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Abstract

In this paper, a Susceptible-Exposed-Asymptomatic-Infectious-Recovered (SEAIR) epidemic model with application to
COVID-19 is established by capturing the key features of the disease. The global dynamics of the model is analyzed by construct-
ing appropriate Lyapunov functions utilizing the basic reproduction number Ry as an index. We obtain that when Ry < 1, the
disease-free equilibrium is globally asymptotically stable. While for Ry > 1, the endemic equilibrium is globally asymptotically
stable. Furthermore, we consider the pulse vaccination for the disease and give an impulsive differential equations model. The
definition of the basic reproduction number Ry of this system is given by utilizing the next generation operator. By the com-
parison theorem and persistent theory, we obtain that when Ry < 1, the disease-free periodic solution is globally asymptotically
stable. Otherwise, the disease will persist and there will be at least one nontrivial periodic solution. Numerical simulations to
verify our conclusions are given at the end of each of these theorems.
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1. Introduction

The ongoing COVID-19 is the largest pandemic worldwide nowadays. Researches about the virus and
how the virus influences the infected persons are still in progress [5-9, 14, 23, 26]. However, an important
observation is that the incubation period of the virus ranges from 1 to 14 days with an approximate
median 5 days [19], and individuals in incubation period can also carry the virus and infect others.
Another key feature is that an infected person can spread the disease before showing any symptoms [13].
Therefore, individuals in the incubation period and those infected but asymptomatic are hidden virus
carriers and disease spreaders, whose presence is a great threat and challenge for disease control and
healthcare capacity buildup or the relaxation of lockdown measures [10].

A large number of mathematical models have so far been publicly released to study the transmission
and control of the disease, which are built according to capturing the key features of COVID-19 [10, 12, 29,
30] to name a few. The incubation stage is addressed by considering an exposed compartment E [29, 30],
however, all these models assume E carries the pathogen but cannot infect others. While the address of
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absence or presence of symptoms varies. In study [29], the infected individuals are accounted in separate
classes A and I with detected asymptomatically or symptomatically. In the analysis performed in [11],
the authors considered three different severity levels of infected, including prodromic, asymptomatic and
symptomatic phases. Then what we intend to do in this paper is to establish a SEAIR epidemic model
with considering the infectiveness of the exposed class and the infected with or without symptoms based
on the two main features of the disease.

In epidemiological models global stability is more appreciated in policy making. The experienced
and successful method in establishing global stability is to construct appropriate Lyapunov function [16,
17, 32] and apply LaSalle’s invariance principle [18]. There definitely exists a Lyapunov function if the
equilibrium is globally stable [15, 21]. However, how to choose the exact expression of the Lyapunov
function, and further how to illustrate that the derivative of the Lyapunov function along the solutions
of the model is negative definite or semidefinite remain challenged. In this paper, we apply an algebraic
approach [22] to determine the coefficients of the combinations u —u* —u*In J%, and further to express
the derivative of the Lyapunov function as sums of the form my(nyx —xi1 —xx2 — -+ — Xkn, ), Where
mg = 0, xki, 1 =1,2,...,ny, satisfies ]_[{1‘1 xk,i = 1. Then by the property that the arithmetic mean is
greater than or equal to the geometric mean, we can obtain that the derivative of the Lyapunov function
along the solutions of the model is negative.

Immunization is the most economical and effective measure that benefits the entire human race from
a global perspective and the history of human development. Continuous vaccination [27] requires that
at least 95% of children should be immunized shortly after birth. In fact, it is difficult and expensive to
implement vaccination for such a wide population coverage. Therefore, pulse vaccination to vaccinate a
proportion of the susceptible at some intervals is more advantageous. The COVID-19 vaccine currently
being developed and put into use is a preventive one. According to the key features of the disease, we
establish a dynamic model with pulse vaccination [27, 28]. By using persistent theory [33, 36] and the
comparison theorem of impulse differential equations [33, 36], we analyze the persistence of the disease
by defining the basic reproduction number as the next infection operator.

The rest of this paper is organized as follows. In Section 2, an SEAIR epidemic model with application
to COVID-19 is formulated. In Sections 3, the global asymptotic stability of the disease-free and the
endemic equilibria is derived. In Sections 4, we consider the model of COVID-19 with pulse vaccination
and analyze its persistence. We conclude the work in Section 5.

2. Model formulation

The populations are stratified as susceptible (S(t)), exposed (E(t)), infectious but asymptomatic (A(t)),
infectious with symptoms (I(t)) and recovered (R(t)), based on the two key features of COVID-19. Then
one has the following SEAIR compartmental model:

S"=A—BS(I+06A +VE)—uS,
E' = BS(I+0A +VE)— (6 + u)E,
A'=(1-p)OE—(y1+a+ A,
I' =pSE+ A — (y2+d+ ),

2.1)

and R’ =y;A + y2I — uR. The variable R can be decoupled from the first four equations, hence we omit it
in the following analysis. ’ is the derivative with respect to time t, A is the (constant) recruitment rate, 3
is the transmission coefficient, 6 and v are the transmission coefficient regulators of asymptomatic A and
exposed E, respectively, u is the natural death rate, while d is the disease-induced death rate, o is the rate
from asymptomatic to symptomatic infected persons, b is the rate of exposed individuals to the infected
compartment, p is the probability of having symptoms among infected individuals, and y; and vy, are the
recovery rates of asymptomatic and symptomatic infected persons, respectively.
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Summing equations in (2.1) yields

/

(S+E+A+I) A= W(SHE+A+T) —yIA—yal—dl S A—u(S+E+A+T),

hence, the solutions of system (2.1) are uniformly and ultimately bounded, i.e., S(t) +E(t) + A(t) + I(t) <
%. Therefore, in the following, the dynamics of system (2.1) will be analyzed in a bounded feasible region

r= {X = (S,E,A,I) ERLS(H)FE(M) +A(L) +I(t) < ﬁ}

The basic reproduction number Ry of system (2.1) can be obtained by applying the next generation
matrix method [31], which is

vBSo OBSo BSo S+ 0 0 -1
Ry = p 0 0 0 —(1-p)6 vi+oa+p 0

0 0 0 —pd — Yo+d+u
_ s, v (1—p)36p pop . x(1—p)5p
S+p mtat+twd+u)  (2rd+wE+w)  (vitoatp)lya+d+p)d+u) |’
where p is the spectral radius of a matrix and Sp = %

Theorem 2.1. If the basic reproduction number Ry < 1, system (2.1) only has a disease-free equilibrium Ey =

(%,O, 0,0); while if Ry > 1, system (2.1) admits a disease-free equilibrium Ey and a unique endemic equilibrium

E; = (§*, E*, A%, ") given by

gr = N e 1(Ro—1) A* ud(Ro —1)(1—p) I — ud(Ro — 1) [(v1 + &+ w)p + «(1 —p)]
uRo’ (8+ 1Ry’ (y1+ o+ w8+ Ro’ (y1+ o+ 1) (y2 +d+ 1) (8 + 1R

Proof. It can be easily seen that system (2.1) always has a disease-free equilibrium Ey = (%,0, 0, 0). Set
the right-hand side of system (2.1) to be zero. Then, by the third and forth equations of system (2.1), one
can obtain

Yi+oatp ( P Yitoatu x )
= ————A, = A
(1—p)d l—=pyv2t+oa+tp v2toa+tp
By the second equation of system (2.1), one can obtain
__ (B+wE B+ulvi+o+u)
[+06A++VE +ot v(yita+p)
Pl ) (1_p)66<%¥;+2+3+w+§+u+e+ (llfp)é )

_ (0 +p)(y1 +oa+u) _AT
wf,gfifiu) + (ng‘iﬁf +(1—p)opO+vpR(y1+ax+pn) HRo

On the other hand,

I—|—6A+VE:< pPv1+oa+u o V(v1+<x+u)>A’

A—plvatatpy vatotp  (1-p)

by the first equation of system (2.1), there also holds

A—uS
BS B

Hence, the expression for A can be obtained. According to the relationship between E, I with A, we can

obtain the expression of the endemic equilibrium, which exists when the basic reproduction number is
larger than 1. This finishes the proof. O

[+ 0A +VvE = (Ro—1).
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3. Threshold dynamics

3.1. Global asymptotic stability of the disease-free equilibrium
Theorem 3.1. If the basic reproduction number Ry < 1, then the disease-free equilibrium By = (%,O, 0, 0) is
globally asymptotically stable.

Proof.

(i) Firstly, we show that Ey is locally stable by linearizing system (2.1) at Eg. The Jacobian matrix of system
(2.1) at Eg reads

—w v —po2 —p2
| 0 BVE—-(6+w BOL BL
J(Eo) = u W b
0 (1—p)d —(v1+ o+ 0
0 pd x —(y2+d+n)

Then the characteristic equation can be expressed as
wo(A) = [AH—J(Eo)| = (A+wf(A) =0, (3.1)
where H is a 4 x 4 identity matrix, and f(A) = A3+ a1A2 4+ ap + az with

a1:a+b+C/
A A
a = ab+ <bc— Bpéu) + <ac— (1 —p)éﬁeu) ,
AN A A
a3 = abc— xP(1—p)o— —Ppda— — (1 —p)dpObL—,
3 R(l—p L Ppoa p n

and A
a=(y1+oat+p), b=[(y2+d+n),c :—{BVE—(zHu)}.

Since Ry < 1, then a, b and c are all positive values. Obviously, the characteristic equation has a negative
eigenvalue —p1, then what we need to do is to explore the roots of f(A) = 0. It can be easily seen a; > 0.
Also, a; > ab > 0 and a3 > 0 hold since Ry < 1. According to the Descartes” Sign Rules, f(A) = 0 has three
negative real roots. What follows is all the eigenvalues of the characteristic equation (3.1) are negative.
Hence, Ey is locally stable.

(ii) Secondly, we illustrate that Eg is globally attractive by constructing suitable Lyapunov function. Define
a Lyapunov function
V(t)=(S—SoInS) +E+A+1L

The derivative of V(t) along solutions of system (2.1) is

dv SO / / / /
—=|1——|S"+E' +A"+1
at ( S> + B + +

S
— (y1+ WA +pSE+ xA — (y2 +d+ u)l

- (1—30> [A—BS(I+0A +vE) — uS] + BS(I+0A +vE) — (5 + w)E + (1 —p)sSE

_ (1—?> (A—uS) — SoB(I+0A +VE) — hE — (y1 + WA — (y2 + d + I

S S
:/\<1—SO> +u50<1—s> —SoB(I+6A+VE) —pE—(v1+ WA —(y2+d+p)l
0
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So S
:/\(2—S°—S> — SoB(I+OA +VE) — uE — (y1 + WA — (y2 + d+ ) <0.
0

Obviously, the singleton Ey is the largest invariant set in {X erl % = 0}. The global attractivity of Eg is

then inducted by the LaSalle’s invariance principle [18]. Local stability and global attractivity lead to the
global asymptotic stability of Eo.
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Figure 1: The disease-free equilibrium Eg is globally asymptotically stable when Ry = 0.2210 < 1. A =30000; 6 =0.2; v = 0.032;
0 = 0.045; 1 = 0.0095; p = 0.69; 1 = 0.1292; « = 0.1; v, = 0.0978; d = 0.008; and 3 = 0.00000001. Sy = 3157894.73684.

As is shown in Fig. 1, when the basic reproduction number Ry < 1, the disease-free equilibrium E, is
globally asymptotically stable. O

3.2. Global asymptotic stability of the endemic equilibrium
Theorem 3.2. If Ry > 1, the endemic equilibrium 1 = (S*, E*, A*,I*) is globally asymptotically stable.
Proof.

(i) Firstly, we show that E; is locally stable by linearizing system (2.1) at E;. The Jacobian matrix of system
(2.1) at E; reads

A A A
—HRo XBVW —BQW —BW
J(Eq) = H(Ro—1) Bvipe —(6+u) PO R, Piky
0 (1—p)d —(v1+a+p 0
0 pd x —(v2+d+u)

Then the characteristic equation can be expressed as

wi(A) = [AH—J(Eq)| = A* + b1A% + 22> + bsA + by, (3.2)
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where
by =uRop+a+b+1,
—1
b, = uRp(a+b+1) + (al+ab+bl)—p6[3¢—(l— )66[3 B/\V(RO ),
1Ro 0 Ro
A A A A
bs = uRo[(al—l—ab—i-bl) —péﬁ—— (1—p)96[5@} —l—abl—oc(l—p)éﬁm —péﬁﬁa
AN R —l
- p)eéﬁ 4 BARy )[(a+b)v+p5+(1—p)e5},
0 Ro
A A A
by = 1Ry [abl—a(l—p)éﬁﬁ—péﬁma— (1—p)966mb} +(Ro—1)ab(5+ w,
and
A .
—[[5\/ —(6+ u)] > 0, since Ry > 1.
HRo
Obviously, b; > 0. By technically complicated calculation, we can obtain
A A oA A
by = uRp(a+b) + uRo(d+ )+ (a+b)(d+ ) +ab — (a+b)ﬁi—p 6——(1 p)éB——BL
1Ro 1Ro HRo  uRo
1—p)60 ) 1—p)b 1
:uRo(a—irb)—i—ab—lr/\[( P)30f | poB  (1—p) B] n <1 >[5/\v
a b ab Ro
A [b(l-— -
n ( p)696+ap513+oc(1 p)op ’
T) a b ab

bz = uRg(al+ ab +bl) —pdpBA — (1 —p)OSRA + ab {(6 +u)— Bv/\} —afl —p)éBL
1Ro HRo

ose N1 A BAR —1) B
PéﬁuROa (1 P)eéﬁuR0b+ R [(a+b)v+ps+(1—p)od]
1 b 1 a 1
+/\(a+b)w+u%ab,
ab

by = ab(s + p)u(Ry — 1).

Since Rg > 1, b, > 0, bz > 0, and by > 0 hold, then it follows that all the coefficients of characteristic
equation (3.2) are positive. Agian, the Descartes” Sign Rules indicates that all the eigenvalues of (3.2) are
negative. Hence, E; is locally stable.

(ii) Secondly, we demonstrate that E; is globally attractive by constructing suitable Lyapunov function
and choosing appropriate coefficients. Denote

S E A I

XTe VT e PR A YT

Then system (2.1) can be expressed as
x' =x SA <3¢ — ) —B*(u—1)—BOA*(z—1) — BVE*(y — l)},
y' =y B (X; — 1) + BOTA <§j —~ 1) +BVS*(x — 1)],
(3.3)
E*
()
u’ :u[pélff(% 1) +ads <u—1>].
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Obviously, the endemic equilibrium E; of system (2.1) is equivalent to the positive equilibrium E; =
(1,1,1,1) of system (3.3). And the global stability of E; and E; are the same, hence, we will discuss the
global stability of the equilibrium E; of system (3.3) instead. In the following, the dynamics of system
(3.3) will be analyzed in a bounded feasible region

o A
Q= {X = (x,y,z,u) € Ri :xS* 4+ yE" +zAT +ul* < H}.
Define the Lyapunov function

L =c¢;S* <x—1 —1nx> + coE* <y -1 —lny> + c3A* (z—l —lnz) + cyI* (u—l —lnu),

where ¢, ¢, ¢3, and c4 are positive and left unspecified. The derivative of L along solutions of system
(3.3) is

L/(t) = ¢ (2/\ _BOS*A* — BS*TF — {SVS*E*> + CZ<BS*I* +BOS*A* + ﬁvs*E*) + e (1 —p> SE*
Yoy (péE* n ocA*) + ( — A+ ¢1 BSHTF + ¢ BOS*A* 4 ¢1 BVSTE* — cz(avs*E*)x _ cﬂ\%
+ (— c1BS*I* + CZ[SS*I*)xu+ (01 BS*T* — cypdE* — C4ocA*>u
+ ( 1 BOSTA* + CZBGS*A*>XZ
+ [cl BOS*A* — cj (1 - p) SE* + C4ch*] z4 ( —c1BVS*E* + ¢ [SVS*E*)xy
+ [cl BVS*E* +c3 (1 - p) OE™ + cypOE* — oS I* — o BOSTA™ — czﬁvS*E*] y

s (1 —p) 6E*% - C4p6E*% - 046A*§ - czﬁs*l*’;—u - czBGS*A*%

=:F(x,y,z,u).

To determine ¢y, ¢y, c3, and ¢4 and prove that F(x,y,z,u) < 0, we use the following method to rearrange
the items in F(x,y,z,u).

Table 1: The terms that corresponds to F(x,y, z,u).

X % R leu % y u z xu xz xy Term
v Pi:=my 2—x—%>
v v v Py i= my 3—%—{{_%)
v Vv v Ps = m; 3—%—3_%
v Vv Py i=my 4—%_g_§_%)

Step 1. Construct a table (Table 1). First, let all the terms appearing in F(x,y, z, u), including x, %, 121, %, =,
Xy—“, %, Yy, u, z, xu, xz, xy be the entries in the first row and name them as Term in the last column. Second,

from the second row mark with a symbol v'where the product of some of the terms x, %, %, %, o ’;—u,

%, Y, U, z, Xu, Xz, xy equals one, then write the expression for Py := my (nk — XK1 —XKk2— " — Xk,m)

in the last column, where H?;H Xki = 1, ng is the number of the terms xyx i, i = 1,2,--- ,ny, my is a
non-negative number and left unspecified.
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Step 2. Let the coefficients of the unmarked terms with symbol v'in Table 1 for function F(x,y,z,u) be
zero, that is, the coefficients of y, u, z, xu, xz and xy terms are equal to zero, then we have the following
equation

C1BVS*E* + c3(1 —p)OE* 4+ cypOE* — coBS* I* — o BOS*A™ — cpBVS*E* =0,

C1RS*I* —cgpOE* —cqgaxA* =0,

c1BOS*A* —c3(1—p)OE* + c4xA* =0, (3.4)
—Cc1BS*I* + cpS*I* =0, ’
—Cc1BOS*A* + cOS*A* =0,

—C1BVS*E* + coVS*E* = 0.

By simple calculation, we can obtain

e en [ BOSTAT BS*I* xA* o BST
2T BT 1= p)sEr | (1—p)SE*[poE* +0A*] ) Tt T pSEF + aA*

Set c; =1, then Eq. (3.4) admits one set of solutions

BOS*A* n BS* I oxA* BS*I*

1, =1, 3= ¢ o 5 AT
T T ST T (1 p)SErpSE 1 5AT T pBET + aA®

Given cy, ¢, c3 and c4 above, the Lyapunov function L is positive definite. Substituting the values of c;,
2, ¢3 and ¢4 into function F(x,y, z, u) yields
BS*I*aA*
POE* + oA*
BS*I*axA* ) y  PpOE*PS*I* y BS*T*aA* z

F(x,y,z,1) = 2A + BOS*A* + BS*T* + - (/\— BS*T* — BGS*A*)X— Bes*A*%

ALl (BBS*A* +
X

v y_ Z _psrt
POE* +xA* |z  PpOE*+aA*u  pOE* + xA*u y

Step 3. Let the coefficients for the same terms between F(x,y,z,u) and Z‘-le Py be equal, then we can
obtain the following equations

the coefficient of x: —my = —(/\— BS*I* — ﬁ@S*A*),
the coefficient of % D—My — My — Mg — My = —A,
the coefficient of ¥ : —mg—my = —(BOS*A* + %),
the coefficient of ¥ : —m, = —%,
the coefficient of = : —my = —%,
the coefficient of Xy—u :o—mp —my = —pBS*IF,
the coefficient of % : —m3 = —pBOSTA*.
Further calculation yields
*QQHTH KTH o A K
m; = BS*VE* + uS*, my = m, msz = BOS*AY, my = m.

Obviously, mj, my, mz and my are all positive values.

Step 4. Compare the constant terms between F(x,y,z,u) and Y_;_; Py and verify their equality. Applying
the equations obtained in Step 3, the equality holds, that is,

BS*I* A

2 3 3 4 =2A OS*A* S I ——
my + 3MmMy +5mM3 + 4My +B +p +‘p5E*+OCA*
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Then by Steps 1-4, function F(x,y, z, u) can be expressed in the following form

1 SE*BS*I* 1
F(X/ylllu) = (BS*VE* +HS*) <2X X) +pBS<3 _ yXu,)

POE* 4 oxA* X u vy
1 y xz BS*I*axA* 1 vy z xu
OS* A3 — = — = — — _—[4——-—=——— — .
B ( X z y)eréE*—i-ocA*( X z u oy

According to that the arithmetic mean is greater than or equal to the geometric mean, there follows

F(x,y,z,u) < 0. The equality holds only when x =1 and y = u = z, that is, {(X,y,z, ue:x=1y=

u = z , which is equivalent to the set {(S, E,A L € F}S = S*,% = /i\* = I%} C T, whose maximum

invariant set is the singleton E,, then the endemic equilibrium E; is globally asymptotically stable by the
LaSalle’s invariance principle [18].

As is shown in Fig. 2, if the basic reproduction number Ry = 2.210 > 1, then the endemic equilibrium
E; is globally asymptotically stable. 0

<108 (a) x10° (b)

0
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
time ¢ time ¢

x10* (c) %10° (@

A
© = N © & @ o N ® ©

L L L L L L L L L 0 L L L L L L L L L
0 100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 500 600 700 800 900 1000
time 1 time ¢

Figure 2: The endemic equilibrium E; is globally asymptotically stable. Ry = 2.210 > 1. A = 30000; 5 = 0.2; v = 0.032; 6 = 0.045;
n = 0.0095; p = 0.69; y1 = 0.1292; « = 0.1; v = 0.0978; d = 0.008 and 3 = 0.0000001.

In view of the current situation that the government encourages people to vaccine against COVID-19,
we consider immunizing susceptible people based on the system (2.1) in the following.

4. Model with Pulse vaccination

Based on system (2.1), we establish the following dynamic model of COVID-19 with pulse vaccination

E’(t) = BS(I+ OA + vE) — (8 + wE,

A'(t) = (1—p)8E — (y1 + o+ RA,

I'(t) =pSE+ A — (y2 +d+ ),

S'(t) = A—BS(I+6A+VE)—uS,
EMTT) =EMNT),AnTT) =AMnT),I(nTT) =I(nT),
S(NTH) = (1—p1)S(nT),

t #nT,
4.1)
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R/(t) = V1A +v2l — uR,R(nTT) = R(nT) + p1S(nT). The proportion p; of the susceptible is vaccinated
with time interval T,n =1,2,..., and removes to recovered class R permanently. For R can be decoupled
from the first four equations, hence we omit it in the following analysis.
We first show that system (4.1) has a disease-free periodic solution. Let E = A =1 =0, system (4.1) is
then simplified to
{ S/(t) = A—uS,t #nT, 42)
SMTT) = (1—p1)S(nT),t =nT. ’

According to the variation of constant formula, the solution of system (4.2) on the interval (nT, (n+1)T]

1S

S(t) = 2 4 s(aTH)e it - Apmutenn),
H H

According to the second equation of system (4.2), we get the stroboscopic map

4

S(n+DTH =1 —p)S(n+1T) = (1—p1) [/: +SmTT)e H — /Je—“} fs (S(nTT)).

The unique fixed point SS* of the map f (S(nT™)) is

A P1
-2 .
> H [ " (1—P1)€”T—1]

So the periodic solution of system (4.2) on the interval (nT, (n+1)T] is

S(t) = A L sgrenit=nT) _ A ey _A LA P1 e u(t—nT)
H o p(l—pple T —1

Hence, the disease-free periodic solution of the system (4.1) is E(t) = (O, 0,0, S(t)) on every impulsive
interval (nT,(n+1)T],n=1,2,....

Next we give the definition of the basic reproduction number by applying the next generation operator
[34, 35]. Define two generation matrices at the disease-free periodic solution, that is,

vpS(t) OBS(t) PS(t) S+ 0 0
F= 0 0 0 , V= —(1—-p)8 vi+ta+u 0 .
0 0 0 —pd —x Yo+d+pu
Suppose that Y(t, s) is the evolution operator of system % =—VY(t),t > s,and Y(s,s) = H, where H is

a 3 x 3 identity matrix. Define the next infection operator L,

(LO)(t) = lim Jt Y(t,s)F(s)¥(s)ds, Vte (nT,(n+1)T,n=1,2,...,0 € C,

a——oo a

where C,, is defined as the ordered Banach space of all T-periodic functions from R to R3, equipped

with the maximum norm || . ||, and the positive cone C; ={¥ € Cy : ¥(t) > 0,t € R}, ¥ is the initial
distribution of infectious individuals. Then the basic reproduction number of system (4.1) can be defined
as the spectral radius of the next infection operator, that is,

Ro = p(L).

4.1. Global asymptotic stability of the disease-free periodic solution

For system (4.1), we have the following result for the stability of the disease-free periodic solution E(t).

Theorem 4.1. For system (4.1), there holds,
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(i) Ro =1ifand only if p(Pr_y(T)) =1;

(ii) Ro > lifand only if p(QPs_v(T)) > 1;
(iif) Ro < 1ifand only if p(Pr_v(T)) < 1.
Here, ®¢_v /(T) is the monodromy matrix of x' = (F—V)x. If Ry < 1, the disease-free periodic solution E(t) =
(O, 0,0, S(t)) is locally stable; if Ry > 1, the disease-free periodic solution is unstable.

Proof. The proof of (i)-(iii) can refer to Ref. [33]. Apply Taylor expansion for system (4.1) at the disease-free
periodic solution and omit the higher-order terms, we can obtain the following linear system

H O3><1

x'(t):<F—V 0311>X(t),t7énT, X(nTﬂ:(om -

- ) X(t),t = nT, (4.3)

where 0 = (—vpS(t), —0BS(t), —BS(t)). The monodromy matrix of system (4.3) is

H  03x1 Or_y(T) 0
O1x3 1—p ok el )’

where ** is a non-zero vector, 0;y;j is a i X j zero matrix, i,j = 1,3. Then the Floquet multiplier of the
impulse system (4.3) is the maximum of the spectral radius of p(®¢_v/(T)) and (1 — ple T < 1. Hence,
if p(@r_v(T)) < 1, the disease-free periodic solution is locally stable; otherwise, it is unstable. O

Lemma 4.2. Let k = %ln p(©p()(T)). Then there exists a positive, T-periodic function v(t) such that e*ty(t) is
a solution of x = B(t)x, B(t) = B(t+T),x : R — R™,B(t) is an n x n matrix.

Theorem 4.3. If Ry < 1, the disease-free periodic solution E = (0,0,0,5(t)) of system (4.1) is globally asymptoti-
cally stable.

Proof. The local stability of the disease-free periodic solution follows from Theorem 4.1. Next we show
that E is globally attractive.

By the uniform and ultimate boundedness of system (2.1) and the non-negativity of the equations,
there exists a time t; and a sufficiently small positive number €1, such that when t > t;, S(t) < % + €1
holds. From the first three equations of system (4.1), when t > t;, we have

E'(t) < B(4 +e1)(1+0A + VE) — (8 + WE,
A'(t) = (1—pJoE — (v1 + o+ WA, (4.4)
I'(t) = pSE+ A — (y2 +d+ w)L

Denote z(t) = (E(t), A(t),I(t))", consider the following comparison system

2'(t) = (F=V+M(er)) z(t), (4.5)
where
vPBe; 0Ber Per
Meg)=| o o o |.
0 0 0

By Lemma 4.2, there exists a positive function v(t) = (v1(t),va(t),v3(t))T with T as the period such that
z(t) = e*1'v(t) is a solution of system (4.5), where k; = %ln P(Pr_vim(ey(T)). Since €; is small enough
and p(Qr_vypm(e,)(T)) is continuous with respect to €1, so that p(@p_y pm(e,)(T) < 1, that is k3 < 0. So
when t — oo, z(t) — 0, for initial value (E(t1), A(t1),1(t1))" of system (4.4), there exists a sufficiently large
z* such that (E(t1), A(t1), I(t1))" < z*(v1(0),v2(0),v3(0))T. The comparison theorem then indicates that

(E(t), A1), I(1) T <z ) (uy(t—ty), vt —ta), va(t —ta)) T, t > g,
when t — oo, E(t) = 0, A(t) — 0, I(t) — 0. The Theorem is proved. O

As is shown in Fig. 3, if Ry < 1, then the disease-free periodic solution Eis globally asymptotically
stable.
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Figure 3: The disease-free periodic solution E is globally asymptotically stable. Ry = 0.837. T = 14; p; = 0.01; A = 30000; 5 = 0.2;
v =0.032; 6 = 0.045; n = 0.0095; p = 0.69; y1 = 0.1292; & = 0.1; 'yp = 0.0978; d = 0.008; and = 0.00000002.

4.2. Persistence of system (4.1)
Denote
X=RY, Xo={EALS)eX:S>0}, aX2X\X.

Define Poincaré map P : Ri — Ri, vx? € X, P(x%) = u(T,x?), u(t,x°) is the unique solution of system
(4.1) and satisfies 1(0,x°) = x°. It is easy to verify that P™(E?, A%, 1°,8%) = u (mT, E0, AV, 10, SO)) ,Vm > 0.
Poincaré map P has a unique fixed point EE* = (0,0,0,5(0)) in X. We first give the following lemma.

Lemma 4.4. If Ry > 1, there exists a positive constant &y > 0, such that for all x0 = (E9, A0, 10,59 ¢ X,,
[x° — EE*|| < 80, we have
limsup d(P™(x?), EE*) > &y. (4.6)

m—00

Proof. By the continuity of the solutions with respect to the initial values, for any €; > 0, there exists a
8o > 0 such that for all x° € Xo with ||x* — EE*|| < &, there holds

w(t,x%) —u(t, EE*)|| < &1, VYt € [0, TI.
Suppose Eq. (4.6) is not satisfied, then for some x° € X,

lim sup d(P™(x%), EE*) < &p.

m—00

Without loss of generality, suppose d(P™(x"), EE*) < 8o, ¥m > 0. For any t > 0, let t = mT +t/, where
t’ € [0,T] and m = [4] is the greatest integer less than or equal to +. Hence, we get

[w(t,x%) —u(t, EE®)|| = |Ju(t’, P2(x%) —u(t’, EE*)|| < &1, Yt = 0.
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It follows that 0 < E(t) < &1, 0 < A(t) < €1, and 0 < I(t) < ¢;. Then by the fourth equation of system
(4.1), we get
S'"t) > A—BS(1+0+v)ey —uS,
{ S(TT) = (1 —p1)S(nT).

Consider an auxiliary system

S/(t) = A—PBS(1+0+v)eg — S, w7
S(NT*) = (1—p1)S(nT). :
System (4.7) has a globally asymptotically stable solution
S(t £1) = A A P1 e (Be1(1+0+v)+u) (t—nT)

[5&1(1+9+V)+u+[351(1+9+V)+u(1—p1) (Ber(1+0+v)+1)T 1

For S(t,¢1) — S(t) as ¢4 — 0, hence, for any 1 > 0, there exists a ¢ > 0 and a time t», such that when
€1 < eo and t > tp, we have S(t,¢1) > S(t) —n. By the comparison theorem, there exists a time t3 > t;
such that S(t) > S(t,e1) > S(t) —n, t > t3. Now, for the first three equations of system (4.1), when t > t3,
there holds

)
A'(t) = (1-p)SE—(v1+ o+ WA, (4.8)

{ E’(t) > B(S(t) —m)(I+6A +VvE) — (6 + H)E,
I'(t) = pdE+ A — (y2 + d + p)L.

Consider the comparison system of system (4.8)

E/(t) = B(S(t) —m)(I1+6A + VE) — (5 + p)E,
Al(t) = (1—p)SE— (y1 + a+ pA, (4.9)
I'(t) =pdE+ A — (y2 +d + u)L

By Lemma 4.2, there exists a positive T-periodic function p(t) = (p1(t), p2(t), p3(t)) such that e*2*p(t) is a

solution of system (4.9), where k; = %ln P(@¢()—v(T)). Since Ry > 1, choose a sufficiently small n such
that p(®p,)_v(T)) > 1, that is k; > 0. Let t = AT > t3, where 7 is a positive integer, thus

(E(RT), A(AT), I(AT)) " = (M T=1) (py (AT —t3), pa (AT — t3), p3(RT — t3)) T — (00, 00,00)T, 7 — co.

For any initial value (E(t3), A(t3), I(t3))" of system (4.8), there exists a sufficiently small positive z, such
that (E(t3), A(ts), I(t3))T > z«(p1(0),p2(0),p3(0))T. According to the comparison theorem, when t > t3,

(E(t), A1), I(1))T > z.e(8) (B(t—t3), A(t —t3), H(t —t3)) .

Hence
lim E(t) =00, lim A(t) =00, lim I(t) = oo,
t—o0 t—o0 t—o0
which contradicts with the boundedness of the solutions, thus the lemma is established. O

Theorem 4.5. If Ry > 1, there is a positive constant € > 0, for all initial values (E9, A0, 10,59 ¢ R4+, the solutions
of system (4.1) satisfy tlirn (E(t), A1), I(t),S(t)) > (e,¢,¢,¢), that is, system (4.1) is uniformly persistent, and
—00

there exists at least one positive periodic solution.
For the convenience of description, we present the following persistence theory, [36, Theorem 1.3.1].

Lemma 4.6. Assume that

(C1) P(Xo) C Xo and P has a global attractor AT;
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(C2) the maximal compact invariant set Ay = AT N My of P in 0Xo, possibly empty, admits a Morse decomposition
{My, ..., My} with the following properties:

(a) M is isolated in X;
(b) W¥(Mi)NXg =@ foreach1 <i<k.

Then there exists & > 0 such that for any compact internally chain transitive set LL with LL ¢ M forall 1 <i <X,
we have infycrr d(x, 0Xo) > d, that is to say, P : X — X is uniformly persistent with respect to (Xo, 0Xo).

Proof of Theorem 4.5. Now we prove that P is uniformly persistent with respect to (Xo, 0Xp). It can be seen
from system (4.1) that both X and X are positively invariant and 9X is a relatively closed set in X. By the
ultimate and uniform boundedness of the solutions of system (4.1), the Poincaré map P admits a global
attractor [34, 35]. Let

My ={(E%, A%, 1°,8%) € 9Xy : P™((E®, A, 1°,S0)) € 9Xo, Ym > 0.

And next we prove that
Ms =1{(0,0,0,S) : S > 0}. (4.10)

Suppose (E%, A%,1°,5%) € 3Xp\{(0,0,0,S) : S > 0}. Without loss of generality, take I = 0, E’A® # 0. By the
third equation of system (4.1), we have

I'(t) = pdE’ + aA® > 0.

For the continuity of the solution, when t > 0 is sufficiently small, (E, A,I,S) ¢ 90Xy, thatis, (E,A,L,S) ¢
M. The inverse proposition can show that formula (4.10) holds.

%108 (@) x10° (b)

N
E®

x10° (© x10° (d)

(1)

o - M ® & o @® N ® ©

/\\;4F,,,,7,,,¥,,,,

0 100 200 300 400 500 600 0 100 200 300 400 500 600
time ¢ time ¢

Figure 4: The disease is uniformly persistent if Ry > 1. Ryg =2.38. T = 14; p; = 0.01; A = 30000; 5 = 0.2; v = 0.032; 6 = 0.045;
pu=0.0095; p =0.69; y1 = 0.1292; « = 0.1; vy, = 0.0978; d = 0.008; and 3 = 0.0000002.

On the other hand, P has only one fixed point EE* = (0,0,0, S(0)) in M5. By Lemma 4.4, the invariant
set EE* is isolated, and W*(EE*) N Xy = @. The orbits in Mj all converge to EE*, and EE* is acyclic in
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Map. According to the conclusion in [1-4, 23-25, 36], P is uniformly persistent with respect to (Xo, 0Xo),
so that the solution of system (4.1) is uniformly persistent with respect to (Xo, 9Xp). Theorem 1.3.6 in [36]
further states that P has a fixed point x* € Xp, so that the solution of system (4.1) passing through x* is a
non-trivial periodic solution and E(t) > 0, A(t) > 0,I(t) > 0. The theorem is proved. O

As is shown in Fig. 4, if Ry > 1, the system (4.1) is uniformly persistent.

5. Conclusion

Based on the two key features of COVID-19 pandemic, that is, the infectiveness of the incubation
period and the infected showing no symptoms, we proposed a SEAIR epidemic model in this paper.
By applying an algebraic approach, we could express the derivative of the Lyapunov function as sums of

My (N — XK1 —Xk2 — - — Xin, ) With ]_[11‘1 xx,i = 1, hence, due to the property that the arithmetic mean
is greater than or equal to the geometric mean, we could obtain the derivative is negative. What follows
is the disease free equilibrium is globally asymptotically stable if Ry < 1, while the endemic equilibrium
is globally asymptotically stable if Ry > 1. As far as we know, few models related to COVID-19 give
the global dynamics of the disease. The Lyapunov function method presented in our model could be
extended to more general models with COVID-19.

We further considered pulse vaccination for COVID-19 and established an impulsive system. We de-
fined the basic reproduction number as the spectral radius of the next infection operator, and proved that
if the basic reproduction number is smaller than 1, the disease-free periodic solution is globally asymp-
totically stable. Meanwhile, we obtained the uniform persistence of the disease if the basic reproduction
number is larger than one by applying the persistent theory.
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