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Abstract

This article concerns the numerical study of the behaviour of a flexible beam of Euler-Bernoulli to which one adds to its
internal composition a damping of the viscous type. This damping naturally exerts a dissipative force (or viscous damping force)
on the beam and opposes any deformation, in proportion to the rate of deformation. We are therefore interested in the impact
of the damper on the exponential stability of the beam. We develop here a numerical method which faithfully reproduces the
theoretical results obtained by several authors. Simulations are provided to illustrate our results.
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1. Introduction and statement of the problem

The objective of this paper is to develop a stable and convergent numerical method for a damped
Euler-Bernoulli beam with variable coefficients that confirms the theoretical results obtained in [17]. The
following Euler-Bernoulli beam with indefinite viscous damping is the issue that we will take into con-
sideration:

mxJyee(x, 1) + (EI(x)yxx (x, t))xx + ¥ (x)ye(x, t) = 0,x € (0,1),t > 0, (1.1)
with the initial conditions
y(x,0) =yolx), ye(x,0) =y1(x), (1.2)
and the boundary conditions
EI(0)yxx(0,t) =0, t >0, —EI(1)yxx(1,t)=0, t>0, (1.3)

where t stands for the time and x for the spatial position. The length of the beam is chosen to be unity.
The physical meanings of the various mathematical quantities are shown below:
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* m(x) is the mass density;
e EI(x) is the stiffness of the beam;
* y(x,t) denotes the transverse displacement.
In what follows, we shall always assume that:
m(x), EI(x) € C*[0,1]; m(x), EI(x) > 0.

Moreover, the viscous coefficient y is a continuous function and nonnegative that is assumed to satisfy

the condition (see [17])
Jl vix) ) (me )" dx > 0 (1.4)
o \ m(x) EI(x) ’ '

Notice that the condition (1.4) will allow v to be indefinite in the interval [0, 1]. The total energy associated
to the above system is (see e.g. [11, 13] and reference therein)

E(t) =

1 1 1
ZJ Elyixdx+J my? dx.

0 2 Jo
After a straightforward calculation, we have

d 1
B = —J Ylye/? dx <0. (1.5)
0

The expression (1.5) shows that the energy [E(t) is non-increasing. Then the system is dissipative.

The following describes the range of work involved in investigating the model shown in equation (1.1)-
(1.3). The study of the exponential stability of Euler-Bernoulli problems has interested several authors.
Let us note that for a given system, the exponential stability is the most sought after because it offers the
convergence with the guarantee of a good order of convergence. Others have looked at the case where
the system would include a damping or viscous friction term with variable coefficients modelled by a
function noted y(.). In [3], a damped Euler-Bernoulli beam with variable coefficients clamped at one end
and subjected to a force control in rotation and velocity rotation was considered. The undamped case had
already been researched in [2]. Under certain conditions, it was proved that the system is exponentially
stable. The question arose to know is that the fact of adding a damping to the first problem allows
to have an exponential stability? The answer to this question is yes. To show the exponential stability
damping system, they prove that the system operator has Riesz basis property, by setting conditions on
the parameters « and (3. Following [15], a flexible beam with nonuniform thickness or density, that is
clamped at one end, submitted to a linear boundary control force in position and velocity at the free end
has been studied. A question similar to the previous one was asked in order to know the values for which
the damping system reached the exponential stability? Thanks to a theorem the condition on the value
was found. In order not to have to repeat ourselves, our problem [17] was the subject of an exponential
stability study. For these three articles mentioned no numerical study has been made for the moment
concerning one of them to our knowledge. We are interested in the numerical study of the problem
(1.1)-(1.3).

Several books have discussed the numerical analysis of Euler-Bernoulli beams in literature, and there
are various ways. It is well known that in literature (see for instance [8, 10]) to geometrically describe
the spectrum of an operator, the way used is the following: the authors use the finite differences method
[6, 12] and apply QZ method [7, 9]. At this level, we proceed differently. We rely instead on the Hermite
finite element method which is not as easy because of the numerous calculations to be performed in order
to determine the approximations of the mass, stiffness, and damping matrices.
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In Section 2, we present the main results concerning the numerical study. We rely on the weak
formulation of the problem to develop a numerical method. The discretization of this system is done
in two steps: for the discretization in space, we use the finite element method, and the Crank-Nicolson
method for the discretization in time in order to have the complete discretization. The main results on
the convergence of the numerical schemes are given in Theorems 2.4 and 2.9. The numerical method is
validated by various simulation examples, and the convergence is demonstrated in the Section 3. We are
interested in the implementation of the coefficients both in the constant and in the variable case.

2. Main results

2.1. State space, operator A, and some basic properties

This section of research is devoted to basic results, theorems, and definition. These will be very useful
for the continuation especially for the theorem concerning the stability. We will have to make sure that
this property is verified in the numerical simulations. We transform system (1.1)-(1.3) into an abstract
evolution equation on an appropriately constructed Hilbert space.

We define a Hilbert space by

H =V x1%0,1)

with an inner product norm in H as
1 , 1
(6,911 = | E1001 0P ax+ | miwlgax, g € B,
and
V =HE(0,1) ={y € H*(0,1),y(0) =y(1) =0}
and define a linear operator A by
D(A) ={(f,g)" e HIf e H*(0,1)NV,g e V,f (0)=0,f (1) =0}

and

1
m(x)

Alt,9) = (9, ~— = (E1F"(x) +v(x)g)-

Under these notations, system (1.1)-(1.3) can be formulated into an abstract evolution equation in H:

d
Ew(t) =Aw(t), 2.1)

W(O) =wy € K,
where w(t) = (y(x,t),y¢(x,t)). The first result we obtain with this formulation for A is the following.

Theorem 2.1. The operator A defined as before generates a Co-semigroup of contractions on H, denoted by
{T(t)}t>0. Furthermore, A is invertible with A1 being compact.

Proof. Let Ap and A be the operators respectively obtained of problem (1.1)-(1.3) for undamped and
damped cases. In the Theorem 2.1 of [17], Ay is a skew-adjoint operator and generates a Cp-semi-group
on V, and hence A generates a Cyp-semi-group e't on V. Furthermore, in the proof of Theorem 2.2 of
[17], the authors have proved that A~! is compact on V by showing that for any G := (g1, g2) € V, there
exists a unique F := (f1, f2) € D(A) such that AF = G. O

Thus, from Theorem 2.1, we get the theorem of stability.

Theorem 2.2. Assume that w(t) is the mild solution of (2.1) for some wg € H. Then w(t) — 0 in H, when
t — o0.
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2.2. Weak formulation
Now, multiplying equation (1.1) by ¢ € V and integrating over (0, 1), we have:

1

1
J muttcbdx + J
0 0

1

(Eluxx ) xx @ dx+J yx)udpdx =0, Vo € V,t > 0.
0

Integrating twice by parts and taking into account the boundary conditions it follows:

1 1

Elux Pxx dx+J yurpdx =0, Vd € V,t > 0.
0

r mutd dx + J

0 0
In order to give the definition of the weak solution of our problem, we rely on the work of Banks [1],
which leads us to consider two Hilbert spaces. These are X = IR? x L?(0, 1) with the inner product

<GP >x= G + Qo+ < M3, P3 >12(01)

for all C - (Cl/ CZ/ C3)/ ll) = (1|)1,1P2,11)3) S x/ and Y - IRZ X H%(Oll) - {g - (y(l)/yx(l)ly)/y S V} Wlth
the inner product

< glrgZ >y= ((yl)xm (yZ)XX>L2(O,]) .

Y is densely embedded in X. Then the dual of X is densely embedded in the dual of Y. If we choose to
identify X with its dual Y’ we have
YcX=XcY

Then we consider two bilinear forms a; and a, defined by:
a Y XY — R (gl,gz) — al(ﬁ1,1j2) =<< Elgl,gz >y

and
a2 : X x X — R (L) = az(C, ) =< v, M3 >12(0,) -

A definition of a weak solution can now be provided.

Definition 2.3. Let T > 0 be fixed. We say that § = (y(1),yx(1),y) is a weak solution of problem (1.1)—(1.3)
on (0,1) if
e 120, T; Y)NH(0, T;X) NH3(0,T; Y')

and satisfies
< Qtt/ d) >Y,Y’ +aq (g/ d)) + aZ(gt/ d)) =0 (22)
for almost everywhere t € (0, T) and for all $ €Y with the following initial conditions:

§(0) =90 = (yo(1), (Yo)x(1),yo) €Y,  §¢(0) =20 = (20(1), (z0)x(1),20) € X.

We admit the existence and uniqueness of the weak solution.

2.3. The Semi-discrete Approximation by FEM

In this subsection, we will approximate the original problem (1.1)-(1.3) with FEM method. Since that
(1.1) involves the spatial derivative of four orders, H2(0,1) should possess the conforming FEM space.

2.3.1. Piecewise cubic Hermite polynomials
We assume that the Euler-Bernoulli beam is the segment [0, 1]. We divide the interval [0, 1] into a finite
number of subintervals I; = [xi,xi+1],1=0,1,...,n—1, using the grid points:

O<xp<x1 <+ <xp=1,

where I; is called element and set h = x; 1 — x; the size of this element. We define a finite-dimensional
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space as follows:

V' ={yn € C'0, Ulyn € P3(1;) Vi=0,1,...,N,yn(0) = yn(1) = y,(0) =y, (1)},

where P3(I;) is the space of all polynomials of degree less than or equal to 3 over the subinterval I;.
Obviously, we have VI € V. Thus, we can write

= Span{‘bl/ (bZI ceey d)Zn}/

where we use the finite element method with cubic Hermite polynomials V;; (j = 1,...,4) as functions
reference from which we build polynomials ¢; (i =1,...,N) (see [16]). With the separation of variables,
the approximate solution yy € VI which we seek can be written as follows:

Z (t)d2j—1(x) + (yj)x (1) doj (x)].

j=0

An advantage of this choice of discrete space and its basis is that it yields the simple relations:

Yn(1,t) =y~n—1(t), (Yn)x(1,t) =yn(t).

Then, the finite element approximation of (1.1)-(1.3) consists in finding On = (yn(1), (Un)x(1),yn) €
C2([0,00); Y) or yn € C%([0,00); VM) for all t > 0 and satisfies

1

1 1
JO myn)ed; dx + JO EL(Yn ) () dx + L Y(yn) ey dx = 0 2.3)

forallj =1,...,Nand t > 0. So we look for the solution yy, in the form: yn(x,t) = Z]i\lzl yi(t)di(x)
where y;(t) are the unknown coefficients and N = 2n is the dimension of V™*. In other words, we have:

N

1
ZJ (Ul)ttd) ¢]dX+ZJ' EI 91 xx(d) )xx(d)] XdX+ZJ Ul t(b d)] dx =0

i=1
foralli,j=1,---,N and t > 0, with initial conditions
Yn(0,.) =yno € V", (yn)e(0,.) =vho € V™

By noting Y(t) the vector representation of the function yy defined as follows:

Y =[y,y2...,ynl",

(2.3) can be written by
MYt +BY; +KY =0. (2.4)

The matrices M, B, and K are defined by

1

1 1
Ky —J EI(di)xx(Pj)xxdx, By = Jo Ydidpjdx, Mi; = Jo moidp;dx, Vi, j=1,---,N.

M is the mass matrix, B is the viscous damping matrix, and K the rigidity matrix.
* K is symmetric, defined, and positive because EI > 0 therefore K is invertible.

¢ The matrix M is also symmetric, defined, and positive therefore M is invertible. Using the theory of
linear differential equations, the problem (2.4) has a unique solution. This implies the existence and
the uniqueness of the solution of (2.3).
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2.3.2. A-priori error estimates

In this subsection, the a-priori error estimates for the Galerkin solution of (2.3) shall be derived. V" is
the space of Hermite cubic polynomials as described above. The classical method of obtaining the error
estimates presented in [5] is used. Since the Hermite cubic polynomials are used as an approximation
space, the order precision in space (H?(0, 1)) is obtained. The Hermite interpolation of the weak solution
y of V" on V denoted by § is defined as follows:

n

¥x €(0,1),¥t>0, G(x,t) =) ylxi, )dai1(x) + ) Yxlxi, t)dai(x).
i=1

i=1 i=
In addition, we make the following assumptions:
y € CI0,T;G), Yy € 2(0,T;G), yu €30, T;V), (2.5)

with
G ={y € H*(0,1), y(0) =yx(0) =0}

Then for almost every t, we have following [5]:
Iy = Tllre201) < Chz”yHH‘l(o,l)z Iyt = Gtllhzon) < Ch2||UtHH4(0,1)r (2.6)
and according to Theorem 5.4.8 of [4], we have:
[yee — eellizi01) < ChA etz 0,1)- (2.7)
Then, the convergence theorem of the semi-discretized scheme is as follows.

Theorem 2.4. Let V' be the space of cubic Hermite polynomials. Assume the expressions (2.5) hold. The following
error estimate holds for yy, € C2([0, T]; VM), solution of (2.3),

12
vt e [0,T], [E(t,yh —y)] < K(]E(O/Uh(o) —y O+ R (Iyllc (o114 01)) 28)

+ lyellz0,mm400)) + HyttHLZ(O,T;H4(O,1))>)'

In addition, if yno and zno are Hermite interpolations of yo and zo, then there exists a positive constant K such that:

1/2
[]E(t,yh - U)} < Kh? (Hy||C([o,T];H4(o,1)) + lyellezo,m;me00)) + Hytt||LZ(O,T;H4(O,1)))' (2.9)
Remark 2.5. The order of convergence for the discretized scheme in space is 2.

Proof of Theorem 2.4. The error of the semi-discrete solution yy, is defined as ey, = yy, — . Utilizing equa-
tion (2.3), we get:

1 1 1
J mlen) dx+J El(en)xdrex dx+J Yien)s ()b dx
° 0 ) 0 . (2.10)
=J mly — )b dx+J EI(y — 0 b dx+J Y0y — §)edb dx,
0 0 0

for all ¢ € V' and for all t > 0. Using ¢ = (en )t € V", (2.10) gives:

1

1 1
J mien)ee(en)t dx+J El(en)x(€n)xxt dx+J Ylen)t(x)(en)t dx
0 0 0

1 1

EI(Y — §)xx(en )t dx+j V(Y — G (en)s dx, ¥t € [0, TI.

:Jl m(y —G)ee(en)t dXJFJ 0

0 0
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As a result, for almost every t € [0, T],

1d”1 m(en)? dx—i—J El(en)2, dx] :J

0

1 1
mly — ) (en)t dx+ L ET(y — §)x (en)trx dx

1 1
+J v(y—g)t(x)(eh)tdx,—Lv(eh)t(x)(eh)tdx.

0

1

1 1
1 en) < j my — ) (en)e dx + L EI(Y — G (en) e dx + L Yy—len)dx,  (@11)

for almost every t € [0, T]. Integrating the expression (2.11) in time, we obtain

t rl
E(t,en) < E(0, en(0)) +2JO L m(y —)eelen)e dx dv
(2.12)

t rl t rl
+2J J El(y — §)xx(en)exx dXdV+J J Y(y—19)ilen)t dxdv.
0JO 0JO

t

In expression (2.12), we integrate by parts J EI(y — §)xx(en)ixx dv. It follows for almost every t € [0, T]:
0

t rl
E(t,en) < E(0, en(0)) +2J0 L Y(e(ov) — Geov))(en)e (x, v) dx dv

t el
42 J myee (% ¥) — Gee (%, ¥)) (en)e (x, v) dx dv

JO JO
rt rl
= JO E1(Yeex (% ¥) — Gnx (% v)) (er ) (%, V) dx dv (2.13)
1
22 [ BT (0 t) = Grn (3%, ) (e )k (6 1) dx
JO
1
+2 | EI{yxx(x,0) — Gxx(x,0))(en)xx(x,0)dx.
JO

Applying Cauchy-Schwarz to (2.13) yields:

t
IE(t eh) ]E(O eh(o)) +m[Hytt_gtt||%_2(0,-r;]_2(0,1)) J || eh HLZ 01) d'\/}
) t
+7{”Ut_gt||1_2(o,T;L2(o,1)) J [(en)t ||L2 01) }
+EI[Hyt_gtHLZ(O,T;HZ(O,l)) J [[(en)xx( ||Lz 0,1) }
~ 1
+ 881y 1) = G DR 01) + gl lendn D0
~ 1
+8EI[nyx(-/0) HLZ 0,1) 64H(eh)xx ”L2 0,1 ]
where ¥ := max,c[p1]Y(x), M = maxyecjo1) m(x), and El = maXy¢(o1] EI(x). Using the estimations

(2.6)-(2.7), it follows:

t

E(t, en) < M1E(0,en(0)) + MZJ E(v,en) dv+ Mh4<||U”%:([0,T};H4(0,1))

0
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2 2
+ ||ytH]_2(0,T,.H4(0/1)) + ||ytt||L2(0,T;H2(O,1)))’

where M1, M, and M denote constants. Gronwall’s inequality applied to the last inequality gives

E(t, en) <K (]E(O, en(0)) + h* (”U H%Z([O,T};H‘*(O,l)) + [y ||2L2(0,T;H4(0,1)) +[Yee H%_Z(O,T;Hz(O,l)))) :

Using the triangular inequality, we obtain (2.8). Finally, from (2.8) with e, (0) = 0, (2.9) is verified. O

2.4. Fully-discrete scheme: time discretization

We now turn to the study the fully discretization in time using Crank-Nicolson scheme, based on the
semi-discretization (2.3) we just did. Lastly, the a-priori error estimated is obtained.

2.4.1. Crank-Nicolson scheme

For a fixed real T > 0, we subdivide the interval [0, T] into S intervals of the same length At := T/S. We
then set at any point t, = nAt the nodes of the discretization for all 0 < n < S. For the time discretization
of (2.3), the Crank-Nicolson scheme is used

yn+1 _yn Zn+1 4 zn

— i 2.14
At 2 (14)
The equation (2.3) can be written as
1 n+l_ n 1 n+1 n 1 n+1 n
J mE T dx + J VR an J Er¥e Y (g ) gy =0, (2.15)
0 At 0 2 0 2
for all ¢y, € V™. The Crank-Nicolson scheme for the equation (2.4) becomes the vector equation
MZM1 Mz BZnt1 L BZ™ Kyn+1  gyn
N +BZ TR, (2.16)

At 2 2

where Y™ = Y(tq,x) and Z™ = Z(t,x) are the vector representations of y™ and z™ in the considered
basis VI, respectively. Note that Z =Yy = [Z, Z; ... ZN]T is the vector representation in the basis {d)j}}\lzl.
Equation (2.16) is written in the following form:

<M + g)ZnJrl + EYnJrl —_ _gYn + (

At 2 " E)Zn'

— — 2.17
At 2 @17)

The equations (2.14) and (2.17) are written in a compact vector form:

swhH = Fwn,
where S and F are defined by:
L I I I
_lar 2 _| AY 2’
TR omoB e TR mMTB )
27 At 27 27 At 27

and the vector W™ is defined by W™ = [Y* Z"].

Theorem 2.6. The fully discrete scheme (2.15) has a unique solution.
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Notation: For any sequence {x,} C R™, set

Xn+1 —Xn Xn4+1+Xn

dtxn = AL Xni1/2 = >

Define a bilinear form c(.,.) over L?(0,1) x L2(0,1) by setting

1
clu,v) = Jo mx)u(x)v(x) dx Yu,v e L%(0,1).

We reformulate the fully discrete problem in order to justify the existence. The problem is referred to as
Problem EM.

Problem 2.7 (Problem EM). Find a sequence {yn} C V" such that forn € {0,1,...,S —1},
dtYn = Zni1/2/ (2.18)
c(dtzn, ¥) + az2(zny1/2, %) + a1(Yng1/2,¥) =0, (2.19)
for all p € VI, with yn (0) =y} = d™ and (yn)¢(0) =y} =™
Proposition 2.8. Problem EM has a unique solution for any pair of vectors d™ and e™ in V™.

Proof. For any ¥ € VI,

At At? B At At
a1 (Yni1 Fyn, W) = a1 (At Yni1 —ynl, W) + = a1 (yn, W) + = a1(yn, )

2 2 2 2
At? At?
= Tal(lnﬂzﬂ’) + Tal(lnﬂb) + Ataq (yn, ).

Substitution into (2.19), we obtain

At At?
c(zn1, V) + 5 a2(zny1) + —ai(znt1, V)

2 4 (2.20)
At At?
= clzn, ) — 5 aalzn ) — = a1 (20 ) — Atas (yn, )

h o . . A At?
for any 1 € V™. The bilinear forms a; and c are positive definite and as a consequence c + 7a2 + Tal
is positive definite. Therefore, z, ;1 is uniquely determined by (2.20) and yn11 = yn + Atz 44/, of
(2.18). 0

2.4.2. A-priori error estimates
In this subsection, a-priori error estimates for the fully discretized scheme are obtained. Suppose that
y € H4(0, T; V). § € V" denotes the projection of the weak solution y on V* such that

ar(g(t), dn) = ar(y(t), dn),

V ¢n € VIV, vt € [0, T]. Since the projection § is bounded in V, then we have § € H*(0, T; V). In addition,
we denote by y¢ =y — 13 the projection error. Suppose also that

y € H3(0,T; HE(0,1)), yi € L2(0, T; HE(0,1)), yre € H2(0,T; V).

Following [14], we have:

Iy —Tllhz(0,1) < CR2{[Yll0,1)s
[yt — Tt llre01) < CR2 [l (2.21)
[yee — Teellmzio,1) < Ch2lyeelliso1)-
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Let W(tn) = [y(tn) yi(tn)]T denote the weak solution of (2.2) at time t = t, and w™ = [y™ z"|7, the nth
iteration of the fully discrete scheme (2.16)-(2.17), approximating w(tn ). Thus, the approximation error is
defined by
eM =y" —G(tn), &M =z"—Gi(tn), and wi =[e™ EMT,
for everyn =0,1,...,S.
The following theorem gives the second order error estimate of the fully discrete scheme.

Theorem 2.9. Assume y € H2([0, TJ; H%(O, 1)) NHA([0,T]; V). Forn € {1,...,S}, we have the following result:

Al 0 2 2
W™ —w(tn)| < Cllwell + 7oy llviz(o, 1114 0,1)) + (At) (||ytt||L2([o,T];H4(0,1)) + ||UttHHZ([O,T];HZ(O,l)))}z

where C is a positive constant.

Proof. Let’s arbitrarily take n = 0,1,...,S with S a strictly positive integer. Using Taylor’s Theorem with
integral remainder and by direct calculation, we obtain the two following expressions, for all x € [0,1].
On the one hand,

g(xztn—i—l) _g(xztn) - i it (tn+1 _t)z _ i tni1y2 (tn _t)z _
At =Gt thg12) + Al 5 Uttt(XIt)dt+At . Y Free(x, t)dt.
On the other hand, we have
Ji(x, t +Pe(x, t _ 1 [tn+ ) 1 (tn+12 B
Yl n+1)2 Yelv tn) =Gt(x, thg12) + ZJ (tnt1 —t)Peee(x, t)dt — 2J (tn — t)Yeee(x, t)dt.
thy12 tn
From these two previous expressions, we obtain:
U(X/tnﬂ)At—y(X/tn) _ Ut(X,th);'yt(X,tn) +ATUD (%), (2.22)
where
1 [t Yeee(x, t) 1 tner2 Yree(x, t)
nx) =~ top — 22 g 4 - th — 1) —=dt
P =5t e g | T - 2R
1 [t Tree(x, t) 1 [tn12 Jeee(x, 1)
— = t —t)—/———dt+ = th, —t)———dt.
2] B g | T -y R
Using (2.22) yields
n+l_ . n n+1 n
T —ot _ETHE \un. (2.23)

At 2

Furthermore, in order to rewrite the weak formulation (2.11), we obtain by the Taylor’s theorem with
integral remainder, the following expressions:

(%, tni1) —ye(x, tn) 1 [tor (t 1—t)2
Yt n-+ o Yt nJ o _ ytt(X, tn+1/2) + E L HTytttt(X/t)dt
n+1/2
1 (tnr172 (¢, —t)?
5] v v
th
and
X, 1) + Y (%t 1 [
yXX( n+1)2 yXX( n) = Yxx (X, tn+1/2) + = J (tn—i—l - t)yttxx (Xr t) dt

thi12
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1

n+1/2
- E J (tn - t)yttxx (X/ t)dt-
tn

Replacing t by t,, 11 ,, and applying the previous expressions to the weak formulation (2.11), we obtain:

Jlm (yt(x’t“"'ljkt_yt(x’tn)) d)dx-|-J1 - (yxx(x,tn+1)2+yxx(x,tn)> Drxdx
0 0

(2.24)

N E y (yt(x,tm);yt(x,tn)) bax = AL (),
where
Uuy(¢) = J: m <; Lt:;l/z yttzg’t)(tnﬂ —t)2dt + % Lt:ﬂ/z yttzg’t)(tn — t)zdt> ddx
R
(L )

and is defined as follows U : V — R. Now, from (2.24) and (2.15), we have for all ¢y, € VI,

1 +1 n n+1 1 n+1 n
g —§ + EMT 4
J mAtd)th—i-J EI(p"z(p""(d)h)xxdx—kL Y= ndx 225
0 .
= —AtUy (dn) + U5 (dn),
where
1 e
t t
u?(‘bh) :J myt(x, n+1)At yt( X, n)d) dX—i—J yt( n+1)2+yt(x n)¢hdx~ (2.26)
0
n+1 n
Using (2.23) and taking ¢n = At% € V™ in (2.25), we obtain:
n+1
i =~ [ eSO e
1 n+1 n 2
+ At At At
- | T G = SR ) + SR e
The following estimate is used
th ~ thi
U [1Fe < AtJ [Geee(D)]72dt < CAtJ [yeee (1)][72dt.
th th

Rewriting the second term of U}'(&™) (using the fact that £™(0) = £(0) = 0) and integrating twice by
parts over [0, 1], we get:

1 t t
1 [+ yttxx(xz t) 1 J n+1/2 yttXX(X/ t) n
— —(t —t)dt— = —(t, —t)dt d
| ( Joo e e g | TS G e

n

thi 1 1
= J (tn+1 _t) Uttxx(lrt)a;l(l) _yttxxx(lrt)an(l) +J Uttxxxx(lzt)andx dt
thii2 2At 0
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1

thv12
_J 2At (tn - t) (yttxx(lr t)ﬁ?(l) _yttxxx(lr t)En(l) +J yttxxxx(lr t)andx> dt'
tnh 0

Then

~ tht

U (™) < (¢ | yeess O+ Iyess O+ yes (0 udt-+ €7+ [ER WP + €MD),
tn

Moreover, from (2.26) we have:

~ 1 thi
U™+ M < € | ISR+ IS OB ey + €7 £+ 1E27(1) + E2(1F).
tn

We deduce that
12 2 _ A 192 2 2
[we 1P =[lwe |7 < C(At(IIW’e1+ PHIWe IPHIYE e (et 12))

thtt thit
[ st a8 [ e O + v ®lRe + b Rodt).
tn

tn

1
Letm =1,...,S. Summing onn =0,..., m and supposing that At < %, finally, using the discrete-in-time

Gronwall inequality and the estimates (2.21), we obtain:

~ 012 4 2 2
w112 < C w2+ 1 (el o rmn) + e 2 orm0) )
(A0 (lyee (O 122 g 100 + e OB 20 r00) + e Oz 0 10 ) |-

Using the triangle inequality the result now follows. O

3. Numerical results

3.1. Uniform case with constant damping y

In this section, we present some numerical simulation results by the approximation method presented
in this paper. The numerical results provided in this section verify the prediction Theorem 2.2. Let
m = EI = 1. Moreover, we take the time step At = 0.01 and the spatial discretization h = 0.01. The initial
conditions are taken as follows:

o(x) = 0.4x3 —0.6x?> and zy = 0.
y

3.1.1. Representation of the deflection and energy

The simulations are performed for three different cases: a) y = 0.1; b) v = 1; and ¢) vy = 10. Figures 1,
2, and 3 represent the deflection of beam y(x, t) for cases a) b), and c), respectively. Figure 4 represents the
decay of energy function on the time interval [0, 50] for cases a), b), and c), respectively. We can deduce
that the quick decay of energy is related to large values of vy.

3.1.2. Representation of tip position y(1,t) and tip angle yx(1,t)

In the Figures 5 and 6, tip position y(1,t) and tip angle of the beam y4(1,t) are compared on time
interval [0,50]. In Figures 5 and 6, we notice that, when the value of y gets great the vibrations of the
beams tip are suppressed, also we observe a quickly convergence to the steady-state.
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01

yixt)

yixt)

01
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0.3

time t

Figure 1: Deflection y(x, t). Figure 2: Deflection y(x, t).

yix.t)

“ 20 10 04 \ . . m . . \ " :
0 5 10 15 20 25 30 35 40 45 50
time t time t

40

Figure 3: Deflection y(x, t). Figure 4: Influence of the damping vy on the energy.

L L y L N n " n n 08 L
o 5 10 15 20 25 30 35 40 45 50 o 5 10 15 20 25

30 35 40 45 50
time t time t

Figure 5: Tip position comparison. Figure 6: Tip angle comparison.

3.1.3. Study of the spectrum

As mentioned above, we use the finite element method to numerically solve the spectrum. We have
to solve the following equation (2.4) in RN with unknown Y(t). Let's put Z = Yy and U = [Y Y,]T, the
equation (2.4) is written as U (t) = LU(t), where

L 0 I
“\ Mk —-M1B

is the spectrum matrix. Now, by implementing the spectrum matrix L, we represent the spectrum as-
sociated with the system (1.1)-(1.3) for N = 75 and for different values of y. On the Figure 7, we have
represented a distribution of 4N eigenvalues for different values of vy.
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» 108

- = 4
=1
# 4=1.0000000001

Imaginary part

Imaginary part
L o

-0.5000000001 05 -0.4999999999 4
Real part -8 £ 4

2 0 2 4 B
Real part x10M

Figure 7: Influence of the variation of the damping vy on

the spectrum. Figure 8: Representation of spectrum, when y = 0.

We notice a spectrum family whose real part is negative. This makes the system exponentially stable
as long as y > 0. We certainly see a scattered spectrum but contained in the left complex plane. This is
due to the fact that the system is not controlled. Also, we observe a shift of the spectrum to the left for
large values of damping. To observe on the same graph this representation, the values must be very close.
We observe the behaviour of the system when y = 0 (Figure 8). We observe a spectrum scattered on both
sides of the imaginary axis. This leads to believe that the system is not uniformly stable when y = 0. We
also illustrate the asymptote for uniform case:

: —1
nlgrgo ReA, = o Jo v(x)dx.
In Figures 9 and 10, we plot the spectrum with respect to the above asymptote. We plot the spectrum for
Y =1, we observe the asymptote at the spectral abscissa —0.5. We have the representation of the spectrum
for y = 5 with respect to the asymptote at the spectral abscissa —2.5.

3000

2000

1000

Imaginary part

-1000

-2000

o

-3000

Figure 9: Asymptote of the spectrum for y = 1.

0.7

-0.65 -0.6

-0.55

0.5

Real part

-0.45 0.4 -0.35

3.2. Uniform case with variable damping y

0.3

Imaginary part

3000

2000
1000
oF
-1000
-2000

-3000
-3

-2.9

-28 27

26 -25 -24
Real part

23 22 21 -2

Figure 10: Asymptote of the spectrum for y =5.

We present some numerical simulation results for variable vy.

3.2.1. Representation of the deflection and energy

The simulations are performed for three different cases: a) y(x) = (1+ x)% b) v(x) = (1 +x)% and
o) v(x) = (1+x)% Figures 11, 12, and 13 represent the deflection of beam y(x, t) for cases a), b), and ¢),
respectively. Figure 14 represents the decay of energy function [E(t) on the time interval [0, 50] for cases
a), b), and c), respectively. We can deduce that the quick decay of energy is related to large values of y.
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-0.15
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10 4
i LI 40 30 20 10 0 . . 40 30 20
time t time
Figure 11: Deflection y(x, t). Figure 12: Deflection y(x, t).
0.5
0.05 — =)
0.45 1P|
o — =14}
0.4
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o 0.35
Z 0 \
> ‘1__’ 03
-0.15
0.25 R
0.2
021
-0.25 .|
o .
0.16 =
0.5
10 4 0 : . : - ;
1 g 40 30 @ 0 5 0 15 20 25 30 35 40 45 850
time t time t
Figure 13: Deflection y(x, t). Figure 14: Influence of the damping vy on the energy.

3.2.2. Representation of Tip position y(1,t) and Tip angle yx(1, 1)
In the Figures 15 and 16, tip position y(1,t) and tip angle of the beam yy(1,t) are compared on time
interval [0, 50].

0.1 . . . . . . . . . 0.2
— (1) — =)
cm—— 3 —— 3
o5k a=(1x°| T=(14xp° |
— =it — (1)t
0 /»* : 2 g = i b
_oosff g
= |
o [
= |
0.1 g
015 1 0.3
02 g 0.4
P . . . . . . . . . P . . . . . . . . .
0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 26 30 35 40 45 50

time t time t

Figure 15: Tip position comparison. Figure 16: Tip angle comparison.
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It is found that as the value of vy increases, the oscillations of the beam tips are attenuated, leading to
a rapid convergence to the steady state.

3.2.3. Study of the spectrum

Now, by implementing the spectrum matrix L, we represent the spectrum associated with the sys-
tem for different values of y. On the Figures 17, 18, and 19, we have represented a distribution of 4N
eigenvalues for y(x) = (1+ x)%, v(x) = (14+x)3, and y(x) = (1 +x)*, respectively. We observe that when
m = EI =1, the location of spectrum moves rapidly on the left-hand side of the complex plane.

5 10° - : ¢

P

Imaginary part
=)
Imaginary part
. . 5

3
1.2 119 18 47 116 115 114 113 142 -1

Real part
Real part

Figure 18: Representation of spectrum, when y(x) = (1 +
)3

Figure 17: Representation of spectrum for y(x) = (1+ x)2. N

ettt . * 3000
il
2000
il
> o o

-1000

Imaginary part
o

Imaginary part

-2000 [

.

33 az 31 3 29 28 27 26 3000
-2

Real part 49 18 17 16 15 -14 13 12 -1

Real part

Sig.ure 19: Representation of spectrum, when y(x) = (1 + Figure 20: Asymptote of the spectrum for y(x) = (1+ x)2.

We notice a spectrum family whose real part is negative. This makes the system exponentially stable
as long as y > 0. We also illustrate the asymptote for uniform case, where we consider variable v:

: ~1 (!
nlg}rgo ReA, = o Jo v(x)dx.

Figures 20, 21, and 22 show the graphical representation of the asymptotes for different values of y
mentioned above. We can see the eigenvalue pairs A,, of the system approach the imaginary axis as
n — oo.
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Figure 21: Asymptote of the spectrum for y = (1+x)3. Figure 22: Asymptote of the spectrum for y = (1+x)*.

3.3. Nonuniform case with constant damping y

We choose m(x) = (1+x)4, EI(x) = (1+x)2. The simulations are performed for three different cases:
a) v(x) =5;b) y(x) = 10; and ¢) y(x) = 15.

3.3.1. Representation of the deflection and energy

Figures 23, 24, and 25 represent the deflection of beam y(x, t) for all three cases a), b), and c), respec-

tively. The decay of energy function on the time interval [0, 50] for cases a), b), and c) is shown in Figure
26.

0.15 a3
0.1 0.05
0.05 (1]
0 0.05
= 005 X g4
= 04 4
4 0.15
0.156
0.2
0.2
0.25
0.25 T
0
05 0.5
——— %~ Y
X 1w 40 30 20 1 0 t 20 30 20 10 8
time t tim
Figure 23: Displacement of the whole beam y(x, t). Figure 24: Displacement of the whole beam y(x, t).
0.8
0.058 i—
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o 0.7 —
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0.2 ‘,
04 “R
-0.25 \
0 L
oEE = ‘“\I?\‘\*ﬁ
05 I —
10 0

30 20 0.2
x T s 40 0 5 10 15 20 25 30 35 40 45 50
time t time t

Figure 25: Displacement of the whole beam y(x, t). Figure 26: Influence of the damping vy on the energy.
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3.3.2. Representation of tip position and tip angle
The comparison of the tip position y(1;t) and the tip angle y«(1; t) for these three cases for the variable

damping is illustrated in the Figures 27 and 28, for the time interval [0, 50].

pil.t)
&
5
&
g

0 5 10 15 20

25 30 35

time t

40

45

50

Figure 27: Displacement of the free end.

3.3.3. Study of the spectrum
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01r

0.1
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time

2 1

35

40 45 50

Figure 28: Tip angle comparison.

On the Figures 29 and 30, we have represented a distribution of 4N eigenvalues for y =5 and y = 10.

» 105

Imaginary part

-3
2 18 16 14 2 A

Real part

Figure 29: Representation of spectrum for y = 5.
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-0.2

0

»10°

Imaginary part
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-2
Real part

-1.5

-1 -0.5 0

Figure 30: Representation of spectrum for y = 10.

We notice a spectrum family whose real part is negative. This makes the system exponentially stable
as long as y > 0. We also observe a shift of the spectrum to the left.
Now, we also illustrate the asymptote for nonuniform case:

. —1 ' { v(x) m(x) e
nlgr;oReAnZZhL <m(x)> (EI(X)) dx > 0.

First, we plot the spectrum for y = 5 (Figure 31). We observe values to the right of the asymptote.
Figure 32 shows the representation of the spectrum for y = 10. We observe values to the right of the
asymptote.

3.4. Nonuniform case with variable damping y

Let m(x) = (14 x)* EI(x) = (1+x)2 The simulations are performed for three different cases: a)
y(x) = (1+%)%Db) y(x) = (1+x)% and ) y(x) = (1 +x)*.

The numerical results provided in this section verify the prediction of the convergence of the solution
to the steady state y = 0 and the non-increasing of energy E(t).
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Figure 31: Asymptote of the spectrum for y = 5. Figure 32: Asymptote of the spectrum for y = 10.

3.4.1. Representation of the deflection and energy

Figures 33, 34, and 35 represent the deflection of beam y(x, t) for all three cases a), b), and c), respec-

tively. The decay of energy function on the time interval [0, 50] for cases a), b), and c) is shown in Figure
36.

02 0.15

01

yix1)

0.1

0.2

03

time t

Figure 33: Deflection y(x, t). Figure 34: Deflection y(x, t).

yixt)

-0.15
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0.5

X 1 50 40 30 0 5 10 16 20 25 30 35 40 45 50
time t

Figure 35: Deflection y(x, t). Figure 36: Influence of the damping y on the energy.

3.4.2. Representation of tip position and tip angle

The comparison of the tip position y(1;t) and the tip angle yx (1; t) for these three cases for the variable
damping are illustrated in the Figures 37 and 38, for the time interval [0, 50]. It can be noticed that in the
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variable case of damping resulted in a slower decay of the beam and suppressed the oscillations of the tip

less quickly than in the constant case of damping.

uil. )

A=(14x)?
A=(14x)
A=(14x)*

0 5 10 15 20 25 30 35 40 45
time t

Figure 37: Tip position comparison.

3.4.3. Study of the spectrum

On the Figures 39 and 40, we have represented a distribution of 4N eigenvalues for y(x) = (1+ x)?2
and y(x) = (1+x)>. We notice a spectrum family whose real part is negative. This makes the system

Figure 39: Representation of spectrum for y(x) = (1+ x)2.
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Figure 38: Tip angle comparison.
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Figure 40: Representation of spectrum for y(x) = (1+ x)3.

exponentially stable as long as y > 0. We also observe a shift of the spectrum to the left. Figure 41 shows
us a spectrum which is certainly contained in the negative real part but whose appearance is totally
different from the other two.

Figure 41: Representation of spectrum for y(x) = (1+ x)%.
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Figure 42: Asymptote of the spectrum for y(x) = (1 +x)2.
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Now, we also illustrate the asymptote for nonuniform case:

| v\ (me )
T}gr;o ReA,, = h Jo <m(x)> (EI(X)) dx > 0. (3.1)

First, we plot the spectrum for y(x) = (1 +x)? (see Figure 42) and y(x) = (1 + x)? (see Figure 43). Values
are seen in the area to the right of the asymptote.
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Figure 43: Asymptote of the spectrum for y(x) = (1 + x)3. Figure 44: Asymptote of the spectrum for y(x) = (1 + x)%.

Finally, we represent the asymptote for y(x) = (1+x)*. We observe no point to the left of it. It is
important to note in this case that the value of the abscissa of the asymptote is the same as that found for
v = 1. This is justified by the choice of the parameters EI(x), m(x), and y(x). We can see that with these
values a simplification of the expressions occurs in (3.1). This leads to the case where y = 1, hence the
observation of scattered eigenvalues as in Figure 7.

4. Conclusion

In this article, a damped Euler-Bernoulli beams that have nonuniform thickness or density is devel-
oped. From all of the above observations, we assert that varying the damping control y has a huge
influence. It improves the energy decay rate of the system. Because we see that the more increase the
value of y, the more the spectrum moves to the left. In [17], the author theoretically proved that the
positive value of damping was sufficient to establish the exponential stability of the system. This is con-
sistent with our numerical results. Moreover, we illustrated the asymptote and found that the optimal
energy decay rate is in general determined by the low frequency eigenvalues, those on the right side of
the asymptote. Thus, the numerical method implemented, through its finesse, allowed us to appreciate
the impact of the rotation control on the energy decay rate of the system studied. This is not practically
visible at the theoretical level.
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