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Abstract

By making use of the concept of basic (or g-) calculus, a subclass of g-starlike functions with reference to symmetric points,
which is associated with the g-exponential function, is introduced in the open unit disc. Further, we derived upper bounds
for the third-order Hankel determinant for the defined class. For the validity of our results, relevant connections with those in
earlier works are also pointed out.
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1. Introduction

Let A indicate the family of all analytic mappings A(w) of the form
Alw) :w—i—ZG]-wj, (1.1

defined on U. By the symbol 8, we denote the subfamily of A, which consists of the univalent mappings.
Further, for any two given analytic functions, namely A; and Ay, we call A; is subordinate to A; if there
occurs an analytic mapping w(w) that fulfills the conditions

ww)=0 and w(w)| <1,

such that
A(w) = A (w(w)).
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The mapping f € § is a starlike mapping if it fulfills

wA’ (w)

R )

>0 (wel).

We identify this family with §*. In the past, many authors introduced and studied numerous subfamilies
of family 8*, we refer the reader to see ([24, 25]). Likewise, Srivastava et al. [28] introduced the family
S:Xp, defined as
wA’ (w)
o = AN P w .
Sexp { e A Alw) <e (weIU)}
This function class S},

exp Was investigated further by Zhang et al. [35].
Now let’s review some crucial definitions and concepts of the g-calculus, that are helpful in our
research. Throughout the paper, we hypothesise that 0 < q < 1 and

N :={1,2,3,...} =N\ {0}, Np:={0,1,2,3,...}.

Definition 1.1 ([7, 8]). Let q € (0,1) and define the g-number [A], by
[}\] _ %qﬁ‘, A€ C,
K req<=1+q+q*+---+q~, A=neN.

Definition 1.2 ([7, 8]). Let q € (0,1) and define the g-factorial [n] CI! by

1, n=20,
[n]q' { Tll:Il [k]q, neN

Definition 1.3 ([7, 8]). In terms of g-numbers, the Jackson g-exponential function ey’ is defined by
n

w — w
€q :Z[n] 0

n=0 q-

Definition 1.4 ([7, 8]). The g-derivative (or g-difference) of a function f of the form (1.1) is denoted by D
and defined in a given subset of C by

flw)—flqw)
Dyf(w) = T—qw + ©#0
f(0), w =0.

When q — 1—, the difference operator D approaches to the ordinary differential operator. That is

lim (Dgf) (w) =1 (w).
q—1-

In the study of complex analysis known as geometric function theory, the operator Dy plays a very
important part in this theory. Ismail et al. [6] was the first to use the operator Dy and give the g-
extension of the class of starlike functions in a systematic way. But historically, Srivastava introduced
the g-calculus’s fundamental use in the framework of geometric function theory and also used the basic
(or g-) hypergeometric functions in a book chapter (see [29, pp. 347 et seq.]). Srivastava’s papers
[30, 31] further motivate the use of the g-analysis in geometric function theory, as well as expose the
triviality of the so-called (p, q)-analysis involving an insignificant and redundant parameter p (see [30,
31]). Motivated by the works of Srivastava [30, 31], many well-known authors have contributed to the
development of this field. For example, some higher-order gq-derivatives have been used to define certain
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new subclasses of multivalent functions, and some of their entrusting properties have been studied in
[2, 13, 26]. Also, more recently, some subclasses of analytic and bi-univalent functions that also involved
certain g-polynomials have been studied by many authors; see for example [5, 9]. For some recent studies
on g-polynomials, conjugations with the analytic and bi-univalent functions can be found in [1, 10—
12, 14, 15, 27, 34]. Recently, Srivastava et al. [32] (see also [16]) used the g-derivative operator to define a
new subclass of starlike functions related to the g-exponential function, given as

(Dgf)(w)

* — _(,U w
Sexp(q)._{feA. ) <eg, weIU}.

*

As of right now, we're introducing a new subclass of the class 8¢,

the exponential function ey’ in the following way.

Definition 1.5. A function f € $ is a member of functions class 8%, (q), if it satisfies the criteria

(q) of g-starlike functions related to

2wD4f (w) e

flw)—fl-w) “ o0 (L)

Remark 1.6. We see that
where 8¢, is the familiar function class that is introduced recently by Mendiratta et al. [19] and further
investigated by Zhang et al. [35].

The qth order Hankel determinant for the family of mappings A € A, for ¢ > 1 and j > 1 is defined
as follows (see [21]):

0j 0541 e Uj+q—1
Oj+1 0j+2 Oj+q

Hq () =
O5+a—1 Oj+q - - - 9j+2(a-1)

The above defined determent has been investigated and studied by many authors and is an important
rule in many areas of mathematical sciences and related subjects. For example, in [20], for the functions
class S the author Noor given and obtained the rate of growth of Hg (n) as n — oco. For many other
different choices of the parameters § and n, one can get some more incredible outputs, for example, the
Fekete-Szego functional Hy(1) :== o3 — 0'% can be get if we choose § = 2 and n = 1. Furthermore, the
generalized Fekete-Szegt functional is given by 03 — no3, where y is either real or comlex. For § =n =2,
we have second order Hankel deerminant Hy(2) := 0, 04 — 0'%. Also, another type of second order Hankel
deerminant is obtained by taking § = 2 and n = 3, mathematically written as Hy(3) := 03 05 — 05. The
estimations of the sharp bound for these Hg (n) is obtained by many authors for various sub-classes of A
([3, 23, 33]). If we set § = 3 and n = 1 we get the [H3(1)|, the third order Hankel deerminant, which is
given by
H3(1) = 03(0204 — 03) — 04(04 — 0203) + 05(03 — 03).

2. Preliminary results
Each of the following lemma will be needed in our present investigation.
Lemma 2.1 ([17, 18]). If p(w) =1+ piw +pow?+ - -+ € P, then 2p; = p? +x (4 — p3?) for some x, x| < 1, and
4ps =p; +2 (4—pi) pix— (4—p7) p1x® +2 (4 —p?) (1 - |x|2> w,

for some w, |w| < 1.
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Lemma 2.2 ([4]). Let p € P, then
pnl <2 (n=1,23,..)

and the inequality is sharp.
Lemma 2.3 ([22]). If p € P, then

}pz —vpﬂ < 2max{1, |2v —1]}.
3. Main results

We begin with solving the first Hankel determinant H;(1) for the functions association with the family
A € 8op ().

Theorem 3.1. If A € 8, (q) and have the form (1.1), then

]crg,—cr%} < 1 .
q(q+1)
Proof. If A € 8¢, (q), then it follows from definition that
2w (DgA) (w) w
. 1
A@) —A (—w) G 3-1)
Define a function
P 1—w(w) P P2 '
It is clear that p € P. Then
_plw)—1
w(w) Cp(w)+17
Now from (3.1) we have
zw(DqA) (w) :ew(w)
Alw) —A(—w) 71
Now
w(w) ww) ww)?*  (w(w))?
eq :1+ + + +"
1]q! [2]q! [3]q!
1 P2 qp7 } 2 [Ps qpip2 q°p3 3
—14+= L 1. - L)
+2p1“’+{2 0+l Y T2 20+ TBOTarq+r ] ¢ 62
1 .
8p4(q®+3q° +5q* + 69> +5q> +1
T TG Q)21 1 q + q@)(1  q7) oPald 347 SAT6q7 57 )
+6p1p2(q° + 4° + 4%+ ¢°) —8p1pa(a® +2¢° +3¢° + 2% + q)
—4p3(q®+20° +3q* +3¢° +2¢% + q) + (gt — ¢® + gVt + ...
On the other hand

i:u()D_qj\\)((_ﬁ) =1+ (1+q)oaw+q(1+q)osw? +[(1+q+q* + q°*)og — (1 + q) 0203w 53)

+1q(1+q+q*+q°)os —q(1+ q)ozlw* +-- - .
Equating the coefficients of like powers of w, w?, and w3 of equations (3.2) and (3.3), respectively, we have

1
2720 +1q)

P1, (34:)
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1 1

_ _ 2 35
BT g+ q P M+ g™ (3.5
or — 1 N (1-29%)
T4 qr 2+ )P aq+ U+ q+ 2+ ) P2 36)
N P(1+q)—(14+q+q?) o3
81+ q)2(1+q+q2)(1+q+q2+q3)""
o (1+3q+5q%+6q%+5q* +3q° + q°)
P 2q1r A1+ 20+ q+r a1 +q+q2+q)
B (q®+29° +3q* +3q% +2q¢%>+q)
2q(1+ )1+ (1 +q+ )1 +q++¢)"P?
(9+39¢*+2¢° +2¢* +2¢° —q° — q") n
16(1+ @)1+ q21+q+ A+ q+ g2+ "
Since from (3.4) and (3.5), we have
_ 1 1 2 1 2
‘“‘°’_“%’_'2c4(1+q)‘02 4T+ qP? AT+
_' 1 B 1 2 _ 1 . q 2
241+ 9" 2q(1+q2"Y T 2q(1+q) |7* T+ q "
using Lemma 2.3, we thus know that
1 1 1
03 — 0% <—2max{l} = , 03 — 0% < .
‘3 ﬂ 2q(1+q) t q(1+q) ‘3 2‘ q(1+q)
Hence the desired result is achieved. O

Theorem 3.2. If A € 8, (q) and have the form (1.1), then we have

€1(9) + E2(q) + &3(q) + €4(q) + O(q)/(q)
729(14qP(? +1)(¢° + 29 + 3+ 1)3(q* — 297 — 69 — 6 — 4)”

lo203 — 0yf <

where

< (2+q+1)(q" +29'° —~7q° —37q® — 80q” — 188¢° >

(q) = —420q° — 652q* — 724q® — 553q% —270q — 81)(1 + q)°
™q) = q*—2q3—6q2—6q—4 !

&1(q) = —169%° 4+ 22q" 4 264q"'® + 646q"7 + 3709,
& (q) 849q15+999q14+10918q13+13919q12 44002q", (3.7)
€3(q) = —230267q'° —551188q° — 900053q° — 11073444,
(q)
(q) =

€4(q) = —1066190q°® — 813504q° — 490037 q* — 228328q°> — 78660q> — 18225q — 2187,
0(q) = 4q"® —50q" —92q*? + 569 + 558q'° + 7704’
—1506q® — 7950q” — 16956q° — 23602q° — 23462q* — 17168q° — 905692 — 3204q — 648.

Proof. From (3.3), (3.4), and (3.6), and using values of 0y, 03, and o4, we have

3¢%(1+ q)pip2 P a*(2+29 + 4*)p}
4q(1+9)?(1+q+q*+q®) 2(14+q+q?) 8(1+q)(1+qg+q*)(1+q+q>+q3)|

|o203 — 04| =
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Substituting for p and p3 from Lemma 2.1, we obtain

| @—pDp¥? q(2+q—q*)(4—p)pix

|0-20-3_G4‘_ 2 3y 7 2 3

8(1+q+9g*+g°) 8q(1+q)*(1+q+9g*+g°)
4—p?)(1—xP)w (°+2q*+¢*—q—1)p}

414+9g+92+q%) 8(1+qPl+q+q?)(1+q+q>+q3)|

Assume that [x| =t € [0,1], p; =p € [0,2]. Then, using the triangle inequality, we deduce that

10305 — 04 <: AT PIIPE (2+9q—q*)(4—p*)pt
PN 81+ q+q?+®)  8(1+qP1+q+qE+q)
(4—p?) (¢°+2q9*+q*—q—1)p°
41+q9+9*+q®) 8(1+qP(1+q+q?)(1+qg+9g>+q®)
Now define
. [A=pYpt? (2+9—g*)(4—p?)pt
Fq(P/t) = 2 3 2 2 3
8(1+q9+9?>+q®>) 8(1+q)*(1+q+qg*>+q°)
(4—p?) (¢°+2q9*+q°—q—1)p’

4(1+q+q2+q3)+8(1+q)3(1+q+q2)(1+q+q2+q3)'

Differentiating Fq(p, t), we have

Fq _ (4—pYpt 2+9—q?)(4—p?)p
ot 4(1+q+9*>+q®) 8(1+q2(1+q+q>+q®

and with elementary calculus it can be easily shown that aaj{ > 0, for t > 0; implying that Fq(p,t) is
increasing function on the close interval [0,1] about t. Thus the Fq(p,t) obtained maximum value at
t =1, which is

(4—p?)p 2+q—qH)E—p?)p
Fo(p,t) = Fq(p,1) =
(max Fq(p,t) = Fq(p,1) 81+q+q2+q®)  81+q2(1+q+q+qd)
N (4—p?) N (¢°+2q*+¢*—q—1)p°
414+qg+92+q%) 8(1+qPl+q+q2)(1+q+q*>+q°)
Setting
Gulp) = A=P)p (2+q—a*)(4—pY)p
a 8(1+q+q2+q°) 8(1+q2(1+q+q>+q°)
n (4—7p%) (P +2q*+q¢>—q—1)p°
414+q9g+92+q%) 8(1+qPl+q+qg3)(1+q+q>+9q°)’
thus
G/ (p) — 3(4_p2) o p2
q 81+q)(1+q+9*>+¢q®) (1+q)1+qg+9>+q%)
p 3(°+2q* +¢>—q—1)p°

(1+q+9>+q°) +8(1+q)3(1+q+c|2)(1+cl+c|2+<:13)'
Let G’(J(p) = 0, then root

(29° +8q° +14q* +14q¢% +8q° +2q) +21/7(q)
9q* +27q%+33q% +24q +9 ’

‘p:]":_
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where T(q) is given by (3.7). Consequently the function G4(p) at

(2q°® +8q° +14q* +14q° + 89 +2q) +2/7(q)
9q*+27q%+33q% +24q +9

p =T =
attains its maximum value, which is

€1(q) +€2(q) + &E3(q) + E4(q) + O(q)\/T(q)

0703 — 04| < Gq(r) = .
10203 = 04l < Galr) 729(1+q)*(q2 +1)(¢° +2¢2 + 39+ 1)3(q* —2¢> — 69 — 69 — 4)

This completes the required proof Theorem 3.2. O
Theorem 3.3. If A € 87, (q) and have the form (1.1), then we have

exp

14+2q+4+2¢%+q°
‘0‘20‘4—0‘% < t29+29°+q

< q?(1+q2(1+q+q?)
Proof. Let A € 8%, (q), then form (3.3), (3.4), and (3.6), we have

exp

1—29%)p3p>
_ 2l = P1Ps ( .
| 0204 — 03| 4(1+q)(1+q+q2+q3)+8q(1+q)2(1~|—q+q2+q3)
[*(14q)— (14 q+ q*)lp] P2 2p2pi i

16q(1+aP(1+a+ @) (1+a+a+a°) 4q2(1+q?  8q(1+q7 8q(l+q)?
Substituting for p, and p3 and using Lemma 2.1, we obtain
q(1—q+2¢°)(4—p})pix (4—p)ph? L AP
16g%(1+qP(1+q+q*+¢3)  16(1+q)(1+q+q2+q®) 16g*(1+q)?
4—p)(1-KP)p1w (49" +99°+7q° —5¢° — 69> —5q —2)p}
8(1+q)1+q+q*+q°) 16¢%(1+q)*(1+q+q?)(1+q+q*+q°)

o203 | |
(3.8)

We let p; = p and assume also without restriction that p € [0,2]. Thus implementation of the triangle
inequality on (3.8), with [x| =t € [0, 1], we obtain

> q(1—q+29%)(4—p?)p°t (4 —p?)p*t?
’0204_03} < 2 3 73 2 3
16g*(1+q)*(1+q+q*+qg°) 16(1+q)(1+q+q*+g°)
(4—p?)*t? 4-p)(1—P)pw (49" +99°+7¢° —5q> — 64> —5q — 2)p*

16g%(1+q)?  8(1+q)(1+q+q®+q®) 16q2(1+q)*(1+q+q>)(1+q+q>+q3)

Assume that

Folp,t) = q(1—q+2q¢%)(4—p?)p°t (4—p?)p?t? (4—p?)%t?
TP T 1621+ qP(1+q+ 2 +q°)  16(1+q)(1+q+q+q)  16q2(1+q)?
(4 —p?) (497 +9q° +7q° — 5q® — 69> —5q — 2)p*

41+9)1+q+9>+q3)  16¢2(1+q)*(1+q+q*)(1+q+q>+q%)
Differentiating Fq(p, t), we have

o0Fq  q(1—q—2q¢°)(4—p?)p? (4 —pH)p2t (4—p2)2t
= + =0,
ot 16q*(1+q)3(1+q+9*>+q®) 8(1+q)(1+q+q>+q3) 8q3(1+q)?

which implies that F(p, t) increases on the closed interval [0, 1] about t. That is, F4(p, t) has a maximum
value at t = 1, which is

Fq(p,t) =Fq(p,1
max q(p,t) =Fq(p, 1)
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__q(—q+2¢°)4—p*)p? (4—p*)p?
16g2(1+qP(1+q+q*+q®)  16(1+q)(1+q+q*+q?)
(4—p*)? (4—p?) (49" +99° +7q° —5¢° — 69> —5q — 2)p*
16g2(1+q)*  4(1+q)(1+q+q*+q®)  16q*(1+q)*(1+q+q*)(1+q+q*+q%)
Setting
Gulp) = A+ +all—q+2)[(4—p2p* | (4 p°)
‘ 16(1+q)(1+q+q*+q°) 16¢2(1+q)?
N (4—7p?) (49" +99° +7¢° —5q° — 69 — 5q — 2)p*
41+q)1+q+9*+q®)  16q*(1+q)*(1+q+q*)(1+q+q>+q%)’
then
G (p) = AT20°+3¢Y(4—ptp  (4—pYp
a 8(1+q)(1+q+q*+q°) 4q*(1+q)?
) (597 +10q° +4q° — 8q* —14q°® — 14¢*> — 11q — 4)p°
2(1+q)(1+q+9*+q°) 8q(1+q)*(1+q+q*)(1+q+q*+q°)

If we set Gy (p) = 0, then the only root is p = 0. After that some simple computations, we can conclude
that G’é(p) <0,atp=0,ie.,

1+2q+29°+¢°
q*(1+q)*(1+q+q?)°

0200 — 03| < Gq(0) =

That is our desired proof of our Theorem 3.3. O

Corollary 3.4 ([35]). Let the function f given by (1.1) be a member of the class T € 8. Then

7
|0204—0§‘ < ﬁ'

Theorem 3.5. Let f € A € 8

oxp (4) and of the form (1.1), then

q) v/T(q) +2(q) +3(q) +s(q) +s(q)

Hj(1) < ,
o 729(q + q +1)(q? + 1)2(q® + 292 + 39 +1)*(1 + q)°¢*(q* — 2¢° — 62 — 69 — 4)
where
1
o (q) =847 (q* —2¢° —64” — 64— 4) (° +3q* +44° +2¢° — 3),
125 ¢ 435 5 727 4, 799 4 279 81

5

11 10 Y 9 7 2 =7 i
P1(q)=q +2q > 10¢° 5q+2q S It a5 +2%9" + —-q+
P2 (q —56q% —84q%° 4516 +2988q** + 60919 + 6033q* + 286709,

)

(q) =
3(q) = +159306q20 +318669q" — 4989078 — 51829737 — 18366014q'® — 43982764q",

(q) =

(q) =

=

Py (q) = —81308728q™* — 122578343q"® — 15511096092 — 167516301 q'! — 155884481q°,
Vs (q) = —125566814q° — 87600428q° — 527513384
—27208165q° — 11861408q° — 4278627q* — 1234089q°> — 268515q> — 393664 — 2916.

Proof. Since

Hs(1) < los| | (0204 — 03) | + loul (0203 — 04)| + |os| | (o103 — 03) |,

using the fact that o7 = 1, along with Theorems 3.1, 3.2, 3.3, and Lemma 2.2, we get the desired result. [
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4. Conclusion

In our present investigation, by making use of the principle of subordination between analytic func-
tions, we have successfully defined and studied certain subfamilies of g-analogue symmetric starlike
functions subordinate to g-virsion of exponential functions. Our major results are stated and proved
as Theorems 3.1-3.5. These general results are motivated essentially by their several special cases and
consequences, some of which are pointed out in this presentation.
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