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Abstract

In this paper, the Gould-Hopper based fully degenerate type2 poly-Stirling polynomials of the first kind with a q param-
eter are considered and some of their diverse identities and properties are investigated. Then, the Gould-Hopper based fully
degenerate type2 poly-Bernoulli polynomials with a q parameter are introduced and some of their properties are analyzed and
derived. Furthermore, several formulas and relations covering implicit summation formulas, recurrence relations and symmetric
property are attained.
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1. Introduction

Special polynomials possess an crucial role in mathematics such as solutions of the numerical prob-
lems, solutions of the difference equations, describe the trajectory of projectiles, combinatorics relations,
determine the composition of certain molecules and compounds, determining pressure in applications of
fluid dynamics, cost analysis in economics, approximation theory and so on, see [1-15] and the Bernoulli
polynomials (see [2, 14, 16]. Two of the significant families of polynomials are the Gould-Hopper poly-
nomials (see [5-7]) and the Bernoulli polynomials (see [2, 14, 16]). In the recent years, the aforesaid
polynomials with their several generalizations have been worked and investigated by several physicists
and mathematicians, see [1-16]. Motivated and inspired the mentioned works, here we consider a new
family of polynomials covering the Gould-Hopper polynomials and Stirling polynomials of the first kind
by using the degenerate exponential function and degenrate logarithm function and investigate some of
their properties. Moreover, we consider another new family of polynomials including the Gould-Hopper
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polynomials and Bernoulli polynomials by utilizing the degenerate exponential function and polyex-
ponential function and attain some of their diverse basic relations and properties covering symmetric
property, recurrence relations and summation formulas.

The A-falling factorial (o) o 1s provided, for A € C, as follows (see [5, 7, 8, 10-12])

(G)p,)\ = { ;7,(0—?\)(0—2}\) (o= (p—=1)A), Sz(l),Z, 1)

Upon setting A =1, (), ; := (o), termed the usual falling factorial given by
(G)p,l = (U)p = O'(O'—l) e (G_p+1) and (0_)0 —-1.

The difference operator A,  with respect to o is provided as follows (cf. [3, 6])

%(f(d—i—}\)—f(cr)), A 0. (1.2)

The degenerate version of e° is given by (see [5, 7, 8, 10-12])

A?\,crf(o—) =

(Az+1)% =ef(z) and e} (z) = ex (2). (1.3)
Note that limy_,o ef (z) = €. It is readily observed from (1.1), (1.2), and (1.3) that
CD=Y (0),0 2 and Anee (2) = ze (2)
e\ \Z) = o PA p' an Aoy (Z) = 2Zey |Z).
p=0
The degenerate form of logarithm function is defined as follows

1+z) 1
log, (1+42) := (7 XE ge'/
=1

which holds the following relations with the degenerate exponential function:
log, (ex(14+z)) =1+zand ey (logy (1+2)) =1+z.
The Bernoulli B, (0) polynomials and the degenerate Bernoulli B, ) (o) polynomials are given as

follows:
(e ¢] z - o Zp
‘;Bp — and me)\ (Z) —pZ_OBp,?\ (0-)7

One can look at the references [1-16] to see the several studies and applications of these polynomials.
The Gould-Hopper polynomials are provided as follows (see [5-7])

o0 . p )
Y GHY (0,9 % — ozt (1.4)
=0 :

o

where j € IN in conjunction with 2 < j. Letting j = 2 in (1.4) yields the usual Hermite polynomials
GH (0,9) (see [8, 9, 13-15]).

The Stirling numbers S; (p,v) of the first kind and the Stirling numbers S, (p,v) of the second kind
are provided by ([2, 5-7, 10-12, 16])

(log1+z :Z (o, 7ande—1 :Z (o, v (1.5)



E. Negiz, M. Acikgoz, U. Duran, J. Nonlinear Sci. Appl., 16 (2023), 18-29 20

From (1.5), we get the following relations for p > 0:

o) P
o), zzsl(p,v)a" and o° :ZSZ(p,v) (o),
v=0

v=0

The degenerate form of poly-Bernoulli polynomials are considered by (see [10])

ey (z)

(v) £
Z Bon (0) =y = Eiy (log (1+2)) A=, 16)
where the polyexponential function is provided by
By (2)= Y ————
) Zl (p—1)tpv
p_
as inverse function to the polylogarithm function
Li, (z Z— (lzl < L,veZ).
p=1 P
Upon setting 0 = 0 in (1.6), BSX 0) := [38’}3 are termed the degenerate poly-Bernoulli numbers. For

details about these polynomials see [10]. Since Ei; (z) = e* — 1, we note that

BL (0):=Bpa (0).

The degenerate form of the Stirling numbers S; » (p,v) of the first kind is provided by

1 1+
(log), (1-+2)) ZSM P,y

Let p,j € Zwithp 20,j > 0and q € R/ {0} with q # 0. The fully degenerate Gould-Hopper polynomials
with a q parameter are provided by

p

> j z .
Y GHJY, (0,9) “=ef(az) el (a2). (1.7)

When q — 1 and A — 0, the polynomials in (1.7) reduce to the Gould-Hopper polynomials denoted by
GHY (0,9) (15, 7).
The degenerate form of Gould-Hopper polynomials with a q parameter satisfy the following summa-

tion formula
Lo/ JJ

(9) .
( P ju,A VA o—(j—1)v
GH,) =p! E o— )oY ,

where we used the following elementary series mampulatlon

o o (e¢] /
> Y A=) Z (v, p—jv).
p=0v=0 p=0 v=0

Also note that the following difference rules hold ([5, 7])

MroGHUL, (0,9) =qp GHUL | (0,9), AxsGHYL (0,9) = q(p); GHY, 5. (0,9).
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2. The Gould-Hopper based fully degenerate type2 poly-Bernoulli polynomials with a ¢ parameter

In this section, we deal with the Gould-Hopper based fully degenerate Stirling polynomials of the first
kind with a q parameter and the Gould-Hopper based fully degenerate type2 poly-Bernoulli polynomials
with a q parameter. Then, we investigate their diverse relations and properties.

Definition 2.1. Let p,{p € INg and j € IN and let q € R/{0}. The Gould-Hopper based fully degenerate
Stirling polynomials of the first kind with a q parameter are introduced by

. ) 1 1+ VP .
Z Sg??{,q p,ll) o, {}) z o ( 208 (w' qZ)) e;\T (qZ) ei (qZJ) . (21)
p=1 :

Remark 2.2.

1. Upon setting A — 0, we attain the Gould-Hopper based Stirling polynomials of the first kind with a
q parameter represented by Sil C)I (p, ¥ :0,9) ([6]).

2. Letting A — 0 and q — 1, we acquire the Gould-Hopper based Stirling polynomials of the first kind
represented by ng} (p, ¥ :0,9) ([6,13]).

3. Upon setting A =9 =0and q — 1, we acquire the Stirling polynomials of the first kind represented

by S1(p, ¥ : o) ([16]).
4. Letting A - 9 = 0 = 0 and q — « = 1, we acquire the usual Stirling numbers of the first kind

represented by Sq (p, ) (see [2, 5-7, 10-12, 16]).
Theorem 2.3. The following summation formulae

P

SE})‘;q (p'll) : 0’19) = Z ( >Sl7\q (S 11)) GHP s,A;q (018)1

s=0

P
| o
S (02 0,9) = (§>A5qs (3). S0 (o=s,0:0,9),
s=0
Lp/j]

(3) _ AQS (9 o)
St 00001 =0t 3 (3) S to-dsvi)
s=0

hold for j € N and q € R/{0}.

Proof. The proofs can be completed just by utilizing Cauchy product to the generating function (2.1).
Therefore, we omit the details. O

Theorem 2.4. The following difference rules

AA,US?))\. (p,b:0,9) = quij))\, (p—1,V¥:0,9) and A}\,SS?))\_ (p,:0,9) =ql(p); S{j))\, (p—j,¥:0,9)
Asq A A i°1LAq
are valid.

Proof. The proofs can be completed just by utilizing Cauchy product to the generating function (2.1).
Therefore, we omit the details. O

Definition 2.5. Let p,v,j € Z with p = 0, v ) > 0 and q € R/ {0} with q # 0. The Gould-Hopper based
fully degenerate type2 poly-Bernoulli arpl’ o, )\ q ' (0,9) polynomials with a q parameter are considered as
follows

HBpoos (o, 8) 2.2)

JELL <1ogA (1+qz)> ex (gz) e} (97) _ i .

q 1— e;l (qz) 50
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0, }\ q ) (0,0) == HB (%31 termed the Gould-Hopper based fully
) numbers w1th aq parameter, see [11].
(0,9).

Upon setting 0 = 0 = 9, we then get GH [3
degenerate type2 poly-Bernoulli g Bl 0, ¢ q
Here are some examinations of specific circumstances of gn gl

Remark 2.6.
1. Upon setting A — 0, we attain the Gould-Hopper based type2 poly-Bernoulli polynomials with a q

p7\q

parameter represented by GH[SE,%J') (o,9) ([6]).

2. Setting A — 0 and q — 1, we attain the Gould-Hopper based type2 poly-Bernoulli polynomials
represented by GH[SE)UJ) (0,9) (see [6,9, 14]).

3. Letting A — 0 and v = 1, we attain the Gould-Hopper based Bernoulli polynomials with a g

parameter represented by GHBE)U’” (0,9) (see [4, 6]).

4. Letting v = q — 1 and ¥ = 0, we attain the fully degenerate Bernoulli polynomials represented by
Boa (0) (see [6, 8, 10-12]).

5. Upon setting v = q¢ — 1, and A — 0, we acquire the Gould-Hopper based Bernoulli polynomials
represented by gn B, (0,d) ([14]).

6. Lettingv =q — 1, A = 0 and ¥ = 0, we attain the classical Bernoulli polynomials represented by
B, (o) (see [2, 14, 16]).

Here are some properties of GHB o, )\ q (0,19) .
Theorem 2.7 (Summation formulas). We have

P
18530 100) = 3 (£)0H g 00

s=0

and

lp/j]
(v) _ 9 AqP L)
s=0

Proof. Indeed, by (2.2), we get

S5

p=0 \s=0

qEis <10gx (1+ qz)> e$ (qz) e} (q2))
q 1—ey'(qz)

P zP
(o) 5

- (v,4) A (IOSA (1+qZ)) es (qz) €3 (92
. ,¥) — = qEi,
2 cHBojg (0:0) o = qE q - ¢ (g2)

and

- (v,j) 3 q°Asp! zP
2 Boliag ) <A> slp—js)! | p!’

which give the desired results. O
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Theorem 2.8. A-Difference Rules for GHB (0,9) are

p>\q

Ao GHBp,}\;q (0,9) =pq GHBE)‘Z?,M, (0,9)
and _ _
Axp GHBE:;'\];B] (0,9) = q (p); GHBE)&;?Nq (0,9).
Proof. The proofs can be completed just by utilizing Cauchy product to the generating function (2.2).
Therefore, we omit the details. O
Here, we give multifarious connection formulas by the following theorems.
Theorem 2.9. The following relation holds

v

P Y —
Z (S,) Z ?\(Tl)p—i—l)GHp Y g (0:9) (Z G/) SiaA (W) (A), ¢ —Sia (%ﬂ’))

=0 P=0 =0
(v,j) . p (v,j)
= GHBoag (0,9) =) <l> (~Dgrq" GHBy g (0,9).
=0
Proof. We observe that

0]

I )
(1- e (a2)) (Z B (,9) ‘fj) —ae, (B g (0). @)

p=0

Let RHS and LHS be the right hand-side and the left hand-side of (2.3), respectively. It is observed that
: 1 1
RHS = qef (a2!) £ (B ) eg g2

4 i (logy (1+42)" .q~*

ey (qz) el (q2))

= WUy
1 [ = qPzP s qPz° v 5
- Z A (Z (A) 1) (Z Sia (P, ) ) vex (gz) ex (qz))
Pp=0 )\ p=0 i p' p=1 p' (11) + 1)
= ili qupﬁ Z(p S (f V) (}\) _5 ( IJ,)) ec( Z) e{)( Zj)
Za o e\ )T eme T to) Jentazien
i 4P 2o 1ii<p)s B, - ZGH ( 8) 20
= A gy 1A &, 1 (p o,
por, W+1)° p! Aw:oe:o 1 por Aiq
o P Y Y o
- i ) Y . et
= ;);) (y) %GHHNq (0,9) <é <l>31,>\ (L) (A)y_¢—Si mw) N1 o
and
> - P pyp X )
LHS =3 bRy (09 5 = 3 (Mon T3 by (005
=0 p: =0 p -0 P
P P P
> v P P 0 2P
- pZ_O GHBLJ\];EJ (0,9) o! _pZO (;) GHBp 17\q (0,9) (l) (=g q€> ol

0 ) P P
=y <GHr5§3{.; (0,9) =Y GnBLy g (0,9) @ (—1)ga qf) = O

=0
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Theorem 2.10. For |e; " (qz)| < 1, we have

oo ¢li) .

(v,j) _
Pp=1vy=0

Proof. By (2.2), we get

(x> U . p m _ G ' . 10 1+ Z
Y by (09) 5= 3 e (az)ef (42) e} (a2)) qEL, <M>

p=0 v=0 q
ad = (log, (1+ z))w q v+!
_ 9 i\ pO—Y ( A q
=Y el (qad) ey Y(qz) ) -
= = (b —Dhp
X 2 g+ (log, (1 v
=y 3 4B ey (g
Pp=1vy=0
00 o " 00 0P P+1
=Y Y eV (qz) e (q9) (Z Sia () ) (L)v :
y=01p=1 p=y
© X0 gebtl 2P
= Z Z Z 'll)vil S]?}\;q (plw;G_YIﬁ) qpa
Y=1v=0p=1p
0 p oo . Pp+1 2P
= Z (Z ZSE]})\q (plll) o — YI ) C‘Iq)v 1 ) 7'/
p=1 \¥=1vy=0 )
which is the desired result. O
Theorem 2.11. We have
= (p ¢ o) — 9" )
GHBp)\ q (0-119) - Z (L) (_1)2,7\ q GHBp_’J]',)\;q (O-/S) = Z Il)vil Sl?}\;q (p/d’/ 0-/8) .
£=0 P=1

Proof. Let LHS and RHS be the left hand-side and the right hand-side of (2.3), respectively. So, it is
observed that

o0
_ ¢ Zp
LHS—pZ_Q(GHBp)\q (0,9) — ;)G pw\q 09)(1>(—1)e,7\Q>p!
and
= log, (1+qz)¥ g~ :
RHS = Z 1 o fl])"_l ey (qz) e} (q2’)
V=1 )
© X . 1-¥ ,p e > . 1- P
() . q zv (3) . q z
= Z Z Sl?}\;q (p/q)/ 0-/8) Il)vfl a - Z (Z Slf)\;q (plll)l 0119) 1])“1) E/
V=1p=4 Top=p \b=1 '
which means the desired result. O

We give the following result.
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Theorem 2.12. We have

; 1 o p+1 qv—1—v
GHBE;;'\);L (Gfﬁ)Zﬁ ( ) an Y 11)” I GHBp+1 g (0+1,9),

v=0

where G pY o 7\ q (0,9) represents the Gould-Hopper based degenerate Bernoulli polynomials with a q parameter
provided by

Zp

p!

zes (qz) eA (q2)) i

(J)

p=0
Proof. By (2.2), we get

o 20 (log, (1+qz)\ qzef™ (qz) € (q2)
ZG p7\q )T:El

pyr, q z ex(qz) —1

0 0 P 0 . P -
= g > (Z qum(P/ll))z!) (Z GHB‘()],;\;q (0+1,9) z,) ﬂ(j"’l

© | P Y . y=1=p | zo—1
=3 13 B (0+1,9)Sia (v, ) (")q — | =
ponrl BB v/, ¥ p!
which gives the desired result. O
Theorem 2.13. The following relation holds
P q,¢+1
Z q P 0+1,9) ——— = GHpr\q(1+0-8)_GHBQ)\q(O—/ﬁ)~

Proof. Multiplying (ex(qz) — 1) on both sides of (2.2), we observe that

0 p 1 1 .
5 (any (0+1,9)— anpll (o9)) 5 = et (@2 e (B ) 8 (02)

p=0
s v —b+1
Z o1 (qz) 3 (q2) ((logx(1+qz)) )q

P! o

g W+

zP
(ZSP ¢ (o b;0+1,9) ) o

p!

ad o —$+1) e
() . q z
=y (Z Siasg (0 W0+ 1,9) = ) = O
Theorem 2.14. We have
—1p+1 s oty—1

Z Ty GHBo i o paw ( v _1’%> qs¢+1<9+1>519\(3/‘1’)

v—1
v=0 s=01y=1 w S p+1
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& & pp
Proof. By (2.2), we acquire
Z GHBp A: q )
Y (gz)—1¥ qEi, (LA(:HZ)) .
= A ——ef T (q2) —— e} (g2)
e;\(qz)—l ey (qz) —1
— qFi log, (1+ qz) Zy oex YTV (q2) e (g2))
= qEi, T -
q e, (qz)
¥ qEi, (logx 1t qz)) e (a)€F (a)
= q 1—e, " (q2)
_ (Z ) q_¢+1+pS1,A(p,1b) zP S 2 GHPoA/piqw \ ™ ¥ P
B v—1 ] [
¥=0 \p=b b1 v ) o= i
1o P s sl . p—1
= d P ) oty-1 | 9)z
= ~ pZ_OS—OlP_l ‘Ll)vil <S)Sl,7\ (Srll)) GHBQ—S,?\/LI);qu < 'Ll) 1/ 'll) p' . O
Theorem 2.15. We have
P
GHBL‘}’{L (014 02,91 +92) = ) <$> GHBE,‘,K);L (01,91) GHEQW\;q (02,92).
v=0
Proof. From (2.2), we attain
. log, (1+qz)
Z GH (01 + 02,91 +92) — o 1 ( — (q >egl+02 (qz) e "2 (q2))
p=0 - e}\ qZ)
i) zP
GHBp)\q(O—lrsl) ZGH g (02,92) —
p=0 p=0
00 p 2P
Z Z < ) p}\q (Gl,ﬁl)GHp —v,Aq (02/82) Y
p=0 \v=0
which means the claimed result. O

Theorem 2.16. We have

[3 LOZ/” pZ]S (G) ﬁ AYFs 1I)+sp7!
GHB i [ B s e Mo\ T Sy

s=0 %=0

Proof. By (2.2), we get

ZGHBP;\q )

. log, (1+qz)
qti, | =22—7= )
- 1 _(el (qqZ) ) g (qz) 6‘?\ (qZJ)
A
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= /o zP = /9 2P > zP
= —) APgP_ <> AP %" (v)_ £
= 0 2P = L /o P (v) zP
— [ a () S I DIDI N”( )GHB" (0,9:A) g% —
7~Ll),q 7 7
(pO A o p!) (pow()(?\)lp ) P p!
i H pis (p—j8> 0,3) (0‘) 9 " " p' zP
_ GHBL Ly (09N (5 <) AbHsgets T O
0—0s—0 p—0 v P A AN/ sl (p—js)! p!
The following rules hold ([15]):
= (049)° = gP v
> i) = 3 S o+ w) .4)
p=0 ) pp=0 "7 77
and . o v
> ALV=> Y ALv-1). (2.5)
v,1=0 v=01=0
Theorem 2.17 (Implicit summation formula). We have
oA S 1
Bt = Y (p) (w) B g (69) (T gn- 26)
p, =0
Proof. Substituting z by v + z in (2.2), then, we derive
. log, (14+q(z+v))
g, (matze) | 2
o ) __ ~,—0 (D,]) z ‘Y
e z+ =e z+ (o,9) ——.
ey () =t alz ) 2 onBg (00
Also, subtituting T by o in the last equation, and in view of (2.4), it is observed that
00 o j
_ ~ 2yt 98 (q (Z+W> . (logy (1+q(z+Y))
e (qz+y) Y anBilhg (1) S = —— Ei :
' S,% TSI - et (g (z4y)) q
By the last two equations, we obtain
& 7S ,Yl . 0 28 Yl
Z GHBS_H)\q(T ‘9)3726}\ (CI(Z‘H/)) Z GHBS_H)\q(G 8)??1
s,1=0 e s,1=0 o
which yields
0 0 20 yﬂ’ 0 75 Yl
2 GHBSHM (T, Z T=0)ptpa ol € (qlz+) ) GHf55+Mq (09) 17
s,1=0 p, =0 s,1=0 e
Utilizing (2.5), we acquire
0 00 s, 1 U]
Y Bsi—p—wa; q (0,9) (T—0)giyn 1
D anBing (09 Z > - (s—1)lp! (1—1)! ZY
s,1=0 1=0 p,p=0

which completes the proof. O
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Corollary 2.18. Upon setting s =0 in (2.6) gives
. l 1
Bl (1 9) = 3 <¢> 1B o (0,9) (T— )y
P=0
Corollary 2.19. Choosing s = 0 and substituting T by T+ o in (2.6), it is attained that

1
GHB[)\q (T+019 Z < ) GHB[ Lb?\q (0',19) (T)lb,7\'
V=

Theorem 2.20 (Symmetric property). We have

P ¥ p— . )
IDIDN ( Y (P5) (010), o (999) iy 6HBE) -y ang (69) GuBYL g (b0 P

e @7
_ P (V) (P (1 j (v3) (vj) ¥ o
R 11)ZOSZ=0 v=0 (ll)) (5) < Y ) (b ﬁ)v,bik <a 19) s,aA GHP " p—y,briq (09) GHBY " apq (a0) DT a
holds for « € N, a,b € Rand p > 0
Proof. Let
quiv (logﬂl;—qaz)) Ei, <log7\(1;—qbz)) i . .
Y = — — ex’ (qabz) ey (q (abz)]> .
(1—ey' (qaz)) (1—ey " (qbz))
It is seen that
ad (v,j) (az)p > (az)p s (v,j) (bz)p ad (bz)p
Y= GHBLrg (bO) p! > (099), uin N D GHBy g (a0) o > (a9), i 8
p=0 p=0 p=0 p=0
0 P p © P P
P (v,j) (az) p (1,j) (bz)
- Z Z <S> (b 19)5 bIA GHpr—]s bA;q (bU) p| (S> (alﬁ)s a A GHBp—s al;q (ao-) p!
p=0s=0 p=0s=0
oo P U
P P
- Z Z <1|)> (Z <S> (b 8)5 bIA GHBw s,bA;q (bO‘))
p=01=0 s=0
p—v
p—1 - (j) 0, 2P
X ( - ( S ) (a]{})s,ai)\ GHpr—le—s,a?\;q (aO‘)) aﬂ)bp wa
s=
and similarly
= (o) (g (b ()
. v,
Y= Z Z (11)) (Z <S> (G’)ﬁ)s,aj?\ GHBsz,aA;q ((10'))
p=01p=0 s=0
p—b
p—1 _ zP
X ( s ) (b'9) sbin G Hﬁp w s, bAq (b0)> a® wbwar
s=0 !

which provides the asserted identity (2.7).
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3. Conclusions

In this paper, the Gould-Hopper based fully degenerate type2 poly-Stirling polynomials of the first
kind with a q parameter have been considered and some of their diverse identities and properties have
been investigated. Then, the Gould-Hopper based fully degenerate type2 poly-Bernoulli polynomials
with a q parameter have been introduced and some of their properties have been analyzed and derived.
Furthermore, several formulas and relations covering implicit summation formulas, recurrence relations
and symmetric property have been attained.
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