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Abstract

By combining the works of Moudafi [A. Moudafi, J. Math. Anal. Appl., 241 (2000), 46-55] and liduka and Takahashi
[H. Iliduka, W. Takahashi, Nonlinear Anal., 61 (2005), 341-350], we introduce an iterative process that converges strongly to
a particular solution of a variational inequality problem. We also study the stability of the algorithm under relatively small
perturbation and we apply the obtained results to the study of a constrained optimization problem and a problem of common
fixed points of two nonexpansive mappings. Some numerical experiments are provided to study the affect of some parameters
on the speed of the convergence of the considered algorithm.
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1. Introduction

Let H be a real Hilbert space with inner product (.,.) and associated norm ||.|| and let Q be a nonempty,
closed, and convex subset of J{. In this paper, we are interested in determining a particular common
solution to the variational problem:

Find q € Q such that (Aq,x —q) > 0 for every x € Q, (1.1)

and the fixed point problem:
Find q € Q such that Sq = q,

where

(A1) S:Q — Q is a nonexpansive mapping, i.e., ||Sx — Sy|| < ||[x —y|| for every x,y € Q.
(A2) A:Q — His a v-inverse strongly monotone operator which means that v > 0 and

(Ax—Ay,x—1) = v||[Ax— Ay, ¥x,y € Q.

We denote by Fix(S) = {x € Q : Sx = x} the set of fixed points of the operator S and by Sy1(a,q) the set
of solutions to the problem (1.1). It is easy to see that the sets Fi»(S) and Sy1(a,q) are closed and convex
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subsets of H (see Lemmas 2.3 and 2.4 in Section 2); hence the set
Q:=Fix(S)NSvi(a,Q)

is also closed and convex subset of H. We assume that
(A3) The set Q is nonempty.

In order to approximate numerically the elements of the set O, Takahashi and Toyoda [9] have intro-
duced the following algorithm

{“EQ' (1.2)

Xn+1 = XnXn + (1- (Xn)SPQ (Xn —AnAxn), n2>1,

where Pqg : 3 — Q is the metric projection from H onto Q (see the next section for the definition and
some proprieties of he operator Pg). They have proved that if the sequence {(axn,An)} remains in a fixed
compact subset of (0,1) x (0,2v), then any sequence {xn, } generated by the process (1.2) converges weakly
to some element g of Q.

Later, Plutieng and Kumam [8] generalized the previous result by replacing in the algorithm (1.2)
the nonexpansive mapping S by S, where {S,,} is a sequence of a nonexpansive mapping with common
fixed points. They proved, under some suitable assumptions on {S,,} and the same assumption on the real
sequences {on } and {A,}, that the generated sequence {x,} converges weakly to a common fixed point of
the mapping {S,}, which is a solution of the variational problem (1.1).

To overcome the drawback of the weak convergence and the non specification of the limit point ¢, in
the algorithm (1.2), liduka and Tokahashi [5] have considered the following iterative process:

{MGQ (1.3)

Xn41 = tpu+ (1 — “n)SPQ(Xn —AnAxn), n>1,

where u is a given element of Q. They established that if {A} € [a,b], with 0 < a < b < 2v, {an} € [0,1],
on — 0, Zn>1 on = +oo and Zn>1 (lotn4+1 — otnl + Ant1 —Anl) < oo, then any sequence {x,,} generated
by the algorithm (1.3) converges strongly in J{ to the closest element of Q) to u.

In 2011, Yao, Liou, and Chen [14] studied two averaged version of the algorithm (1.3). Precisely, they
introduced the following two algorithms

e (14)
Xn+1 = PnXn + (1 - BH)PQ((Xnu‘i‘ (1 - (XTL)SPQ (Xn _AnAXn))/ nzl, ‘
X1 € Q/ (1 5)
Xnt1 = PBnxn +(1— Bn)SPQ(OCnu‘i‘ (1—otn) (xn —AnAxn)), n > 1. ’

They proved that if the sequence {o;, } and {An} satisfy the same assumptions as in the Theorem of liduka
and Tokahashi and {3,} belongs to a sub-interval [0, b] of [0,1) and satisfies Zn>1 IBrni1— Pnl < oo, then
any sequence {x,, } generated by (1.4) or (1.5) converges strongly in  to the closed element of Q to u.

Recently, many authors (see for instance [3, 10, 11, 15]), inspired by the viscosity approximation
method due to Moudafi [6], have introduced a variant of general algorithms that converge strongly to
a specified solution of a variational inequality problems. These algorithms include as a special case the
following generalization of the algorithm (1.3):

{ x1 € Q, a 6)
Xnt1 = &nf(xn) + Bnxn +YnSPQ (Xn —AnAxn), n>1, '

where
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(A4) f:Q — Q is a contraction with coefficient p € [0, 1), that is

[f(x) = fy)ll < pllx—yll ¥x,y €Q,
and {on}, {Bn}, and {yn} are nonnegative real sequences that satisfy the relation oty + fn +vyn =1.

The authors studied the case when the sequence {f.,} stays away from 0 and 1 in the sense 0 < a =
frn = b < 1 for some constants a and b. They proved, under suitable and mild conditions on the
parameters {x,} and {A,}, that any sequence generated by the algorithm (1.6) converges strongly to the
unique solution q* of the variational inequality problem

Find q* € Q such that (f(q*) —q*,x—q*) <0, Vx € Q. (1.7)

In the present work, we study the limit case of the algorithm (1.6), where 3, = 0 for all n. Precisely, we
consider the process

{ X €Q (1.8)

Xnt1 = anf(xn) +(1— O(n)SPQ(Xn —AnAxn), n2>1,

and we prove, under the same conditions on the sequences {x,,} and {A} as in the result of liduka and
Takahashi mentioned above, that the algorithm (1.8) still converges strongly to the solution q* of the
problem (1.7). Moreover, we establish the strong convergence of the implicit version of (1.8). In fact, we
prove that if A : (0,1] — [a, b], with [a, b] C (0,2v), then for every t € (0, 1], there exists a unique x; in Q
such that

xt =t f(Xt) + (1 — t) SPQ (Xt — }\(t)AXt) (19)

Then we show that x; converges strongly in H to q* ast — 0.

Throughout this paper, we always assume that all the assumptions (A1)-(A4) are satisfied.

The sequel of the paper is organized as follows. In Section 2, we recall some well-known results from
convex analysis that will be useful in the proof of the main results of the paper. In Section 3, we establish
the strong convergence of the implicit algorithm (1.9). In Section 4, we study the strong convergence of the
explicit algorithm (1.8). Then we prove its stability of the process under the effect of small computational
errors and we apply the obtained results to the study of a constrained optimization problem and the
problem of common fixed points of two nonexpansive mappings. Section 5 is devoted to the study of the
effect of the sequence {x,, } on the convergence rate of a particular example of the perturbed version of the
algorithm (1.8) through some numerical experiments.

2. Preliminaries

In this section, we recall some results that will be helpful in the next sections. Most of these results are
classical and can be found in any good convex analysis book as [1, 4, 7]. Let us first recall the definition
of the metric projection onto a nonempty, closed, and convex subset of .

Lemma 2.1 ([1, Theorem 3.14]). Let K be a nonempty, closed, and convex subset of J(. For every x € 3, there
exists a unique Py (x) € Q such that

=PI < [x—yll, vy €K
The operator Px : 7 — K is called the metric projection onto K.
The following lemma gathers some classical and important properties of the projection operator Px.

Lemma 2.2 ([1, Corollary 4.18]). Let K be a nonempty, closed, and convex subset of J{.



R. May, J. Nonlinear Sci. Appl., 16 (2023), 208-221 211

(1) For every x € H, Px(x) is the unique element of K which satisfies
(Px(x) —x,Px(x) —y) <0, foreveryy € K.

(2) The operator Py : H — K is firmly nonexpansive, i.e.,

(Pk(x) = Px(y), x —y) = |[Px(x) — Px(y)|*, for all x,y € H. (2.1)

In particular
|IPk(x) =Pl < |[x—yl|, forall x,y € K. (2.2)

Lemma 2.3 ([1, Theorem 3.13]). Let C be a closed convex and nonempty subset of H. If T : C — Cisa
nonexpansive mapping, then Fix(T) = {x € C: Tx = x} is a closed and convex subset of .

Lemma 2.4. Let A € (0,2V]. Then the following assertions hold true.
(i) Foreveryx,y € Q,

1(x = AAX) = (y = AAY) |* < [x —y[> = A2v =) [Ax — Ay (2.3)

(ii) The operator @y :=Pq o (I—AA) : Q — Q is nonexpansive and Fi» (Or) = Sy1(a,Q)-
(iii) Svi(a,q) is a closed and convex subset of 3.

Proof.
(i) Letx,y € Q. A simple computation gives

(= AAX) = (y = AAY)|* = x —y* = 2MAx — Ay, x —y) +A? | Ax — Ay
< =yl =A@v—2) [Ax - Ay|?.
(ii) Combining (2.2) and (2.3) yields immediately that ®, is nonexpansive. Now let q € Q. Clearly

qe SVI(A,Q) if and only if
(q—(q—MAq),q—x) <0, ¥xeQ,

which, thanks to the first assertion of Lemma 2.2, is equivalent to ¢ = Po(q —AAq) = Oa(q).
The last assertion (iii) follows directly from (ii) and Lemma 2.3. O]

The next result is a particular case of the well-known demi-closedness principle.

Lemma 2.5 ([1, Corollary 4.18]). Let C be a closed convex and nonempty subset of H, T : C — C a nonexpansive
mapping, and {xn} a sequence in C . If {xn} converges weakly in H to some X and {xn — T(xn)} converges strongly
in H toO, then X € Fi (T).

The last result of this section is a powerful lemma which is a generalization due to Xu [12] of a lemma
tirstly proved by Berstrekas ([2, Lemma 1.5.1]).

Lemma 2.6. Let {an} be a sequence of non negative real numbers such that:
An+41 < (1 - Yn)an +FYT‘LTTI + 6T1/ n > 0/ (24)

where {yn} € [0,1] and {rn,} and {5} are three real sequences such that:

(1) :ioo Yn = +00;
2) Y2518l < +oo;
(3) limsupn%Jroo ™ < 0.

Then the sequence {an } converges to 0.
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o0

Proof. We give here a proof different from the original one due to Xu [12]. Set s, = 5 1>,
an + sn, and B, = max{rn, 0} + s,,. Using the fact that 8, = s, — sn 41, we easily obtain from (2.4) that

6k/ eﬂ. =

ent1 < (1—vn)en +ynPn, n=0. (2.5)

Let ¢ > 0. Since B — 0 asn — oo, there exists ng € IN such that 3, < 5 for every n > ng. Let us suppose
that e, > ¢ for every n > ng. Hence, from (2.5), we infer that, for every n > ny,

£
en —e€nyl = Ynlen—PBn) = SV

which implies that Zn>n0 Yn < oo. This is a contradiction. Then there exists n; > ng such that e, < .
Therefore

£
€nq+1 < (1_7111)5 +Yn1§ < e

And so on we get e, < ¢ for every n > ny. Hence e, — 0 as n — oo, which clearly implies that a,, — 0
as n — oo since s;; — 0 asn — oo. O

We close this section by proving that the variational problem (1.7) mentioned in the introduction has
a unique solution.

Lemma 2.7. The problem (1.7) has a unique solution q*. Moreover, q* is the unique fixed point of the contraction
Poof: Q— Q.

Proof. Let us first recall that the set Q is nonempty, closed, and convex subset of (. Then from the
variational characterization of the metric projection Pg (see the first assertion of Lemma 2.2), the problem
(1.7) is equivalent to the identity q* = Pq(f(q*)). Hence, the existence and the uniqueness of q* follow
from the classical Banach fixed point and the fact that the application Pg o f : O — Q is a contraction. [
3. The convergence of the implicit algorithm (1.9)

The following section is devoted to the proof of the strong convergence of the implicit algorithm (1.9).

Theorem 3.1. Let a and b be two reals such that 0 < a < b < 2v and let A : (0,1) — [a, b] be a mapping. Then,
for every t € (0,1), there exists a unique x¢ € Q such that

x¢ = tf(x¢) + (1 —t)SPq (x¢ — A(t)Axy).
Moreover {x+} converges strongly in H as t — 0% to the unique solution q* of the variational problem (1.7).

The following simple lemma, which is an immediate consequence of the second assertion of Lemma
2.4, will be very useful in the proof of the previous theorem and also in the proof of the main result of
the next section.

Lemma 3.2. Let t € (0,1] and p € (0,2v]. Then the application T, : Q — Q defined by
Te,u(x) = tf(x) + (1 —t)SPq (x — nAX),

satisfies
||Tt,u(x) _Tt,u(y)H < (1 - Gt) ||X_y” ’ VX,y € Q/

where 0 =1 —p.

Now we are in position to prove Theorem 3.1.
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Poof of Theorem 3.1. Let t € (0,1]. According to Lemma 3.2 and the classical Banach fixed point theorem,
there exists a unique x¢ € Q such that x¢ = T, 5(¢)(xt). Let us now prove that the family {xt}o<<1 is
bounded in H. Let q € Q. In view of the last assertion of Lemma 2.4,

Teay(q) =t f(q)+(1—-t)Sq=1tf(q)+(1—1t)q. 3.1)

Hence, Lemma 3.2 yields

xe — gl < || Teac) (xe) = Tea) (@) + tIf(q) —qll < (1—ot) |[x¢ — ql| + t[[f(q) — g,
which implies

sup [[x —all <  [(q) —al
0<t<1
Therefore {x¢}o<t<1 is a bounded family in K.

In the sequel, in order to simplify the notations, we will use M to denote a real constant independent
of t € (0,1] that may change from line to another. Moreover, ¢(t) will simply denotes a real quantity that
converges to 0 as the variable t tends to 0. By the way, let us recall here this simple result that will be
often implicitly used in the sequel: since {x{}o<t<1 is @ bounded in J{, then for every Lipschitz continuous
function g : Q — X the family {g(x{)}o<t<1 is also bounded in .

For t € (0,1], we set zy = Pg(x¢ —A(t)Ax¢). Let g € Q. Clearly, by using the classical identity

[tu4 (1=t < tlul®*+ 1 —1t) v]*, vu,veX, (3.2)

the fact that S and Pq are nonexpansive operators, and Lemma 2.4, we obtain

2

e — gl < ) — gl + (1= 1) [[Sze — q?
<M+ ||z — q? (3.3)
— tM + ||Pq(xt —A(t)Axt) — Po(q —A()AQ) ||
<M+ [|(xe — A(H)Axe) — (q — A(H)AQ) |

<M+ [[xe — g = A(£)(2v = A(1) [ Axe — Aq].

We then deduce that
a(2v —b) |Axy — Aq]* < tM.

Therefore, by using the fact that the operator Pg is firmly nonexpansive (see (2.1)), we get
lze = al* = [[Pq(xe —Al)Ax0) — Po(q — Alt)Aq)||’

< (ze — q, (xe —A(t)Axe) — (g — A(t)Aq))
< (ze — q,xe — q) + A1) [|ze — q|| |Axe — Aq]|

1
= (ze—axe— )+ e(t) = 5 (llze = alP + xe — al* = xe — 2 )) +e(v).

The last inequality implies
lze — ql* < [xe — ql® — [Ixe — z¢||* + 2e(t).

Hence, by combining this inequality with the estimate (3.3), we deduce that
xe —ze|* < tM +2e(t),

which implies
xt—z¢ —+ 0ast— 0. (3.4)



R. May, J. Nonlinear Sci. Appl., 16 (2023), 208-221 214

The last inequality in turn implies that
xt—Sx¢ - 0ast—0". (3.5)
Indeed,

Xt = Sxt || < [}t — Sze| + [[Sxt — Sz¢|
= HTt,?\(t)(Xt) - Sth + [|Sxt — Sz¢||
< t|[f(xe) = Sze|| + [[xt — z¢ || S tM + ||x¢ — z¢]| -

Now we are in position to prove the following key result:

k :=lim sup (f(q*) —q*,x¢ —q) <0, (3.6)

t—0+

where q* is the unique solution of the variational problem (1.7). From the definition of «, there exists a
sequence {tn } in (0,1] converging to 0 such that

k= lim (f(q*)—q",xt, —q").

n—-+oo

On the other hand, since the family {x¢, Jo<t<1 is a bounded subset of the closed and convex subset Q of
H, we can assume, up to a subsequence, that {x, } converges weakly in H to some xo, € Q. Therefore we
have

k= (f(q") —q", X0 — q%).
Hence, in order to prove that k < 0, we just need to verify that x,, € Q. Firstly, from Lemma 2.5 and
(3.5), we have x € Fix(S). Secondly, up to a subsequence, we can assume that the real sequence {A¢, }

converges to some real A* which belongs to (0,2v). Let @« = Pg o (I—A*A) be the nonexpansive operator
introduced in Lemma 2.5. Since z, = O, (x¢, ), we have

Xt — Zt, || + 11O, (Xt ) — O (x|l

[t =@+ (xe, )| < |
thn _Ztn” + |}\tn _A*| HAthH < thn _Z’th + |Atn _A*| M

<
<

Hence, by combining (3.4) and Lemma 2.5, we deduce that x, is a fixed point of @,+. Thus, thanks to the
second assertion of Lemma 2.4, we deduce that xo, € VI(A, Q). The claim (3.6) is then proved.
Let us finally prove that x; — q* in H as t goes to 0. Let t € (0, 1]. First, from the identity (3.1), we
have
Xt — q* =u+v,

with
u = Tt,)\(t)(Xt) _Tt,?\(t) (g*)v=t(f(q") —q").

Thus, by applying the inequality
w4l < ull? + 20, w+v)

and Lemma 3.2, we get the inequality
Ixe = q*|* < (1= 0t)? xe — " +2t(f(q") — ", xe —q7),
which implies
ot 1 1
e = a7 < 5 fee = a* I+ (F(@7) = 4%, xe = q7) < M+ —(F(q") — ", %0 — 7).

Then, by letting t — 0" and using (3.6), we obtain the desired result. O
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4. The convergence of the explicit algorithm (1.8)

In this section, we study the strong convergence property of the process (1.8). Precisely, we prove the
following theorem.

Theorem 4.1. Let {otn} € (0, 1] and {An} € (0,2V] be two real sequences such that:
(i) on — 0and Y [ otn = +o0;

(i) 0 <liminfy 00 An <limsup, Ay <2v;

(iif) F==2n 5 00r Y 1% [ 11 — %n| < 00;

(iv) 2nt2n s 0 0r 375 Anst — Anl < 0.

Then for every initial data x; € Q, the sequence {xn} generated by the iterative process
Xnt1 = onf(xn) +(1— O‘n)SPQ (Xxn —AnAxn), n 2> 1,
converges strongly in H to q*, the unique solution of the variational problem (1.7).

Proof. Since we are only interested in the study of the asymptotic behavior of the sequence {x,}, we can
replace hypothesis (ii) by the stronger one: there exist two real a and b in (0,2v) such that the sequence
{An}isin [a, b].

For every n € IN, we set T, := Ty, A,, Where Ty 5, is the mapping defined by Lemma 3.2. First, we
will prove that the sequence {x,,} is bounded in J{. Let q € Q. Thanks to the identity (3.1) and Lemma
3.2, we have

||Xn+1 - q” < HTn(Xn) _Tn(q)H + on Hf(q) - q”

1
< (1—oon) [[xn — gl + on [[f(q) — ql| < max{|lxn —q]|, > If(q) —qll}-

We then deduce by induction that

1
Ien — gl < max{[xo —qll, —[If(a) —qll}, ¥n€N.

Therefore {x,,} is bounded in . Hence, for every Lipschitz function g : Q — ¥, the sequence {g(xn )} is
also bounded in K.

From here, as we have done in the proof of Theorem 3.1, M will denote a constant independent of n
and {en} a real sequence that converges to 0. M and {¢,,} may change from line to an other.

Let us now show that the sequence {Ax;, := Xxn 41 — Xn} converges strongly to 0. For every n € IN, we
clearly have

HAXnH < ||Tn(xn) _Tn(anl)H + ||Tn(Xn71) - Tnfl(xnfl)H
< (T—oan) [[Axn 1l + M Aoy 1|+ AN 4],
where
Adtn i= Xny1— Xn,
and

A = Ang1 — An.

Hence, by applying Lemma 2.6, we deduce that

|Axn || — 0 as n — oo. 4.1)
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For every n € IN, we set z, = Pg(xn —AnAxn). Let g € Q. As we have proceeded in the proof of Theorem
3.1, by using the classical identity (3.2) with t = «,, the fact that S and Pq are nonexpansive operators,
and Lemma 2.4, we get

o [[£(xn) — ql* + (1 — o) [|Szn — q[>

&n + ”Zn_qHZ (4.2)
en + [P (xn —AnAxn) — Polq —AnAq)|’

< en +[[(xn = AnAxn) — (g —AnAq)|?

<en+ [xn — ql> = An(2v —An) [|Axn — Aq|)*.

2
[Xn+1—ql

NN

Therefore, we have

a(2v =) |Axn — Aq|]® < en + [[xn — gl = Ixn+1 — gl
en — (AXn, Xn+1 +xn —2q)
< en + [[Axn | [[Xn+1 +xn —24q]| < en + M [|Axn].

Hence, thanks to (4.1), we deduce that
Axn —Aq—0asn — oo.

Therefore, by using the fact that the operator Pq is firmly nonexpansive (see (2.1)), we get

Iz — qll* = [[Po (xn — AnAxn) — Po(q —AnAq)|

< (zn —q, (xn —AnAxn) — (@ —AnAQ))

<A{zn—q,%n — q) +An ||zn — q|| |Axn — Aq||
Zn

1
—dxn—a) +en =5 (lzn =l + Ixn—al’ = llzn = xal) + en.

Thus, we obtain
lzn — q”2 < lxn — q”z —llzn — XnHz +én.

Inserting this inequality into (4.2) yields
Iz —xn 1 < % = qll* = xns1 — ql + en = —(Axn, Xni1 + %0 —29) + en < M [[Axn | + €n.
Hence, by using (4.1), we deduce that
Xn —2zn — 0asn — co.
Therefore, by proceeding exactly as in the proof of Theorem 3.1, we first infer that
Xn — Sxn — 0asn — oo,
then we deduce the key result:

lim sup (f(q*) —q*,xn —q") < 0. 4.3)

n—oo

Let us finally prove that the sequence {x, } converges strongly in 3 to q*. For every n € IN,

Xn+1 — q* = TTL(XTL) _Tn(q*) + (Xn(f(q*) - q*)

Hence, by using the inequality
vl < ull +2(v, u+v),
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with

we obtain
|Tn Tn * ||2+2(XTL< (q* q*/Xn+1_q*>

< ) —
<(1—0<xn Ixn = q* 1> + 20 (f(q*) — ", Xn 11— ")
< (1=200m) [[xn — q*|I* + o 2(F(q") — 4%, Xns1 — q*) + Matn] .

2
Xns1—q7

Therefore, by applying Lemma 2.6 and using the key result (4.3), we deduce that the sequence {x,}
converges strongly in 3 to q*. The proof is then achieved. O

Now we are going to prove that the algorithm (1.8) is stable under relatively small perturbations.
Precisely, we establish the following result.

Theorem 4.2. Let {xn} € (0,1], {An} € [0,2V], and {en} € H be three sequences such that:
(i) an — 0and 3 [ otn = +00;
(i) 0 <liminfy, ;00 An <limsup, , An <2v;
(iii) o‘“%;““ —00r Y % o1 — otnl < 00;
(iv) 2222 0 0r 3 1% Ang1 — Anl < o0;
(v) L2l = 00r 332 flenl < oo
Then every sequence {xn} in Q satisfying
Xnt1 = Xnf(xn) + (1 — an)SPQ (xn —AnAxn) +en, n>1,

converges strongly in H to q* the unique solution of the variational problem (1.7).

Proof. Let {yn} the sequence defined by

Y1 = X1,
{ Ynt1 = anf(yn) +(1— Ocn)SPQ(Un —AAyYn), n> 1.

Let n > 1. By invoking Lemma 3.2, we obtain
1 = Ynta | < T an () = Touan (Yn) [+ llenll < (1= 0on) [xn —ynll + llenl,
where 0 =1 — p. Therefore, by applying Lemma 2.4, we deduce that
[Xn —yn|| = 0asn — oo,

which implies that {x,} converges strongly in J{ to q* since, from Theorem 4.1, the sequence {yn} con-
verges strongly in H to q*. O

As a first direct application of Theorem 4.2, we have the following result, which improves and gener-
alizes [13, Theorem 5.2].

Corollary 4.3. Let ¢ : Q — I be a continuously differentiable convex function such that its gradient V¢ :
Q — H is Lipschitz with coefficient L > 0. We assume that the set FlX(S) Nargming @ is nonempty, where
argming @ ={q € Q: @(q) < @(x), Vx € Q}. Let {an} € (0,1], {An} € [0, L 1, and {en} € H be three sequences
such that:

(i) ocn—>0andzn 0 OXn = +00;
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(i) 0 <liminfy, 400 An < limsup, , An < %,‘
(iif) *==2n 5 00r Y % [ 11— %n| < 00;

(iv) 2nt2n 0 0r 35 Anga — Anl < 00;

V) % —00rY % |len] < 0.

Then every sequence {zn} € Q satisfying

Znt1 = nf(zn) + (1 — an)SPQ(zn —AnVe(zn)) +en, n 21, (4.4)
converges strongly in H to q* the unique element of Fi, (S) Narg ming o satisfying the variational inequality
(fla") —q",x—q") <0 (4.5)
for all x € Fi(S) Nargming .
Proof. The proof follows directly from Theorem 4.2. In fact, according to the famous Baillon-Haddad

Theorem ([7, Theorem 3.13]), the operator Vo : Q — JH is % inverse strongly monotone and, from the
classical varational characterization of constrained convex problem solutions ([4, Theorem 3.13]), we have

Sviive,) ={qa € Q:(Vol(q),x—q) 20, ¥x € Q} = argrrgn ®.

[l
A second direct application of Theorem 4.2 is the following result concerning the problem of common
fixed point of two nonexpansive mappings.

Corollary 4.4. Let T;, T, : Q — Q be two nonexpansive mappings such that the set Fi, := Fix(T1) NFix(T2) is
nonempty. Let {on} € (0,1], {An} € [0,1], and {en} € H be three sequences such that:
(i) an — 0and Y [ oen = +00;
(i) 0 <liminfy 0o An <limsup, , An <1;
(iif) F==2 5 00r Y % [ 11 — %n| < 00;
(iv) 2ntAn 007 35 Anga — Anl < 00;
V) ”i—:‘l” —0o0r Y % llen] < oco.

Then every sequence {xn} € Q satisfying

Xn41 = anf(xn) + (1 —an) T (1 = An)xn + AnTa(xn)) +en, n 21, (4.6)
converges strongly in H to q* the unique element of the set Fy o that satisfies the variational inequality

(fla")—q",x—9q") <0 (4.7)
forall x € Fq.

Proof. The proof follows directly from the application of Theorem 4.2 with S =T; and A =1—T, and the
use of the following facts.

(1) For every x,y € H, we have

2 2 2
2(Ax =AY, x =) = [Ax = Ay[I" + [[x = y[I” = [(Ax =x) = (Ay —y)|
2 2 2 2
= [Ax = AyY[[" + [x =yl = [ITox = Toy||” > [|Ax = Ay]]",
which means that A is is a v- inverse strongly monotone operator with v = 1

= 5-
(2) From the application of the second assertion of Lemma 2.4 with A =1, we have Sy1(a,q) = Fix(Pg ©

To) = Fix(T2).
(3) For every n > 1,

SPQ(Xn —AnAxn) = Tpo((l —An)xn +AnT2(xn)) = T (1 = An)xn +AnTa(xn))
since (1 —An)xn +AnT2(xn) € Q.
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5. Numerical experiments

In this section, we investigate through some numerical experiments the effect of the sequence {o,, } on
the rate convergence of sequences {z,,} generated by a particular example of the process (4.6) studied in
the previous section. We consider the simple case where:

(1) the Hilbert space I is R? endowed with its natural inner product (x,y) = x1y1 + x2y2;

(2) the closed and convex subset Q is given by: Q ={x = (x1,x2)" € R2:xq,x2 >0}

(3) the contraction mapping f: Q — Q is defined by f(x) = %(5 + cos(x1 +x3),6 —sin(x; +x2))* for all
x = (x1,%2)' € Q. Using the mean value theorem, one can easily verify that f is Lipschitz continuous
function with Lipschitz constant p < % ;

(4) the non expansive mapping S: Q — Q is the identity;

(5) the convex function ¢ : Q — R is defined by: ¢(x) = % |Bx — bl|*>, where
11 3
p=(22)0-(3)

5x1 4+ 5%, — 13
5x1 + 5%, — 13

a simple calculation yields

Ve(x) =B'(Bx—b) = ( ) , Vx = (x1,%2)t € Q,

hence V¢ is Lipschitz continuous with Lipschitz constant L = 10, moreover,

Q =TFi,(S) ﬂargrrgn(p ={x=(x,%)'€Q:x;+x =26} = A%.é,

where, for a >0and n € N,
AT ={x=(x1, .., xn)  ER™:xq,...,%xn =0, X+ +xn = a},

let us notice that, by using KKT Theorem, one can easily verify that the projection onto AY is given
by

Pan(x) = (max(x; — «(x),0), ..., max(xn — «(x),0))
for every x = (x1,...,xn)* € R™, where «(x) is the unique real solution « of the equation
> _gmax(xx — «,0) = a, hence a simple routine on Matlab, using the fact that the unique so-
lution q* to the variational problem (4.7) is the fixed point of the contraction Po of : Q — Q,
provides a precise numerical approximation of q* :

q* ~ (0.9647,1.6353)";

(6) the sequence {Ay} is constant and equal to % =0.1;

1
ko~

(8) the perturbation term {ey} is given by ex = %, where {Xy} is a sequence of independent random
variables such that every Xy is uniform on the square [-1,1] x [-1,1];

(9) the initial value is z; = < g ) ;

(7) the sequence {0y} is given by 6y = -, where 0 is a constant which belongs to (0, 1];

(10) Npmax the maximal number of iterations k is Ny,ax = 6000.

We aim to study numerically the relation between 0 and the rate of convergence of the sequence {zy} to
q*. We can summarize our numerical results in the following two points.

(A): The convergence of the sequence {zy} to q* is very slow for small values of the parameter 6 as Table
1 shows.
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Table 1: Slow convergence of {zy } for small values of 6.

0 minkg N max I Zqu_*(‘T I
0.1 0.4774
0.2 0.1810
0.3 0.0742
04 0.0309

(B): The convergence of {zy} to q* is more clear if 0 is close to 1 as it is shown by Tables 2 and 3.

Table 2: Convergence of {z } for some values of 6 closed to 1.

0 minngmaX 7”?'(;*(‘1' I
0.6 0.0055
0.8 0.0010
0.9 0.0005
1.0 0.0008

Table 3 indicates, for some values of ¢ > 0 and 6, N(¢, 0) the first iteration k < Npax such that ”Z|‘|‘;T|* I < e

Table 3: N(¢,0).
€ 0=06 0=08 06=09 06=10

0.5 6 5 4 4
0.10 53 23 14 17
0.05 158 56 36 42

0.01 2200 372 249 314
0.005 | ND 854 533 716
0.001 ND ND 2989 4742

Remark 5.1. N(g,0) = ND (not defined) means that HZ\T;*TH > ¢ for all the iterations k < Npax-

Finally, the schema (Figure 1) shows the convergence of {zy} to q* for some values of the parameter 6
close to 1.

12

I -a "IVl "1l
o
e

o
EY

04 - |

02f \

. . . . | ! N i n
0 10 20 30 40 50 60 70 80 90 100
Number of iterations k

Figure 1: The effect of 0 on the speed of the convergence of the algorithm (4.6).
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