+ϑ+2k
2

µ+ k, ϑ+ k,k+ µ+ ϑ

∣∣∣∣− y2
]

.

Proof.

Jµ,k(y)Jϑ,k(y) =

∞∑
n=0

(−1)ny2n+µ
k

22n+µ
kn!Γk(k+nk+µ)

∞∑
m=0

(−1)my2m+ϑ
k

22m+ϑ
km!Γk(k+mk+ϑ)

=

∞∑
n=0

∞∑
m=0

(−1)n+my2n+2m+µ
k+

ϑ
k

22n+2m+µ
k+

ϑ
kn!m!Γk(k+nk+ µ)Γk(k+mk+ ϑ)

.

After some simplifications we obtain:

Jµ,k(y)Jϑ,k(y) =
(y2 )

µ+ϑ
k

Γk(k+ µ)Γk(k+ ϑ)

∞∑
n=0

(−1)ny2n

22nn!(k+ µ)n,k
2F1,k

[
(−n, 1), (−µ−nk)

(k+ ϑ,k)

∣∣∣∣1]

=
(y2 )

µ+ϑ
k

Γk(k+ µ)Γk(k+ ϑ)

∞∑
n=0

(−1)ny2n

22n(µ+ k)n,kn!
Γk(k+ ϑ)Γk(k+ 2nk+ µ+ ϑ)

Γk(k+ ϑ+nk)Γk(k+nk+ µ+ ϑ)
.

=
(y2 )

µ+ϑ
k

Γk(µ+ k)Γk(ϑ+ k)
3F2,k

[
µ+ϑ+k

2 , µ+ϑ+2k
2

µ+ k, ϑ+ k,k+ µ+ ϑ

∣∣∣∣− y2
]

.

Remark 2.6. By adopting the same procedure as that of Theorems 2.4 and 2.5, we can prove the product of
Bessel functions with different combination of parameters that are Jϑ,k(y)Jϑ+1,k(y), J2ϑ,k(y), Jϑ,k(y)Iϑ,k(y)
and hyper-Bessel function Jl,h,k(y), respectively in the form of hypergeometric k-functions.
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3. Laplace transform of some special functions

In this section, we investigate Laplace transform of different hypergeometric functions in terms of
generalized Meijer G-functions for multiple choices of parameters in (2.1) by using some known results
of special functions, i.e., Legendre’s duplication and triplication formulas (1.1) and (1.2) for the product
of gamma k-functions, cancellation properties and reduction formulas etc.
Case-1: By choosing g = k, A = 3, B = 2, e1 = e, e2 = f, e3 = g, f1 = k+ e− f, f2 = k+ e− g, z = 1, r = 1
in equation (2.1), we have{

3F2,k

[
e, f,g

k+ e− f,k+ e− g

∣∣∣∣x] : p
}

=
Γk(k+ e− f)Γk(k+ e− g)

pΓk(e)Γk(f)Γk(g)
G4,1
k,3,4

[
k,k+ e− f,k+ e− g

e, f,g,k

∣∣∣∣− p] .

By using Whipple’s theorem (see, pg.90, [37]) in k-form, we obtain:{
(1 − kx)

−e
k 3F2,k

[
e
k , f+k2 ,k+ e− f− g
k+ e− f,k+ e− g

∣∣∣∣ −4x
(1 − kx)2

]
: p

}

=
Γk(k+ e− f)Γk(k+ e− g)

pΓk(e)Γk(f)Γk(g)
G4,1
k,3,4

[
k,k+ e− f,k+ e− g

e, f,g,k

∣∣∣∣− p] ,

where k+ e− f, K+ e− g, e, f, g ∈ C\Z−
0 , k > 0.

Case-2: By choosing g = k, A = 3, B = 2, e1 = e, e2 = 2f− e− k, e3 = e+ 2k− 2f, f1 = f, f2 = e− f+ 3k
2 ,

z = 1
4 , r = 1 in (2.1), we have{

3F2,k

[
e, 2f− e− k, e− 2f+ 2k

f, e− f+ 3k
2

∣∣∣∣x] : p
}

=
Γk(f)Γk(e− f+

3k
2 )

pΓk(e)Γk(2f− e− k)Γk(e+ 2k− 2f)
G4,1
k,3,4

[
k, f, e− f+ 3k

2
e, 2f− e− k, e− 2f+ 2k,k

∣∣∣∣− 4p
]

.

By using k-form of Whipple’s theorem, we find{
(1 − kx)

−e
k 3F2,k

[
e
3 , e+k3 , e+2k

3
f, e− f+ 3k

2

∣∣∣∣ −27x
4(1 − kx)3

]
: p

}

=
Γk(f)Γk(e− f+

3k
2 )

pΓk(e)Γk(2f− e− k)Γk(e− 2f+ 2k)
G4,1
k,3,4

[
k, f, e− f+ 3k

2
e, 2f− e− k, e+ 2k− 2f,k

∣∣∣∣− 4p
]

,

where e, f, e− f+ 3k
2 , 2f− e− k, e− 2f+ 2k ∈ C\Z−

0 ,k > 0.

Case-3: By choosing g = k, A = 3, B = 2, e1 = e, e2 = f− k
2 , e3 = k+ e− f, f1 = 2f, f2 = 2e− 2f+ 2k,

z = 1, r = 1 in (2.1) and using whipple’s k-theorem, we have{
(1 −

kx

4
)
−e
k 3F2,k

[
e
3 , e+k3 , e+2k

3
f, e− f+ 3k

2

∣∣∣∣ −27kx2

(4 − kx)3

]
: p

}

=
2

2e
k k(f− k

2 )Γk(f)Γk(e− f+
3k
2 )

πpΓk(e)
G4,1
k,3,4

[
k, 2f, 2e− 2f+ 2k
e, f− k

2 , e+ k− f,k

∣∣∣∣− p] ,

where e, f, e− f+ 3k
2 ∈ C\Z−

0 ,k > 0.
Case-4: By choosing g = k, A = 2, B = 1, e1 = e, e2 = f, f1 = 2e, z = 1, r = 1 in (2.1), we have{

2F1,k

[
e, f
2e

∣∣∣∣x] : p
}

=
Γk(2e)

pΓk(e)Γk(f)
G3,1
k,2,3

[
k, 2e
e, f,k

∣∣∣∣− p] .
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By using k-form of (see, pg.65, [37]), we obtain{
(1 −

kx

2
)
−f
k 2F1,k

[
f
2 , f+k2
e+k

2

∣∣∣∣ kx2

(1 − kx)2

]
: p

}
=

√
k2

2e
k −1Γk(e+

k
2 )

p
√
πΓk(f)

×G3,1
k,2,3

[
k, 2e
e, f,k

∣∣∣∣− p] ,

where e+ k
2 , f ∈ C\Z−

0 ,k > 0.

Case-5: By choosing g = k, A = 2, B = 1, e1 = e, e2 = e+ k
2 − f, f1 = f+ k

2 , z = 1, r = 2 in (2.1), we have{
2F1,k

[
e, e− f+ k

2
f+ k

2

∣∣∣∣x2
]
: p

}
=

Γk(f+
k
2 )

pΓk(e)Γk(e− f+
k
2 )
G4,1
k,2,4

[
k, f+ k

2
e, e− f+ k

2 , k2 ,k

∣∣∣∣−p2

4

]
.

By using the result

(1 + kx)
2e
k 2F1,k

[
e, e− f+ k

2
f+ k

2

∣∣∣∣x2
]
= 2F1,k

[
e, f
2e

∣∣∣∣ 4x
(1 + kx)2

]
,

we have {
(1 + kx)

−2e
k 2F1,k

[
e, f
2f

∣∣∣∣ 4x
(1 + kx)2

]
: p

}
=

Γk(f+
k
2 )

pΓk(e)Γk(e− f+
k
2 )
G4,1
k,2,4

[
k, f+ k

2
e, e− f+ k

2

∣∣∣∣−p2

4

]
,

where e− f+ k
2 , e, f+ k

2 ∈ C\Z−
0 ,k > 0.

Case-6: By choosing g = k, A = 2, B = 1, e1 = 2e, e2 = 2f, f1 = e+ f+ k
2 , z = 1, r = 1 in (2.1), we have{

2F1,k

[
2e, 2f

e+ f+ k
2

∣∣∣∣x] : p
}

=
Γk(e+ f+

k
2 )

pΓk(2e)Γk(2f)
G3,1
k,2,3

[
k, e+ f+ k

2
2e, 2f,k

∣∣∣∣− p] ,{
2F1,k

[
e, f

e+ f+ k
2

∣∣∣∣4x(1 − kx)

]
: p

}
=
Γk(e+ f+

k
2 )

pΓk(e)Γk(f)
G3,1
k,2,3

[
k, e+ f+ k

2
2e, 2f,k

∣∣∣∣− p] ,

where e+ f+ k
2 , 2e, 2f ∈ C\Z−

0 ,k > 0.

Case-7: By choosing g = k, A = 3, B = 2, e1 = 2e, e2 = 2f, e3 = e+ f, f1 = 2e+ 2f− k, f2 = e+ f+ k
2 ,

z = 1, r = 1, in (2.1), we have{
3F2,k

[
2e, 2f, e+ f

2e+ 2f− k, e+ f+ k
2

∣∣∣∣x] : p
}

=
Γk(2e+ 2f− k)Γk(e+ f+ k

2 )

pΓk(2e)Γk(2f)Γk(e+ f)
G4,1
k,3,4

[
k, 2e+ 2f− k, e+ f+ k

2
2e, 2f, e+ f,k

∣∣∣∣− p] .

After using Legendre’s Duplication formula in k-form (1) and little simplification, we are at the following
result: {

2F1,k

[
e, f

e+ f− k
2

∣∣∣∣x] 2F1,k

[
e, f

e+ f+ k
2

∣∣x] : p} =

√
πΓk(e+ f−

k
2 )Γk(e+ f+

k
2 )√

k pΓk(e)Γk(e+
k
2 )Γk(f)Γk(f+

k
2 )

×G4,1
k,3,4

[
k, 2e+ 2f− k, e+ f+ k

2
2e, 2f, e+ f,k

∣∣∣∣− p] ,

where e+ f+ k
2 , e+ f− k

2 , e, f, e+ k
2 , f+ k

2 ∈ C\Z−
0 ,k > 0.

Case-8: By choosing g = k, A = 3, B = 2, e1 = 2e, e2 = 2f − k, e3 = e + f − k, f1 = 2e + 2f − 2k,
f2 = e+ f− k

2 , z = 1, r = 1 in (2.1), we have{
3F2,k

[
2e, 2f− k, e+ f− k

2e+ 2f− 2k, e+ f− k
2

∣∣∣∣x] : p
}

=
Γk(2e+ 2f− 2k)Γk(e+ f− k

2 )

pΓk(2e)Γk(2f− k)Γk(e+ f− k)
G4,1
k,3,4

[
k, 2e+ 2f− k, e+ f− k

2
2e, 2f− k, e+ f− k,k

∣∣∣∣− p] .
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After using (1.1) and little simplification, we obtain:{
2F1,k

[
e, f

e+ f− k
2

∣∣∣∣x] 2F1,k

[
e, f− k
e+ f− k

2

∣∣x] : p} =

√
πΓk(e+ f−

k
2 )Γk(e+ f−

k
2 )√

k pΓk(e)Γk(e+
k
2 )Γk(f)Γk(f−

k
2 )

×G4,1
k,3,4

[
k, 2e+ 2f− k, e+ f− k

2
2e, 2f− k, e+ f− k,k

∣∣∣∣− p] ,

where e+ f− k
2 , e, f, e+ k

2 , f− k
2 ∈ C\Z−

0 ,k > 0.

Case-9: By choosing g = k, A = 3, B = 2, e1 = e − f + k
2 , e2 = f − e + k

2 , e3 = k
2 , f1 = e + f + k

2 ,
f2 = 3k

2 − e− f, z = 1, r = 1 in (2.1), we have{
3F2,k

[
e− f+ k

2 , f− e+ k
2 , k2

e+ f+ k
2 ,+3k

2 − e− f

∣∣∣∣x] : p
}

=
Γk(e+ f+

k
2 )Γk(

3k
2 − e− f)

pΓk(e− f+
k
2 )Γk(f− e+

k
2 )Γk(

k
2 )

×G4,1
k,3,4

[
k, e+ f+ k

2 , 3k
2 − e− f

e− f+ k
2 , f− e+ k

2 , k2 ,k

∣∣∣∣− p] .

After some simplifications we get the following:{
2F1,k

[
e, f

e+ f+ k
2

∣∣∣∣x] 2F1,k

[
k
2 − e, k2 − f
3k
2 − e− f

∣∣x] : p} =

√
kΓk(e+ f+

k
2 )Γk(

3k
2 − e− f)

√
π pΓk(e− f+

k
2 )Γk(f− e+

k
2 )

×G4,1
k,3,4

[
k, e+ f+ k

2 , 3k
2 − e− f

e− f+ k
2 , f− e+ k

2 , k2 ,k

∣∣∣∣− p] ,

where e+ f+ k
2 , 3k

2 − e− f, f− e+ k
2 , e− f+ k

2 ∈ C\Z−
0 ,k > 0.

Case-10: By choosing g = k, A = 3, B = 2, e1 = 2e, e2 = 2f, e3 = e+ f, f1 = 2e+ 2f, f2 = e+ f+ k
2 , z = 1,

r = 1 in (2.1), we have{
3F2,k

[
2e, 2f, e+ f

2e+ 2f, e+ f+ k
2

∣∣∣∣x] : p
}

=
Γk(2e+ 2f)Γk(k2 + e+ f)

pΓk(2e)Γk(2f)Γk(e+ f)
G4,1
k,3,4

[
k, 2e+ 2f, k2 + e+ f

2e, 2f, e+ f,k

∣∣∣∣− p] .

After some simplifications, we get the following:{(
2F1,k

[
e, f

e+ f+ k
2

∣∣∣∣x])2

: p

}
=

√
πΓk(e+ f+

k
2 )Γk(

k
2 + e+ f)

√
k 2pΓk(e)Γk(e+ k

2 )Γk(f)Γk(f+
k
2 )

×G4,1
k,3,4

[
k, 2e+ 2f, k2 + e+ f

2e, 2f, e+ f,k

∣∣∣∣− p] ,

where e+ f+ k
2 , e, f, e+ k

2 , f+ k
2 ∈ C\Z−

0 ,k > 0.
Case-11: By choosing g = k, A = 2, B = 1, e1 = e, e2 = f+ g, f1 = h, z = 1, r = 1 in (2.1), we have{

2F1,k

[
e, f+ g
h

∣∣∣∣x] : p
}

=
Γk(h)

pΓk(e)Γk(f+ g)
G3,1
k,2,3

[
k,h

e, f+ g,k

∣∣∣∣− p]
and {

F1,k(e; f,g;h; x, x) : p

}
=

Γk(h)

pΓk(e)Γk(f+ g)
G3,1
k,2,3

[
k,h

e, f+ g,k

∣∣∣∣− p] ,

where h, e, f+ g ∈ C\Z−
0 ,k > 0.
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Case-12: By choosing g = k, A = 1, B = 1, e1 = e, f1 = f, z = 1, r = 1 in (2.1), we have{
1F1,k

[
e

f

∣∣∣∣x] : p
}

=
Γk(f)

pΓk(e)
G2,1
k,2,2

[
k, f
e,k

∣∣∣∣− p]
and {

ex 1F1,k

[
e

f

∣∣∣∣− x] : p
}

=
Γk(f)

pΓk(e)
G2,1
k,2,2

[
k, f
e,k

∣∣∣∣− p] ,

where e, f ∈ C\Z−
0 ,k > 0.

Case-13: By choosing g = k, A = 1, B = 1, e1 = e, f1 = f, z = 1, r = 1 in (2.1), we have{
1F1,k

[
e

2e

∣∣∣∣2x] : p
}

=
Γk(2e)
pΓk(e)

G2,1
k,2,2

[
k, 2e
e,k

∣∣∣∣−p2
]

.

By using Legendre’s Duplication formula (1.1) for k > 0 , we have{
ex 0F1,k

[
e+ k

2

∣∣∣∣−x2

4

]
: p

}
=

2
2e
k −1
√
kΓk(e+

k
2 )

p
√
π

G2,1
k,2,2

[
k, 2e
e,k

∣∣∣∣−p2
]

,

where e+ k
2 ∈ C\Z−

0 ,k > 0.

4. Laplace transform of some other special functions

In the this section, we find Laplace transform of some known special functions for different choices
of parameters in (2.1) by using cancellation properties, Legendre’s duplication and triplication formulas
(1.1) and (1.2) for the product of gamma k-function and by applying reduction formulas in k-form, the
classical version of which is given in [37].

Case-1: By choosing g = v+ q+ k, A = 2, B = 3, e1 = v+q+k
2 , e2 = v+q+2k

2 , f1 = v+ k, f2 = q+ k,
f3 = v+ q+ k, z = −1, r = 2, in (2.1), we have{

x
v+q+k
k −1

2F3,k

[
v+q+k

2 , v+q+2k
2

v+ k,q+ k, v+ q+ k

∣∣∣∣− x2
]
: p

}

=
(2πk )

− 1
2 Γk(v+ k)Γk(q+ k)Γk(v+ q+ k)(2)

v+q+k
k − 1

2

p
v+q+k

2 Γk(
v+q+k

2 )Γk(
v+q+2k

2 )
G4,1
k,4,4

[
k, v+ k,q+ k, v+ q+ k

v+q+k
2 , v+q+2k

2 , v+q+k2 , v+q+2k
2

∣∣∣∣p2

4

]
.

After some simplifications and using Theorem 2.4 we are at the result:

{Jv,kJq,k : p} =
k2

v+q
k

πp
v+q
k +1

G4,1
k,4,4

[
k, v+ k,q+ k, v+ q+ k

v+q+k
2 , v+q+2k

2 , v+q+k2 , v+q+2k
2

∣∣∣∣p2

4

]
=

Γk(v+ q+ k)

2
v+q
k p

v+q
k +1Γk(v+ k)Γk(q+ k)

4F3,k

[
v+q+k

2 , v+q+2k
2 , v+q+k2 , v+q+2k

2
v+ k,q+ k, v+ q+ k

∣∣∣∣−4
p2

]
,

where Jv,k and Jq,k are the Bessel k-functions, v+ q+ k,q+ k, v+ k ∈ C\Z−
0 .

Case-2: By choosing g = 2q+ 2k, A = 1, B = 2, e1 = q+ 3k
2 , f1 = q+ 2k, f2 = 2q+ 2k, z = −1, r = 2, in

(2.1), we have{
x

2q+2k
k −1

1F2,k

[
q+ 3k

2
q+ 2k, 2q+ 2k

∣∣∣∣− x2
]

;p

}
=

(2πk )
− 1

2 Γk(q+ 2k)Γk(2q+ 2k)(2)
2q
k + 1

2

p
2q
k +2Γk(q+

3k
2 )
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×G3,1
k,3,3

[
k,q+ k, 2q+ 2k

q+ 3k
2 ,q+ k,q+ 3k

2

∣∣∣∣p2

4

]
,

which yields:

{Jq,kJq+1,k;p} =
k2

2q
k +1

πp
2q
k +2

G3,1
k,3,3

[
k,q+ 2k, 2q+ 2k
q+ 3k

2 ,q+ k,q+ 3k
2

∣∣∣∣p2

4

]
=

√
kΓk(q+

3k
2 )

√
πp

2q
k +2Γk(q+ 2k)

3F2,k

[
q+ k,q+ 3k

2 ,q+ 3k
2

q+ 2k, 2q+ 2k

∣∣∣∣−4
p2

]
,

where Jq,k and Jq+1,k are the Bessel k-functions q+ 3k
2 ,q+ 2k ∈ C\Z−

0 .

Case-3: By choosing g = 2q+ k, A = 1, B = 2, e1 = q+ k
2 , f1 = q+ k, f2 = 2q+ k, z = −1, r = 2, in (2.1),

we obtain the following result:{
x

2q+k
k −1

1F2,k

[
q+ k

2
q+ k, 2q+ k

∣∣∣∣− x2
]

;p

}
=

√
kΓk(q+ k)Γk(2q+ k)(2)

2q
k

√
πp

2q
k +1Γk(q+

k
2 )

G2,1
k,2,2

[
k, 2q+ k

q+ k
2 ,q+ k

2

∣∣∣∣p2

4

]
,

{J2q(x);p} =
k(2)

2q
k

πp
2q
k +1

G2,1
k,2,2

[
k, 2q+ k

q+ k
2 ,q+ k

2

∣∣∣∣p2

4

]
=

√
kΓk(q+

k
2 )√

πp
2q
k +1Γk(q+ k)

2F1,k

[
q+ k

2 ,q+ k
2

2q+ k

∣∣∣∣−4
p2

]
.

Case-4: By choosing g = k, A = 1, B = 2, e1 = k
2 , f1 = q+ k, f2 = q+ k, z = −1, r = 2, in (2.1), we have

{x
k
k−1

1F2,k

[
k
2

q+ k,q+ k

∣∣∣∣− x2
]

;p} =
kΓk(−q+ k)Γk(q+ k)

πp
G3,1
k,3,3

[
k,−q+ k,q+ k

k
2 , k2 ,k

∣∣∣∣p2

4

]
.

By using Theorem 2.5 we have

{Jq,k(x)J−q,k(x);p} =
k

πp
G3,1
k,3,3

[
k,−q+ k,q+ k

k
2 , k2 ,k

∣∣∣∣p2

4

]
=

sin πqk
πpq

3F2,k

[
k
2 , k2 ,k

−q+ k,q+ k

∣∣∣∣−4
p2

]
.

Case-5: By choosing g = 2q+ k, A = 0, B = 3, f1 = q+k
2 , f2 = q+2k

2 , f3 = q+ k, z = −1
64 , r = 4, in (2.1), we

have {
x

2q
k

2
2q
k

0F3,k

[
−

q+k
2 , q+2k

2 ,q+ k

∣∣∣∣−x4

64

]}
=
kΓk(q+ k)Γk(q+ k)(2)

2q
k − 1

2

π(2)
2q
k p

2q
k +1

G2,1
k,2,2

[
k,q+ k

2q+k
4 , 2q+3k

4

∣∣∣∣p4

4

]
,

{Jq,k(x)Iq,k(x);p} =
k(2)

q
k−

1
2

πp
2q
k +1

G2,1
k,2,2

[
k,q+ k

2q+k
4 , 2q+3k

4

∣∣∣∣p4

4

]
=

√
kΓk(

2q+k
2 )

√
πp

2q
k +1Γk(q+ k)

2F1,k

[ 2q+k
4 , 2q+3k

4
q+ k

∣∣∣∣−4
p4

]
.

The Classical form of products Jv,kJq,k, Jq,kJq+1,k, J2q,k, Jq,kJ−q,k, Jq,k(x)Iq,k is given in [14].

Case-6: By choosing g = l+ h+ k, A = 0, B = 2, f1 = l+ k, f2 = h+ k, z = −1
27 , r = 3, in (2.1), we have{

x
l+h
k 0F2,k

[
−

l+ k,h+ k

∣∣∣∣−x3

27

]
;p

}
=
kΓk(l+ k)Γk(h+ k)(3)

l+h
k + 1

2

2πp
l+h
k +1

G3,1
k,3,3

[
k, l+ k,h+ k

l+h+k
3 , l+h+2k

3 , l+h+3k
3

∣∣∣∣p3
]

,



S. A. H. Shah, S. Mubeen, J. Nonlinear Sci. Appl., 15 (2022), 109–122 120

{Jl,h,k(x);p} =
k(
√

3)

2πp
l+h
k +1

G3,1
k,3,3

[
k, l+ k, l+ 2k

l+h+k
3 , l+h+2k

3 , l+h+3k
3

∣∣∣∣p3
]

=
Γk(l+ h+ k)

3
l+h
k p

l+h
k +1Γk(l+ k)Γk(h+ k)

3F2,k

[
l+h+k

3 , l+h+2k
3 , l+h+3k

3
l+ k,h+ k

∣∣∣∣−1
p3

]
,

where Jl,h,k is the Hyper-Bessel k-function of Humbert, the classical form of which is given in [10].
Case-7: By choosing g = e+ k, A = 1, B = 1,e1 = e f1 = e+ k, z = −1, r = 1, in (2.1), we have{

x
e
k 1F1,k

[
e

e+ k

∣∣∣∣− x] ;p

}
=
Γk(e+ k)

p
e
k+1Γk(e)

G1,1
k,1,1

[
k

e

∣∣∣∣p] .

where γk is incomplete gamma function e ∈ C\Z−
0 .

Case-8: By choosing g = 2k, A = 1, B = 2,e1 = k
2 , f1 = 3k

2 , f2 = 3k
2 , z = −1

4 , r = 2, in (2.1), we have{
x 1F2,k

[
k
2

3k
2 , 3k

2

∣∣∣∣− x2

4

]
;p

}
=
k2

2p2G
2,1
k,2,2

[
k, 3k

2
k
2 ,k

∣∣∣∣p2
]

and

{Mi,k(x);p} =
k

p2 2F1,k

[
k
2 ,k
3k
2

∣∣∣∣− 1
p2

]
,

where Mi,k(x) is the sine k-integral.
Case-9: By choosing g = 2k, A = 1, B = 2,e1 = k

2 , f1 = 3k
2 , f2 = 3k

2 , z = 1
4 , r = 2, in (2.1), we have{

x 1F2,k

[
k
2

3k
2 , 3k

2

∣∣∣∣x2

4

]
;p

}
=
k2

2p2G
2,1
k,2,2

[
k, 3k

2
k
2 ,k

∣∣∣∣− p2
]

and

{Mhi,k(x);p} =
k

p2 2F1,k

[
k
2 ,k
3k
2

∣∣∣∣ 1
p2

]
,

where Mhi,k(x) is the sine hyperbolic k-integral.
Case-10: By choosing g = k, A = 0, B = 3,f1 = k

2 , f2 = k
2 , f3 = k, z = − 1

256 , r = 4, in (2.1), we have{
0F3,k

[
−

k
2 , k2 ,k

∣∣∣∣− x4

256

]
;p

}
=

√
k√

2πp
G2,1
k,2,2

[
k, k2
k
4 , 3k

4

∣∣∣∣p4
]

and

{ber(x,k);p} =
1
p

2F1,k

[
k
4 , 3k

4
k
2

∣∣∣∣− 1
p4

]
,

where ber(x,k) is the Kelvin’s k-function.
The Sine integral, Sine hyperbolic integral, and Kelvin’s function are given in [12].

5. Conclusions

In this research work we gave the definitions of generalized MeijerG-function and k-Laplace transform
and proved some important results. We then find Laplace transform of hypergeometric k-functions and
some other special k-functions, k > 0 in the form of generalized Meijer G-functions that is Meijer (G,k)-
functions. The results obtained in this paper are more general, which can be reduced to classical version
by taking k→ 1.
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